USC Viterbi

School of Engineering

Introduction to Digital Logic

L ecture 9:
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Logic Function Synthesis

« Given a function descriptionas a T.T. or
canonical form, how can we arrive at a circuit
Implementation or equation (i.e. perform logic
synthesis)?

* 5 methods to be discussed
— Canonical sum/product + Simplification w/ theorems
— Karnaugh Maps
— Decoders + 1 gate per output
— Multiplexers
— Memories (used as Look-Up-Tables [LUT's])
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Decoders

« A decoder is a building block that:
— Takes in an n-bit binary number as input

— Decodes that binary number and activates the corresponding
output

— Individual outputs for EVERY input combination (i.e. 2" outputs)

3-t0-8 Decoder

DO [—

D1 |—

3-bit binary —**%® Ez: 1outputf_oreach
number — Y L combination of the

—{ x vsB) Input number
D5 |—
D6 |—

D7 |—

© Mark Redekopp, All rights reserved



USC Viterbi

School of Engineering

Decoders

« A decoder is a building block that:
— Takes a binary number as input

— Decodes that binary number and activates the corresponding
output

— Put in 6=110, Output 6 activates (‘1’)
— Put in 5=101, Output 5 activates (‘1’)

po[—0

D1 —0

O — z (LsB) p2[—0

1 v D3 |—0

| D4 —0
/ 1 X (MSB) . —O/ Only that

Binare #6 o6 |— 1 numbered output is

y o7l—p  activated
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Decoders

« A decoder is a building block that:
— Takes a binary number as input

— Decodes that binary number and activates the corresponding
output

— Put in 6=110, Output 6 activates (‘1’)
— Put in 5=101, Output 5 activates (‘1’)

po—0
D1 —0
1 — z (LsB) 02 —0
0 — v D3 —0
1 xwmsy ©°40 Only that
/ os|—1 «~ numbered output is
Binary #5 06 |—0 activated
D7 —0
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Decoder Sizes

« A decoder w/ an n-bit input has 2" outputs
— 1 output for every combination of the n-bit input

vol—1
Y1i—()

Y2—O

A0

—v

o1 Y3—(
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a2msB) [0
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1 —dxmsB) >

o) ol

D3

Y6 — O
n inputs 2" outputs v7l—0

(2) (4)

n inputs 2" outputs

(3) (8)

2-10-4
Decoder

3-t0-8
Decoder
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Building Decoders

Z
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Building Decoders

XY |DO|D1|D2]|D3
Oo|O0]l]1]|]0]|]0]|O —Y o
D1 [
0 1 0 1 0 0
D2 [
1lo0loflo|1]o0 h B
1l1lofolo]1
m T =
y 4 DO
o | 7—:>_L
DO = XY’ =m, y—+ :
| A ot
D1—X'Y—m1 Notice output n is xJ— ij_:_
just minterm, m;, I Y b2
D2:X.Y’=m2 I X_:D_:_
|
y 4 D3
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Building Decoders

* All decoders are built by simply
Implementing minterms for each
combination of the Inputs

* This means a decoder is really just AND
gates with inverters!
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Implementing Logic Functions

« F=2,00(2,3,4,6)
-m,+m;+m,+mg DO [
e Since decoders are just

minterm generators, 0 — z sB) Dzﬁy
D3
Y

just OR together the N — Ny
appropriate minterms M O N
D6
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Implementing Logic Functions

« F=2,00(2,3,4,6)
= My + Mg+ My + Mg

« Connect the input
variables M,N,QO to the

iInputs of the decoder to
produce the minterms

© Redekopp, All rights reserved
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Implementing Logic Functions

« F=2,00(2,3,4,6)
=My + Mg+ My + Mg

« Connect the input
variables M,N,QO to the

iInputs of the decoder to
produce the minterms

* OR together where
F=1
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Implementing Logic Functions

« F=2,00(2,3,4,6)
=My + Mg+ My + Mg

« Connect the input
variables M,N,QO to the

iInputs of the decoder to
produce the minterms

* OR together where
F=1
 Testit MNO =110
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Implementing Logic Functions

« F=2,00(2,3,4,6)
=My + Mg+ My + Mg

« Connect the input
variables M,N,QO to the

iInputs of the decoder to
produce the minterms

* OR together where
F=1

« Testit MNO =110

« Test it MNO = 001
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Designing Circuits w/ K-Maps

« Given a description...
— Block Diagram
— Truth Table

— K-Map for each output bit (each output bit is a separate function
of the inputs)

« 3-bit unsigned decrementer (Z = X-1)
— If X[2:0] = 000 then Z[2:0] = 111, etc.

X[2:0] : . Z[2:0]
¢, 3-bit Unsigned ‘.

3 Decrementer 3

N
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3-bit Number Decrementer

X
N
X
=
X
o
N
N
N
=
N
o

 +  » O O O O

P B O O B P O O
O P O+ O +» O
P B P O O O O B
P O O P P O O
©O B O kP O Fr O P

x\_ 00 01 11 10 wN\_ 00 01 11 10 wN\_ 00 0L 11 10
o (L] o [[1]f 0 o T 0o (@] o|T][T]T]7Q
o [o a]fD Lo [T 1) 0 1 [ofofo]0
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3-bit Decrementer

X, X, Xo |2, 2z, Z,

0O 0 O 1 1 1 YOI
o 0o 1 |0 o o0 Yl
o 1 o0 |0 o0 1 — a0 Y2 r—
o 1 1 |o 1 0 | Y3 —
1 0 o0 |0 1 1 N Y4 [—
1 0 1 |1 0 © Y5 f—
1 1 0 |1 o0 1 Y6 —
1 1 1 |1 1 o v7 —

« When we have many outputs that are a function of the
same inputs, it may be smaller to use a decoder rather
than separate logic for each output
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Implementing Logic Functions

¢ F — ZMNO(1’2’3’4’6)
* Requires 5-input OR
gate

O_

M_

Z (LSB)
Y

X (MSB)

DO
D1

D2

D3
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Implementing Logic Functions

¢ F — ZMNO(1’2’3’4’6)
* Requires 5-input OR
gate...too big!

Implement F another
way...

* F =2n0(0,5,7)
* Requires a 3-input OR
gate

« TogetF, just add an
Inversion at the end

* OR becomes NOR

© Redekopp, All rights reserved
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MULTIPLEXERS
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Single Variable Theorem (T1)

— ’
X+0 = X (T1) Xe1 =X (T1)
X Y |Z X Y |Z
0 (0140 Hold Y 0 00
0 1|1 constant N: 0
1 [0)]1 1 0|0
1 11 ™)1
OR AND
Whenever a variable is OR’ed with O, Whenever a variable is AND’ed with
the output will be the same as the 1, the output will be the same as the
variable... variable...
“0 OR Anything equals that “4 AND Anything equals that

anything” anything”
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Single Variable Theorem (T2)

— )

X+1 =1 (T2) X+0 =0 (T2
X Y|Z X Y |Z
0 00 Hold Y 0, [0J] 0
0 1 constant 0 1|0
1 0 1" (0]| 0
1 1 1 11
OR AND

Whenever a variable is OR’ed with 1, Whenever a variable is AND’ed with
the output will be 1... 0, the output will be 0...

“1 OR anything equals 1” “0 AND anything equals 0”
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Application: Channel Selector

Given 4 input, digital music/sound channels and
4 output channels

Given individual “select” inputs that select 1
Input channel to be routed to 1 output channel

4 Input channels

011010101001101 ICHO R OCHO
101010110101010 ICH1 OCH1
........................ > Channel > 4 OUtpUt
1010010101011 ICH2 : Selector OCH2  channels
001010101001011 |CH3 R OCH3
ot 1] 1T oupu
Channel E oS3 E oo g Channel
Select @V VLG 8 8 8 8 Select

© Mark Redekopp, All rights reserved



USC Viterbi

School of Engineering

Application: Steering Logic

* 4-input music channels (ICHXx)
— Select one input channel (use ISELX inputs)
— Route to one output channel (use OSELX inputs)

011010101001101 ICHO

OCHO

101010110101010 ICH1

OCH1

101001010101111 IcH2

OCH2

001010101001011 IcH3

vy
YU UU

OCH3

ISEL3 —|

ISELO
ISEL1
ISEL2
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Application: Steering Logic

« 1stLevel of AND gates act as barriers only passing 1 channel

* OR gates combines 3 streams of 0’s with the 1 channel that got
passed (i.e. ICH1)

« 2" | evel of AND gates passes the channel to only the selected

output
Connection
ICHO ICH1
)_O OCHO
0
ICH1 ICH1
)_O OCH1
0
ICH2
ICH1
>_O OCH 2
0
ICH3 |CH 1+ ICH1
L OCH3
F IT
AND: 011010 OR: 0100111 | AND:
1 AND ICHx = ICHXx g%gg O+ICH1+0+0 g Q%g 1 AND ICH1 = ICH1
OAND ICHx =0 - T T T = |CH1 © 00O OAND ICH1 =0

© Mark Redekopp, All rights reserved



USC Viterbi

School of Engineering

Your Turn

* Build a circuit that takes 3 inputs: S, INO,
IN1 and outputs a single bit Y.

* |t's functions should be:
—1fS =0, Y =INO (INO passes to Y)
—1fS=1,Y =IN1 (IN1 passes to Y)

INO-— if(s==0)
> v Y = INO
S else
Y = IN1
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Multiplexers

. ﬁllonlg with adders, multiplexers are most used building
oC

« 2" data inputs, n select bits, 1 output

* A multiplexer ("mux” for short) selects one data input and
passes it to the output

4-to-1 Mux

2" data inputs { YI— 1 output

n select bits

© Mark Redekopp, All rights reserved
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0 —DO\
1 D,
Y 1
@Thus, D2 is selected 1 — Dz/' (D)
and passed to the 2
OUtpUt 0 — D, s, S,
10
@

Select bits = 10, = 2,,.
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Multiplexers

(D2)

D2 is being selected and passed.
So if it changes the output
changes as well.
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Multiplexers

\ if( S1S0 == 00)
0 — b, Y= DO

else if(S1S0 == 01)
1 Dl\ Y= D1

® Y 0 else if(S1S0 == 10)
Thus, DOis selected o — p, (D,) Y= D2

and passed to the ° else if(S1S0 == 11)
output 0 — Y = D3

@

Select bits = 00, = 04,

© Mark Redekopp, All rights reserved
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Application: Steering Logic

« 1stLevel of AND gates act as barriers only passing 1 channel

* OR gates combines 3 streams of 0’s with the 1 channel that got
passed (i.e. ICH1)

« 2" | evel of AND gates passes the channel to only the selected

output R -
CHO R Cevpection ICH1
)_0 OCHO0
0
ICH1 7 ICH1
! )_O OCH 1
! 0
ICH
A ICH1 :>£ ocns
0
IcH3 I()Hl-j:ICHl
OCH3
IT
AND: 011010 OR: 0100111 | AND:
1 AND ICHx = ICHx Q%%% O+ICH1+0+0 g %g% 1 AND ICH1 = ICH1
OAND ICHx =0 - T T =ICH1 © 000 OANDICH1 =0
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Building a Mux

 To build a mux

— Decode the select bits and include the corresponding
data input.

— Finally OR all the first level outputs together.
— \ O

ly I,
1
S,S,=01 0 S, /C} ,
Y
="
1 0 -
0 S —
5 — \ ©
/)
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Building a Mux

 To build a mux

— Decode the select bits and include the corresponding
data input.

— Finally OR all the first level outputs together.

|
="
1S
S,S, = 11 .S, — |
3
Y
, 0
1S, O
1S
—~ O
|3 1S I13
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Simplify This

 Given F(x,y,z) =Xyz+yzZ,
F(O,y,z) =

F(l,y,z) =

* Given G(a,b,c,d) =bd’ + ab’cd + ac'd’
G(1,1,c,d) =
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2-t0-1 Mux

v if(s==0)
S Y = INO
else

o Y = IN1
IN1—

Thus, 10 is selected
and passed to the
output

@

1-bit wide 2-to-1
mux 10 11

@

Select bits =0

© Mark Redekopp, All rights reserved
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3-bit Prime Number Function

XY Z|P XY zZ|P =
0 0 0|0 0 0 0|0},
00 1|0 001 o~:1\ X
al il ol T ,?OFF-set
01 1|1 0 1 1] 1KXN y
10 0]0 100/0 ON-set 7
10 1|1 10 1|1
1 1 0|0 11 0{0
11 1|1 11 1|1
Primes between Truth Table
0-7
if(z==0)
z —> output O
else
0 1 output 1

© Mark Redekopp, All rights reserved
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Example
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Function Implementation w/ Muxes

* Implementing a function using muxes
relies is based on Shannon’s expansion

theorem which states:
— F(X;, X000, X)) = X 20F(0, X, X0) + X oF (1, X, X))

— X, can be pulled out of F if we substitute an
appropriate constant and qualify it with X;" or X,

* Now recall a 2-to-1 mux can be built as:
— F =S|, + Sel;
— Comparing the two equations, Shannon’s theorem
says we can use X, as our select bit to a 2-to-1 mux

with F(0,X,,...X,)) as input O of our mux and
F(1,X,,...,X,) as input 1

© Mark Redekopp, All rights reserve



USC Viterbi

Binary Decision Trees & Muxes

F(x.y,2)

R P O O
R P O ofmm

< | O©O F O]|N

F(O

R, O O r Fr O Ofx
O r O Fr O Fr O|N

R O Fkr O B kB O O|m

© +r O|N

F(x.,y,2)

R P, O Ol
= O B O|lm

F(1,y,2)
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Splitting on X

We can use smaller

muxes by breaking

the truth table into

fewer disjoint sets

— This increases the
amount of logic at
the inputs though

Break the truth table

Into groups based on

some number (k) of

MSB’s

For each group,

describe F as a

function of the

n-k LSB’s

© Mark Redekopp, All rights reserved

y XOr z
(y'z +yz’)

(y’ +2)

Put the k MSB’s
on the selects
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X|lylz]oc
olo]o
ol1]o0
O101
.
1] 1]1 YG
olo]o —" s
0|1]1 X
1101
111]o0
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Shannon’s Theorem

o F(X,X,,...,X,) = X "*F(0,X,,...,X) + X *F(1,X,,...,X.)
* Now recall a 2-to-1 mux can be built as:
— F=S’l, + Sel;
— Comparing the two equations, Shannon’s theorem says we can

use X, as our select bit to a 2-to-1 mux with F(0,X,,...X,) as input
0 of our mux and F(1,X,,...,X,) as input 1

« We can recursively apply Shannon’s theorem to
pull out more variables:
— F(X1,Xs,...,X,) =
X"X,*F(0,0,...,X.) + X,"X,*F(0,1,...,.X ) +
X, X, oF(1,0,...,X ) + X, X,oF(1,1,...,X ) +

© Mark Redekopp, All rights reserved



USC Viterbi

School of Engineering

Additional Logic

F(x,y,z) can be
broken into several

« Muxes allowustobreaka |x|vy|z]|F disjoint functions
function into some number ol ol JF@
of smaller, disjoint functions| o o /
- Use MSB’s to choose which ol Ry
. —D
small function we want o1 47 :
. . 01 z’ N
« By including the use of 1] o e z
Inverters we can use a mux T T 1o > N
. . . 4
with n-1 select bits (givena | 1 ¢ 1 , o
function of n-var's) 1] 1 S 7
. Break the truth table into o|o| AT |
X
groups of 2 rows 11 z g
. 111 Put the n-1
* For each group, put Fin MSB’s on the

termsof. z, z’, 0, or 1 selects

© Mark Redekopp, All rights reserved
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X|yvy|lz]|ac
o] o
1o —1 %
o1 1" G
Y_
0 1 — b,
1|1
— D
o] o 5. S
1 0
1|1
Xy
o] 1
11
1| o0
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Fundamental Method

« Connect the input 1Y E R
variables to the select o |o |o o—/'o_\
bits of the mux o o |1 [t 4— 217 |™
 The outputofthe mux [o |1 o [z +—217 "
IS the output of the T T o 1— o—o
function ———— .i—1o  [F
« Whatever the output —— 1 1—~:1—o
should be for each o s
: 1|11]0 o4 ° o S
Input value, attach S
that to the input of the |t |2 |2 [t 1 ° i

mux

© Mark Redekopp, All rights reserved
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Splittingon X |

X
« We can always rearrange y
our variables if it helps
make the function simpler to z
Implement
X |Y|z]|F z | XY F F
ololo 0ol0]|oO .
ol 111 O] 11]0 X
O 11010 O 1{0]O0
11111 110 y
ololo O] 011
ol 111 Ol 11]1
1 1
11o0lo 110]1 .
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Implementing Logic Functions

* We can use muxes to implement any
arbitrary logic function
* Fundamental method

— If function has n-input variables, need a mux
w/ n-selects

— requires no additional logic; only the mux

« By adding extra logic in front of the mux
Inputs we can use a smaller mux...
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e Graph (binary tree)
representation of
logic function

e Vertex =
Variable/Decision

* Edge = Variable
value (T / F)

© Mark Redekopp, All rights reserved

—> True
------- > False

BDD for F
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Every node in the BDD

IS just a 2-to-1 mux

— View it in the opposite Ve
direction (bottom to top)

« Really using Shannon’s

theorem
X|Y[Z]F
0 010
oy T
4 0
0of1 X
False Path True Path 1 1o
If X=0
' Y
choose the 0 (False) path 0 01
If X=1, 1 1]1 ':
choose the 1 (True) path oo VA / 'i
aE I
0 1

© Mark Redekopp, All rights reserved
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Using a LookUp-Table to implement a function

ROMS AND MEMORIES

© Mark Redekopp, All rights reserved
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Memories

 Memories store (write) and retrieve (read)
data
— Read-Only Memories (ROM'’s): Can only

retrieve data (contents are initialized and then
cannot be changed)

— Read-Write Memories (RWM's): Can retrieve
data and change the contents to store new
data

© Redekopp, All rights reserved
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ROM’s

ROM
« Memories are just tables o
of data with rows and ifrT— [ofo]1]1
columns S 1o
« When data is read, one 2]0| 100
entire row of data Is sfof1|1)1
read out af1]1)o|1
« Therowto bereadis  ‘“goes g M i R
selected by putting a i
binary number on the Lo
address inputs
g

Outputs

.....
L] .
..........

----------------

© Mark Redekopp, All rights reserved
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ROM’s

ROM
« Memories are just tables o
of data with rows and Por A o [ofo]1]1
columns NN RERE
« When data is read, one 2]0| 100
entire row of data Is / sfof1|1)1
read out ifrf1foft
« The row to be read is Too < a 10100
selected by putting a i
binary number on the Lo
address inputs

Data D3 D2 DlV DO
JOPT b \ 2 ALLET . 4
output T T T e

© Mark Redekopp, All rights reserved
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ROM’s

ROM
« ROM'’s are named by
their dimensions: Apnt DI E
— Rows x Columns o i 0
A, 210 0
* nrows and m columns =>
n X m ROM
« 2" rows => n address bits
(or k rows => log,k 221 0 0
address bits) 21 1 1
* m cols. => m data outputs o >

© Mark Redekopp, All rights reserved
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ROM’s

* One major application of ROM’s is to
use them as LUT’s (Look-Up Tables) to
Implement logic functions

* Glven a logic function use a ROM to
hold all the possible answers and feed
the Inputs of the function to the address
Inputs to look-up the answer
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Implementing Functions w/ ROM'’s

8x1 ROM 8x1 ROM
xlylzl|F g 1% o] 1 0 T o | 1
Y > A, > A,
O|l0|0]1 X J{ A, 110 L J{ A, 110
O[0(11]0
2 1 X,Y,Z inputs 2 1
0 110 1 3 1 “look up” 3 1
ol 1 1 1 the correct
4l o0 answer 4|0
1,1 0]0]O0
5 5
110 1]¢0 0 0
111]o0]o0 °1 0 °1 0
111(1]1 11 11
Arbitrary Do Do
LOgiC v 4
Function F 0
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Implementing Functions w/ ROM'’s

8x2 ROM 8x2 ROM

O
o

ROl |O]|X
RlRr|lO|lO|rRr|RP|O|O]|
Rlo|lRr|lO|R|O|FR|[O]O
Rl |O|R|O|O|O
R|O|O|Rr|[O(FR|FP|O|W
w
Rl || O|lFrR,| O] O| O
Rl o|loOo|lr|O| || O
EEN w
Rl ||l O|lFR,| O] O| O
|l o|loOo|lrRr|O| || O

Full Adder D; | Dy D, | Dy
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4x4 Multiplier Example

ROM

Determine the dimensions
of the ROM that would be
necessary to implement a
4x4-bit unsigned multiplier
with inputs X[3:0] and
Y[3:0] and outputs P[??:0]
(Question: How many bits
are needed for P).

Example:
XX, X, X,=0010
Y,Y,Y,Y,=0001

P=X*Y=2*1=2
= 0010
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Implementing Functions w/ ROM'’s

* To iImplement a function w/ n-variables
and m outputs

e Use a ROM w/ 2" rows and m columns

« Just place the output truth table values In
the ROM



