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Preface

These notes are arranged into a book format. The first few chapters treat basic linear alge-
bra concepts with general fields . This includes matrix operations, linear independence,
subspaces, dimension, general vector spaces, and general linear transformations. Finite
field applications are considered for binary erasure coding and a graph theory game. Then,
the text focuses on the real field R and considers the theory of projections in general (real)
vector spaces. This includes least-squares linear regression, function approximation, and
Fourier series. The complex field C is used for the theory of eigenvalues and singular
values. There are a significant number of exercises arranged by chapter.

0.1. Philosophy

Learning linear algebra involves mastering the following four topic areas:
1. Matrices

2. Linear independence

3. Projections

4. Eigenvalues (and singular values)

This text arranges material into these four general areas. Generally speaking: Finite
fields work well for Ax = b problems. The real field works well for Ax ~ b problems. The

complex field works well for eigenvalue problems.

0.2. Linear independence

The topic of linear independence affects all areas of linear algebra. This text emphasizes
the technique of rigorously proving a list of vectors {xy, ..., X, } is linearly independent,
using some information given about these vectors, by encouraging students to always

ix



start their proof with the same first line:
“Suppose Z?:l a;x; = 0 for some scalars a;. We want to show a; =0 for all i.”

Memorizing this first line is, in fact, memorizing the definition of linear independence.
It is reasonable to expect both graduate and undergraduate students in a linear algebra
class to know the definition of linear independence well enough to give a valid first line of
a proof. This text gives a case study on false proofs and gives multiple choice questions
that help write first lines for proving {x, y, z} are linearly independent, and for proving
{21, «esy Xm, ¥1, .-, Vi } are linearly independent (Exercises 3.22 and 3.23). Many students
who have no trouble working with three vectors {x, y, z} have difficulty with m + k vectors
{1, «esy Xm, ¥1, ..., Vi }- [NO, you are not allowed to leave out the y; vectors when writing
your first line. Yes, you are allowed to call your scalars ay, ..., am, by, ..., by if you like, or
you can call them ay, ..., a,,,, if you prefer.]

This text first develops the linear algebra properties of matrices and vector spaces
using a general field F. Once the concepts of span, subspace, linear independence, and
dimension have been established in general, this text treats the special case geometry of
R" (including rotations in 2d and 3d). The fact that two linearly independent vectors in
2-dimensional space must span the space can now be appreciated by illustrating how that
works in R2. The fact that pairwise linear independence does not imply linear indepen-
dence is illustrated by considering 10 unit-length vectors in R?, each pointing according
to an angle that is two degrees larger than the previous vector: Every pair is linearly
independent, but the entire list of 10 cannot be linearly independent since we cannot have
10 linearly independent vectors in 2-dimensional space!

The more someone appreciates that linear independence is a property that applies to
a collection of vectors, rather than a pairwise property of the vectors, the more that person
is surprised by the power of an inner product. Remarkably, for the real field, linear inde-
pendence between a collection of vectors can be determined by pairwise inner products
via the Gram matrix. (It also works for field C.) Also, a surprising theorem shows that any
linearly independent vectors {xj, ..., X, } in a real and finite dimensional vector space can
be made to look orthonormal by constructing a suitable inner product (Theorem 8.2 and
Corollary 8.2).

0.3. Fields

In modern times, the equation 1+ 1 = 0 (true in the binary field) is used more by computers
in just one hour of any given today than the equation 1+ 1 = 2 (true for the real field) has
ever been used by humans throughout all of human history. That is because every data
packet sent over the internet is encoded and decoded using mod 2 arithmetic via cyclic



redundancy check (CRC) codes for error detection.

The first several chapters develop linear algebra for a general field F. The reader
can assume F = R or F = C if desired. However, the text considers several important
applications of finite field linear algebra to erasure coding for robust communication
and distributed data storage (Exercises 5.21, 5.22, 5.23, 5.24, 5.25, 5.26, 5.27, 5.28). The
text also shows how the binary field can be used to solve a graph theory game (Exercises
5.17, 5.18, 5.19, 5.20). For pedagogical purposes, finite fields provide an ideal setting to
demonstrate the concept of dimension. This is because is easy to show that if [ is a finite
field with f scalars, any subspace that is spanned by k linearly independent vectors must
have exactly fk vectors. (So of course any two bases {x, ..., x;} and {yy, ..., ¥,,,} for the
same subspace must have m = k, since " = f k.) The special case examples of finite fields
help readers appreciate that similar results hold for infinite fields (such as R and C), but
with necessarily different proofs.

0.4. Gaussian elimination

Gaussian elimination has its own chapter, Chapter 4. This text treats Gaussian elimination
as an application of the following result: Suppose we have a matrix A and a vector b and
we want to understand the set of solutions to the equation Ax = b. If G is an invertible
matrix of appropriate size for the multiplication GA to make sense, then

{x:Ax =b} = {x: GAx = Gb}

Therefore, left-multiplication of an equation by an invertible matrix G does not change the
solution set. (We use “G” to stand for “[G]aussian elimination”). See the related Exercise
4.1 where correct steps lead to a surprising conclusion if we use noninvertible matrices
and if we do not properly interpret the meaning of the very first equation.

0.5. Checking answers with computer

For pedagogical purposes, students are encouraged to solve problems by hand as far as
possible (this is useful practice for exams). Students are also encouraged to check their
answers with numerical solvers. Certain parts of this text give example MATLAB programs,
which can easily be translated to other software languages.

0.6. Notation

This text refers to a collection of consecutively numbered equations by stating the first
and last equation numbers separated by a hyphen. For example, “equations (8.15)-(8.18)”
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refers to the equations (8.15), (8.16), (8.17), (8.18).
If Cis a set and x, y, 2 are objects, we write x, y, z € C to mean that all three objects x,
¥, and z are in set C.

Symbols
 V means “for all”
+ == means “implies”

+ <= means “if and only if"

Defining sets

Sets are often defined with braces. For example:
- 3.,2 - 2 _
C={(x1,x2,%3) e R : x] + xp = x3, x5 = 1}

This reads: “C is the set of all (x7, X2, x3) in R3 such that x% + X9 = x3 and x% =1.” In this
context, the braces “{-}” mean “the set of” and the colon symbol “:” means “such that.”

Subsets

Suppose C, D are sets and x is an object. We use the following notation:
+ xeC (xisan element of C)
« CcD (Cisasubset of D, so all elements of C are also in D)
« C2D (Cisasuperset of D,so D c C)

Two sets C and D are equal, written C = D, if and only if C ¢ D and D c C. The empty set,
denoted ¢, is the set with no elements. The empty set is a subset of every set. That is, if
Cis asetthen ¢ c C. [Some texts use symbol c to mean the same as c. We never use the
symbol c.] The empty set is allowed to be an element of a set (such as A = {¢, red, 2}), but
the empty set is not an element of every set.

Standard sets

Define the following sets of numbers:
« N = {positive integers} = {1,2, 3, ...}
« Z = {integers} = {0,1,-1,2,-2,...}
+ Q = {rational numbers} = {p/q: p,qe Z,q+ 0}

* R = {real numbers}
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The set N of positive integers is also called the set of natural numbers. If C is a nonempty
set and n € N, we define C" as the set of all n-tuples with entries in C:

C"={(c1,c0,-eyCn) i c;€C Vie{l,..,n}}

Thus, R™ denotes the set of n-tuples of real numbers, and N" denotes the set of n-tuples of
positive integers. For example: (4,5, -2) € R3, (0,0.2,9.9) € R3, (1,100) e N2,
For a, b € R with a < b, intervals are defined:

[a,b]={xecR:a<x<b}
(a,b) ={xeR:a<x<b}
[a,0) ={xeR:a<x<b}
(a,b] ={xeR:a<x<b}

Also

[a,00)={xeR:x>a} , (a,00)={xecR:x>a}

(oo, b] ={xeR:x<b} , (-o0,b)={xeR:x<Db}
For sets of integers, given a, b € Z with a < b we use the notation

{a,..,b} ={zeZ:a<z<b}

0.7. Set or tuple?

Should k vectors be listed as {x, ..., X}, or as (x, ..., x;)? For example, we might have
k=3 and
X1 = (3) 1)) X2 = (9)9); X3 = (3) 1)

which means some of the vectors in the list can be repeated. Formally, a k-tuple is a data
structure that allows k items to be listed with possible repetition. Therefore, some texts
prefer to write a list of vectors as the tuple (xj, ..., x;). Of course, it is common to refer to a
single vector in Fras x = (xq, ..., x;). To emphasize that we are dealing with a list of vectors,
rather than a single vector with k components, other texts use notation {xj, ..., x; }. We
adopt this latter notation. This means that braces are sometimes used to represent a tuple
rather than a set. (Sets do not care about ordering their elements, and the elements of a
set do not have redundancies.) The context makes it clear: If we are dealing with linearly
dependent or independent vectors {xj, ..., X }, we are treating them as a list (the same as
a tuple), rather than a set.
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PART 1.

Scalars and matrices






CHAPTER 1.

Axioms for a field

Let [F be a set of objects that we call scalars. Assume [ has at least two distinct scalar objects.
Further, suppose there are rules for addition and multiplication between the scalars so
that for any scalars x € F and y € F we have:
+ Scalar addition: x + y € F
+ Scalar multiplication: xy € F
Multiplication is sometimes represented by - or x to emphasize the two separate
terms, so xy = x- y = x x y. The set of scalars [, together with the rules of addition and

multiplication, is said to be a field if the following seven properties hold. These properties
are called the axioms for a field:

1. (Commutative law) For all x, y € F we have

X+y=y+x

Xy =yx
2. (Associative law) For all x, y, z € F we have

(x+y)+z=x+(y+2)

(xy)z = x(yz)



3. (Distributive law) For all x, y, z € F we have
x(y+2)=xy+x2

4. (Existence of 0) There is a scalar 0 € [, called the additive identity, such that x + 0 = x
forall x e [F.

5. (Existence of 1) There is a scalar 1 € [ called the multiplicative identity, such that x-1 = x
forall x e F.

6. (Additive inverse) For every x ¢ [, there is an additive inverse —x € [F such that x + —x = 0.

7. (Multiplicative inverse) For every x € [ such that x # 0, there is a multiplicative inverse
x~ ! e F such that xxe™! = 1.

Basic results for fields (such as x-0 = 0 and —(-x) = x for all x € ) are proven in Section
1.5. Scalars can be viewed as generalizations of numbers. Common scalar fields are:

¢ The real numbers R with standard arithmetic.

+ The rational numbers Q with standard arithmetic.

+ The complex numbers C with complex arithmetic.

+ The finite field F, = {0, 1} with mod 2 arithmetic (1+1 = 0).

¢ The finite field F = {0, 1, ..., p - 1} for a prime number p and with mod p arithmetic
(1+(p-1)=0).

These fields are discussed in more detail in Section 1.4. The set of integers Z with
standard arithmetic satisfies Axioms 1-6, but does not form a field because it fails the
multiplicative inverse axiom (Axiom 7). Specifically, 2 € Z, but 2 has no multiplicative
inverse in Z. That is, there is no integer z € Z such that 2z = 1.

1.1. Summing in any order

Let [ be a field. Let x, y, z be elements of F. By repeated application of commutativity and
associativity we have

(x+y)+z=(y+x)+2=y+(x+2)=y+(z+x)=(y+2)+x



and so on. Thus, summing the three elements x, y, zin any order produces the same result.
Therefore, we can write this sum without parentheses

X+y+z
since any way of placing parentheses gives the same answer.

By induction, it can formally be proven that for all n € N, if we have a collection of
scalars x, ..., X, in some field F, then summing these scalars in any order produces the
same result. We use the convenient summation notation

n

Doy =xg X+ X

i=1
We do not need to use parentheses to specify how these n scalars are summed. For example,
with n = 4 we have

4
D% =31+ (o2 + (o3 +4)) = (o0 +x) + (%63 +24) =21+ + (3 +%4)
i-1

Also

4
Xi=X1+Xp+X3+X4 =X+ X3+X] +X4=X3+X] +X4+X2

=1

1

and so on.

A particularly interesting application of the fact that a finite number of scalars can
be summed in any order is the sum switching rule for doubly indexed scalars: Fix some
field F. Fix m, n € N. Suppose we have a collection of mn scalars ajj el forie{l,...,m}
and j € {1,...,n}. We can organize them into a matrix with m rows and n columns. For
example, with m = 3,n = 4 and F = R, our matrix might be this:

aji; a2 a3 a4 1 0 2 10
(L.1) as dasy a3 dys |=| 0 4 1 1 [sum of all entries is 30]
as; dasy azs das4 2.2 2 5

One way to sum over all ¢;; in the matrix is to first find the row sum for each row i € {1, ..., m}
(call each such value RowSum,), then sum RowSum; over all i:



Another way is to first find the column sum for each column j € {1, ..., n} (call each such
value ColSum;), then sum ColSum; over all j:

ColSumj

Since both ways lead to the same answer, we have the famous sum switching rule, which
holds for summing doubly indexed scalars a;; in any field F:

The parentheses in the above formula can be distracting. If we agree to compute the inside
sums first, we can write the sum switching rule by removing the parentheses:

m nm
(1.2) DN i= N j| [sum switching rule]

For example, using field R and the matrix in (1.1), and using R; and C; as shorthand
for RowSum; and ColSum;, we have

[ 1 0 2 10 | Ry=13 |
0 4 1 1 Ry=6
2 2 2 5 Ry =11

| C1=3 Cy=6 C3=5 C4=16|sum=30 |

Then
3
> R;=13+6+11=30
i=1

4
>.Ci=3+6+5+16=30
j=1



1.2. Multiplying in any order

Let [ be a field. Commutativity and associativity also hold for multiplication. So we can
multiply a finite collection of scalars in any order. If x, y, z € F then

x(yz) = x(2y) = (x2)y = y(x2)

and so on. We can use notation xyz without the parentheses. Fix n e N. If x, ..., x, are a
collection of scalars in [F then we define the product of all of them as

n
[T = %1202
i=1
and we do not need to specify parentheses.
Fix m,n e N. If a;j are doubly indexed scalars in F forie{l,...,m}andje {1,...,n}
then the product SWltCthlg rule is

:]3

oL

Il
,_.

i

where we avoid parentheses in this formula by agreeing to take the inside products first.

1.3. Uniqueness of additive and multiplicative inverses

Axiom 6 only requires each scalar in a field to have at least one additive inverse. Can there
be more than one? No: Suppose F is a field. Fix x € F. Suppose there are two distinct scalars
y and z in [ that both satisfy the requirements of an additive inverse for x:

(1.3) x+y=0
(1.4) x+2=0

Since y and z are assumed to be distinct, we know y # z. We now reach a contradiction:

y=y+0 [Axiom 4: 0 is the additive identity]
=y+(x+2) [Substitute (1.4)]
=(y+x)+2 [Axiom 2: Moving the parentheses]
=(x+y)+z [Axiom 1: Commutativity]
=0+z [Substitute (1.3)]
=z2+0 [Axiom 1: Commutativity]
=z [Axiom 4: 0 is the additive identity]



and so y = z, contradicting the fact y # z. Thus, there is one and only one additive
inverse for x. This unique additive inverse for x is denoted —x. Exercise 1.4 shows that
multiplicative inverses are also unique.

1.4. Example fields

1.4.1. Real numbers

The set of real numbers R, together with standard addition and multiplication, is assumed
to form a field. [With this assumption, the set Q of rational numbers can be verified to be
a field by checking closure for rational sum and multiply operations, see Exercise 1.22.]

14.2. Complex numbers

Define a special object i such that i ¢ R. Define C, called the set of complex numbers, as
the set of all objects of the form a + bi where a, b € R. Currently, this notation just acts to
separate a and b, so C can be equivalently defined as the set of all ordered pairs (a, b) such
that a, b € R. The rules of scalar multiplication are defined as follows: For scalars z, w € C,
where z = a + bi and w = ¢ + di for some a, b, ¢, d € R, define

¢+ Addition: (a+ bi) + (c+di) = (a+c)+ (b+d)i
+ Multiplication: (a + bi)(c + di) = (ac — bd) + (ad + bc)i

We can treat every real number as a special case of a complex number with the definition
XxXeR = x=x+0ieC
We can also treat the special symbol i itself as a scalar in C with the definition
i=0+1ieC
Then the rule of multiplication implies i* = -1 because

i2 = (0+1i)(0 + 1i)

@ (0.0-1-1)+(0-1+1.0)i

=-1+01
=1

where equality (a) uses the definition of scalar multiplication for C. This property of having
a scalar that satisfies i? = —1 is the motivation behind the definition of scalar multiplication



given above. We now verify the 7 axioms hold for C. Our proof assumes we already know
the 7 axioms hold for R.

+ Axioms 1-3: To show commutativity holds (Axiom 1), fix z, w € C. We first show z + w =
w + 2. We know z = a + bi and w = ¢ + di for some real numbers a, b, ¢, d. By the rules of
scalar addition for C we have

z+w=(a+bi)+(c+di)

=(a+c)+(b+d)i

@ (c+a)+(d+Db)i
=(c+di)+ (a+bi)

=W+2

where the key step (a) uses the assumption that addition for real numbers is commuta-
tive. We now show zw = wz. The rules of multiplication in C yield

zw = (a+ bi)(c+di)

= (ac-bd) + (ad + bc)i

@D (ca—db) + (cb+ da)i
=(c+di)(a+ bi)

=Wz

where the key step (a) uses the assumption that addition and multiplication of real
numbers is commutative (for example, it replaces ac with ca, and replaces bd with
db). This proves Axiom 1 holds. The proofs of Axioms 2 and 3 are similar (see Exercise
1.21).

+ Axioms 4-5: To show Axioms 4 and 5 hold, we define our candidates for additive identity

and multiplicative identity by

0=0+01
1=1+01

Now fix z € C. Then z = a + bi for some a, b € R. We have by our rules for addition and
multiplication in C:

z2+0=(a+bi)+(0+0i)=(a+0)+(b+0)i=a+bi=z
z-1=(a+bi)-(1+0i)=(a-1-b-0)+(a-0+b-1)i=a+bi=%



so Axioms 4 and 5 hold, with 0 and 1 indeed working as desired.

+ Axiom 6: Fix z € C. We want to show there is a scalar, call it —z, that satisfies z + -z = 0.
Since z = a + bi for some a, b € R, let us try the following candidate for —z:
-z =(-a)+ (-b)i

This works:

(a+bi)+(-a+(-b)i)=(a+-a)+(b+-b)i
=0+01
=0

Therefore, Axiom 6 holds. We do not need to prove —a + (-b)i is the unique additive
inverse of a + bi. Once the other axioms are proven, uniqueness is guaranteed by the
result of Section 1.3.

- Axiom 7: Fix z € C such that z # 0. We need to show there is some scalar, call it 27,
that satisfies zz~! = 1. We know z = a + bi for some a, b € R. Since z # 0, we know that

(a,b) #(0,0)

That is, either a # 0, or b # 0 (or both). Let 2! = ¢ + di. We want to design real numbers
¢, d such that

(a+bi)(c+di)=1

It turns out that such ¢, d can be constructed. The construction relies on the assumption
that either a # 0 or b # 0. This design of ¢, d is left to Exercise 1.7.

1.4.3. The binary fieldF, = {0,1}

Define Fy = {0,1}. In this field there are only two scalars, namely, 0 and 1. Addition and
multiplication are defined by mod 2 arithmetic:

0+0=0 0-0=0
0+1=1 0-1=0
1+0=1 1-0=0
1+1=0 1.1=1

These rules can be equivalently written as addition and multiplication tables:
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001 00]0
111]0 11101

The equation 1 + 1 = 0 (which is true for mod 2 arithmetic) is used much more by
computers in just one hour of a day than the equation 1+ 1 = 2 (which is true for real
numbers) has ever been used by humans throughout all of human history. This is because
mod 2 arithmetic is built into the cyclic redundancy check (CRC) codes that are used to
detect errors in every packet of data that is sent over the internet. It can be verified that
the axioms for a field hold for [F:

+ Axiom 1 (commutativity): We can use the given arithmetic tables to verify that x + y =
y+xand xy = yx is true for all four possible values of x and y:

(x) y) € {(0) 0)) (0} ]‘)J (1) 0)) (1) 1)}

Alternatively, we can observe that commutativity must hold because the addition and

multiplication tables are symmetric.

- Axioms 2-3: We can test all eight combinations of (x, v, z) € {0,1} under the given
arithmetic tables to verify the following always hold:

(x+y)+z=x+(y+2)

(xy)z = x(yz)

x(y+2)=xy+xz

We can write a computer program to test these (see MATLAB program given below).
Here is a proof of the distributive law that does not need a computer: Fix x, y, z € {0,1}.
If x = 0 then

OING (@)

x(y+2)=0(y+2) @ 0=0+0=0-y+0-2 =" x-y+x-2
where (a) holds because the multiplication table shows that 0 times anything gives
zero; (b) holds because the addition table shows 0 + 0 = 0; (c) holds again because 0

times anything is zero; (d) holds by substituting x = 0. On the other hand, if x = 1 then

() ©

x(y+2)=1(y+z2) (g)y+z l.y+l-2 = xy+xz

where (a) holds because the multiplication table shows that 1 times anything gives that
same thing back; (b) holds for the same reason; (c) substitutes x = 1.
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+ Axioms 4-5: To show x + 0 = x and x - 1 = x, we just test the two cases x € {0, 1} using the
arithmetic tables:

0+0=0
1+0=1
0-1=0
1-1=1

+ Axiom 6: It is easy to use the addition table to verify —x = x for all x € {0,1}:

0+0=0 [so-0=0]
1+1=0 [so-1=1]

- Axiom 7: From the multiplication table we have 1-1=1,s0 17 = 1.

MATLAB program to verify Axioms 2-3

Listing 1.1. MATLAB for testing Axioms 2-3 with mod 2 field

%This program tests Axioms 2-3 for mod-2 arithmetic

global AddTable
global MultTable

AddTable= [0 1;1 0];
MultTable = [0 0;0 1];

error = 0;

26%% LOOP
for x=0:1
for y=0:1
for z=0:1

%Test Axiom 2

if ADD(ADD(x,y),z)~= ADD(x,ADD(y,z))
error = 1;

end

if MULT(MULT(x,y),z) ~= MULT(x,MULT(y,z))

error = 1;
end
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%Test Axiom 3

if MULT(x,ADD(y,z)) ~= ADD(MULT(x,y),MULT(x,z))
error = 1;

end

end
end
end
%6%%% END LOOP

error

%The ADD and MULT functions
function w=ADD(x,y)
global AddTable
w=AddTable(x+1,y+1);
end

function w=MULT(x,y)
global MultTable
w = MultTable(x+1l,y+1);
end

1.4.4. The trinary field F3 = {0,1,2}

Define [F3 = {0,1,2}. In this field there are only three scalars: The two scalars 0 and 1 that
are needed for every field, and an additional scalar called 2. Addition and multiplication
are defined by mod 3 arithmetic, given by the following tables:

+10(1]|2 x{0]1]2
0012 0000
1(41/2]0 110|1|2
21201 210121

Axiom 1 (commutativity) holds because the addition and multiplication tables are
symmetric. Axioms 2-3 can be verified by modifying the computer program given in the
previous subsection (see Exercise 1.19). Axioms 4-7 can be verified in a manner similar to
the case for mod 2 arithmetic in the previous subsection.

One important property that holds for all fields is this: Every scalar appears exactly once
in each row and column of the addition table. Why? This question is explored in Exercise 1.14.
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The same is almost true for the multiplication table (see Exercise 1.15). The only exception
is the first row and column: These fail because 0 times anything is 0. The fact0-x =0 is
not an axiom, but is proven from the axioms in Section 1.5.

1.4.5. The finite field F, for p prime

Fix p as a prime number:
pe{2,3,5711,...}

DefineFp = {0,1,..., p~1}. For x, y € F, define scalar addition and multiplication according
to mod p arithmetic of integers. [Readers who are unfamiliar with modular arithmetic
can read a quick primer on that subject in Section 1.7.] For all x, y € F, we have

+ Addition: x + y= mod ((x+ ¥)z, p)
« Multiplication: xy = mod ((xy)z, p)

where (x + y)7 and (xy)7z denote the standard addition and multiplication of integers.
Specifically, recall that every integer n can be written n = kp + r for some unique integers
k,r such thatr € {0,1,..., p- 1}, and for such n we define

mod (n,p)=r

That is, for each integer n, we define mod (n, p) as the remainder r € {0, ..., p— 1} when
we divide n by p.

For any integer p > 2 (possibly not prime), it can be shown that mod p arithmetic
satisfies Axioms 1-6. However, the multiplicative inverse property (Axiom 7) holds for mod
p arithmetic if and only if p is a prime number (this is formally proven in Section 1.7).
Therefore, the set F, with mod p arithmetic is a field if and only if p is prime. The cases
p=2and p = 3 have been discussed in previous subsections. The next field with mod p
arithmetic occurs when p =5, it is F5 = {0, 1, 2, 3,4} with mod 5 arithmetic.

There exists a finite field of size 4, but its scalars {0, 1, a, b} use arithmetic tables that
are different from mod 4 arithmetic (see Exercise 1.17). A famous result by mathematicians
Galois and Moore is that a finite field of size g exists if and only if g = p" for some primep
and some n € N (such fields only use mod q arithmetic when n = 1). Fields with size 2" can
be used to efficiently build erasure codes for binary data (discussed in a later chapter).

1.5. Basic results for fields

Let F be any set which, together with rules for addition and multiplication, satisfies the
axioms for a field.
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LEMMA1l. -0=0.
PROOF. The scalar -0 exists by Axiom 6. By definition of -0 we have

0=0+-0 [definition of —0 (Axiom 6)]
=-0+0 [commutativity (Axiom 1)]

=-0 [0 is the additive identity (Axiom 4)]

LEMMA1.2. x-0=0forallxeF.

PROOF. Fixxe[F. We have

where (a) uses 1 as the multiplicative identity; (b) uses 1+ 0 = 1; (c) uses the distributive
law; (d) again uses 1 as the multiplicative identity. Therefore,

(1.5) XxX=x+x-0
Adding —x to both sides of (1.5) gives

-Xx+x=-x+(x+x-0)

=(-x+x)+x-0 [bymoving parentheses (Axiom 2)]

Thus
-X+x=-x+x+x-0
—— Y=
0 0
The definition of —x ensures —x + x = 0, so the above equality simplifiesto 0 =x-0. [

The above proof used a step that adds the same thing to both sides of an equation.
Formally, this is justified by the substitution rule: If a, b, c are scalars and if a = b, then we
can replace b with a in any expression without changing the value of that expression. So
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the expression ¢ + a is the same as ¢ + b. That is
(a=b) = c+a=c+b

which is the same as adding ¢ to both sides of the equation a = b. Likewise, the expression
ca is the same as cb and so

(a=b) = ca=cb

which is the same as multiplying both sides of a = b by c. The substitution rule is not part
of the axioms for a field because it is a fundamental property about the nature of equality
between two objects. The substitution rule holds more generally when performing the
same operation to both sides of an equation.

LEMMA13. 1=%0.

PROOF. Suppose 1 = 0 (we reach a contradiction). Since we have assumed [F has at
least two distinct elements, there must be some element x € F such that x # 0. Then
x=x-1=x-0=0, contradiction. O

LEMMA 14, 171=1.

PROOF. See Exercise 1.2. O

LEMMA 1.5. —(-x)=xand -x=(-1)x forallx eF.

PROOF. FixxelF.Then -xe¢Fandso
-x+—-(-x)=0

Adding x to both sides gives
(x+-x)+-(-x)=x+0

Simplifying gives —(—x) = x. The proof that —x = (-1)x is Exercise 1.3. O

As a special case of the above lemma, we obtain (-1)(-1) = 1 because

1= —(-1) = (-1)(-1)

This, together with Lemma 1.5, implies (-x)(-y) = xy for all x, y € [.
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LEMMA 1.6. IfxcFandx+0,thenx '+ 0and (x 1)1 =x.

1

PROOF. Fixx €[, x # 0. The multiplicative inverse axiom ensures x -~ exists as a scalar

inF. If x ! = 0 then we have
l=xx1=x0=0

a contradiction. So we must have x~! # 0. Then x ! itself has a multiplicative inverse and
x—l(x—l)—l -1

Multiplying both sides by x gives the result. O

LEMMA 1.7. Ifx,y e[ then
xy=0 < (x=00ry=0)

PROOF. See Exercise 1.1. O

1.6. Subtraction and division

The operations of scalar addition and multiplication are fundamental for a field. Subtrac-
tion and division are defined by addition and multiplication together with the additive

inverse and multiplicative inverse axioms (see also Exercise 1.12):

1. For x, y € F define

x-y=x+(-y)
2. For x, y € F with y # 0 define
X -1
Y

Given x, y € [, the famous add-subtract technique is
X=x+y-y

1.7Z. Modular arithmetic

DEFINITION 1.1.  Fix an integer d > 2. For each integer n, we define mod(n, d) as the unique
integer r € {0,1,...,d — 1} such that n = kd + r for some integer k. This value r is the remainder
when the integer n is divided by the integer d.

It follows that mod (n,d) = 0 if and only if n is an integer multiple of d. To compute
mod (n,d), we start with n and then add or subtract multiples of d until the result is in
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the set {0, ...,d — 1}. For example, with d = 5 we have

mod (3,5) =3 [since 3 =0(5) + 3]
mod (21,5) =1 [since 21 =4(5) +1]
mod (22,5) =2 [since 22 = 4(5) + 2]

mod (100,5) =0 [since 100 = 20(5) + 0]
mod (-3,5) =2 [since -3 =-1(5) + 2]

With d = 8 we have

3 [since3=0(8) + 3]

5 [since 21 =2(8) + 5]
mod (22,8) =6 [since 22 =2(8) + 6]

4 [since 100 = 12(8) + 4]

5 [since -3 =-1(8) + 5]

These can be verified by the MATLAB mod (-) command:

Listing 1.2. MATLAB mod command

>> mod(3,5)

ans =

>> mod(21,5)

ans =

1.71. Equivalent mod d

Fix d > 2 as an integer. Two integers a and b are said to be equivalent (mod d), written

a=b (modd)
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if a and b differ by an integer multiple of d, that is, a — b = kd for some integer k. It follows
that a and b are equivalent (mod d) if and only if

mod(a,d) = mod(b,d)

An equation of the type
ab+bc? =ad+b%a® +a (mod d)

with some integers a, b, ¢, means the left-hand-side and right-hand-side differ by an integer
multiple of d, so (ab+ bc?) — (ad + b%a® + a) = kd for some integer k. The next lemma shows
that if we have an expression involving sums and products of integers, then any integer in
the expression can be replaced with an equivalent integer (where equivalence is in the
mod d sense) without changing the mod d value of that expression.

LEMMA 1.8. Fixd > 2 as an integer. Let a, b, c, k be integers. Then

(1.6) a+b=a+ (b+kd) (modd)
(1.7) a+bc=a+b(c+kd) (modd)
(1.8) a+ bc = mod(a,d) + mod(b,d)mod(c,d) (modd)

PROOF. Equality (1.6) is true because a + b and a + (b + kd) differ by an integer multiple
of d:
(a+ (b+kd)) - (a+Db) = kd = integer multiple of d

The proof of equality (1.7) is similar. Equality (1.8) holds because

mod(a,d) =a-kd
mod(b,d) =b-kod
mod(c,d) = c—ksd

for some particular integers ki, ko, k3. So proving (1.8) reduces to proving
a+bc=(a-kd)+(b-kyd)(c-k3d) (modad)
This is true: a + bc and (a - k1d) + (b - kod) (c — k3d) differ by an integer multiple of d. [J

By using the above lemma with induction, we can compute the sum or product of any
finite collection of integers in the mod d sense by first finding the mod d values of those
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integers. Indeed, fix d > 2 as an integer. Let ny, ..., n; be a collection of integers. Define
n; =mod(n;,d) Vie{l,.., k}
Then

n+np+--+np=ny+ny+--+7n (modd)

nmny---ny = ﬁlﬁZ"'ﬁk (mod d)
Also, we have, for example,
5 2_—= = =5-  — — =2
ny + NyN5ng + N3Ngns = 1y + NyTpng + Nanignis  (mod d)

Given an integer d > 2, these rules can show the set {0, 1, ..., d - 1}, together with mod d
arithmetic, satisfies Axioms 1-6 of a field. Specifically, modular arithmetic is commutative,
associative, and distributive. Also, 0 and 1 serve as the additive and multiplicative identities.
Further, for every x € {0, 1, ...,d—1} we can define —x = mod((-x)z, d), where (-x) refers
to the negative integer and —x refers to the scalar in {0, 1,...,d — 1} that satisfiesx + -x =0
in the mod d sense. However, the multiplicative inverse axiom (Axiom 7) holds if and only
if d is a prime number. Therefore, F; = {0, 1, ...,d — 1} with mod d arithmetic is a field if
and only if d is prime. This is explained in the next two subsections. The next lemma is a
useful consequence of modular arithmetic.

LEMMA 1.9. Let n be a positive integer. Express n in its base 10 expansion:
k .
n= dkdk—l'”dldo = Z dilol
i=0

for some integer k > 0. Then

a) n is divisible by 9 if and only if Zi?:o d; is divisible by 9. For example, 78303015 is divisible
by 9 because7+8+3+3+1+5=27.

b) n is divisible by 3 if and only if 25:0 d; is divisible by 3. For example, 1893000372 is
divisible by 3 but not by 9 because1+8 +9+3+3+7+2=33.

PROOF. We prove only part (a) (the proof of (b) is similar). Note that mod (10,9) = 1.
Thus, in any expression that takes sums and products of integers, every instance of 10 can
be replaced by 1 without affecting the mod 9 value of the expression. So

k .k .k
n=> d;(10)' =3 d;(1)' = > d; (mod9)
i=0 i=0 i=0

Thus, n = 0 (mod 9) if and only if Z?:o d; = 0 (mod 9). O
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1.7.2. Axiom 7 fails when p is not prime

It is relatively easy to see that Axiom 7 fails for mod p arithmetic when p is not a prime
number. For example, suppose p = 6 and consider the set of distinct scalars {0,1,2,3,4,5}
with mod 6 arithmetic. Suppose this forms a field (we reach a contradiction). Since 2-3 =6
we have

(1.9) 2.3=0 (mod6)

However, we know that 2 + 0 and 3 # 0 (recall that {0,1, 2, 3,4, 5} are distinct scalars). Since
2 + 0, and since we assume we have a field, there must be some scalar 271 € {0,1, 2, 3,4, 5}
for which

271.2-1 (mod 6)

Multiplying both sides of (1.9) by 27! gives

(271.2)3=0 (mod6)
N———
1

which means1-3=0 (mod 6), thatis, 3 =0, a contradiction.

More generally, let p > 2 be an integer that is not prime. Suppose Axiom 7 holds for
{0,1, ..., p— 1} with mod p arithmetic (we reach a contradiction). Then {0, 1, ..., p— 1} with
mod p arithmetic forms a field. Since p is not prime, there must be two nonzero integers
a,be{l,2,..., p—1} such that ab = p (in the usual sense of multiplication of real numbers),
and so

ab=0 (mod p)

Then, a similar argument reaches a contradiction.

1.7.3. Axiom 7 holds when p is prime

LEMMA 1.10. Fix p as a prime number.
a)Ifa,beZ then

(ab=0 (mod p)) < (mod(a, p) =0 or mod(b, p) =0)

b)Ifa,ay, ..., a; € Z (where k is some positive integer ) then

k
(H a;=0 (mod p)) < (mod(a;, p) =0 forsomeie{l,...,k})
i=1

(ak=0 (mod p)) < (a=0 (mod p))
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PROOF. For the forward direction of part (a), suppose ab = 0 (mod p). Then
ab=kp

for some integer k. Suppose neither a nor b are equivalent to 0 mod p (we reach a contradic-
tion). It means that neither a nor bis a multiple of p. Consider taking a prime factorization
of both sides of the above equation:

a b = kp

~—— ~—— ~———

(no p factors) (no p factors)  contains a factor p

It is impossible for the right-hand-side to have a prime factor p when the left-hand-side
does not. This is the contradiction.

For the reverse direction of part (a), suppose mod (a, p) = 0. We want to show ab is
equivalent to 0 (mod p). Since mod (a, p) = 0, we know a = kp for some integer k and so

ab = kpb

so ab is an integer multiple of p, meaning that ab is equivalent to 0 (mod p) and we are
done. The case mod (b, p) = 0 is similar. This completes the proof of part (a).
The proof of part (b) follows from part (a) by induction. O

Now let p be prime. Define Fp, = {0, 1, ..., p - 1} and consider mod p arithmetic. We
want to show this forms a field. We already know Axioms 1-6 hold (they hold even if pis
not prime, provided that p > 2). It suffices to show Axiom 7 (every nonzero scalar has a
multiplicative inverse). Fix z € [ such that z # 0. Then z € {1, ..., p— 1}. We want to show

there is a scalar s € [ such that zs = 1. Consider the sequence of powers of z
2 3 4
(1.10) 2,2°,2°,%7, ...

Each of the z/ numbers in this sequence has a mod p value in the set {0, ..., p—1}. Since
{0, ..., p—1} is a finite set, but the sequence is infinite, two distinct elements of the sequence
in (1.10) must have the same mod p values. That is, there are positive integers j, m such that

(1.11) 2 =™ (mod p)
Since z € {1,..., p— 1}, we know z # 0 (mod p). Lemma 1.10(b) ensures that
2 %0 (mod p)

Define the integer a = z/. The above equality ensures a is not a multiple of p. Substituting
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a=7in (1.11) gives

a=az™ (mod p)

which means there is an integer k such that
az™ - a=kp

Thus
a(z™-1) =kp

We have already stated that a is not a multiple of p, so the above equality can only be true
if 2™ — 1is a multiple of p:

(1.12) 2" -1=rp
for some integer r. Equality (1.12) implies
z- 2™l o147rp

and so
z-2™1=1 (mod p)

Define s = mod (2™, p). Thens ¢ {0, ..., p - 1} and the above equality implies
zs=1 (mod p)

which means s is a multiplicative inverse for z and we are done: Axiom 7 holds.

1.8. Exercises
EXERCISE 1.1.  SupposeF is a field. Let x and y be scalars in F. Prove that
(xy=0) < (x=00ry=0)
Hint: The reverse direction is an immediate application of Lemma 1.2. For the forward direction,

assume x, y € F and xy = 0, then consider the cases x = 0 and x + 0.

EXERCISE 1.2. LetF be a field. Lemma 1.3 ensures 1 # 0 and so Axiom 7 ensures 17! exists.
Provel ' =1.

EXERCISE 1.3.  LetF be a field. Use the axioms to prove that for all x € F we have —x = (-1)x.

EXERCISE 1.4. (Uniqueness of multiplicative inverse) Let [ be a field. Suppose x € F and x # 0.

By the field axioms, we know there is a scalar x ™' € F such that x - x~* = 1. We want to show x~!
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is the unique scalar with this property.
a) Suppose there is an a ¢ F such that x - a = 1. Show that a = x~ L.
b) Find i~ when [ = C is the field of complex numbers.
¢) Find 17! when F = {0,1} is the binary field.

d) Find17%, 271,371 and 47 when F = {0,1,2, 3,4} is the finite field with mod 5 arithmetic.

EXERCISE 1.5. Let[F beafield. Fixx, y € F. Suppose x # 0 and y # 0.
a) Show that xy + 0.
b) Now that we know xy # 0, which axiom ensures (xy) ™! exists?

¢) Prove that (xy) ' = x71y~L.

EXERCISE 1.6. Let [ be a field.
a) Define 2 = 1 + 1. Use the axioms to prove that for all x € F we have x + x = 2x.
b) Define 3 = 2 + 1. Use the axioms to prove that for all x € F we have x + x + x = 3x.

EXERCISE 1.7. (Additive and multiplicative inverses for C) Consider the complex field C. Let
Z=a+bi.

a) Find —z. That is, give an expression for —z in terms of a, b.

b) Suppose z + 0, that is, (a, b) # (0,0). Give an expression for z~1 in terms of a, b.

EXERCISE 1.8. (mod 82 arithmetic is not a field) Consider F = {0,1,...,81} with mod 82
arithmetic. Show that this does not form a field. Which axiom of a field is violated?

EXERCISE 1.9. (Imaginary numbers) Let C be the set of complex numbers. Note that i € C and
i=+/-1. Definel c C as the set of purely imaginary numbers: | = {ix : x € R}. Maintaining the
same definitions of complex addition and multiplication in C, does [ form a field?

EXERCISE 1.10. (Additive and multiplicative inverses for Fs) Consider the finite field F5 =
{0,1,2,3,4} with mod 5 arithmetic.

a) Compute —x for all x € F5. Compute x~! for all nonzero x ¢ Fs.

b) Using [F5 with mod 5 arithmetic, solve 3x = 2. Is there a solution x? Is the solution unique?

EXERCISE 1.11. (Additive and multiplicative inverses for [F11) Consider the finite field [F1; =
{0,1,2,...,10} with mod 11 arithmetic.

a) Compute —x for all x € Fy;.

b) Compute x ! for all nonzero x € Fy;.

¢) Using F1; with mod 11 arithmetic, solve 8x = 9. Is there a solution x? Is the solution unique?

EXERCISE 1.12.  (Fractions) Suppose [F is a field. Use the definition % =abfora,beF,b+0
to prove
+b_a_ b
a) &2 =%+ 2fora,b,celF, c+0.

b) :I—’fora,be[F\{O}.

() a
) %+5=9Dfora b c,deF, b+ 0,d+0.

c_
£ =
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EXERCISE 1.13. (Modular arithmetic)
a) Compute mod(2,12), mod(—4,12), mod(34,12), mod(44,12).
b) Compute mod(2,7), mod(-4,7), mod(34,7), mod(44,7).
¢) Compute mod(2,4), mod(8,4), mod(-8,4), mod(42,4).

EXERCISE 1.14. (Once per row and column — Addition table) Suppose F = {x1,...,xn} isa
finite field with n scalars. Since the scalars are distinct, we have

(,je{l,..,ntand (i#j)) = x;#x;

Addition is defined according to an addition table with n rows and n columns. We want to show
that every scalar in F appears exactly once on each row and column of the addition table. Fix
i€{1,...,n}. For simplicity, we first show the result holds for row i.

a) No duplicates in row i: Suppose there are distinct columns j and k (so j # k) that have the
same scalar in row i, so:

Xj+ X} =X+ Xy
reach a contradiction using existence of —x;.

b) Every scalar appears on row i: Fix z € F. We want to show that z is on row i of the addition
table. That is, we want to show there is a scalar s € F such that x; + s = z. Explicitly find such an
s by using existence of —x;.

¢) Explain how to show the same result for column i (rather than row i).

EXERCISE 1.15.  (Once per row and column except the first — Multiplication table) As in the
previous exercise, suppose F = {xy, ..., xn} is a finite field with n scalars. Assume x; = 0 and
X9 = 1. Multiplication is defined by some multiplication table with n rows and n columns. Fix
i€{2,...,n}. Use the argument structure of the previous exercise to show that each scalar in F
appears exactly once on row i. Write a sentence to explain why the same holds for column i.

EXERCISE 1.16.  (Axioms and mod 4) Let S = {0, 1,2, 3} with mod 4 arithmetic. The addition

and multiplication tables are:

+1011(2]|3 x01112]3
0(0j12|3 0/0({0(0|O0
1)1{2(3]0 140|11(2]3
221301 210202
313]0(1|2 3101321

It can be shown that 6 out of the 7 axioms for a field hold. However, exactly one axiom fails.
Which axiom fails? Give a counter-example to show it fails.
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EXERCISE 1.17.  (Thefield[F4) We want to prove there is a field of size 4. Define[F4 = {0,1, a, b} as
a set with four distinct elements (including 0 and 1 that are the distinct additive and multiplicative
identities). We want to find a multiplication table and an addition table such that F4 (together
with this scalar addition and multiplication) satisfies the axioms for a field. The tables below are
partially filled out.

+0(1|al|b x||0|1]la|b
00|1|albd 0(0|0(0|0
1 1{0|1|al|b
a a
b b

a) Prove that (similar to Sudoku), each of the four rows of the addition table is a permutation
of {0,1, a, b} (so there are no repetitions in a row). Similarly, each of the four columns is a
permutation of {0, 1, a, b}.

b) Prove that the last three rows of the multiplication table is a permutation of {0,1, a, b}.
Similar for the columns. We now proceed to part (c).

¢) Prove that we cannot have either b-0=1,b-1=1,b- b =1, and so we must have ba = 1.

d) Complete the multiplication and addition tables.

e) How can we check that your definition of scalar addition and multiplication satisfies
Axiom 1?7 Axioms 4, 5, 6, 77

f) How can we check that Axioms 2 and 3 are satisfied? How can a computer be used?

EXERCISE 1.18. Define the 28-element set F = {0,1, 2, ..., 27} and consider mod 28 arithmetic.
Show this is not a field.

EXERCISE 1.19. (Computer program for Axioms 2-3) Write a computer program to show that
[F3 with mod 3 arithmetic satisfies Axioms 2-3 for a field. You are free to cut, paste, and modify
the MATLAB program in Section 1.4.3.

EXERCISE 1.20.  (Square roots in a field) Let [F be a field. We want to show every b € [ has either
0, 1, or 2 square roots (a square root of b is a scalar x such that x* = b).

a) Fix b € F. Suppose scalars x and y are both square roots of b. Use x? = y? to show that
either x = y or x = —y. Explain why this means every scalar b has at most two square roots.

b) Give an example of a field and a scalar b that has no square roots.

¢) Give an example of a field and a scalar b that has exactly one square root.

d) Consider F; = {0,1,2,3,4,5, 6} with mod 7 arithmetic. How many square roots does 2
have? How many square roots does 3 have?
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EXERCISE 1.21. (Axioms 2 and 3 for C) Complete the proof that Axioms 2 and 3 hold for the
complex numbers C with the rules of complex addition and multiplication given in Section 1.4.2.

EXERCISE 1.22.  (The rationals Q form a field) Assume R, together with standard addition and
multiplication of real numbers, forms a field. This problem uses that to prove the subset QQ € R of
rational numbers also forms a field. Specifically, Q ={p/q: p,q € Z,q + 0}.

a) Verify closure of addition for rational numbers: The sum of two rationals is rational.

b) Verify closure for rational multiplication.

c) Verify that 0 and 1 are rational. Verify that for real numbers x we have:

(xeQ) = -x€Q

(xeQandx+0) = x'ecQ

d) Explain how our assumption that R is a field ensures Q is a field.

EXERCISE 1.23.  (Sum of powers of scalars in ) Let [ be a general field. Fix x € [ such that
x# 1. ForneNdefines=3", x! where

1 times

a) Give a nice expression for (1 — x)s. [Hint: You should get nice cancellations.]
b) Explain why

(1.13) Zn:xi = (x-x"NH(1-x)"' VneN
i=1

EXERCISE 1.24. (What about infinite sums?) Infinite sums of scalars in a general field F are
undefined. This question explores why.

a) For F = R, use x = 27! in formula (1.13) to obtain an expression for Z?Il(I/Z)i for all
neN. Take n — oo to show there is a good definition of ¥.7°, (1/ 2)L. [Strictly speaking, the limit
makes sense by implicitly using additional properties of R that allow distance comparisons and
notions of convergence.]

b) Consider F3 = {0,1,2} with mod 3 arithmetic. Use x = 271 in formula (1.13) to obtain an
expression for Y1 (1/ 2)! for all n € N. Explain why taking n — oo does not make sense in this
case of field .
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CHAPTER 2.

Matrix operations

Matrices have a central role in linear algebra. They can be used to efficiently represent
and process data. In Chapter 6 we show that any linear transformation between two finite
dimensional vector spaces can be represented by a matrix.

This chapter develops results for matrices with entries in a general scalar field F. Recall
that scalars can be added and multiplied. Also, every field F contains two special scalars
called 0 and 1. Unless otherwise stated, all results in this chapter hold for a general [F.
Specific examples are shown for the cases F = R and for finite fields F = F, for p prime.

2.1. Matrices

Let [F be a scalar field. Fix m, n as positive integers. A matrix A of size m x n with entries in [
is a collection of mn scalars arranged in a grid with m rows and n columns:

ai ap - ain
dz1 Q2 - Qo
A =
| dm1 Am2 - dmn |

We often write A = (a;;), where a;; € F denotes the scalar entry inrow i € {1,...,m} and
column j € {1,..., n}. It is sometimes useful to write entry a;; as a; ; (which more clearly
distinguishes the two subscripts). The entries of a matrix are also called components.
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For example, with [ = R, the following is a 3 x 4 matrix:

-1 24 0 0
A=]1'9 1 0 -15
1 5 73 5

The scalar entries on the first row of A are:
an=-1, app=24, a13=0, apu=0

The scalar entry in the second row and third column is 0, that is, a3 = 0.

2.1.1. Notation
Let m, n be positive integers. Define the set of all m x n matrices with entries in a field F by

F™" = {m x n matrices with entries in F}

Thus, A € F™" means A has m rows, n columns, and A = (ajj) for some entries a;; € F
forie{l,...,m}and j € {1,...,n}. When the field of interest is clear we use the concise
notation

A~mxn

to mean that A has size m x n.

2.1.2. Transpose of a matrix

The transpose of matrix A, denoted AT, is the matrix that turns all rows of A into columns.
Thatis, if A~ mxn, then AT ~ nx mand A" = (b;;) where

b::=a

ij=a; Yie{l,...,n},je{l,...,m}

For example, assuming [F contains scalars 0, 1, 2, consider
2 1

(2.1) A=|0 1| = AT=
10

For this example (2.1), A ~3x2and A" ~ 2 x 3. If A is a matrix then the transpose of its
transpose is itself:
(A1) =4
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2.1.3. Types of matrices

For a given m x n matrix A we say:
+ Ais square if it has the same number of rows and columns (m = n).
 Ais tall if it has more rows than columns (m > n).
- A is wide if it has more columns than rows (m < n).
+ Ais a column vector if it has only one column (n = 1).
 Ais a row vector if it has only one row (m = 1).
« Ais symmetricif AT = A.

Note that A is tall if and only if AT is wide. Also, A is square if and only if AT is square.
Matrix A can only be symmetric if it is square. A matrix A ~ m x n can be viewed as a
collection of n columns (each column being a m x 1 column vector). It can also be viewed
as a collection of m rows (each row being a 1 x n row vector).

2.1.4. Convention

When we introduce a mxn matrix A, it is implicitly assumed that m and n are some positive
integers. Also, unless otherwise stated:

- When several matrices are treated together in the same problem, all matrices are
assumed to take values in some common field F.

+ Results in Chapters 2-7 hold for any general field F.

2.2. Diagonal, upper triangular, and the identity matrix

This section considers square matrices. The diagonal entries of a n x n matrix A = (a;;) are
the entries a;; for i € {1, ..., n}. The diagonal entries of a 3 x 3 matrix are boxed below:

1 0
A=| 4 Jo] 1
1 1
The diagonal entries partition the matrix into three parts: (i) Entries on the diagonal

(entries a;;); (ii) Entries above the diagonal (entries ajj for i < j); (iii) Entries below the
diagonal (entries a;; for i > ).

DEFINITION 2.1. A square matrix A = (a;;) is a diagonal matrix if a;; = 0 whenever i # j.
That is, all off-diagonal entries are zero.
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DEFINITION 2.2. A square matrix A = (a;;) is upper triangular if a;; = 0 whenever i > j.
That is, all entries of A that are below the diagonal are zero.

DEFINITION 2.3. A square matrix A = (a;;) is lower triangular if a;j = 0 whenever i < j. That
is, all entries of A that are above the diagonal are zero.

The transpose of an upper triangular matrix is a lower triangular matrix. A diago-
nal matrix is both upper triangular and lower triangular. Also, every diagonal matrix is
symmetric. Examples are:

00 O [diagonal]

01 3 [upper triangular]

| 0 0 -2 |
S 7 .
[upper triangular]
0
[ 2 0 0
4 1 0 [lower triangular]
1 0 7
[ 3 7 1
7 2 0 [symmetric]
-1 0 1

Fix n € N. An important n x n diagonal matrix is the one where all n diagonal entries
are 1: This is called the n x n identity matrix and is denoted I. The 2 x 2 and 3 x 3 identity
matrices are shown below:

0
I= [2 x 2 identity matrix]

I=l 010 [3 x 3 identity matrix]

Every field has scalars 0 and 1, so the n x n identity matrix makes sense for every field.
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2.3. Matrix addition and scalar multiplication

If A and B are two matrices of the same size, and with entries in a common scalar field,
we define the sum A + B as the matrix formed by adding the individual entries:

A+B= (aij+ bl])

For example, with F = R we have

2 1 1 1 3 2
-1 8§ |+ 0 1 |=] -1 9
0 4 0 -1 0 3

In the binary field F» = {0,1} with mod 2 arithmetic (so 1 + 1 = 0) we have

01 11 10
1 1|+]0 11|=110
01 01 0 0

Matrix addition is commutative and associative: Assuming matrices A, B, C have the same
size and have entries in a common field F, we have

(2.2) A+B=B+A
(2.3) A+(B+C)=(A+B)+C

This follows from the commutativity and associativity axioms of scalar addition. Formulas
(2.2)-(2.3) imply that we can drop the parentheses when summing three matrices:

A+B+C=(A+B)+C

By induction, it follows that n matrices Ay, ..., A, of the same size can be summed in any
order and with any placement of the parentheses:

n
Y A=A +Ag+ - +Ap= (A1 + (Ag + -+ Ap))
i=1

Exercise 2.2 shows that .
n n
(zAi) Sy
i=1 =1

The multiplication of a scalar c and a matrix A, denoted cA, is defined as the matrix of
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the same size as A formed by multiplying each entry of A by c:
A= (ai]-) — CA = (cai]-)

For example, with [ = R

0 1 0 5
(2.4) 52 2 =] 10 10
3 4 15 20

For matrices A, B of the same size, we define:
A-B=A+(-1)B
Scalar multiplication distributes: If matrices A, B have the same size and ¢, d € [ then
c(A+B)=cA+cB , (c+d)A=cA+dA

These equalities are proven in Exercise 2.36. As specified in Section 2.1.4, these operations

implicitly assume a common field F. As an example for matrices with entries in R,

10 4 4 10 4 4
5 + =5 +5

2 3 11 2 3 11
(4+-2) =4 +(-2)

2.4. Matrix multiplication

A n-tuple is an ordered list of the form (x, ..., X ). Define F" as the set of all n-tuples of
scalars in [F:
F" = {(x1, o0y xn) 1 ;€ F - Vie{l,...,n}}

(xeF") = (x=(xy,...,xn) for some scalars x; € F for i € {1, ..., n})

We shall call elements of F" vectors. We shall call F"* a vector space. [More general vector
spaces are developed in Chapter 6, including vectors that are not n-tuples.] We do not need
to assign a horizontal or vertical orientation to a vector x € F"*. However, for purposes of
matrix arithmetic, it is standard to view x € F" as a column vector (a n x 1 matrix), so its

transpose x' is a row vector (a 1 x n matrix).
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2.4.1. Dot product

Define the dot product between two vectors x, y € F", where x = (xy,...,x;) and y =
(.le s yn); as

n
dot(x, y) = > x;¥;
e

Thus, dot(x, ¥) takes two vectors x, y € F"* and outputs a scalar in F. We can view dot(x, )
as software that does not care if its input vectors x, y have a row or column orientation,
provided: (i) x and y have the same number of components; (ii) the components are
scalars in a common field. Alternative notation for the dot product uses a single dot:

n
x-y=dot(x,y) = > x;y;
i=1
2.4.2. Matrix multiplication via the dot product

Given two matrices A and B with entries in a common field, we define the matrix multipli-
cation AB whenever the number of columns of A is the same as the number of rows of B.
Specifically, fix positive integers m, n, k and suppose

A~mxn

B~nxk
Then AB is defined as the m x k matrix G = (g;;) where

gij = dot(row i of A, column j of B)

n
=2 aiybyj Vie{l,..,m},je{l, ..k}

u=1

For a general matrix D = (d;;) we can define notation (D);; to represent the (i, j) entry
(D);j = dij

With this notation, the above formula for entry (i, j) of the product matrix AB is:

n
(2.5) (AB)jj= ) aybyj Vie{l,..,m},je{l, ...k}
u=1

By viewing vectors x, y € F" as column vectors, the dot product can be expressed as
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matrix multiplication of the 1 x n matrix x" and the n x 1 matrix y:

n
x'y=dot(x,y) = > x;¥;
=1

For example

« With [F = R we have

11
1 01 0 0
01]=
010 01
11

2.4.3. Associative and distributive properties of matrices

Matrix multiplication is associative and distributive: Given any matrices A, B, C, D with
entries in some field [, and with sizes that make sense for matrix arithmetic, we have

(2.6) (AB)C = A(BC)
(2.7) (B+D)C=BC+DC , A(B+D)=AB+AD

We now prove (2.6). [Exercise 2.12 proves (2.7).] Let A, B, C be matrices such that

A=(a;;) ~mxn
B:(bij)~n><k
CZ(Cij)NkXT

Define
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To prove (2.6), it suffices to prove EC = AF. For this we show
(EC);j = (AF);;

for all entries (i, j), where i € {1,...,m} and j € {1, ..., r}. To this end, write E = (ey) and
F = (f,), where (w, 2) is a dummy variable for a generic entry of the matrices. Fix (i, j).
Then (using formula (2.5) for matrix products):

(2.8) (EC)ij = eiucuj
u
where
€y = (AB)iu
= Z aivbvu
v

Substituting this into (2.8) gives
(EC)ij= ). (Z aivbvu) Cuj
u v
= (Z aivbvucuj)
u v
where scalar ¢, ; has been distributed into the inner sum. Removing the parentheses gives
(2.9) (EC)U = Z Z aivbvucu]-
u v

On the other hand we have

(2.10) (AF);; = > aifyj
v
where
fvj = (Bc)vj
= Z bquu]'
u

Substituting this into (2.10) gives
(AF);; =) ajy (Z bvucuj)
v u
= (Zaivbvucuj)
v u
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Removing the parentheses gives

(AF)j; =23 apbwucy;
vV u

(2.11) =22 aivbwucy;
u v

where we have used the sum switching rule of (1.2) from Chapter 1.1. Comparing (2.11) and
(2.9) shows that (EC);; = (AF);;. Since this holds for all entries (i, j), we know EC = AF
and we are done.

[Note: When writing sums it is usually encouraged to give complete summation limits, such as Zﬁ=1 instead
of ¥,,. However, for the derivation of (AB)C = A(BC) it is difficult to specify each summation limit. We have

opted for ¥, notation in this case.]

2.4.4. Multiplying many matrices

Since matrix multiplication is associative, the multiplication (AB)C can be written without
parentheses as ABC. The multiplication ABC makes sense whenever the sizes satisfy
A~mxn,B~nxk, C~ kxrfor some positive integers m, n, k, . For a collection of ¢
matrices Ay, ..., Ac with sizes that make sense for multiplication, their product (in that
order) is written AjA,---Ac. The result of AjA,---A. is a new matrix with a number of rows
equal to the number of rows of A; and a number of columns equal to the number of
columns of A.. These size relationships can be expressed for multiplication chains of two
or three matrices as

A B = AB
—— —— ——

(mxn) (nxk)  (mxk)

A B C = ABC
—— —— —— ~——

(mxn) (nxk) (kxr) (mxr)
In general the size of AjAy---Ac is
Ay Ay Az - Ac  =AjAr-Ac

—— —— ~—— —— —_—
(mixmy) (maxmg) (mayxmyg)  (MexMer1)  (Myxmeir)

If A is a square matrix then it can be multiplied by itself as many times as we like. Define

AK - AA.A  VEkeN
~——

k times
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2.4.5. Distributing across many matrices

The formula A(B + D) = AB + AD from (2.7) can be extended. Let By, ..., Bs be matrices of
the same size. Let A be a matrix with the same number of columns as the number of rows
of By. The entries of all matrices are scalars in some common field F. Then

i=1

(2.12) A (zsj Bl-) - iABi
=1

This is formally proven by induction in Exercise 2.39. From this, we obtain the following
easy extension: If 04, ..., 05 are any scalars in [ then

(2.13) A (i eiBi) - i 0;AB;
i=1

i=1

This is an “easy extension” because it follows by defining matrices B; = 0,B;.

2.4.6. Is matrix multiplication commutative?

Matrix multiplication is not commutative. For example, if A ~ 4 x 8 and B ~ 8 x 2, then AB
makes sense but BA is not defined due to size mismatch. If A ~ m x nand B ~ n x m, where
m # n, then both AB and BA make sense, but they are two square matrices of different
sizes (so they cannot be equal). Even if A and B are square and of the same size, we might
have AB # BA. For example, consider F = R and

11 10
(2.14) A= , B=
01 20
Then 3 .
3 0 11
AB = , BA-=
2 0 2 2

If the same A and B matrices in (2.14) are treated in F3 = {0, 1, 2} with mod 3 arithmetic
(so 3 =0) then

AB =

where the entry of AB on the first row and column is 0 because
(1) +(1)(2)=3=0 (mod3)

Since the entries are integers, the resulting product mod 3 can be obtained by taking the
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usual matrix product (using field R) and then converting each entry to its corresponding
value in the set {0, 1,2} under the mod 3 operation (see Lemma 1.8).

It is possible for two square matrices A and B of the same size to satisfy AB = BA. Such
matrices are said to commute. It is clear that every square matrix commutes with itself
because AA = AA. Also, any two n x n diagonal matrices commute. For example,

[ ap 0 o [y o o] [aypy o 0 |
0 ay O 0 by 0 |=| 0 amby 0

| 0 0 am || 0 0 b || o 0 assbss |

by 0 0 |[ay o o ] [aypy o 0 |
0 by O 0 ay 0 |=| 0 apby 0

0 0 b |0 0 am| | o 0 assbs |

Exercise 2.51 shows that if A is any square matrix, I is the identity matrix of the same size,
and c, d are two scalars, then the matrices (A — ¢I) and (A — dI) commute.

2.5. Data crunching with matrices

In many applications we want to take data in the form of a vector x € F" and crunch it to
another vector y € F™™ in some structured way. (For example, we may have n = 1000 and
m = 2.) This can be done by left-multiplying x by some fixed m x n matrix A = (a;;):

y=Ax
Formally this input-output response is specified by the function T : F" — ™ defined by
T(x)=Ax VxelF"

Such a function is a linear transformation (linear transformations are studied in detail
in Chapter 6). Not all functions from F" to F"" are linear transformations. However, the
matrix A = (aij) has many coefficients a;; to wiggle, so desired input-output behavior
can often be captured by some choice of these coefficients. A more general input-output
response can use a function R : " — ™ defined by

R(x)=Ax+b VxeF"

where A = (a;;) is some fixed m x n matrix and b is some fixed vector in F™. Such a function
R is called an affine transformation.

Another common scenario is to have an unknown system that takes as input a vector
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x € R™ and outputs a scalar y € R. The input-output behavior of the system acts according
to some unknown model, possibly a model that has nonlinearities and that adds random
noise to the output. We want a predictor that takes a potential input vector x € R" and
outputs a prediction ¥ € R that is hopefully close to the actual output y. Even when the
actual input-output of the system has nonlinearities and randomness, accurate predictors
can often be built using the theory of linear regression. Linear regression uses the theory of
linear transformations to build a predictor (using matrices and matrix transposes) from
observed data about prior input-output responses. This topic is studied in Chapter 9.

2.6. Transpose of a product of matrices

LEMMA 2.1. IfA~mxnandB~nxk, then
(AB)" =BTAT

PROOF. Fixie{l,...,m}andje{l,...,k}. Letd;; be the (i, j) entry of AB. Then d;; is
the dot product of row i of A and column j of B. But row i of A is the same as column i of
AT, column j of B is the same as row j of B'. So d;; is equal to the (j, i) entry of B'AT. [

From the above lemma we obtain
(ABC)" =C"(AB)" =C'BTAT

assuming the sizes make sense for the multiplication ABC. For k matrices (with appropriate
sizes so the multiplication AjA,---A; makes sense), the formula becomes

(2.15) (A1AgAp 1AL = AJA] [ AJA]
An important consequence of Lemma 2.1 is this: If A is a matrix of any size m x n, then

(see Exercise 2.27):

- ATA is a symmetric n x n matrix.

« AAT is a symmetric m x m matrix.

The fact that both ATA and AAT are symmetric is useful for the theory of singular values
(treated in Chapter 16).
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2.7. Trace of a matrix

If A is a square matrix with entries in some field, we define its trace, written trace(A), as
the sum of its diagonal entries:

n
(A = (a;) ~nx n) — trace(4) = ) aj
=1
For example,
ajip 412 a3
A=| ay ay a3 | = trace(A) =ay +a +as3

a1 a2 ass

It is clear that if A and B are square matrices of the same size and with entries in [,
and if 0 is a scalar in [F, then

trace(A + B) = trace(A) + trace(B)
trace(0A) = Otrace(A)
trace(A) = trace(A")

An interesting property is that if C ~ m x nand D ~ n x m, where m and n are any positive
integers, then both CD and DC are square (with possibly different sizes) and

(2.16) ’trace(CD) = trace(DC) ‘

This is formally proven in Exercise 2.16. For example, using field F = R, consider

-1 0
12 3
C= , D=| 11 4
0 49
2 2
-1 -2 -3
27 14
CD = , DC=| 11 38 69
62 34
2 12 24

trace(CD) =27+34=61 , trace(DC)=-1+38+24=61

42



2.8. Structural properties of matrix multiplication

2.8.1. Multiplying a matrix and a vector

Let A be a m x n matrix (with entries in [F). We can think of A in terms of its n columns. We

can also think of A in terms of its m rows. Specifically:

* For je{l,...,n}, letc; e F™ be the jth column of A (viewing c; as a column vector).

« Forie{l,...,m}, let rl.T € ™ be the ith row of A (viewing riT as a row vector).

Letx = (x, ..., Xn) be a column vector in F". The multiplication Ax is defined by viewing
X as a n x 1 matrix, so the size of Ax is

(mxn)(nx1)= mx1
——— — — ~——
size(A) size(x) size(Ax)

In particular, the rules of matrix multiplication ensure that Ax is a column vector thatis a

weighted sum of the columns of A:

X1

X2

Xn

In particular

n
Ax = lejcj
]:

The weighted sum on the right-hand-side of the above equality is called a linear combination
of the columns of A. The “weights” are the scalars Xy, ..., x, € F and the columns of A are
€1y ..., Cn € F™. The term linear combination is formally defined for vectors in F™ in Chapter
3.1 and for vectors in a general vector space V in Chapter 6.2.

Let y = (¥q, .-+, ¥y) be @ column vector in F™. The multiplication y'A is defined by
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viewing y' as a 1 x m matrix, so the size of y'A is

(Ixm)(mxn)= 1xn
—— —— ~——
size(y") size(A) size(yTA)

The rules of matrix multiplication ensure that y'A is a row vector that is a weighted sum
of the rows of A:

YA=[n v o Vm | A e B S

In particular

T AT
y A= Z}’ﬂ’i
=1

2.8.2. Multiplying two matrices

Let A~mxkand B ~ k x n. Define C = AB, so C ~ m x nand

(2.17) . . Vl 1/2 v ’Vn = Cl C2 “ee Cn

15 -sy Uy, denotes the m rows of A.
* V1, ..., vy denotes the n columns of B.
* (1, ..., Cn denotes the n columns of C.

The rules of matrix multiplication ensure that for each j € {1, ..., n}, the jth column of AB
is equal to Av;:
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and so
(jthcolumn of C) = ¢; = Av; Vje{l,..,n}

Observe that the jth column of AB depends only on the matrix A and on the jth column of
matrix B (the other columns of B have no impact).

On the other hand, the rules of matrix multiplication ensure that for each i € {1, ..., m},
the ith row of AB is equal to ul.TB:

T T
- U - - yB —

T T
- u, — — u,B —

AB= 2 B- 2
| — Um — | | — upB —

A ¢

Letr], ...,y denote the rows of C. Then
(ithrowof C) =r] =u/B Vie{l,..., m}

Observe that the ith row of AB depends only on the matrix B and on the ith row of matrix
A (the other rows of A have no impact).

2.8.3. Block multiplication of matrices

It is sometimes useful to view a matrix as being composed of smaller blocks of matrices.
Suppose A~ (m+r)x(n+k)and B~ (n+k)x (s+u)

men Dmxk B ]nxs Knxu

J
Erxn Frxk kas kau

where Cpxp is @ submatrix of size m x n, D, ;. is a submatrix of size m x k, and so on. Here,
m, 1, n,k, s, u can be any positive integers, though the submatrix sizes are organized so the
multiplication AB makes sense. In this case, the laws of matrix multiplication ensure

AB Cmxn Dy || Tnxs Knxu CJ+DL CK+DM
Erxn  Fr Livs My EJ+FL EK+FM

where the four blocks of the final matrix are

CJ + DL = CmxnJnxs + DyupLiys  [Size m x §]
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CK + DM = menKnxu + Dmkakxu
EJ + FL = ErxnJnxs + FrygLixs
EK + FM = EpxnKnxy + Frkakxu

[size m x u]
[size 7 x 5]

[size r x u]

A simpler version of this is when one matrix multiplies another matrix composed of
two blocks:
c[r k][ cx]

cJ
J =
E EJ

where the number of columns of C is assumed to be the same as the number of rows of
both J and K; matrices C and E have the same number of columns.
Fix g € N with g > 2. When there are many block matrices Jy, ..., Jg, each having the

same number of rows as the number of columns in a matrix C:

cln 1 J]=lcn cn - oy

When there are many block matrices Cy, ..., Cg, each having the same number of columns
as the number of rows of a matrix J:

Cy CJ
Co 7o CoJ
| G 1 L G4 ]

2.9. Multiplying with the identity matrix

Let ey, e, ..., en denote the columns of the n x n identity matrix I:

(10 -~ 0] . | [ — o] — |
01 0 — e —
00 0 o | ;

[ 0 0 1 | | — e, — |

For each i€ {1,...,n}, ¢; is a vector in F" that has a 1 in its ith entry, and is zero in all other
entries. In the above equation e; is viewed as a column vector. The matrix I is symmetric
sol" =Iandej,ej,...,e; form the rows of I. The collection of vectors {ey, ..., en} is called
the standard basis for F" (the term basis is formally defined in Chapter 3.9).
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The matrix I is called the identity matrix because multiplying any other matrix with
I, either on the right or on the left, does not change that other matrix (assume sizes are
appropriate). Indeed, consider matrices A ~ m x nand B ~ n x k with entries in . If I is the
n x n identity matrix then
AI=A , IB=B

Specifically,

AT=A| e e - ey |=| Ae; Aey - Aep [=A~(mxn)

I
[ e/ — ] [ e/ B — ]
— e — — eB —
IB = B-= =B~ (nxk)
| — e — | — e B — |
| S —
I

* Aej is the jth column of matrix A (for each j € {1, ..., n}).

. el.TB is the ith row of matrix B (for each i € {1, ..., n}).

For example, with [ = R we have

1 000
4 0 1 3 4 0 1 3
0100
33 3 3 =13 3 3 3
0010
8 9 -2 77 8 9 -2 77
00 0 1]
[ —
I
For any field we have
10 a b a b
0 1 c d c d
—_—

Multiplying I by itself does not change it, so

=1 vke{1,2,3,..}
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2.10. Invertible matrices

DEFINITION 2.4. A square matrix A is invertible if there is some square matrix B of the same
size such that
AB=BA=1

where I is the identity matrix with the same size as A. If such a matrix B exists, it must be unique

and is called the inverse of matrix A. We let A~ denote this inverse (so A1 = B).
The next lemma justifies uniqueness of the inverse.!

LEMMA 2.2. (Uniqueness of inverse matrix) Suppose A is square, and there are two matrices B
and C that both satisfy the requirements for an inverse of A, so

AB=BA=1
AC=CA=1

Then B = C. And of course A is invertible and A™! = B.

PROOF. Since multiplication by I gives the same matrix back, we have

C=CI
@ c(aB)
= (CA)B
© 18
=B
where (a) holds because we are told AB = I; (b) holds because we are told CA = 1. O

The above proof only uses the assumptions AB = I and CA = I. This leads to the
following more general lemma.

LEMMA 2.3. Suppose A is square, and there are two square matrices B and C that satisfy
AB=1 , CA=I
Then B = C, A is invertible, and A~ = B.

PROOF. The proof is similar and is left as an exercise (Exercise 2.34). O

For general nonempty sets U, V, a function f : U — V is said to be invertible if there is a function
g:V —> Usuchthat f(g(v)) =vforallve Vandg(f(u)) = uforall u e U. The definition of invertible matrix A
corresponds to the functions f : F* — F" and g : F" — F" defined by f(x) = Ax and g(y) = A" y for x, y ¢ F".
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Lemma 2.3 can be used to establish a more general result: If A and B are square
matrices that satisfy AB = I, then AB = BA = I, so both A and B are invertible and they are
inverses of each other. The proof of this is postponed until Chapter 5 (it uses a rank-nullity
result developed there). Here is an intuitive lemma, its proof is in Exercise 2.19:

LEMMA 24. Ifa matrix A is invertible, then its inverse A~Yis also invertible and

(a7 1=a

2.10.1. Multiplying upper triangular matrices

It can be shown that the product of two square and upper triangular matrices is again
upper triangular (Exercise 2.21). So, if Uy, U, are upper triangulars of the same size then

U U, = Us

where Us is also square and upper triangular.

What about lower triangular matrices? The above result about upper triangulars can
be used to prove that the multiplication of two lower triangulars is again lower triangular:
Suppose L; and L; are two square and lower triangular matrices; let C be their output
when multiplied:

LiLy=C

By taking transposes of this equation (using Lemma 2.1), it follows that C is the product
of two upper triangulars, so C' is upper triangular, so C is lower triangular.

If a matrix A is both invertible and upper triangular, it can be shown that its inverse
A~lis also upper triangular (see Exercise 2.20; see also discussion in Chapter 4.11.2).

2.10.2. Nonsquare matrices can multiply to I

By definition, only square matrices can be invertible. However, it is possible for two
nonsquare matrices to multiply to a (square) identity matrix:

+ In any field F:

10

1 00 10
0 0 [=

0 01 01
01
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« In the field R:

1
EERE TSR | BV 1 0
VERVEIRVE] 1 -1z
v ova Il
V3 V2

Nonsquare matrices that multiply to I are related to the concept of a pseudoinverse,
defined in Appendix B. See also Exercises 2.45 and 2.46.

2.10.3. Terminology

+ A square and noninvertible matrix is also called a singular matrix.

+ An invertible matrix is also called a nonsingular matrix.

2.10.4. Solving Ax = bwhen A is invertible

Suppose we are given a square matrix A of size n x n with entries in a field F, and a column
vector b € F". We are interested in finding vectors x € F" that satisfy the equation

Ax=">

Important questions are:
+ Does there exist a solution x?
- If a solution exists, is it unique? Can there be more than one solution?

+ Does the equation Ax = b have a solution for all b € F"? If not, for which b can it be
solved?

These questions are easy to answer when A is invertible.

LEMMA 2.5. Suppose A is an invertible n x n matrix with entries in some field F. Then

a) For all b € F", the equation Ax = b has one and only one solution, namely
x=A"1b

b) The only solution to the equation Ax = 0 is x = 0 (Where 0 = (0, ..., 0) denotes the all-zero
vector in F™). The equation Ax = 0 is called the homogeneous equation and the solution x = 0
is called the trivial solution.

PROOF. To prove (a), fix b e F". Define x = A~'b. Then

Ax=AAb=1b=b
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and so x solves the equation Ax = b. To show that A~1b is the only solution, suppose z is
some other vector that satisfies
Az=Db

Multiplying both sides of the above equation by A~! gives

AlAz=A71p
N——
I

This simplifies to Iz = A~1b. But Iz = z, and so z = A~!D (the one solution we already have).
Part (b) deals with the special case b = 0. To prove (b), observe that A0 =0,sox=0isa
solution to the equation Ax = 0. Part (a) shows this solution is unique. O

2.10.5. Chains of invertible matrices

Suppose we have two invertible n x n matrices A and B with inverses A~! and B!, respec-
tively. Is AB invertible? Yes.

LEMMA 2.6. IfA and B are invertible matrices of the same size, with inverses A~ and B,
then AB is invertible and
(AB)1=B7141

PROOF. We simply verify that B"'A~! satisfies the requirements of an inverse of AB.
We have
(AB)(BlaA ™y =ABB HAaAl-a1a =441

also
(B'A™)(4B)=B'(4'A)B=B'B=1

Therefore, B"A™1 satisfies the definition of an inverse of AB. O

The above lemma, with induction, can prove the following: Let Aj, Ay, ...A; be a
collection of invertible matrices of the same size, with inverses AII,Agl, ...,AEI. Then the
product AjA,---A is invertible with inverse

(2.18) (A1Ag-Ap 1Ayt = AA A TAL!

This formula for the inverse of a product chain of invertible matrices is reminiscent of
the formula for the transpose of a product chain. The next subsection establishes a deep

connection between inverses and transposes.
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2.10.6. Theinverse of AT

LEMMA 2.7. Let A be a square matrix with entries in some field F. Then
(A isinvertible) <= (AT isinvertible)

Further, if A is invertible then

(AH 7t =@h’
PROOF.  First suppose A is invertible. Then A~! exists and

AAT =ATlA =T
Taking transposes of the above gives

(A—l)TAT =AT(A—1)T I o1

where we have used the fact that I is symmetric, so I" = I. It follows that (A™1)T satisfies
the definition for an inverse of A'. O

LEMMA 2.8. Let A be a n x n matrix with entries in some field .
a) If A has a column of all zeros, then A is not invertible.
b) If A has a row of all zeros, then A is not invertible.

PROOF.  To prove (a), suppose A has all zeros in some column i € {1, ..., n}. Let ¢; be the
ith column of the n x n identity matrix. Then ¢; # 0 and

Ae; = (ith column of A) = 0

Thus, the homogeneous equation Ax = 0 has a nontrivial solution (that is, it has a solution
that is not the all-zero vector). By Lemma 2.5(b), A cannot be invertible.

To prove (b), note that if A has an all-zero row then A" has an all-zero column. Part (a)
implies AT is not invertible, so Lemma 2.7 implies A is not invertible. O

2.10.7. The inverse of a 2 x 2 matrix

It is not trivial to determine whether or not a given square matrix is invertible, particularly
when the matrix is large. If the matrix is invertible, we want to compute its inverse. In
general we need some computational procedure (the most common procedure is called
Gaussian elimination and is described in Chapter 4). However, the special case of 2 x 2
matrices is easy. We can quickly determine whether or not a 2 x 2 matrix is invertible. If it

is invertible, there is a simple closed form formula for the inverse.
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LEMMA 2.9. LetF be a field. Consider the following 2 x 2 matrix A

b
(2.19) A=
c d

where a, b, c,d € F. Then A is invertible if and only if ad — bc # 0. If ad — bc + 0 then

-b

-C a

(2.20) Al = (ad-be)!

Before proving the lemma, the expression on the right-hand-side of (2.20) needs some
discussion: Since a, b, ¢, d are scalars in some given field [, the expression ad — bc is also a
scalar in [F. Since we have assumed ad - bc # 0, the multiplicative inverse axiom ensures
(ad - bc) ™! exists (it is some other scalar in [F). Therefore, the expression on the right-hand-
side of (2.20) multiplies the scalar (ad - bc) ™! by a 2 x 2 matrix, a type of multiplication
that is defined in Section 2.3 (it means that we multiply all 4 entries of the 2 x 2 matrix by
that scalar). The 2 x 2 matrix itself uses scalars —b and —c, which are known to exist in [ by
the additive inverse axiom (we already know b, ¢ € ). For the 2 x 2 matrix A in (2.19), we
define the determinant of A, written det(A), by

det(A) = ad - bc
Lemma 2.9 shows that if A is a matrix of size 2 x 2 then
(A is invertible) < det(A) # 0

Exercises 2.63 and 2.65 explore properties of determinants of 2 x 2 matrices. Determinants
for general n x n matrices are developed in Chapter 11.

PROOF. (Lemma 2.9) First suppose ad — bc # 0. We show the matrix in (2.20) satisfies
the definition of an inverse of A. We have

d -b b || @ -b
(ad - be) L @ (qd-pe) | *
c d -c a c d -c a
—_——
A
=(ad—bc)_1 ad - bc 0
0 ad - bc
®
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where equalities (a) and (b) pull out the scalar from the matrix multiplication. Similarly,

4| 4 -b a b
— C =
(ad - bc) I
- a c d
————
A

Thus, we have satisfied the definition of an inverse of A.
For the reverse direction, suppose ad — bc = 0. We must show the matrix A is not
invertible. This part is given in Exercise 2.22. O

Examples:

» For [F = R we have

-1
L N Y _
0 2 0 4 0 1/2

+ For [, = {0,1} with mod 2 arithmetic we have

-1

which uses the fact that -1 =1and 17! = 1. [Final answer uses only scalars {0,1}.]
« ForF5 = {0,1,2, 3,4} with mod 5 arithmetic we have

-1

which uses -1 =4, -2 = 3, 771 = 271 = 3, [Final answer uses only scalars {0,1,2,3,4}.]

2.11. Permutation matrices

A permutation matrix P is a square matrix with entries that are all either 0 or 1, and that
has exactly one “1” entry on each row and column. Since all fields [ contain scalars 0 and
1, permutation matrices make sense in every field. Every permutation matrix of size n x n
can be formed by starting with the n x n identity matrix I and then permuting its rows.
Equivalently, a permutation matrix can be formed by permuting the columns of I.
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2.11.1. Counting permutation matrices

There are exactly n! permutation matrices of size n x n, one for each permutation of the
integers in the set {1,...,n}. This is because to create a n x n permutation matrix we need

to make the following sequence of choices:
+ Row 1: Choose which of the n columns to place the 1 (n choices).
+ Row 2: Choose which of the remaining (n — 1) columns to place the 1 (n — 1 choices).

+ Row 3: Choose which of the remaining (n — 2) columns to place the 1 (n — 2 choices).

+ Row n: Place the 1in the only remaining column (1 choice)

So the total number of choices is:
n(n-1)(n-2)--(2)(1) =n!

2.11.2. Multiplying PA and AP

Let P be a n x n permutation matrix. Consider matrices
A~mxn , B~nxk

Then

+ AP is a m x n matrix that permutes the n columns of A. Since IP = P, the way that P
permutes the n columns of A is the same as how P permutes the n columns of I. For
example, if the first column of P is ¢;j (the jth column of I) then the first column of AP

is also the jth column of A.

+ PBisanxkmatrix that permutes the n rows of B. Since PI = P, the way that P permutes
the n rows of I is the same as how P permutes the n rows of B. For example, if the first
row of Pis eiT (the ith row of I) then the first row of PB is also the ith row of B.

1. A2 x2example:

01 a c d

10 c d a

P

a b 01 b a

c d 10 d ¢
P
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2. A 3 x 3 example:

0 01

a b c g h i
1 00]||d fl= b ¢
[ 0010 g h i] |de f)
—_— ——
P
b ¢ 0 01 b ¢
d e f 1 00(|=(e f d
| & h 1 010 [Rh 1 g
| S ——
P

2.11.3. Permutation matrices are invertible

Permutation matrices are always invertible matrices because there is always another
permutation matrix that can “undo” the permutations. It can be shown that the inverse
of a permutation matrix P is equal to the transpose of P (see Exercises 2.37 and 2.38):

(PPT=P'P=]) =— pl=p'

2.11.4. Row swap permutations

The most basic type of permutation matrix is one formed by swapping two distinct
rows i and j of the identity matrix I. These permutation matrices are important in the
theory of Gaussian elimination (discussed in Chapter 4). Left-multiplying a matrix A by
this type of permutation matrix swaps rows i and j of A:

0 010 a b c g h i
0100 d e d e
[swap rows 1 and 3]: f = f
1 000 g h i a b c
|00 0 1 || kKT ] |j k 1]
| —
P

It follows that left-multiplying such a permutation matrix P by itself performs a row
swap on itself to turn it back into the identity matrix:

(PP=p*=]) = P l=p
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Thus, such a permutation matrix is its own inverse matrix. Also, all such row-swap
matrices are symmetric, so PT = P, which is another reason why P~ = P for these
matrices. It can be shown that every permutation matrix can be written as a product
of row-swap permutation matrices.

2.12. Exercises

EXERCISE 2.1.  Give a specific example of matrices A, B, C (not all square, and none of them
being an all-zero matrix), with appropriate size so that ABC makes sense. Compute AB, BC,
(AB)C, and A(BC).

EXERCISE 2.2. Let Ay, ..., A be m x n matrices with entries in some field F. Show that
n T n
(Z As) = Z A;
s=1 s=1
Specifically, fix i, j and show the (i, j) entry of the left-hand-side is the same as the (i, j) entry of

the right-hand-side.

EXERCISE 2.3. (Matrix Multiplication with fields R and [F3)
a) Compute the following three matrix products using the field F = R

01 1 11 1 0 1 11 1 0 1 0
1ofltoz2| Jo1|lroz2]"|21]l21
b) Repeat part (a), but assuming we use the field F3 = {0, 1,2} with mod 3 arithmetic.

EXERCISE 2.4. (Matrix Multiplication with fields R, F3, and [Fs)
a) Compute the following two matrix products using the field F = R.

01 1|[1 01 1
02 0 2,[122]020
2 2 21| 2 2 2 2

b) Repeat part (a) using field F3 = {0, 1,2} with mod 3 arithmetic.
¢) Repeat part (a) using field F5 = {0, 1, 2, 3,4} with mod 5 arithmetic.

EXERCISE 2.5.  (Associativity of matrix multiplication) Compute the following matrix product
ABC over F3 = {0,1, 2} two ways: First, compute it using the order A(BC). Second, compute it
using the order (AB)C. Which is easier?
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(121 1] (211120 1]

= o= O N

EXERCISE2.6. (Solving) For this problem, you can either search over all possible solution vectors
with a computer, or write out the system of three equations and solve by hand via algebraic
manipulation. There is no need to do Gaussian elimination here. However, you can use Gaussian
elimination if you know it.

a) Find all solutions over the mod-2 field F» = {0,1} (there are 2* = 16 vectors in Fz‘ ):

w
1010 1

X
1111 =11
o101 |7 0

nz_

b) For the same matrix in part (a), find all solutions over the mod-3 field F3 = {0,1,2} (there
are 3* = 81 vectors in [Fg).

EXERCISE 2.7. Consider field F = R. Let vy, vy, v3, v4 be vectors in R™. Define the m x 4 matrix
V= [Vl Vo V3 V4:|.
a) Design a 4 x 2 matrix A such that the first column of VA is v; + v, — 8v4 and the second

column is vy + 3.

b) Design a 4 x 3 matrix B so that the first column of VB is v3, the second colummn is vy + Vo +v3,
the third is —vy + 5vg4.

¢) Design a 4x 2 matrix C so that the first column of VC is 0 and the second column is v; — 27vy.

d) What are the sizes of matrices E and F such that EVF € R?

EXERCISE 2.8. Consider F = R. Let y;, ¥, ¥3, V4 be vectors in R™. Define the 4 x m matrix D
so that the ith row of D is [, forie {1,2,3,4}.

a) Design a 2 x 4 matrix A so that AD has first row 8] — 3yj and second row y{ + y3 +10y;.

b) Design a 3 x 4 matrix B so that BD has first row 90y, second row y| + y,, third row
~7y5 +8y,.

¢) Design a 2 x 4 matrix C so that CD has first row 0" and second row y| + y5 = ¥ + ;.

EXERCISE 2.9. Using the mod-2 field Fy = {0, 1}, find a 2 x 2 matrix B such that AB = C, where
A and C are given below:
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EXERCISE 2.10. Using F3 = {0,1,2} and mod 3 arithmetic, consider:

110

00 2 2 2
120

A=]11 2 01 , B= , d=|2
2 10

01 21 2
| 2 0 0

a) Compute AB and B'A" (using mod 3 arithmetic).

b) Compute d'd and d" A (using mod 3 arithmetic).

¢) Find two distinct solutions to Ax = d (using mod 3 arithmetic). You can either play around
with the equations, or you can write a computer program that searches over all 3* possible values
of x € {0,1,2}*. Note that the matlab command mod(A * x, 3) outputs the mod 3 value of the
vector Ax.

EXERCISE 2.11. Compute AB, BC, (AB)C, and A(BC) for the case F = R and
4

a=l o |, B=[1 23], c-|s
6

EXERCISE 2.12. (Matrix multiplication is distributive) Let A, B be matrices of the same size.
Let C be a matrix with a number of rows equal to the number of columns of A.
a) Show that
(A+B)C=AC+BC

b) Use transposes to show that if D, E are matrices of the same size, and if F is a matrix with
number of columns equal to the number of rows of D, then

F(D+E)=FD+FE

EXERCISE 2.13. (Multiplying matrices in binary field) The following matrices have entries in
the binary field Fy = {0,1}:

11 0
A= , b= , G=

a) Compute GA and Gb (using the binary field [ ).
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x
b) Find the set Sy of all binary-valued column vectors x = ' | that solve the following
X2
(with field Fy):
x
Al 7 =0
X2
x
¢) Find the set Sy of all binary-valued column vectors x = | that solve the following
X2
(with field [Fy):
X1
GA =Gb
X2

d) Do we have S; = So? Why or why not?

EXERCISE 2.14. (The equation Ax = b) Let [ be a field. Suppose A isa m x n matrix and b is a
column vector of size m, both having entries in F. We want to find vectors x € F™* that solve the
equation Ax = b.

a) Suppose y and z are vectors in F" that solve Ax = b. Show that for all t € F, the vector
ty+ (1-t)z also solves Ax = D.

b) Show that if F = R then the number of solutions to Ax = b is either 0, 1, or oo.

EXERCISE 2.15. (Matrix multiplication with reals) Using F = R define

A=l 3|, B=[1101] , C-

_ o O

S = =N

a) Compute AB and (AB)C.
b) Compute BC and A(BC). Discuss.

EXERCISE 2.16.  (trace(AB) = trace(BA)) Let m, n be positive integers. Let A = (a;;) ~mxn
and B = (b;;) ~ nxm. We want to use a sum-switching argument to show the multiplications AB
and BA make sense and lead to square matrices that satisfy trace(AB) = trace(BA). All entries of
the matrices are assumed to be in some common field.

a) Show that AB and BA are both well defined and square. What are their sizes?
b) Define (AB);; as the (i, j) entry of the matrix AB. Show that trace(AB) = trace(BA) by
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filling in the (two or three) gaps of the following chain of equalities:
trace(AB) = Y1 (AB)jj = v = ... = 27:1(BA)jj = trace(BA)

Make sure to write (AB);; in terms of the a;; and bj; values using the definition of matrix
multiplication.
¢) Give a specific example.

EXERCISE 2.17.  (Complexity of computing A¥x) Let A ~ n x n with entries in some field F. Fix
x € F™. Fix k as a positive integer. We want to compute Ax. Note that multiplying two n x n
matrices has complexity n® (in units of multiply-adds). Multiplying a n x n matrix and an x 1
vector has complexity n?. A naive implementation would multiply A by itself k — 1 times and
then multiply x, which has complexity (k — 1)n® + n? (too high). This problem considers two
approaches, both of which have significantly lower complexity than (k — 1)n® + n? (see also
computer implementation in Exercise 2.52).

* Approach 1: Given A and x, compute:

hl =Ax
hy = Aly
hs = Ahy
hk = Ahk—l

and hy, is the desired result AXx.

« Approach 2: Assume k = 2 for some positive integer r. Given A and x, compute:

A% = (A)(4)
A* = (4%)(4?)
A% = (A%)(4Y)

Ak _ (Ak/Z)(Ak/Z)

and then use n? additional complexity to compute (A¥)x.

Intuitively, Approach 1 is better when “n is large relative to k” (since Approach 1 avoids the n®
complexity of multiplying a matrix by a matrix), while Approach 2 is better when “k is large
relative to n” (since Approach 2 has much fewer steps).

a) Find the total complexity for each of these two approaches. For which values of k, n is
Approach 2 better than Approach 1? If k = 1024, for which values of n is Approach 2 better?
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b) Suppose k = 1000 (not a power of 2). Modify Approach 2 and find the total complexity
for computing A%, Can you find values of n for which the modified approach is better than
Approach 17 Hint: 1000 = 2° + 28 + 27 4+ 26 4 25 4 23,

EXERCISE 2.18. (Multiplying 2 x 2 and 3 x 3 upper triangular matrices) Use F = R. Perform
the following multiplications of upper triangular matrices to show the result is again upper
triangular.

a)
3—1”17_
0 2 |[0o 9]
b)
5 10171
0o 2 1|loo1]=
00 2[00 2

EXERCISE 2.19. Let A be a square invertible matrix with entries in some field. Show that A™!
is also invertible and (A™1)™1 = A.

EXERCISE 2.20. Let A be a general 2 x 2 upper triangular matrix (with entries in some field).

a b
0 d

a) Show that A is invertible if and only ifa + 0 and d + 0.
b) Compute A~! and show the result is again upper triangular.
¢) Compute (AT)L. Observe that both AT and (A™)~! are lower triangular.

EXERCISE 2.21. (Multiplying upper triangular matrices) Let F be a field. Let A and Bben x n
matrices with entries in F. Suppose both A and B are upper triangular. We want to show that AB
is also upper triangular. To do this, fix i, j € {1,...,n} such that i > j. It suffices to show that the
(i, j) entry of AB is zero.

a) Show that the (i, j) entry of AB is zero. [Hint: Use the summation formula for the (i, j)
entry and split the sumvia 3.1, _1 = Y+ Yopsie]

b) Part (a) proves the desired result for upper triangular matrices. Use transposes to show the
corresponding result for lower triangular matrices.

¢) Using field R, give a specific example of two upper triangular 2 x 2 matrices that multiply
to an upper triangular 2 x 2 matrix.

d) Using field R, give a specific example of two upper triangular 3 x 3 matrices that multiply
to an upper triangular 3 x 3 matrix.

e) Using field R, is the product of a n x n upper triangular matrix and a nx n lower triangular
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matrix a diagonal matrix? Prove true, or give a counter-example.

EXERCISE 2.22. (Invertibility of a 2 x 2 matrix) Let F be any field. Fix a, b, c,d € F and define

the 2 x 2 matrix
a b

c d

A:

Lemma 2.9 proved that A is invertible whenever ad — bc #+ 0. Here we show the converse: If
ad - bc = 0, then A is not invertible.

a) Suppose a = 0. Claim that A has either a column or row of all-zeros, so it cannot be
invertible (by Lemma 2.8).

b) Suppose a + 0. Prove that the homogeneous equation Ax = 0 has a nontrivial solution
(meaning a solution that is not the all-zero vector), so A is not invertible (by Lemma 2.5(b)).

EXERCISE 2.23.  Solving 2 x 2 systems. [If there is no solution, explain why.]

a) Solve using F = R:

3 4 X 1
2 1 y 1
b) Solving using [F = R: ) o
11 X 1
01 y 1

a) Find A"V and (A7) ! using F = R.
b) Find A~ and (A7)~ using F = F5 = {0,1, 2, 3,4} with mod 5 arithmetic.
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EXERCISE 2.25. (Again finding A™! for a 2 x 2) Define

A:

a) Find A"V and (A7) ! using F = R.
b) Find A™! and (A7) using F = F5 = {0,1, 2,3, 4} with mod 5 arithmetic.

EXERCISE 2.26. (Another finding A~ for a 2 x 2) Define

A:

a) Find AL and (A7) ! using F = R.
b) Find A™! and (A7)~ using F = F5 = {0,1, 2} with mod 3 arithmetic.

EXERCISE 2.27. (ATA is symmetric and positive semidefinite) Suppose A is a m x n matrix
with entries in some field [.

a) Show that A" A is a symmetric n x n matrix.

b) Fix y = (¥1, ..., ¥5,) € R™. Treating y as a column vector, show that y' y is a real number
that is nonnegative.

¢) Let A be m x n with real entries. We already know from part (a) that AT A is a symmetric
n x n matrix. We want to show AT A is symmetric and positive semidefinite, meaning that it
is symmetric and

x'ATAx>0 VxeR"

Start your proof by writing “Fix x € R". We want to show x" AT Ax > 0.” Continue your proof
by writing the expression x" A" Ax in a form that is compatible with part (b). You may want to
define a vector y in terms of things that have already been instantiated. [Note: This basic exercise
is a key to the theory of singular values of a real m x n matrix, discussed in Chapter 16.]

EXERCISE 2.28. (Computer experiment with trace) Let A ~3 x 2 and B ~ 2 x 3.

a) Compute the sizes of AB, BA, BTAT, ATB'.

b) Use MATLAB (or some other computer software) to generate a random 3 x 2 matrix A
and a random 2 x 3 matrix B with entries that are independent and uniformly distributed in
[0,1]. Compute trace(AB), trace(BA), trace(BTA"), trace(ATB"). (You are free to cut and paste
the MATLAB commands below.)

c) Use the theory of Chapter 2.7 to explain your findings in part (D).

Listing 2.1. MATLAB defining A and B for Exercise 2.28

%This program computes random matrices A, B
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A=rand(3,2);
B=rand(2,3);
trace (AxB)
trace (B*A)
trace(B'*A")
trace(A'*B'")

EXERCISE 2.29. (2 x 2 and 3 x 3 permutation matrix)
a) Find all 2 x 2 permutation matrices. How many are there? What are their inverse matrices?
b) Find all 3 x 3 permutation matrices. How many are there?
¢) Find the inverse of the following 3 x 3 permutation matrix:

010
P=(0 01
1 00

Verify that PP~1 = p1p= .
EXERCISE 2.30. (Multiplication by a permutation matrix) Define

o O o N
O N oo W
O© & oo H

o = O O
= o O O

S = O O
= o o o

o U1 o
o o o =
S o = O
o o = O
o o o =

The matrices P1, Py are permutation matrices that correspond to row-swap matrices (they are
formed by swapping two rows of I).

a) Compute P1A and P;P,.

b) Compute APy and PyPy.

¢) Compute PyA and PPy A.

d) Compute P} 1 P, 1 and (P1P,) L. Verify that in these cases, the inverse of a permutation
matrix is the transpose.

EXERCISE 2.31. (Permutation as a sequence of row swaps) Consider the 3 x 3 permutation

matrix:
0 0 1

P=11 00
010

a) Write P as a product of row-swap permutation matrices P; (where each P; is formed by
swapping two rows of the 3 x 3 identity matrix I).
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b) Find P~L.

EXERCISE 2.32. (5 x 5 permutation as a sequence of row swaps) Consider the 5 x 5 permutation
matrix:

o

I
—_ © © o ©
o o o o =~
_H o o o

0
1
0
0
0

o O = O O

o

a) Write P as a product of row-swap permutation matrices P; (where each P; is formed by
swapping two rows of the 5 x 5 identity matrix I).
b) Find P71

EXERCISE 2.33. LetF = R. Define

a) Find a matrix B such that AB = 1.
b) Find a matrix C such that CA = I.

EXERCISE 2.34. Suppose A is a square matrix with entries in some field F. Suppose B and C
are square matrices of the same size as A (and with entries in ). Suppose AB =1 and CA = 1.
Show that B = C and A is invertible with A~ = B.

EXERCISE 2.35. Suppose A and B are square matrices of the same size.

a) Suppose BA = I. Show that Ax = 0 has only the trivial solution x = 0.

b) Suppose Ax = b has a solution for all column vectors b of appropriate size. Use this to build
a matrix C such that AC = I. Hint: Build the columns of C one at a time.

EXERCISE 2.36. (Distributing a scalar across a matrix) Let [ be a field. Fix c,d € F. Let A and
B be m x n matrices with entries in [F.

a) Show that c(A + B) = cA + ¢B.

b) Show that (¢ + d)A = cA + dA.

EXERCISE 2.37.  (Inverting a permutation matrix) Let P = (p;;) be a nx n permutation matrix.
We want to show that P~ = PT.

a) Show that for allie {1,...,n} we have Y1 _; p;, = 1.

b) Prove that for i, j,u € {1,...,n} we have

0 ifisj

PiuPju = ipe
P Yi=j
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¢) Fix (i,j) with i,j € {1,...,n}. Show that (PPT)i]- = (I);j where I is the n x n identity
matrix. Conclude PP = 1. By reversing the roles of P and P', argue that we also have PTP = I.

EXERCISE 2.38. (Alternative proof of inverting a permutation matrix) Fixn e N.

a) Fixi,j € {1,...,n} withi # j. Let Psyqp be the n x n row-swap permutation matrix
that swaps rows i and j. Explain why Ps]},ap = Pswap. Explain why Pgyqap is symmetric (so
PsTwap = Pswap = Ps_ul/ap-

b) Every n x n permutation matrix P can be written as the product of row-swap permutation
matrices:

P=PP, |--PoP;

for some k € N, where P; is a row-swap permutation matrix for each i € {1, ..., k}. Use this with
formulas (2.18) and (2.15) to prove that P~! = PT,

EXERCISE 2.39. (Distributing across many matrices) This exercise uses induction to prove
the matrix distribution formula (2.12). Let A be a matrix with n columns. In this problem, all
matrices A and B; have entries in some common field F. The matrices B; are all assumed to be
the same size and to have n rows.

a) Use formula (2.7) to prove that A(By + By + B3) = ABy + ABy + AB3. [Hint: By + By + B3 =
(B1+By) +B3.]

b) Fix k € N. Assume the matrix distribution rule works for sums of size k, so A (Zle Bi) =
Z?:l AB; always. Now prove the result for k + 1.

¢) Discuss how the formula (B + D)C = BC + DC can be similarly extended.

EXERCISE 2.40. (Example of integer equation with no integer solution) Give an example of a
matrix A with integer entries and a vector b with integer entries such that Ax = b has at least
one solution x (considering the real field), but no all-integer solution x exists. Show that your
solution x has all rational components.

EXERCISE 2.41. (Solutions in Z and [Fp) Let A be a m x n matrix with integer entries. Let
b € R™ be a vector with integer entries.

a) Using the real field, suppose Ax = b has a solution x with all integer components. Let p be
a prime and define A, X, b by taking the mod p values of all entries in A, x, b (so, in MATLAB
notation, A= mod (A, p)). Explain why, in the mod p field, we have

Ax=b (modp)

Discuss the fact that if components of A and b are already in the set {0,1, ..., p— 1}, and if the

equation Ax = b has an integer solution x (using the field R), then it also has a solution x using
the field F p.

b) Solve the equation below using field R to find x € R3. You should find that x has all integer
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components. Then solve inF1; = {0,1,2,3,4,5,6,7,8,9,10} with mod 11 arithmetic:

1 2 2 || x 6
2 4 0 [[x [=]o0
01 10 || x5 10

EXERCISE 2.42. (Solving a system of three equations and three unknowns) Let [F be a general
field. Define2 =1+ 1. Define3 =1+ 1+ 1. Consider

1 11 X 1
2 01 y =11
2 1 3 Z 1
———
A

a) Assume 3 # 0. Solve the above equation to find (x, y, ). You should find exactly one

solution, and your answer should be in terms of 371.
b) Give the solution for the case F = R. Then, give the solution for the case F5 = {0,1, 2, 3,4}

with mod 5 arithmetic.
¢) Consider the same equation under field F3 = {0, 1,2} with mod 3 arithmetic. In this case,

we have 3 = 0 and the final entry of the matrix A changes from 3 to 0. Is there a solution?

EXERCISE 2.43.  (Basic transposes) Consider the binary field F» = {0, 1} with mod 2 arithmetic.

Matrices A, B, C have entries in Fy and

« BTAT = !
01

111
010

a) Compute ABC.
b) Give two different possibilities for A, B.
c) What are the possible sizes of matrices A, B?

EXERCISE 2.44. (Invertible and not invertible with mod 2) For this exercise, use Fy = {0,1}
with mod 2 arithmetic.

a) Give two different 3 x 3 matrices that are not invertible.

b) Give two different 3 x 3 matrices that are invertible.

¢) Give two different 3 x 2 matrices with linearly independent columns.

d) Give two different 3 x 2 matrices with linearly dependent columns.
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EXERCISE 2.45.  (Block matrices) Let A be a 4 x 4 invertible matrix with entries in some field [.

Assume
C

A= , A= E F|
D
where C,D ~2 x4 and E,F ~ 4 x 2.
a) Compute CE, CF, DE, DF.

b) Give a computer-generated example with a random 4 x 4 matrix. For your example, you
should compute CE, CF, DE, DF. You are free to copy and paste the MATLAB below.

¢) For your same example from (b), compute EC, FC, ED, FD.

Listing 2.2. MATLAB for Exercise 2.45

A=rand(4,4)
Ainv = AMN(-1)

C=A(1:2,:)
D=A(3:4,:)
E=Ainv(:,1:2)
F=Ainv(:,3:4)

EXERCISE 2.46. (Block matrices with field F1p;) Let A ~ 3 x 3 be an invertible matrix with
entries in F191 = {0,1,...,100}:

5 a b f g h
A=13 ¢ 0 , Al= p q T
1 1d u v ow
where the variables a, b, ¢, d, f, g, and so on, represent unknown scalars. You should give answers

in terms of these unknown scalars.

a) Using scalars f,g, h, p, q, 1, u, v, w, find a matrix B such that (with mod 101 arithmetic):

S a
Bl 3 ¢ |=1
1 1

(First find the required sizes of the square identity matrix I and the nonsquare matrix B.)
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b) Using scalars f,g, h, p,q, 1, u, v, w, find a matrix C such that (with mod 101 arithmetic):

EXERCISE 2.47. (Building an inverse matrix with field R) With the real field, define

3 1 2 1 0 0
A=l 0 3 9 |,ea=|0 [,e2=| 1 |;e3=] 0
-1 10 0 0 1

a) Find a vector q € R3 such that Aq = .

b) Find a vector r € R3 such that Ar = e,.

¢) Find a vector s € R3 such that As = e.

d) Find A~ using your answers in parts (a)-(c). Verify that AA™1 = A71A =1I.
EXERCISE 2.48. (Building an inverse matrix with field F3) With field F3 = {0,1,2} and mod 3
arithmetic define

1 1 2 1 0 0
A=l 0 2 2 |,e1=| 0 [,e2=| 1 |,e3=| 0
0 0 2 0 0 1

a) Find a vector q € [Fg such that Aq = e;.
b) Find a vector r € [Fg such that Ar = es.
¢) Find a vector s ¢ [Fg such that As = es.
d) Find A~ using your answers in parts (a)-(c). Verify that AA™1 = A71A = 1.

EXERCISE 2.49. (Building an inverse matrix with field F,) With field Fy = {0,1} and mod 2
arithmetic define

1 10 1 0 0
A= 1 00 €1 = 0 ,€2 = 1 ,€3 = 0
0 01 0 0 1

a) Find a vector q € [F% such that Aq = e;.
b) Find a vectorr € [F% such that Ar = e,.
¢) Find a vector s € [F% such that As = es.
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d) Find A~ using your answers in parts (a)-(c). Verify that AA™1 = A7TA = I.

EXERCISE 2.50. (Building an inverse matrix with field F3) With field F3 = {0,1,2} and mod 3
arithmetic define

1 10 1 0 0
A=(1 2 0 se1=1 0 [,eo=] 1 |,e3=( 0
0 0 2 0 0 1

a) Find a vector q € [Fg such that Aq = e;.
b) Find a vector r € [F% such that Ar = es.
¢) Find a vector s € [F% such that As = e3.
d) Find A~ using your answers in parts (a)-(c). Verify that AA™1 = A7TA =1

EXERCISE 2.51. (Commuting matrices) Let A be a n x n matrix with entries in some field. Let I
be the n x n identity matrix (with that field). Let c, d be scalars.

a) Show that (A - cI) and (A — dI) commute.

b) Give a specific example (with some particular integer n > 2).

EXERCISE 2.52. (Markov chain computation) We implement the matrix multiplication ap-
proaches of Exercise 2.17 for the problem of computing probabilities in a Markov chain. By
measuring elapsed computing time, Approaches 1 and 2 of Exercise 2.17 both perform signifi-
cantly better than the naive approach described there. However, for MATLAB, elapsed times for
Approaches 1 and 2 are better than what is predicted by the theoretical complexity in Exercise
2.17. This is due to implementation details such as parallel computing. [For example, the first
two columns of a matrix multiplication AB can be computed simultaneously by two parallel
processors, one given the task of computing Aby and the other given the task Aby (Where by and
by are the first two columns of B). See elapsed time for computing P? versus Px in Fig. 2.1.]

Consider a discrete time Markov chain X(t) with states {1, ..., n} and transition matrix
P = (pjj), where P[X(t +1) = jIX(t) = i] = p;;. Here, p;; > 0 for all i,j € {1,...,n} and
Z}":l pij = 1foralli € {1,...,n}. Let n[t] denote the n x 1 column vector with components
m;[t] = P[X(¢t) =i] forie{1,..,n}and t € {0,1,2,...}. Assume the system starts in state 1 (with
probability 1), so (0] = (1, 0,0, ...,0). The probabilities are

n[t]" =n[t-1]"P=n[0]"P" Vte{1,2,3,...}
It is well known that (under irreducible and aperiodic conditions)
tlim nt]=mn

where 7 is the unique steady state probability vector that satisfies ' = 7' P. Define x = n[0] and
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| 'I"i‘me‘ to co‘mp‘ut‘e‘ P‘z‘and Px
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£
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Time for P2
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| \Time for Px |
10° 10’ 102 103

n

FIGURE 2.1. Loglog plot of empirical time for MATLAB to compute Px (complexity n?)
and P? (complexity n3) for a random transition probability matrix P of size n x n, and
random probability mass vector x of size n x 1. The theoretical complexity curves cn?
and cn® are plotted with c chosen as a constant that matches the first data point for the
empirical curve for elapsed time of Px. Hardware and software implementation details
such as fast memory storage and parallel computing modes create a discrepancy between
the measured empirical times and the scaled theoretical complexity cn? and cn®. This
relates to Exercises 2.17 and 2.52. The MATLAB program for producing this plot is below.
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A = PT. We want to compute AXx for large integer values of k (where (A¥x)T = 7" [0]PK = 7[k]).
Assume k = 2" for some positive integer r.

Write a computer program to test the elapsed time under the two approaches of Exercise 2.17,
together with “Approach 0” which is the naive approach with high complexity (k - 1)n® + n?
described there. Consider various n, r, and use a random P matrix. You are free to cut and paste
the MATLAB program below. [Make sure not to copy the page number of this page!] You should
include the cases (r = 10,n = 20), (r = 10, n = 500), (r = 10, n = 1000). Also see if the output 7t[k]
is near steady-state by testing n[k]" ~ ni[k]" P, where ni[k] = AXx. Discuss how the measured
elapsed time does not account for the additional energy cost of parallel computing.

Listing 2.3. MATLAB for Exercise 2.52.

%This program compares Approaches 0, 1, 2 for the Markov computation.
n=20
r=10;
k=2"r;
%Make random Markov transition prob matrix
B=rand(n,n);
P=zeros(n,n);
for i=1:n
row = B(i,:);

row row./sum(row); %Make all rows sum to 1
P(i,:)=row;

end

x=zeros(n,1);

x(1)=1;

A=P';

%%%Approach 0O

tic

B=A;

for i=2:k
B=BxA;

end

hO=Bx*x;

ElapsedTimeO=toc

020207
707070

%%%Approach 1

tic

h=Axx;

for i=2:k
h=Ax*h;

end
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hl = h;
ElapsedTimel=toc

00207
707070

%%%Approach 2
tic
B=A;
for i=1:r
B=BxB;
end
h2 = Bxx;
ElapsedTime2=toc

020207
707070

Listing 2.4. MATLAB for producing Fig. 2.1.

nmax = 1000;
E1=[];
E2=[];
nvec=[];

for n=1:nmax

nvec =[nvec;n];

%Make random Markov transition prob matrix

B=rand(n,n);

P=zeros(n,n);

for i=1:n
row = B(i,:);
row = row./sum(row); %Make all rows sum to 1
P(i,:)=row;

end

x=rand(n,1);

x=x./sum(x) ;

%9%Compute P"2%595%95%5%
tic

PxP;

elapsel=toc;

El = [El;elapsel];

070200 20 <0 20 £0 20 20 20 20 20 20 20 20 20 0 20 ~
0-070-0707070-070707070/0707070707070

%% Compute Px%23%62695%5%%

tic
Pxx;
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elapse2 = toc;
E2 = [E2;elapse2];

00200 20 £0 20 £0 20 20 20 20 20 20 20 20 20 70 20 0 £
7070707070707070707070707070707070707070

end
c=E2(1);
loglog(nvec, E1, nvec, E2, nvec, c.*nvec.*nvec, nvec, c.*nvec.”"3)

xlabel('n")
ylabel('Elapsed time');

EXERCISE 2.53. (Determining an unknown function) Consider f : R* - R? given by

B X1 .X‘lz 2
flx,x0)=A + V(x1,%2) €R
X2 X1+ X2

where A is an unknown 2 x 2 matrix with real entries. We sample the function at the vectors
{(2,1), (-1, 3)} to obtain the following data:

f21) = f . F(1,3)-

Find A.

EXERCISE 2.54. (Another unknown function) Consider f : R?> - R? given by

2
X1 (x1 +x2)
flx,x)=A + ¥ (x1,%7) € R?
X X1 — 2%

where A is an unknown 2 x 2 matrix with real entries.
a) We sample the function at the vectors {(2,1), (1,2)} to obtain the following data:

fen-=| |, fa-
2 4

Find A.
b) We lose the data f(2,1) and f(1,2). To compensate, we sample f at two new points
{(1,1),(5,5)} to obtain f(1,1) and f(5,5). Can we still find A? Explain.

EXERCISE 2.55.  (Sampling an unknown function) Consider f : R?> - R? given by

X1 e(xl+x2) 9
flxp,x0) = A + V(x1,%2) €R
X2 X1 + 4x2
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where A is an unknown 2 x 2 matrix with real entries; e’

= exp(t) denotes the exponential
function for t € R. Give two points (x1,%2), (¥1, ¥») € R? at which to sample f so that we can

surely determine A from knowing f(x1,%2), f(¥1, ¥o)- Explain how we find A.

EXERCISE 2.56. (A function with 5 unknown parameters) Consider f : R? - R? given by

2
X X7 — X
f(Xl,.Xz):A ! +6 ! ?
X9 X1+ X2

V(xl,xz) € Rz

where A is an unknown 2 x 2 matrix with real entries, and 0 € R is an unknown constant. Give
three points (x1,%2), (1, ¥»), (21, 22) € R? at which to sample f so that we can surely determine
A and 0 from knowing f(x1,x2), f(¥1, ¥2), f(21,22). Explain how we can find A and 6.

EXERCISE 2.57. (A function with 6 unknown parameters) Consider f : R> — R? given by

X 0 0 x2 - x2
fla,x)=a| 7 |+] ] L7721 (o, x) € R?
X2 0 92 4x9

where A is an unknown 2 x 2 matrix with real entries, and 01, 0, € R are unknown constants.
Give three points (x1,%2), (¥1, V), (21, 22) € R? at which to sample f so that we can surely
determine A, 01, 02 from knowing f(x1,%2), f(¥1, ¥2), f(21,22). Explain.

EXERCISE 2.58. (Permutation matrices) Consider the real field with these matrices:

11111 8 8 8 8 8 1 2 2 45
A=|1 2 2 4 5 , B=|1 2 2 4 5 , C=18 8 8 8 8
8§ 8 8 8 8 11111 11111

a) Find a 3 x 3 permutation matrix Py such that P1A = B.
b) Find a 3 x 3 permutation matrix Py such that P»B = C.
¢) Define P = Py P;. Compute P. Show that P is a permutation matrix and PA = C.
d) Compute P| Py, PPy, PTP.
e) Compute Pl‘l, Pgl, p L
EXERCISE 2.59. (Symmetric matrices — True or false) Let A and B be n x n symmetric matrices.

True or false: AB is symmetric. Prove true, or give a counter-example.

EXERCISE 2.60. (det(A) and A~! for 2 x 2 matrix) Consider

A=
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a) Compute det(A) assuming entries of A are in field R. If det(A) # 0, find A~1.

b) Compute det(A) assuming entries of A arein field Fs5 = {0, 1, 2, 3, 4} with mod 5 arithmetic.
Ifdet(A) 0, find AL

¢) Compute det(A) assuming entries of A are in field F; = {0,1,2,3,4,5,6} with mod 7
arithmetic. If det(A) # 0, find A"

EXERCISE 2.61. (Invertible matrices in the binary field) Consider 2 x 2 matrices in the binary
field Fy = {0,1}. Such matrices either have det(A) = 0 or det(A) = 1.

a) How many such matrices are there?
b) How many such matrices are not invertible (so det(A) = 0)? List them all.
¢) How many such matrices are invertible (so det(A) = 1)? List them all.

d) Suppose we randomly choose such a matrix, equally likely over all possibilities in part (a).
What is the probability our random matrix is invertible? Verify the answer matches the general
formula in Chapter 5.9.2.

EXERCISE 2.62. (Inverse of 2 x 2) Using field R, find inverses for these matrices:

-1 4 33 9 -1
A= , B= , C=
3/2 2 31 5 -2

EXERCISE 2.63. (Determinants for 2 x 2) Consider these matrices with entries in a field F:

a b c a
A= , B= [swapsrows of A] , C= [swaps columns of A]
c d a b d ¢

a) Show that det(B) = — det(A). Argue that A is invertible if and only if B is invertible.
b) Show that det(C) = —det(A). Argue that A is invertible if and only if C is invertible.
¢) Find AT and show that det(AT) = det(A).
d) Fix 0 e F. Show that det(0A) = 62 det(A).

EXERCISE 2.64. (Conditions for invertibility) Consider the following matrices with entries in
some field [F:
1 a 10 11
A= B= , C=
01 11 c d
a) Provide a necessary and sufficient condition on a for A to be invertible.
b) Provide a necessary and sufficient condition on b for B to be invertible.

¢) Provide a necessary and sufficient condition on (¢, d) for C to be invertible.

EXERCISE 2.65. (det(AB) = det(A) det(B)) Let F be a field. Define the following 2 x 2 matrices
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with entries in [F:
a b e f
c d g h
a) Compute AB.
b) Show that det(AB) = det(A) det(B).
¢) Show that det(A3) = det(A)3.
d) Fix n € N. Show that det(A™) = det(A)". [Use induction: Suppose for some k € N that
det(AF) = det(A)¥ (we know it works for k = 2). Prove det(A¥*1) = det(A)**1]
e) Suppose A is invertible. Show that det(A™1) = 1/ det(A).

EXERCISE 2.66. (Invertible 3 x 3) Using field R, consider

10 0 10 0 10 1
A=[0 2 o , C=l0 2 1 , D=[0 2 o0
0 0 4/3 0 0 4/3 0 0 4/3

a) Find a matrix By such that AB; = I. Show that we also have BjA =1, so By = A™L.
b) Find a matrix By such that CBo = I. Show that we also have ByC =1, so By = C" L.
¢) Find a matrix B3 such that DB = I. Show that we also have B3D =1, so B3 = D71

EXERCISE 2.67. (Another invertible 3 x 3) Using field R, consider

4 0 0 8 0 0 6 0 3/2
A=lo0 95 0| , C=l0 23 2| , D=|0 2 1
0 0 5 0 0 3 00 7/2

a) Find a matrix By such that AB; = I. Show that we also have BjA =1, so By = A™L.
b) Find a matrix By such that CBy = I. Show that we also have BoC = I, so By = CL.
¢) Find a matrix B3 such that DB = I. Show that we also have B3D =1, so B3 = D71

EXERCISE 2.68. The following upper triangular matrices have entries in some field F.

a b c 0 a b a b c
A=]10 d e , B=0 ¢ d , C=l0 0 d
0 0 O 0 0 e 0 0 e

a) Show that it is impossible for A to be invertible.
b) Show that it is impossible for B to be invertible.
¢) Show that it is impossible for C to be invertible.
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PART II.

Subspaces and linear independence
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CHAPTER 3.

Subspaces of [

Fix F as a field. Define " as the set of all n-tuples of elements of [F:
F*"={(x1,...,xn) :x;€F Vie{l,...,n}}

Each element x € F" has the form x = (xy, ..., X). We call x a vector. We call F" a vector
space. The set F" is in fact just one example of a more general definition of vector space

that we develop in Chapter 6. This chapter focuses on [F".

We often write vectors in F" as x = (xy, ..., X ), without worrying about writing them
vertically or horizontally. However, for purposes of arithmetic, each x € F" is viewed as a
column vector (a n x 1 matrix), so x' is a row vector (a 1 x n matrix). Given two vectors
x, y € F" and a scalar a € F we have by standard rules of matrix arithmetic:

X1 N X1+
x+y=| + |+ : |=
Xn Ya Xn+Yn
X1 axy
ax=al| : |=
Xn axn

Clearlyx+ y = y+x and a(x + y) = ax + ay, as in the standard rules for matrices.
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3.1. Linear combinations

Let {yy,..., Y} be alist of vectors in F". Here, k is a positive integer that determines the
number of vectors in the list. The list is allowed to have the same vector repeated more
than once. A vector z € F" is a linear combination of {yy, ..., yi} if

k
2= Zaiyi
i=1

for some scalars a; e F forie {1,...,k}. A linear combination can be viewed as a weighted
sum where the scalars a; are the weights. The sum always has a finite number of terms.
[For general fields F, infinite sums of vectors in F" are not defined, see also Exercise 1.24.]
The all-zero vector is a linear combination of every collection of vectors {yy, ..., y;} in F"
because )
0=2 0y

1=1
where the 0 on the left-hand-side is the all-zero vector 0 € F", while the zeros on the
right-hand-side are the scalars 0 € .

DEFINITION 3.1.  Let{yy,..., Y} be alist of vectors in F". The span of these vectors, written
Span{yy, ..., Yi}, is the set of all linear combinations of {yy, ..., yi}. Specifically

k
Span{yy, ..., Y} = {Zaiyi ta;eF Vie{l, ..., k}}
i=1

Given a m x n matrix A with entries in [, and given x € F", the vector Ax € F™ is in fact
a linear combination of the columns of A:

where ¢y, ..., ¢ are the columns of A. Therefore, the equation Ax = b can be solved if and
only if b is a linear combination of the columns of A. That is,

(Ax = bhas a solution x) < b e Span{Columns of A}
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3.1.1. Technical detail

The set Span{yy, ..., ¥i} does not depend on the ordering of the y; vectors that are listed:

Span{yy, ¥2, Y3} = Span{ys, ¥3, Y1} = Span{y1, ¥3, Y2}

And so on. This is because every linear combination of {y, ..., ¥} is a vector of the form
Zle a;y; for some scalars a;. Addition is commutative, so we can sum a;y; in any order.

3.1.2. Example questions

1. Consider F = R. Let y;, ¥, ¥3, 21,22 € R3 be

1 3 4 —3/2 1
Y1=10 [,Y2=]0 [,¥3= 0 y %1 = 0 y22=11
0 2 -2 -8 1

a) Is 21 € Span{yy, ¥, ¥3}?

b) Is 2z, € Span{yy, ¥o, ¥3}?
¢) Is 0 € Span{yy, 5, ¥3}? (where 0 € R is the all-zero vector)

Solution:
a) To see if 21 € Span{y;, ¥», Y3}, we must either find real numbers a, b, c that satisfy

1 3 4 -3/2
al o0 |+b| 0 |+c|] 0 |= 0
0 2 -2 -8
—— —— —_—— —/ o
N Yo Y3 21

or we must prove that no such scalars exist. Equivalently, we must determine whether

or not the following matrix equation has at least one solution (g, b, ¢) € R3:

13 4 ||a ~3/2
(3.1 00 O b |= 0
02 -2 ||c -8

The matrix equation is equivalent to the following system of three equations:

(3.2) a+3b+4c=-3/2
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(3.3) 0+0+0=0
(3.4) 2b-2c=-8

In particular, (a, b, ¢) solves the system (3.2)-(3.4) if and only if it solves the matrix
equation (3.1). If we assume (a, b, c) satisfies (3.2)-(3.4), we can often solve for a simple
form that (a, b, c) must take. Assuming (3.2)-(3.4) hold, the equation (3.4) implies

b=c-4
and substituting this into (3.2) gives

a+3(c-4)+4c=-3/2 = |a=-7c+21)2

We only need one solution. For simplicity, set ¢ = 0. Then we must have b = -4 and
a = 21/2. It can be verified that (21/2, -4, 0) indeed satisfies (3.1). Thus, the answer to

(a) is: Yes, 21 € Span{yy, ¥», ¥3}-

b) If 2y € Span{y,, ¥, y3}, there must be real numbers a, b, ¢ that satisfy

1 3 4 a 1
(3.5) 00 O b |=]1
0 2 -2 c 1

N——

22

No such a, b, ¢ exist: For all a, b, c € R, the output of the matrix multiplication on the
left-hand-side of (3.5) is a column vector with a zero on the second row, while the
vector z; on the right-hand-side has a 1 on the second row. So 2y ¢ Span{y, ¥, ¥3}-

c) Yes, 0 € Span{y;, ¥», ¥3} because 0 = 0y; + 0y, + 0y3.

. Consider [y = {0,1} with mod 2 arithmetic. Let y;, y,, V3,21, 22 € [F‘z‘ be

1 1 0 0 1
0 1 1 0 0
Y= Vo = y V3 = )%= )R =
1 1 1 1 1
| 1 ] | 0 | | 0 | | 1 ] | 0 |

[Notice that these vectors must have binary components.]
a) Is z1 € Span{yy, 5, ¥3}?
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b) Is 2z € Span{yy, ¥o, ¥3}?
c) Is 0 € Span{y;, y,, y3}? (where 0 = (0,0,0,0)).

Solution:
a) To determine if 27 € Span{y;, y,, y3} we try to find scalars a, b, c € {0, 1} that, under
mod 2 arithmetic, satisfy the matrix equation

110 0
a

011 0
b:

111 1
C

| 1 0 0 | | 1
~—

There are only 23 = 8 possible scalars (g, b, ¢) € {0,1} and so it is easy to test them all.
We find that (a, b, ¢) = (1,1,1) works:

1+1+0=0 (mod?2)
0+1+1=0 (mod?2)
1+1+1=1 (mod?2)
1+0+0=1 (mod ?2)

Thus, 21 € Span{y,, ¥, 3} [Note: If we were searching over solutions in {0, 1}3%
rather than solutions in {0,1}3, there would be more possibilities than the estimated
number of atoms in the universe. We need a more efficient method for finding solutions
to large problems. Fortunately, the method of Gaussian elimination, to be described
later, can quickly find solutions without testing all possibilities.]

b) To determine if 2, € Span{y,, y,, y3} we try to find scalars a, b, c € {0, 1} to solve

1 10 1
a
011 0
b |=
1 11 1
C
| 1 0 0 | | 0 |
N——
2z

We could test all 8 possible choices. Instead, let us write this as a system of 4 equations
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(where equality holds in mod 2):

(3.6) a+b=1
(3.7) b+c=0
(3.8) a+b+c=1
(3.9) a=0

Suppose (a, b, ¢) € {0,1}3 solves the system (3.6)-(3.9). Equality (3.9) implies

Substituting a = 0 into (3.6) gives

0+b=1— [b=1]

Substituting b = 1 into (3.7) implies
l+¢c=0 = [recall 1+1=0 in mod 2 arithmetic]

So the only possible solution is (a, b,c) = (0,1,1). However, this solution fails the
equality (3.8):

(a+b+c=1) = 0+1+1=1 =— 0=1 [contradiction]
——

0

So there is no solution. That is, 25 ¢ Span{y;, ¥», Y3}
c) Indeed 0 € Span{yy, y,, y3} because 0 = 0y; + 0y, + 0y;.

3.2. Subspace of [

DEFINITION 3.2. A setS < F" isa subspace of F" if it satisfies the following three requirements:

1. 0 € S (where 0 is the all-zero vector).
2. Ifx,yeSthenx+ yeS.

3. IfxeSandac[F thenaxeS.
The second property ensures the sum of two vectors in S is again in S. The third
property ensures that a scalar multiple of a vector in S is again in S. When it is clear that

we are working in the vector space F", we often use the term “subspace” to implicitly
mean “subspace of F™.”
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LEMMA 3.1. A set S ¢ F" is a subspace if and only if it is nonempty and for all x, y € S and all
a,belF we have
ax+byeS

PROOF.  Suppose S is a subspace. Then it is nonempty because 0 € S. Fix x, y € S and
a, b e F. Since scalar multiples of vectors in S are again in S, we know

axeS , byeS
Since the sum of two vectors in S is again in S, we conclude
ax+byeS

Conversely, suppose S is a nonempty subset of F"* with the property that forallx, y € S
and all a, b € F we have ax + by € S. We want to show S is a subspace. Since S is nonempty,
there is at least one vector in S. Fix x, y € S (this allows the possibility x = y, which is the
only possibility in the special case when S has only one vector). Using a = 0 and b = 0 gives

0x+0yeS
S———
0

andso0e€S. Usinga=1and b =1 gives

Ix+1yeS
——
xX+y

and so x + y € S. Finally, using any scalar a € [F and b = 0 gives

ax+0yeS
——
ax

so ax € S. Thus, S is a subspace. O]

The above lemma ensures that every linear combination of two vectors in a subspace
S is again in S. The next lemma uses induction to show that the linear combination of any
finite number of vectors in a subspace S is again in S.

LEMMA 3.2.  Suppose S is a subspace of F™*. Then for allk € N, all vy, ..., v € S, and all scalars
ai, ..., ay € F we have

k
Z aivi €S
i=1

PROOF. We use induction on k. The definition of subspace ensures the result holds for
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k =1 (all scalar multiples of a single vector in S is again in S). The previous lemma ensures
it holds for k = 2 (the linear combination of 2 vectors in S is again in S). Suppose it holds
for some integer k > 2. That is, suppose a linear combination of any k vectors in S is again
in S. We show it also holds for k + 1. Fix vy, ..., vy 1 € S, a1, ..., ai, € F. We want to prove

k+1
(3.10) Y av;eS
=1
Define
k
W = Z aivi
=1

Since w is a linear combination of k vectors in S, our induction assumption implies w € S.
Then

k+1

Z 4jVi =W+ g 1Vks1
i=1

=1lw+ap Vi

Notice that 1w + a;, ; vy, is a linear combination of two vectors in S, so it is again in S. This
proves the desired result (3.10). O
3.2.1. The trivial subspace S = {0}

Let 0 € F" denote the all-zero vector. The set S = {0} is called the trivial subspace of F". It
satisfies the definition of a subspace because: (i) 0 € S; (ii) The sum of any two vectors in
S must be 0 + 0 = 0, which is indeed in S; (iii) A scalar multiple of any vector in S must
be a0 (for some a € F), but a0 = 0 € S. The trivial subspace is the only subspace of F" that
contains only one vector. A subspace is called nontrivial if it is not the trivial subspace.

3.2.2. Examples

1. Claim: The vector space F" is a subspace.

PROOF. Clearly F" c . To show F" is a subspace, first note that 0 = (0, ...,0) € F"
(so F" is nonempty). Next, fix x, y € F* and a, b € F. We have

X = (xb 3] xn);.y = (yl) ey yn)

SO
ax +by = (ax; + by,, axy + by, ...,axp + by,) e F"

so [ is a subspace. O
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2. Claim: Let kbe a positive integer and let {vy, ..., v } be vectors in F". Then Span{vy, ..., v }
is a subspace.

PROOF. The set Span{vy, ..., vy} is the set of all linear combinations of {vy, ..., v }.
Since the v; vectors are in ", all linear combinations of them are also in F", so the
span is indeed a subset of F".

We now show the three properties of a subspace hold for Span{vy, ..., v;}. First ob-
serve 0 € Span{vy,..., vy} because 0 = Zle 0v;. Next, suppose x, y are vectors in
Span{vy, ..., vy}. We must show that x + y € Span{vy, ..., v;}. Since x, y are both in
Span{vy, ..., v} we know

k

(3.11) x=) a
i=1
k

(3.12) Y= Z bivi
i=1

for some scalars aj, ..., a; and by, ..., by. Summing (3.11) and (3.12) gives

k k
x+y=)(a;+ b)) =y (a;+by) v
i=1 =1 ~———
scalar
and this is a linear combination of {vy, ..., v;}. So x + y € Span{vy, ..., v }. Finally, fix
0 € F. We must show 0x € Span{vy, ..., v;}. From (3.11) we obtain

k k
0x=0> av;=> (0a;)v
i=1 =1 ~~—~—
scalar
which is indeed a linear combination of {vy, ..., v} }. O

3. Claim: The intersection of two subspaces S; and S, of F" is again a subspace of F".

PROOF. Let Sy, So be two subspaces of ™. Let S; n Sy denote the intersection. Clearly
S1n Sy ¢ F™. Since the all-zero vector 0 must be in both S; and S,, we know 0 € S; N S5.
Let x, y be vectors in S1nSy and let a, b be scalars in [F. We want to show ax+by € SN S».
We have

- Since x, y € S; and S; is a subspace, we know ax + by € S;.
+ Since x, y € Sy and S5 is a subspace, we know ax + by € S,.

So ax + by is in both §; and Sy, meaning it is in the intersection S; N Sy.
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4. Fix [F as a field. Let A be a m x n matrix with entries in F. Fix b € " and assume b # 0.
The set {x € F" : Ax = b} is the set of all solutions to the equation Ax = b.

Claim: {x € " : Ax = b} is not a subspace. [Recall the assumption b # 0]

PROOF. The all-zero vector 0 is not in the set {x € F" : Ax = b} because
A0=0=%b

and so {x € F" : Ax = b} is not a subspace. O

3.3. The four fundamental subspaces of a matrix A

Let A = (a;;) be a m x n matrix with entries in some field F. Vectors x ¢ F" are viewed as
column vectors so that the matrix multiplication Ax makes sense. Note that

xeF" = AxecF™

For this matrix A, define

« Null(A) = {x eF": Ax = 0}. The set Null(A) is called the null space of A. It is the set of
all vectors x € F™ that are mapped to zero through the matrix A.

« Col(A) = {Ax e F™: x e F*}. That is, Col(A) is the set of all linear combinations of the
columns of A. The set Col(A) is called the column space of A.

* Row(A) = Col(A"). The set Row(A) is called the row space of A. It is the set of all
linear combinations of the columns of AT. Since columns of AT are the rows of A,
we can also think of Row(A) as the set of all linear combinations of the rows of A.
However, the rows of A are row vectors. Since it is easier to think of all vectors as
column vectors, we take the rows and turn them into columns. This is the reason we
define Row(A) = Col(AT).

« Null(A") ={y e F™: ATy =0}. This is the null space of AT.

The sets Null(A), Col(A), Null(A™), Col(AT) are called the four fundamental subspaces of
matrix A. (Of course, Row(A) is the same thing as Col(A").) We now formally show that
these are indeed subspaces.

LEMMA 3.3. Let A be a m x n matrix with entries in some field F. Then
« The set Null(A) is a subspace of F™.

« The set Col(A) is a subspace of F'™.

PROOF.  First consider Null(A). Clearly Null(A) c F™. Also, 0 € Null(A) because A0 = 0.
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Next, fix x, y € Null(A) and a, b € F. It suffices to show that ax + by € Null(A). We have
A(ax+by)=aAx+bAy=a0+b0=0

where we have used Ax = 0 and Ay = 0 (because x, y € Null(A)). Thus, A(ax + by) =0, so
ax + by e Null(A).

Now consider Col(A). Clearly Col(A) c F™. First observe that 0 € Col(A) because A0 = 0.
Next, fix x, y € Col(A) and a, b € F. It suffices to show ax + by € Col(A). Since x, y € Col(A)
we know

x=Au

y=Av
for some vectors u, v € F". Thus
ax + by = a(Au) + b(Av) = A(au + bv)
Thus, ax + by is the output when the matrix A left-multiplies the vector (au + bv), so

ax + by e Col(A). O

Since the above lemma ensures Null(A) and Col(A) are both subspaces for any matrix
A, we can apply that result to the matrix A" to immediately conclude that Null(A") and
Col(AT) are subspaces. The next lemma considers Null(A) and Col(A) for the special case
when A is a square and invertible matrix.

LEMMA 34. Fix[F asafield. Let A be n x n matrix with entries in . If A is an invertible matrix
then

Null(A) = {0}
Col(A) = F"

Since Null(A) consists of the single vector 0, we say that A has the trivial null space.
PROOF. To show Null(A) = {0}, fix x € Null(A). Then

Ax=0
Multiplying the above by A~ gives

Alax =470
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Using the fact A™!A = Tand A710 = 0 gives
Ix=0

Since Ix = x, we conclude x = 0. We have shown that an arbitrarily chosen vector in Null(A)
must be the all-zero vector. Thus, the only element of Null(A) is the all-zero vector.

We now show Col(A) = F". By definition, Col(A) c F". To show Col(A) and F" are the
same set, it suffices to show F" ¢ Col(A). Fix y € F". We show there is a vector x € F" such
that Ax = y. Define

This works:

3.3.1. Terminology

- The null space of a matrix A is also called the kernel of A:!
Null(A) = ker(A)

+ The column space of a matrix A can also be called the image of A, and in some texts is
called the range of A:
Col(A) = Image(A) = Range(A)

3.4. Speed with definitions

Let A be a matrix with entries in some field. Let x, y, v, w be vectors with sizes that make
sense for the context used.

Question: Write the immediate consequences of these statements:
1. yeCol(A).
2. xeNull(A).
3. ve Row(A).
4. we Null(AT).

10ne semester when Neely was teaching linear algebra, a teaching assistant included a homework problem
that used the term “kernel” and the notation “ker(A).” That week, Neely received multiple requests for an
extension of the homework due date because the mysterious topic of “kernel” had not yet been covered in the
lecture. Neely told students that it was the same as Null(A), which had been covered several weeks before.
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Solution:

1. yeCol(A) = y=Azfor some vector z.
2. xeNull(A) = Ax=0.
3. ve Row(A) = veCol(AT) = v = ATz for some vector z.

4. we Null(AT) = ATw=0.

Note: The phrase “for some vector z” is crucial for good mathematical communication.
It is good to use this phrase. “Speed” does not mean we leave out necessary information,
or that we write things without understanding them. It means we calmly and confidently
proceed from one step to the next using basic mathematical techniques. This is a form of
Mathematical Jiu-Jitsu. We have used “2” for the particular vector that exists because the
variable z was not used in the given information. This assumes that bullet points 1 and
3 are associated with different problems so there is no conflict with reusing “z.” Similar
questions are given in the worksheet of Appendix A.

3.5. Operations that do not change Null(A) or Row(A)

Recall that two sets C and D are equal if and only if C ¢ D and D c C. Suppose we are given
two sets C and D, we are also given some information about these sets, and then we are
asked to prove C = D. We can use the following two step procedure:

1. Fix x € C. Use the given information to prove x € D. This means C ¢ D.

2. Fix x € D. Use the given information to prove x € C. This means D ¢ C.
By proving C ¢ D and D ¢ C, we conclude C = D.
LEMMA 3.5. Fix[F asa field. Let A be a m x n matrix with entries in F. Let G be an invertible

m x m matrix (so the multiplication GA makes sense). Then

Null(GA) = Null(A)
Row(GA) = Row(A)
That is, left-multiplying A by an invertible matrix does not change its null space or its row space.

PROOF. There are four parts. Each part can be done using the “speed” techniques of
the previous section.

1. Here we show Null(GA) ¢ Null(A). Fix x € Null(GA). We want to show x € Null(A).
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Since x € Null(GA) we know
GAx=0

Multiplying both sides of this equation by G gives

G 1GAx =G0
N—— N——
I 0

Using the fact G'1G = I and G710 = 0 gives
TAx=0

Since IA = A, this means Ax = 0, so x € Null(A).

2. Here we show Null(A) ¢ Null(GA). Fix x € Null(A). Then
Ax =0
Multiplying the above equation by G gives
GAx=G0=0

and so x € Null(GA).

Parts 1 and 2 prove Null(GA) = Null(A).

3. Here we show Row(GA) € Row(A). Fix y € Row(GA). We want to show y € Row(A). By
definition of Row(GA) we have

y € Col((GA)T) = Col(ATG")

By definition of column space, it follows that

y=A"G'w
for some vector w. But then
y=A" (G'w)
—_——

another vector
so y € Col(A") = Row(A).
4. Here we show Row(A) € Row(GA). Fix y € Row(A). We want to show y € Row(GA).
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Since y € Row(A) we have (by definition of Row(A)):
yeCol(AT)

)
y=Aw

for some vector w. Since G is invertible, we know G' is invertible (recall Lemma 2.7).
Since w = Iw we have

y=ATw=ATIw=ATG (G 'w=(GA)" (G")lw
~————— ————
I some vector

and so
y € Col((GA)™) = Row(GA)

Parts 3 and 4 prove Row(GA) = Row(A).

The process of Gaussian elimination, discussed in Chapter 4, involves left-multiplication
of a general mxn matrix A by a sequence of invertible matrices. Each such left-multiplication
does not change Null(A) or Row(A). The following lemma involves right-multiplication.
Its proof is similar and is left as an exercise (Exercise 3.33).

LEMMA 3.6. Fix[F asa field. Let A be a m x n matrix with entries in . Let G be an invertible
n x n matrix (so the multiplication AG makes sense). Then

Col(A) = Col(AG)

That is, right-multiplying A by an invertible matrix does not change its column space.

3.6. Counting the vectors in a subspace

Given a set D, let |D| denote the number of elements in D. Recall that
F" = {(x1, .0, Xn) 1 x; € F Vie{l,..,n}}

Since (x,0,0,...,0) € F" for each x € F, we have

(IF| = 00) = (JF*| = o0)
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If F is a finite field of size f then |F"| = f". This is because there are f" ways to choose
(X1, eeey Xp )2

+ There are f choices of xy;
+ There are f choices of xy;

+ There are f choices of x3;

o ...

+ There are f choices of x,

So the total number of choices is

ff-ff=f" = F"=f"
n times

For example

- Fp={0,1} —> [F}|=2"

Fj = {(0; 0): (O) 1): (1J 0)) (1) 1)}
F = {(0,0,0),(0,0,1), (0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0), (1,1, 1)}

+ F3={0,1,2} — |[F§| = 3™

[Fg = {(0) O)J (0} 1)) (0) 2)J (]'J 0)) (1} 1)) (1} 2)) (2J 0)) (2) 1)) (2) 2)}

3.6.1. Example: Counting the vectors in Span{y, ¥, ¥3, ¥4}

Let [, = {0,1} with mod 2 arithmetic. The set [Fg has 8 vectors:

=
N W
Il
o o ©
-
= o o
-
o = O
-
= = O
-
(=
-
[ = ]
e
S =
e
e

Define the following particular vectors in [Fg:

1 0 1 1
Y1i=(0 |,Y2=11|,¥3=]1|,Y4=|0
1 1 0 1
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The set of all linear combinations of {y;, ¥,, ¥3, ¥4} is

Span{yy, ¥2, Y3, Ya} = {@1y1 + @2y + a3Y3 + asy4 : a1, az, as, as € {0,1}}

where arithmetic is in the binary field. How many vectors are in Span{yy, ¥, ¥3, Y4 }°

Since there are 2% = 16 ways to choose the binary coefficients (a;, as, as, as) in the
linear combination Z?Zl a;y;, we might guess |Span{y;, ¥», ¥3, ¥4}| = 16. However,

Span{yy, ¥2, ¥3, ¥4} € F3

and [F% has only 8 vectors. It is impossible for Span{y;, ¥», ¥3, ¥4} to contain 16 vectors
because there are not that many vectors in the vector space! This means we are double-
counting: There must be two distinct coefficient tuples (ay, as, as, a4) and (b, by, b3, by)
that lead to the same linear combination:

4 4
>4y =Y biyi
1=1

i=1

This holds if and only if
4

(3.13) > (a;=b)y;=0
i=1

where the 0 on the right-hand-side is the all-zero vector. Define

z = (a1, ap, az, as) — (b, bo, b3, by)

so g; = a; - b; for i € {1, ...,4}. With this notation equation (3.13) becomes

4
>.2¥;=0
i=1
This can be written in matrix form
_ . -
1 011 0
Z2
(3.14) 01 10 =10
23
1 101 0
| S — 24 ;
call this A

Since (aq, as, as, a4) is not the same as (by, by, b3, b4), the vector z = (21, 22, 23, 24) is not the
all-zero vector. This means our matrix equation Az = 0 in (3.14) has a nontrivial solution!
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(Meaning a solution z # 0). One such solution is

1 011
01 10
1 101

[ — A
A

Il
o o ©

= o O

(Remember we are working with mod 2 arithmetic.) One reason there is a nontrivial
solution is that y, = y; (so the first and fourth columns of A are identical). The vector y,
does not introduce anything new. It is not difficult to prove

Span{y1, ¥2, Y3, Ya} = Span{yy, ¥2, Y3}

so throwing away y, does not change the span. Then

3
Span{yl)yb.y3}:{Zaiyi:aie{o)l} Vie{l,Z,B}}
i=1

Since Yy, ¥4, y3 are now distinct vectors, we might guess each distinct choice of coefficients
(a1, ap, asz) leads to a distinct linear combination 2?21 a;y;. But this is also false. To find
redundancies, consider

3 3 3
(Z a;yi=), biJ’i) = > (a;-b)y;=0
i=1 i=1 =1 ~——

call this z;

We can set up the homogeneous equation as before

3 1 01 21 0
2.%Y;=0 =0 1 1 ||z |=]0
i=1

1 1 0]|] 2 0

There is still a nontrivial solution: z = (1,1, 1). This is because y3 = y; + y,. It is not difficult
to prove

Span{yy, ¥2, Y3} = Span{yy, ¥»}

so throwing away y; does not change the span. The homogeneous equation for testing
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{¥1, ¥, } for redundancies is

1 0 0
2 21
2%Y;=0 = |0 1 ={ o
i=1

11 0

It is not difficult to show the only solution is the trivial solution z = (0, 0). There is no more
double-counting. Our final answer is

ISpan{yy, ¥, ¥3, ¥4}l = |Span{yy, y,}| = 2> = 4

3.6.2. Summarizing questions

Suppose F is a finite field with f scalars. Let y, ..., ¥, be vectors in F". Recall that

4
Span{yl: yZJy3)y4} = {Zaiyi ‘4 e F Vie {11 ceey 4}}
i=1

1. Multiple choice:
What can be said about the number of vectors in Span{y;, ¥, ¥3, V4 }?
a) 1< |Span{yy, ¥, 3, ya}l < "

b) 1<[Span{y1, yo, ¥3, Y4}l < f*.
¢) Both (a) and (b).
d) Impossible to tell.

2. Multiple choice:
What can be said about comparing Span{y;, y,, 3} and Span{y;, o, ¥3, ¥4}?
a) Span{yy, ¥o, ¥3} € Span{y1, ¥2, ¥3; Ya}-
b) Span{y1, ¥2, ¥3} 2 Span{y1, ¥2, ¥3, Ya}-

c) Span{yy, ¥2, ¥3} = Span{y1, ¥2, ¥3, Ya}-
d) None of the above.

3. True/False:
Span{yy, ¥, y3} = Span{yy, ¥2, ¥3, ¥3}

Solutions:

1. (c). Span{yy, ¥, ¥3, ¥4} contains at least one vector (the all zero vector). There are
f " vectors in the vector space ™, so Span{ Y1, Y2, Y3, ¥4} cannot have more vectors
than this! So (a) is true. Also, there is at most one vector in Span{y;, y», ¥3, ¥4} per
distinct 4-tuple of scalar coefficients (ay, ay, as, as). There are f * coefficient tuples, so
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[Span{yy, ¥2, ¥3, ya}| < f* and (b) is also true.

2. (a). Everylinear combination of { y;, y,, y3} is also alinear combination of { ¥y, ¥, ¥3, ¥4}
because for any scalars ay, ap, ag we have

a1y1+ a2y, +azy3=ay; + a2y, +azys +0y,

3. True. Every linear combination of {y;, ¥,, 3, ¥3} is also a linear combination of
{¥1, ¥2, y3} because for any scalars aj, ay, as, as we have

a1y + Yo +azy3 +asys3 = a1y + a2y, + (az +as4)ys3

3.7. Linear independence

DEFINITION 3.3. Fix[F as a field. A collection of vectors {vy, ..., v} in F" is linearly inde-
pendent if the following holds: Whenever ay, . . ., a;, are scalars that satisfy

k
2 ay; = 0
=1

then we must have a; = 0 for alli € {1,..., k}. In other words, the only way to create a linear

combination of {vy, ..., v} that gives the all-zero vector is to choose all scalar weights as zero.

An equivalent definition of linear independence is this: Vectors {vj, ..., v } are linearly

independent if the equation
k
D, a;v;=0
i=1
has only the trivial solution (ay, ..., a;) = (0,0, ...,0).
[Fn

DEFINITION 3.4. Vectors{vi,...,V;} in
independent.

are linearly dependent if they are not linearly

It follows that if vectors {xj, ..., x;} are linearly dependent, then there must be some
scalars ay, ..., a; such that at least one of the scalars is nonzero, and such that Zle a;x; = 0.

LEMMA 3.7. Let A be a m x n matrix with entries in some field. Then

Columns of A are linearly independent
< Null(A) = {0}

<= The equation Ax = 0 has only the trivial solution x = 0
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PROOF.  Suppose A has columns cy, ..., cp:

has only the trivial solution (ay, ..., an) = (0,0, ...,0). This is equivalent to saying that the
following matrix equation

IR | B I
an 0
C]_ Cz cee Cn ) =
L e
-an_ -O_
A

has only the trivial solution (ay, ..., an) = (0, ...,0). That is, Null(A) = {0}. This holds if and
only if the equation Ax = 0 has only the trivial solution. O

LEMMA 3.8. (Counting linear combinations of linearly independent vectors) Let {v1, ..., v} be
vectors in F" that are linearly independent. Then

a) Every distinct choice of scalar coefficients (ay, ..., a) leads to a distinct linear combination
k
D4V
i=1

b) IfF is a finite field with |F| = f, the number of vectors in Span{vy, ..., vy} is exactly f K
that is

ISpan{v, ..., v }| = f*

PROOF. To prove (a), suppose there are distinct coefficient vectors (ajy, ..., a;) and

(by, ..., by) such that
k

k
>.aivi =y by
=1 1

1
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(we reach a contradiction). Rearranging the above equation gives
k

(3.15) Z(ai - bi)Vi =0
i=1

Since {vy, ..., v} are linearly independent, equation (3.15) immediately implies
((ll' - bl) =0 Vie {]., ceey k}

which means (ay, ..., a;) = (b1, ..., b), contradicting the assumption that these coefficient
vectors were distinct. This proves part (a). Part (b) follows from (a) because there are
exactly f k ways to choose the scalar coefficients (ay, ..., a;). O

3.71. Grammatical convention

(8l

For linearly independent vectors {vy, ..., v}, should we say “is” or “are”? The convention
we follow is that a collection of vectors is treated singular, while the vectors themselves
are plural. So a collection of vectors {vy, ..., v} is linearly independent if and only if the
vectors {vy, ..., v} arelinearly independent. Theorems that deal with a general linearly
independent collection {vy, ..., v } typically allow both the case k =1 and k > 1. [Section
3.7.3 affirms that a collection that contains only one vector is linearly independent if and
only if that vector is nonzero.] In such cases, we still say the vectors {vy, ..., v} arelinearly
independent because we allow the possibility of more than one vector. Of course, usage of

(3PSl

is” versus “are” does not change the math.

3.7.2. Technical detail

Linear independence of a collection of vectors {vy, ..., v} does not depend on the ordering
of the v; vectors in this list. Specifically, if {v;, V2, v3} are linearly independent, then so
are {vy, v3,v; } and {vi, v3,v» } and so on.

If a collection of vectors is linearly independent, then any nonempty subcollection
of those vectors is also linearly independent. This is formally proven in the following
lemma.

LEMMA 3.9. Let {vy, ..., v} be linearly independent (where k > 2). Then {vy, ..., v_; } are also
linearly independent.

PROOF. We want to show {vy, ..., v;_;} are linearly independent. Suppose ay, ..., a;_;
are scalars that satisfy
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We want to show a; = 0 for all i € {1, ..., k — 1}. The above equation implies
yv1+agvy + -+ ap Vg1 + 0V =0
and since {vy, ..., v} are linearly independent, the above equation immediately implies

a=0, a»=0, .., ak_1:0, 0=0

3.7.3. Speed with linear independence
Question: Write the immediate consequence of the given information.

1. {vi,...,v5} are linearly independent vectors and ajy, ..., a5 are scalars that satisfy

5
Z av; = 0
i=1

2. {x,y,z} are linearly dependent vectors.
3. {x1, ey X, Y15 ++o» Y} are linearly dependent vectors.

4. {x1, ooy Xy Y15 -oy Y y arelinearly independent vectors and ay, ..., ay, by, ..., by are scalars
that satisfy

k m
Zaixi + Z b;y;=0
1=1 J=1

Solution:
1. a;=0forallie{l1,...,5}.
2. ax + by + cz = 0 for some scalars q, b, ¢, not all zero.
3. Zle a;x; + Z;-Zl bjyj = 0 for some scalars ay, ..., ay, by, ..., bm, not all zero.
4. a;=0forallie{l,...,k} and b; =0 forall je{1,..., m}.

":100

Question: Let x, y, z be vectors in , where [ is some field.

1. Are {x, y,z,0} linearly independent? (where 0 is the all-zero vector in %)

2. Are {x, y, 2,2} linearly independent?
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Solution:

1. No. For a nontrivial solution to ax + by + cz + d0 = 0, we can use (a, b, c¢,d) = (0,0,0,1)
(recall that scalars 0 and 1 are always in field F) so

(0)x+ (0)y+(0)z+(1)0=0

Thus, {x, y,2,0} are not linearly independent. In general, a collection of linearly
independent vectors cannot contain the all-zero vector.

2. No. For a nontrivial solution to ax + by + cz + dz = 0, we can use (a, b,c,d) = (0,0,1,-1)
(recall that scalars 0, 1, -1 are always in field F) so

0)x+(0)y+(1)z+(-1)z=(1+-1)2=0z=0

Thus, {x, y,2,z} are not linearly independent. In general, a collection of linearly
independent vectors cannot contain a redundantly repeated vector.

Question: Let z be a nonzero vector in F". Is {z} linearly independent? That is, is a
collection that consists of just one nonzero vector considered to be linearly independent?

Solution: Yes. To see why, let z be a nonzero vector in F". Suppose c is a scalar such
that

(3.16) cz=0

We want to show ¢ = 0. Suppose ¢ # 0 (we reach a contradiction). If ¢ # 0, the multiplicative
inverse axiom ensures ¢! exists. Multiplying (3.16) by ¢! gives

cflcz =clo

Butclc=1andcl0=0so0
1-2=0

That is, z = 0, contradicting our assumption that z # 0.
3.8. Spanning a subspace
DEFINITION 3.5. Let S be a subspace of F". A collection of vectors {vy, ..., Vi } are said to span

Sif
Span{vy,.., v} =S

104



Such vectors {vy, ..., vi} are also called a spanning set for subspace S.

Notice that all vectors {vy, ..., v} in a spanning set for S must themselves be in S (since,
for example, v; =1-v; + Zi‘ig 0v;).

LEMMA 3.10. A collection of vectors {vy, ..., vy} span a subspace S if and only if all the vectors
arein S and S ¢ Span{vy, ..., Vi }.

PROOF. The forward direction is immediate. For the reverse direction, suppose vy, ..., vy
are allin S and S ¢ Span{vy, ..., v;}. Since the v; vectors are all in S, Lemma 3.2 ensures
Span{vy,...,v;} € S. Since we are also assuming S ¢ Span{vy, ..., v} }, we conclude S =
Span{vy, ..., vi}. O

Lemma 3.10 implies that to show a collection of vectors {vy, ..., v} span a subspace S,
it is enough to show v; € S for all i € {1, ..., k}, and that all vectors in S can be written as a

linear combination of {vy, ..., v;}.

3.9. Basis of a subspace
DEFINITION 3.6. Let S be a subspace of F". A collection of vectors {v, ..., v} in S is called a
basis for S if the following two properties hold

1. Span{vy, ..., v} =S.

2. {v1, ..., vi} are linearly independent.

With this definition, if S is a subspace of F", and if S has a basis {vy, ..., v}, it means

that all vectors s € S can be uniquely written as a linear combination of the basis vectors:

k
s=Y a;v;
i=1

so the scalars (ay, ..., a;) are unique to s. A vector § € S that satisfies s # s would need
scalars (ajy, ..., a;) such that

(al, eeny ak) * ((Nll, ceey Zlk)

so a; # a; for at least one i€ {1, ..., k}.

3.9.1. Basis for "

Let {ej, ..., en} be the columns of the n x n identity matrix. The vectors ¢; are in ™.

LEMMA 3.11. The vectors {ey, ..., en } form a basis for the vector space F". They are called the
standard basis for F".
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PROOF. We first show {ey, ..., e, } span F". Since ¢; € F" for all i, it is enough to show
that all vectors in F" are linear combinations of {ey, ..., e} (recall Lemma 3.10). Let y =
(¥1, +++» ¥y,) be avector in F". Then

B2 1 0 0
Yo 0 1 0 1
S DR IS 20 N 7' R R 4% B BB DN 712
: : : : =1
[ Vn [ 0] [ 0] | 1]
— — ——
51 €2 én

and so y is a linear combination of the vectors {ey, ..., e5}. This holds for all y € F", so
F" = Span{ey, ..., en}.

We now show {ey, ..., e} are linearly independent. Suppose there are scalars ay, ..., an
such that

(3.17) > ae;=0

We want to show a; = 0 for all i. The equation (3.17) is equivalent to

1 0 0
0 1 0
a1 +as +-+dp =0
| 0 | | 0 | | 1 |
N—— N—— N——
€1 €2 en

where I is the n x n identity matrix and a = (ay, ..., a5 ). Therefore a = 0. All scalars a; are
Zero. -
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3.9.2. Columns of a matrix

Let F be a field and let A be a m x n matrix with entries in F. There are n columns of A:

Let {cy, ..., cn} be the columns of A. Then c; is a column vector in F" for all i € {1, ..., n}.
Recall that for every x = (xy, ..., x5 ) € F"" we have

Ax=x1| ¢ |*+X2| ¢ [+ +Xn| cp
| | |

and so Ax is a linear combination of the columns of A. Thus, the column space of A is the
span of the columns of A:
Col(A) = Span{cy, ..., cn}

If the columns of A are linearly independent, then they form a basis for the subspace
Col(A). In that case, every vector in Col(A) can be uniquely written as a linear combination
of the columns of A (using unique scalar weights). In other words, every vector y € Col(A)
has a unique vector x € F" such that y = Ax.

We summarize these findings in a lemma:

LEMMA 3.12. LetF be a field and let A be a m x n matrix with entries in F. Then
a) Col(A) is the span of the columns of A.

b) If the columns of A are linearly independent then:

+ The columns of A form a basis for Col(A).
« For every y € Col(A), there is a unique x € F" such that Ax = y.
« Null(A) = {0} (so Ax = 0 has only the trivial solution.)
We omit a formal proof of this lemma since the first two bullet points have essentially

been proven in the discussion immediately before the lemma. The last bullet point is just
a repeat of the already-proven Lemma 3.7.
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3.9.3. Dimension theory: Special case of finite fields

This subsection reaches several staggering conclusions about F" by using simple counting
arguments. The arguments only work when F is a finite field. However, the conclusions
turn out to be true more generally for any field (which is shown in later chapters).

Let F be a finite field with f scalars (where f > 2). Let S be a subspace of F"*. Suppose
we have vectors {vy, ..., v} that form a basis for S. Since the basis vectors span S, for each
s € Swe have

k
(3.18) s=Y a;v;
=1

for some scalars aj, ..., a;. The basis vectors are linearly independent, so the scalar coeffi-
cients (ay, ..., ax) in (3.18) are unique. There are fk tuples (ay, ..., a;) and so

(3.19) S| = f*

The same subspace S can have many different bases. Let {uy, ..., um } be some other
basis for S, where m is some positive integer. We allow the possibility m # k (perhaps this
new basis for S has a different number of vectors than the first basis). Since {1y, ..., un}
form a basis for S, and our field F has exactly f scalars, by the same reasoning used above
we know

(3.20) NED

But S is the same subspace for both equations (3.19) and (3.20), so f k_ f™and k = m.

Conclusion 1: Any two bases for the same subspace of F" must have the same number of
basis vectors.

We can say more. Since S has k basis vectors, we know |S| = f k. On the other hand,
S ¢ F™. We already know " has exactly f" vectors. Thus

(ScF") = (IS|<|F") = (f*<f™)

and we conclude k < n.

Conclusion 2: If S is a subspace of F"*, and if S has a basis, then the number of basis vectors
for S is less than or equal to n.

Similar counting arguments lead to the following theorem.
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THEOREM 3.1. (Wide matrix theorem - Special case of finite field) Let [F be a finite field and let
A be a m x n matrix with entries in this field. If A is a wide matrix (meaning it has more columns
than rows) then it has a nontrivial null space. That is, Null(A) contains a nonzero vector.

For this proof we use the logical equivalence

(p = ¢q) = ((notq) = (not p))
where
« p=(Matrix A is wide)
* q=(Null(A) {0})
* (not p) = (Matrix A is not wide)
- (not g) = (Null(A) = {0})

PROOF. Let|F| = f. Suppose A has size m x n. So it has m rows and n columns.

Suppose Null(A) = {0} (we shall show matrix A is not wide). Since Null(A) = {0}, Lemma
3.7 implies the columns of A are linearly independent. Hence, the n columns of A form a
basis for Col(A) and so

[Col(A)] = f™

On the other hand, the columns of A are vectors in F™ so
Col(A) c F™ = |Col(A)| < |F™|
Since |Col(A)| = f™ and |F™| = f™ we have
frfm

and so n < m. The number of columns is less than or equal to the number of rows, so the
matrix is not wide. O

These counting arguments for finite fields provide good intuition. However, it is im-
portant to emphasize these remaining questions:

+ Does every subspace of F"* have a basis?

+ Do the above results hold for all fields [F (not just for finite fields)?
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3.9.4. The trivial subspace has no basis

Let [F be any field. Define S = {0}, where 0 is the all-zero vector in [F". The set S is called
the trivial subspace of F™. It is the only subspace that does not have a basis. To see why
there is no basis, suppose {vy, ..., v} } is a basis for S (we reach a contradiction). Since all
basis vectors must be in S themselves, but S = {0}, it follows that v; =0 for all i € {1, ..., k}.
This contradicts the fact that a linearly independent collection of vectors cannot contain
the all-zero vector (recall the question about {x, y, 2,0} in Chapter 3.7.3).

The trivial subspace is considered to have dimension 0. Chapter 5 shows that all non-
trivial subspaces of F" have a basis, all bases of the same nontrivial subspace have the
same number of vectors (defined as the dimension of the subspace), and the dimension of
any nontrivial subspace of F" is an integer in the set {1, ..., n}.

3.10. Proving linear independence: A case study

Suppose we are given a collection of vectors {xj, ..., x; } that satisfy certain properties.
We are asked to show the vectors are linearly independent. The first line of the proof is

almost always the same:

(3.21)
Suppose Zile a;x; = 0 for some scalars ay, ..., ap. We want to show a; = 0 for allie {1, ..., k}.

In other words, to prove {x,...,x;} are linearly independent, we must show they
satisfy the definition of linearly independent. The first line (3.21) instantiates a collection
of scalars aj, . . ., a; for which we know Zi-‘:l a;x; = 01is a true equation. These scalars are
held fixed throughout the proof (we are not allowed to choose them or change them).
This sets us up for success. We then use the given properties about our vectors, together
with our equation Zle a;x; = 0, to reach the goal of proving all a; must be zero. Often
this is accomplished just by performing the same operation on both sides of Zle a;x; = 0.
This step-by-step method allows proofs of complicated statements to be done calmly and
confidently, even if we do not have intuition about those statements.

Example problem: Let A be a m x n matrix with entries in some field F. Let { y;, ..., ¥}
be linearly independent vectors in F™. Let {xy, . .., x; } be vectors in F" that satisfy Ax; = y;

forallie {1,...,k}. Prove that {xj, ..., x;} are linearly independent.

Correct proof: Suppose that

k
(3.22) Y a;x;=0
i=1
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for some scalars aj, ..., a;. We want to show a; = 0 for all i. Multiplying both sides of the
equation (3.22) by A gives

k
Z aiAxl- = A0
i=1
Substituting y; = Ax; and A0 = 0 gives
k
.a;y; =0
i=1

which implies a; = 0 for all i (because we are told {y, ..., ¥} are linearly independent). O

Notice that the first line of this proof is the same as the suggested first line in (3.21). Of
course, if we were trying to prove some other vectors {wy, ..., w5} were linearly indepen-
dent, we would need to modify (3.21) appropriately (change x; to w; and change k to 5).
The two conditions given in this example were: (i) {yy, ..., y;} are linearly independent;
(ii) Ax; = y; for all i. Even if we do not have any intuition about these two conditions, our
correct first line, which establishes the equation (3.22), makes it easy to arrive at our goal.
That is because we are given a fact about the vectors y;, and we are also told that Ax; = y,.
The x; vectors in equation (3.22) want to be multiplied by A. We give them what they want
by multiplying both sides of the equation (3.22) by A.

In summary, even though the two conditions in the example seem complicated, it is
impossible not to prove the above result. Unfortunately, students often do the impossible.
Common incorrect proofs are given below (see also Exercises 3.22, 3.23).

1 . k ”
1. Most common incorrect start: “Suppose ¥.;; a;¥; = 0.

[We are not trying to prove that {y,, ..., ¥, } are linearly independent.]

2. Another incorrect proof: Let Zle 0x; = 0. Choose a; = 0. Then Zle a;x; = 0 and all
a; =0, s0 {xy,...,x;} are linearly independent.
[If this proof method worked, it would prove that any collection of vectors are linearly independent,
which is absurd. To prove linear independence, we are not allowed to choose the a; coefficients to be

anything we want.]

3. Another incorrect proof: We know Zi?:l a;¥; = 0. Then a; = 0 since {yy, ..., y;} are
linearly independent. Substitute the definition y; = Ax; to get Zle a;Ax; = 0. Then
A(Zji?:1 a;x;) = 0. Multiply by A~! to get Zi-(:l a;x; = 0. But we already know a; = 0 for all

i, so we are done.

111



[Even if A were invertible, this proof would not work. The firstline “We know Zi-‘zl a;y; = 0”hasnomeaning
because no a; coefficients have been defined. Even if we change the first line to something meaningful
such as “Suppose Zi-‘zl a;y; = 0 for some scalars a;,” then this does not help: Linear independence of
{15 -+» ¥i} immediately implies a; = 0 for all i. So, at best, this is similar to starting off by “assuming” the

trivially true fact Zle 0y; =0.]

4. Another incorrect approach: The student diligently writes the correct first line, which
instantiates scalars ay, ..., a; that satisfy equation (3.22). Then, the student ignores
this equation and redefines the scalars a; as some other values in a scattering of unusual
statements that lead nowhere and/or that recreates one of the above incorrect proof
instances.

5. Another incorrect proof: We know {xi,...,x;} are linearly independent because,
basically, none of the vectors is a linear combination of the others, since we are told
Ax; = y; and also we know {yy, ..., y;} are linearly independent.

[This just restates the given information with no effort to show how that information can be used to
reach a conclusion. On the positive side, the first sentence does indeed state a useful property related to

linear independence.]

The most promising incorrect proof is the last one. Let us reformulate it into a correct
proof. It is true that {x, ..., x; } are linearly dependent if and only if one of the x; vectors is

a linear combination of the others (this is proven in Section 5.1). Let us start with that.

Correct proof that does not use the suggested first line: Suppose {x, ..., x; } are not linearly
independent (we reach a contradiction). Then one of the x; vectors is a linear combination
of the others. Without loss of generality suppose x; is a linear combination of the others
(if this is not true, just reorder the vectors). So

k-1
X = ) 4%
i=1
for some scalars a;. Multiplying this equation by A gives
k-1

Axk = Z aiAxl-
=1
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Since Ax; = y; for all i, the above equation reduces to
k-1
Ye = Z a4;yi
i=1

S0 Yy is a linear combination of {y,..., ¥;_;}, contradicting linear independence of
{y1, - 31}. O
3.10.1. Another perspective

Given vectors {x, ..., X}, we can define S as the set of all (ay, ..., a;) € FX that satisfy

k
Z aixi =0
=1

Clearly S is nonempty because the all-zero vector is in S. The vectors {xi,...,x;} are
linearly independent if and only if 0 is the only element of set S. Thus, to prove {xy, ..., x; }
are linearly independent, the following first lines of the proof are equivalent:

1. “Suppose 25:1 a;x; = 0 for some scalars a;. We want to show a; = 0 for all i.”

2. “Fix a € S. We want to show a = 0.

When we say “Fix a € S,” the understanding is that there is nothing special about the
particular a that has been selected from S. If we can prove that particular a must be the
all-zero vector, then the same proof can be repeated for any other a € S that we could have
considered. If every a € S is the all-zero vector, then S = {0}.

3.11. Example: Establishing linear independence for two or three vectors

This example is similar to Exercises 3.19 and 3.20. Consider the following vectors in R*:

10 2 1
0 33 2
(3.23) W= L y-= oz
-1 5 3
| 2 | | -5 | | 4 |

Claim 1: {w, y} are linearly independent.

PROOF. (approach 1to claim 1) Suppose aw + by = 0 for some scalars a, b € R. We show

a = b = 0. [Observe this is the suggested first line (3.21), appropriately modified with k = 2, x; = w, xo = y.]
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The equation aw + by = 0 can be written in matrix form:

10 2 0
0 33 a ~ 0
1 s |le] |o
_2 —5_ _0_

The matrix on the left-hand-side of the above equation has columns w and y from (3.23).
This is equivalent to the following system of four equations

(3.24) 10a+2b=0
(3.25) 33b=0
(3.26) -a+5b=0
(3.27) 2a-5b=0

Equation (3.25) implies b = 0. Substituting b = 0 into (3.24) gives

10a+0=0 = a=0

and so we have proven a = b = 0. We are done. O
PROOF. (approach 2 to claim 1) Suppose aw + by = 0 for some scalars a, b ¢ R. We show
a=b=0.

+ Case 1: Suppose a = 0. Then by = 0. Since y is not the all-zero vector, we must have
b =0and we are done.

+ Case 2: Suppose a # 0. The equation aw + by = 0 reduces to w = (-b/a) y, that is

10 2
0 33
= (=b/a)
-1 5
- 2 e - _5 e
~—— S~——
w y

Just from the first two rows, we see this means

10 = 2(-b/a)
0 = 33(-b/a)
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The second equation implies —(b/a) = 0, and substituting that into the first equation
gives 10 = 0, a contradiction. So this case 2 cannot occur. The only relevant case is Case
1, and we are done.

Claim 2: The vectors {w, ¥, 2} in (3.23) are linearly independent.

PROOF. (approach 1to claim 2) Suppose aw + by + cz = 0 for some scalars a, b, c. We

want to show a = b = ¢ = 0. The equation aw + by + cz = 0 can be written in matrix form:

[ 10 2 1

0
a
0 33 2 0
(3.28) b |=
-1 5 3 0
c
| 2 -5 4 ] | 0 |

The columns of the matrix on the left-hand-side are the vectors w, y, z from (3.23). We
need some method of proving thata=b=c=0.

The method of Gaussian elimination is developed in the next chapter (Chapter 4). Here
we showcase the method. Readers who are not yet familiar with matrix row reductions of
Gaussian elimination can skip the remainder of this example (they may want to work out
the system of four equations and three unknowns for (3.28) using basic algebra).

Using Gaussian elimination to find all (a, b, ¢) solutions to (3.28) gives

(10 2 1 (10 2 1] [10 2 1 2 1
0 33 2 0 33 2 0 33 2 0 2
15 3] |os2 3| |o o 3 (2)=22 N R
— + _— —

33 33

| 2 5 4] |0 227 -9 [0 0 -19+(2)F o o0 o

There are no free variables so the only solution is the trivial solution (a, b, c) = (0,0,0). O

PROOF. (approach 2 to claim 2) Suppose aw + by + cz = 0 for some scalars a, b, c. We

wanttoshowa=b=c=0.

- Case 1: Suppose ¢ = 0. The equation aw + by + cz = 0 reduces to aw + by = 0. But claim 1
has already shown that {w, y} are linearly independent, so we immediately conclude
a=b=0.So we are done.
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+ Case 2: Suppose ¢ # 0. The equation aw + by + cz = 0 reduces to z = (—a/c)w + (=b/c) y.
Define scalars 0; = —a/c and 0, = —-b/c. We want to find all solutions (61,0,) to 0w +

0,y = z. In matrix form this is

10 2 1
0o 33|l 6| |2
15 |le, | |3

| 2 -5 ] | 4 ]

Using Gaussian elimination to find all solutions 0 € R? to this inhomogeneous equation

AD = z gives
(10 2 1] [10 2|1 ] [10 2 1 1 [[w0] 2| 1 ]
0 33|2 0 33| 2 0 33 2 0 2
— — =
-1 5|3 0 52|31 0 0| 31+(2)3¢ o o | ¥
| 2 5{4] |0 27|/-19| [0 o0|-19+2F | | 0 o0 |22 |

This means 0 = 919/33, a contradiction. So this case 2 cannot occur.

The reader may notice a similarity between the Gaussian elimination used in approach 1
and approach 2 for this problem. The same numbers such as 919/33 appear. O

3.12. Exercises

EXERCISE 3.1.  (Linear combinations in R?) Define the following vectors in R?:

a) Show that Span{x, y} = R2.
b) Show that {x, y} are linearly independent. Hence, {x, y} is a basis for R?.

EXERCISE 3.2. Consider F = R. Show the following three vectors in R® are linearly independent.
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EXERCISE 3.3. Consider F = R. Show the following three vectors in R* are linearly independent.

(1] [3] [ 5]

2 1 -4
X = )y: ,z:

0 8 1

| 0 | | 0 | | 9 |

EXERCISE 3.4. Consider the upper triangular 3 x 3 matrix A given below, with entries in some
field F. Assume thata +0,d # 0, f # 0.

a b c
A=10 d e
00 f
a) Show that the columns of A are linearly independent.
b) Find Null(A).
EXERCISE 3.5. (Computing Null(A)) Using field R:
a) Find Null(A) for ) )
2 4
A=
2 4
b) Find Null(A) for ) )
2 4
A =
1 4

EXERCISE 3.6. (Computing Col(A)) Using field R:

a) Find Col(A) for ) )
2 4
A =
2 4
b) Find Col(A) for ) )
2 4
A =
1 4

EXERCISE 3.7. Consider the following vectors {x, y, z} in R®

10 1 11
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a) Are {x, y, z} linearly independent?
b) Can you find a vector w ¢ Span{x, y,z}?

EXERCISE 3.8.  (Is this a subspace?) Fix F as a field. Let a, b, ¢ denote particular scalars in F.
Are the following subsets of F> subspaces? Prove true, or give a counter-example.

a) S1 = { (o1, %2, %3) € F? 1 x1 = xp}

b) Sy = {(x1, %2, %3) € F3 : axy + bxy + cx3 = 0}

¢) S3 = {(%1, %2, x3) € F3 : xy200 = 0}

d) Sq4 = {(x1,%x9,%3) € F3 :xl2 =0}

e) Ss = { (o1, X2, %3) € F3 127 + 39 = 1}

EXERCISE 3.9. (Subspace or not, depending on [F) Let [F be a field. Consider
S={(x,y,2) eF>: x>+ y* =0}

Explain why S may or may not be a subspace, depending on . [KISS = Keep It Simple and Specific.
Find one specific field for which S is a subspace, then another specific field for which it is not.]

EXERCISE 3.10. Weusea fieldFp = {0,1, ..., p— 1} for some prime p and mod p arithmetic.
Our matrix A has size 2000 x 1000 and has entries in Fp,. We know that Null(A) has exactly
6859 vectors.

a) What is p?

b) How many vectors are in a basis for Null(A)?

c) Are the columns of A linearly independent?

EXERCISE 3.11. WeuseafieldFp = {0,1,..., p—1} for some prime p and mod p arithmetic. Our
matrix A has size 500 x 500 and has entries in [F . We know that Null(A) has exactly 10510100501
vectors.

a) What is p?

b) How many vectors are in a basis for Null(A)?

¢) Is A invertible?

EXERCISE 3.12.  (Multiple choice) We have two sets Sy, So and we want to prove Sy € So. What
is a correct start to the proof?

a) We want to show there exists an x € S1 such that x € S,.

b) Fix x € Sy. We want to show x € Sj.

¢) Fix x € S;. We want to show x € Sy.

d) None of the above.

EXERCISE 3.13. Let A be a m x n matrix with columns cy, ..., ¢n. Show that

Col(A) = Span{cy, ..., cn}
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EXERCISE 3.14. Let A be a m x n matrix with entries in some field.

a) Let A be a m x n matrix that is created by permuting the columns of A. Show that
Col(A) = Col(A). Thus, permuting the columns of a matrix does not change the column space.
Give a specific example.

b) Suppose n > 2 and the last column of A is a linear combination of the previous n — 1
columns. Let B be the m x (n — 1) matrix formed by removing the last column of A. Show that
Col(B) = Col(A). Thus, removing linearly dependent columns does not change the column space.
Give a specific example.

EXERCISE 3.15. Let A be a m x n matrix with entries in some field.

a) Let A be a mxn matrix that is created by permuting the rows of A. Prove Row(A) = Row(A)
and Null(A) = Null(A).

b) Suppose m > 2 and the last row of A is a linear combination of the previous m —1 rows. Let
B be the (m — 1) x n matrix formed by removing the last row of A. Show that Row(B) = Row(A).

¢) For the same matrix B of part (b), show that Null(B) = Null(A). Thus, removing linearly
dependent rows of a matrix does not change its row space or its null space.

EXERCISE 3.16. (Matrices with linearly independent columns) Suppose C and D are matrices
such that the multiplication CD makes sense. Suppose columns of CD are linearly independent.
Prove the columns of D are linearly independent.

EXERCISE 3.17. LetF be a field. Suppose A ~ m x n has linearly independent columns and
B ~ m x m is invertible. Show that the m x n matrix BA has linearly independent columns. That
is, show the equation BAx = 0 has only the trivial solution.

EXERCISE 3.18. Let x, y, z be vectors in R°.
a) Are {0, x, y, z} linearly independent?
b) Are {x,y,2,2x + y — 2} linearly independent?

EXERCISE 3.19.  Consider these vectors u, v, w € R3:

1 0 2
u=|131, v=| 0 |, w=] -1
5 -1 1

a) Are {u, v} linearly independent?
b) Are {u, v, w} linearly independent?
c) Are {u,u+v,u+v+w} linearly independent?

EXERCISE 3.20. Design your own example similar to the examples in Section 3.11:
a) Design an example to show that three vectors {u, v, w} in R* are linearly independent.
b) Design an example to show that three vectors {u, v, w} in R* are linearly dependent.
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EXERCISE 3.21. (Easy conditions for linear dependence) Let {xy, ..., X} be a collection of
vectors in ™.

a) The zero vector is in the collection: Show that if x; = 0 for somei € {1, ..., k} then {xy, ..., x; }
are linearly dependent.

b) Two vectors in the collection are repeated: Show that x; = x; for some distinct indices
i,je{l,...,k} such thati+ j, then {xy, ..., x;} are linearly dependent.

EXERCISE 3.22. (Multiple choice) Suppose we are told that vectors x, ..., Xn have certain prop-
erties. We want to use these properties to show {xy, ..., xn } are linearly independent. Regardless of
these specific properties, what is the logically correct first sentence of our proof? State the correct
choice below. Then, for each incorrect choice, explain why it is incorrect.

a) We want to show 3.1 | a;x; = 0.

b) We want to show Y7, a;x; = 0 for all scalars a;.

c) We want to show Y. | a;x; = 0 for some scalars a;.

d) We want to show that if scalars ay, ..., an satisfy 31! | a;x; = 0, then a; = 0 for all i.

e) We want to show that if a; = 0 for all i, then ¥.I_ a;x; = 0.

EXERCISE 3.23.  (Multiple choice) We want to Show vectors {X1, ..., Xi, 21, «+-» Zmy W1, +oy Wn }
are linearly independent. What is the logically correct first sentence? For each incorrect choice,

write a sentence to explain why it is incorrect.
m
j=1

b) Suppose ay, ..., ay are scalars and Zi?:l a;x; = 0. We want to show a; = 0 for all i.

a) We want to show Zle a;x;+ Y bjzj + Y0 crwr =0.

k+m+n
i=1
d) Suppose ay, ..., ag, b, ..., bm, c1, ..., cn are scalars and ZL a;x;+y

¢) Suppose aj, ..., Ay, m4y are scalars and Y, a;x; = 0. We want to show a; = 0 for all i.

m
]:
We want to show all of the scalars ay, ..., ay, by, ..., bm, c1, ..., Cn are zero.

1 bjz]-+2f:1 crwr = 0.

EXERCISE 3.24. (Null(A) and Col(A) are subspaces) Let A be a matrix of size m x n with
entries in some field [F.

a) Show that Null(A) is a subspace of F™.

b) Show that Col(A) is a subspace of F™.

EXERCISE 3.25. (Proving linear independence) Let [ be a field. Suppose {x, x2, ..., X20 } are
vectors in ™ and { y1, Yo, ..., Yoo } arevectors in F"™ (m and n are given positive integers). Suppose
there are twenty matrices A1, Ay, . .., Agg With the property that for each k, j € {1,...,20} we

have:
0 ifk+#j
Axj = f !
e Hk=j
Suppose y; # 0 for i€ {1,...,20}. Prove that {x;, X2, ..., X20 } are linearly independent.

EXERCISE 3.26. (Linear independence with distinct eigenvalues) Assume A is a square matrix
with entries in some field F. A scalar A € F is an eigenvalue of A if there is a nonzero vector v
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such that Av = Av. The vector v is called an eigenvector. Suppose there are distinct eigenvalues
A1, Ay with eigenvectors vi, vo, S0 A1 # Ap and v; # 0, Av; = A\;v; for i e {1,2}. Show that {vi,v»}
are linearly independent. [Hint: Write the standard first sentence “Suppose a, b are scalars such
that avy + bvy = 0.” Then consider the casesa =0 and a + 0.]

EXERCISE 3.27.  (Linear independence of generalized eigenvectors) Assume A is a square matrix
and v, z are vectors satisfying:?

cv+0.
» There is a scalar \ such that Av = Av.

e Thereis a scalar r # 0 such that Az = Az + rv.

a) Show that v and z are both nonzero vectors in Null((A — AI)?), where I is the identity
matrix of the same size as A. The vector 2 is said to be a generalized eigenvector.

b) Show that {v, z} are linearly independent.

¢) Find such vectors v, z € R? and scalars \,r € R for A =

EXERCISE 3.28.  (Plotting sets) Define

X1 = (1; 2)
X2 = (2; 1)
Y =5xp + (-4)x]

a) Plot the points x;, X2, ¥ in R?.

b) Draw a blob-like set D ¢ R? that contains x1, X but not y. Explain why D is not a subspace.
¢) Explain why Span{x;, x,} = R,

d) Explain why the line through points x;, x, is obtained by ax; + (1 - a)x; for alla € R.

EXERCISE 3.29. Define the following vectors x, y € R?:

a) Show that {x, y} are linearly independent.
b) Express (13,3) € R? as a linear combination of {x, y}.

¢) Express (-1, -1) € R? as a linear combination of {x, y}.

2For the real field under the conditions of Exercise 3.27, it can be shown that matrix A is not diagonalizable,
and the vector-based ODE x'(t) = Ax(t) is solved by both x;(t) = ve and x(t) = ze™ + ctve’ for some
particular ¢ € Rthat is an easy exercise to find. See Chapter 14 for a treatment of ODEs of the type x'(t) = Ax(t).
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EXERCISE 3.30.  Define the following vectors x, y € R?:

a) Show that {x, y} are linearly independent.
b) Express (13,3) € R? as a linear combination of {x, y}.
¢) Express (-1, -1) € R? as a linear combination of {x, y}.

EXERCISE 3.31.  (Purely real basis) Consider the field of complex numbers C. Recall thatie C
and i? = -1, and every z € C has the form z = a + bi for some a, b € R. Consider the vector space

C" = {(x1, -y Xn) : x, €C Vk}

We say that a subspace S ¢ C™ has a purely real basis if we can find a basis for S where all
vectors of the basis are in R™.

a) Find a purely real basis for C2.
b) Do all subspaces of C> have a purely real basis? Prove true, or find a counter-example.
¢) Do all subspaces of C3 have a purely real basis? Prove true, or find a counter-example.

EXERCISE 3.32. (Complex conjugate vectors) Consider the complex field C and let C? be the
vector space of all 2-tuples of complex numbers. Define

4+3i | 4-3i
Z= , &=
2i -2i

Thus, Z is the entrywise complex conjugate of z.

a) Prove that {z, 2z} are linearly independent.

b) Express the purely real vector (8,11) € C? as a linear combination of {z, z}.

¢) Express the purely real vector (-1,3) € C? as a linear combination of {z, z}.
EXERCISE 3.33. (Right-multiplication by an invertible matrix does not change Col(A)) Let

A be a m x n matrix with entries in some field F. Let G be an invertible n x n matrix (so the
multiplication AG makes sense).

a) Prove that Col(A) = Col(AG).

b) What would change if G is not invertible?

EXERCISE 3.34. (Linear independence in R®) Show the following vectors in R® are linearly

122



independent (or prove they are not):

EXERCISE 3.35. (Linear independence in R®) Show the following vectors in R® are linearly
independent (or prove they are not):

10 1 -2
1 1,11 |,] 3
2 2 S

EXERCISE 3.36. (Linear independence in R®) Show the following vectors in R® are linearly

independent (or prove they are not):

EXERCISE 3.37. (Linear independence in [F%) LetFy = {0,1} be the binary field with mod 2
arithmetic. Show the following vectors in [F% are linearly independent (or prove they are not):

1 1 1
11,1 1{,]0
1 0 1

EXERCISE 3.38. (Linear independence in [F%) Let Fy = {0,1} be the binary field with mod 2
arithmetic. Show the following vectors in [Fg are linearly independent (or prove they are not):

1 1 0
11,1 1{,]0
1 0 1

EXERCISE 3.39. (Linear independence in [Fg) LetF3 = {0,1,2} be the trinary field with mod 3
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arithmetic. Show the following vectors in [Fg are linearly independent (or prove they are not):

1 1 2
1(,] 11,10
2 0 1

EXERCISE 3.40. (Linear independence in [F% ) Let F3 = {0,1,2} be the trinary field with mod 3
arithmetic. Show the following vectors in [F% are linearly independent (or prove they are not):

1 1 2
1(,] 21,160
2 2 1

EXERCISE 3.41. (Linear combinations of linearly independent vectors) Suppose {x, y} are
linearly independent vectors in ™.
a) Suppose [ is a field for which -1 # 1. Show that {x + y,x — y} are linearly independent.
b) SupposeF = Fy = {0, 1} with mod 2 arithmetic. Show {x+ y, x— y} arelinearly dependent.

EXERCISE 3.42. (Linear combinations of linearly independent vectors) Suppose {x, y,z} are
linearly independent vectors in F™. Show that {x,x + y,x + y + z} are linearly independent.

EXERCISE 343. (Linear combinations of linearly independent vectors) Suppose {x, y, z} are
linearly independent vectors in R™. Show that {2x,x + 8y, x + y — 2} are linearly independent.

EXERCISE 3.44. (Linear combinations of linearly independent vectors) Suppose {x, y, z} are
linearly independent in R™. Show that {x, 2x + y,3x + y — 2} are linearly independent.

EXERCISE 3.45. (Linear combinations of linearly independent vectors) Suppose {x, y, z} are
linearly independent in R™. Show that {x + 8y,3x + y + 2,x — y — 2z} are linearly independent.
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CHAPTER 4.

Gaussian elimination

Let F be a field. Let A be a m x n matrix with entries in F. Fix b € ™. We want to find all
solutions x € F" to the equation

(4.1) Ax =D

It is possible for there to be no solutions. It is possible for there to be one unique solution.
It is also possible for there to be more than one solution. Let X* denote the (possibly empty)
set of all solutions to (4.1):
X*={xelF": Ax=b}

4.1. Particular solution and all solutions
Note that X* c F™. To find set X*, it is useful to study the closely related equation:

(4.2) Ax=0

where the 0 on the right-hand-side is the all-zero vector in F™. Clearly x = 0 is one particular
solution to (4.2), so the set of all solutions to (4.2) is nonempty. The set of all solutions to
Ax = 0 already has a name, it is Null(A) and is a subspace of F".

Suppose we are fortunate enough to find a particular solution x* ¢ X*. So x* is a
particular vector in F" that satisfies Ax* = b. The next theorem shows we can find all
solutions to Ax = b just by knowing: (i) one particular solution x*; (ii) the set Null(A). We
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show
X" =x" + Null(A)

where the right-hand-side is a sum of the particular solution x* and the set Null(A). What
is the meaning of adding a vector to a set? We define the set x* + Null(A) according to the
Minkowski set sum definition

X"+ Null(A) ={x" +z:zeNull(A)}

In other words, the set x* + Null(A) is formed by taking all vectors in Null(A) and shifting
them by the single vector x*.

THEOREM 4.1. Suppose x* is a particular vector in F" that satisfies Ax* = b. Then a vector
x € F™ satisfies Ax = b if and only if x has the form x = x* + z for some z € Null(A). Equivalently

X" =x" + Null(A)
where X* = {x e F" : Ax = b}.

PROOF. First suppose x is a vector that satisfies Ax = b. We want to show x = x* + z for
some z € Null(A). To this end, define

Z=X-X
With this definition we clearly have x = x* + z. It remains to show that z € Null(A):

(i)A(x—x*)
Q)

Az
Ax - Ax*
©p_p

=0

where (a) substitutes the definition z = x — x*; (b) distributes A across the difference of
two vectors (recall (2.13)); (c) uses Ax = band Ax* = b. Then Az =0, so z € Null(A).
Conversely, suppose x = x* + z for some 2z € Null(A). We want to show Ax = b. We have

Ax @ A(x" +2)
= Ax" + Az

® 4.0

where (a) substitutes x = x* + z; (b) uses Ax* = band Az = 0. Thus, Ax = b. O
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The above theorem guarantees that X* is either the empty set, or has the structure of
a shifted subspace. Such shifted subspaces are called affine sets. Affine sets are described
more generally in Appendix C. See also Exercise 4.3.

4.1.1. Terminology

The equation Ax = 0is called a homogeneous equation because its right-hand-side is 0. When
b # 0, the equation Ax = bis called an inhomogeneous equation because its right-hand-side
is nonzero.

4.1.2. Aline of solutions

Suppose x* and w* are two distinct vectors in the solution set X* = {x € F" : Ax = b}. That
is, both x* and w* are vectors in F", x* # w*, and

Ax*=b , Aw*'=b

Claim: For all 0 € F we have
0x* +(1-0)w" e X~

PROOF. Fix 0 ¢F. Then

A(Bx™ +(1-0)w™) =0Ax™ + (1-0)Aw™

=0b+(1-0)b
=b
where the first equality distributes A according to the rule (2.13). O

In the special case when F = R, by sweeping through all infinitely many 0 € R, the
vectors 0x* + (1 - 0)w” sweep out an infinite line in R™. Every point on this infinite line is
itself a solution to Ax = b. Therefore, if there are at least two distinct solutions x* and w*
to the equation Ax = b, then there must be infinitely many solutions. This motivates the
following lemma.

LEMMA 4.1. SupposeF is a field that has an infinite number of scalars. Let A be a m x n matrix
with entries in F. Fix b € F™. The equation Ax = b either has zero solutions, one solution, or
infinitely many solutions.

PROOF. If Ax = bhas zero solutions or one solution then we are done. Suppose it has
at least two solutions. Let x* and w* be two distinct solutions, so x* # w*. We know that
0x* + (1 - 0)w” is also a solution for all 0 € F. We now show that each of the infinitely
many scalars 0 € [ gives rise to a unique 0x* + (1 - 0)w* vector. Suppose not (we reach a
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contradiction). Then there are two distinct scalars 6; and 6, for which
01" +(1-07)W" =07x" + (1-0)w"

Rearranging this equation gives

(4.3) (01-02)(x" -w") =0

Since the scalars 0; and 0, are distinct, we know 61 — 0, # 0 and the multiplicative inverse
axiom ensures (8; — 0,) ! exists. Multiplying (4.3) by (8; — 6,) ! gives

(x*-w")=0

so x* = w*, which contradicts the assumption x* # w*. O

4.2. Back-substitution

Consider the following situation where solving Ax = b is easy and leads to one and only
one solution:

-+ Aissquare and upper triangular.

« All diagonal entries of A are nonzero.

4.2.1. Examples

1. Consider F = R and

1 3 7 || x 8
0 -1 4| x |=] 8
0 0 2 || xs 1

| 0 — —

A x b

Write this as a system of 3 equations and 3 unknowns

X1 +3x2+7x3=8
—Xo +4x3 =8

2.X321

Start from the bottom and solve up: From the third equation find x3; Substitute the
known numerical value for x3 into the second equation to obtain Xy; Substitute the
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known numerical values of (xy, x3) into the first equation to obtain x;.

X3 = ]./2

8—4x; 8-4(1/2)
= =] = ] =
X1 =8-3xy — 7x3 = 8 - 3(—6) — 7(1/2) = 45/2

X2 -6

Now test the answer to see if we made any mistakes:

1 3 7 45/2 8
0 -1 4 -6 |=| 8 [correct]
0 0 2| 12 1

This method is called back-substitution. [A similar solution method holds when the
matrix A is lower triangular, we also call that back-substitution.] A computer can be
programmed to do it very quickly. We show in the next subsection that it always leads
to one and only one solution.

2. Consider [, = {0,1} with mod 2 arithmetic and

(110 1 ][] [1]
0101||x 0
001 1]|x 1
(000 1 || x| [1)
—_— —  —

A X b

Write this as a system of 4 equations and 4 unknowns

X]+X2+x4=1

X9 +x4=0
X3+x4=1
X4=1

Start from the bottom and solve up:

x4:1
X3=1-x4=1+x4=1+1=0

X0=0-x4=0+x4=0+1=1
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X1=1-%—-x4=1+%+x4=1+1+1=1

Notice that —1 = 1in mod 2 arithmetic, so —x4 is the same as +x4. Addition and subtrac-
tion are the same. Now test the answer to see if we made any mistakes:

(1101 ][1] [1]
01 01 1 0
= [correct]
0 011 0 1
| 000 0 1T 1] [1]

One way to check correctness with a computer is to do the usual matrix multiplication
with integers, then take mod 2 of the output.

Listing 4.1. MATLAB for testing answer
A=[1 10 1;0 10 1;06 0 11;06 0 0 1]

mod (Ax[13;1;0;1],2)

3. Consider F3 = {0, 1,2} with mod 3 arithmetic and

210 2 |[ x 2
010 1|]|x 2
001 1||xs 2
(00 0 2| x| [1]
—_— o~

A x b

Write this as a system of 4 equations and 4 unknowns

21 + X9 +2x4 =2

X9 +X4=2
X3+ X4 =2
Z.X4=1

For the mod 3 arithmetic it is useful to note that
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Start from the bottom and solve up:

x4=2"11=2.1=2
X3=2-x4=2-2=0
X2:2—X4=2—2=0
0 =2"12-x-2x4) =271(2-0-(2)(2)) =2(-2) = -4 =2
By properties of modular arithmetic, we can work with integers at intermediate steps,

then at the end take everything mod 3. The final answer needs x; € {0,1,2}. Now test

the answer to see if we made any mistakes:

210 2 2 2
0101 0 2
= [correct]
0011 0 2
| 00 0 2 f[2] | 1]

Listing 4.2. MATLAB for testing answer

A=[2 1 0 2;0 10 1;0 0 1 1;0 0 0 2]
mod (A*[2;0;0;2],3)

4.2.2. Why it works

The assumption that A is square, upper triangular, and has nonzero scalar entries on the
diagonal ensures that Ax = b has one and only one solution. Further, that solution is easily
obtained by the back-substitution method. To see why, consider the general case A = (a;;)
with size n x n, and b = (b;) with size n, with all entries in .

ain ap a3 v Ap1 i X1 b
0 ax a3 - a1 do X2 by
0 0 asy - dagp1 a3 X3 bs
(4.4) ’ =
0 0 0
0 0 0 - ap-1,n-1 An-1,n Xn-1 bn-1
| 0 0 0o - 0 ann || xn | | bn |

Assume there is some vector x = (xi, ..., X5 ) that solves the matrix equation (4.4). Since the
scalar entries a;; on the diagonal are nonzero, the multiplicative inverse axiom ensures
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1

a;; exists for each i € {1,...,n}. The very last equation is

(4.5) anan = bn — xn = ar_ullbn

so we always start back-substitution with an exactly computed value of x5, being the only
possible value that x; can take.

Now use recursion (counting down from row n to row 1): Assume that when we op-
erate on a row equation i € {1,...,n — 1}, we have already computed numerical values of
Xj,1, Xi10, -y Xn, and these are the only possible values they can take. The equation for

row iis
n
agx;+ Y, a;x;="b;
j=i+l
which means
) n
(4.6) X; = aii bi - E ai]-x]-
j=i+1
known

So x; can be one and only one possible value, being the known value on the right-hand-side
of the above equation. We now know the (only possible) numerical values of x;, x;_ 1, ..., Xn.
Repeat the procedure until we finally compute x;. Done.

Let us neglect any truncation or rounding errors that may occur in the numerical com-
putations. Assume that the above back-substitution method performs exact computation

with infinite precision. The above argument shows that in this situation:
+ The back-substitution method always computes a specific vector x = (xy, ..., X ).

« If a solution to the original problem Ax = b exists, there is only one solution, and that
is the one obtained by back-substitution.

A subtle question remains: Does a solution to Ax = b exist? The second bullet point is
a conditional statement that says if a solution exists, then it must be the one computed
by back-substitution. How do we know that back-substitution is not giving us a phantom
output x that does not really satisfy the Ax = b equation? To appreciate the idea of a
phantom output, the reader is encouraged to do Exercise 4.1 (see also the fourth bullet
after Lemma 7.1 in Chapter 7).

The good news is that, in this situation of a square upper triangular matrix with nonzero
entries on the diagonal, a solution to Ax = b indeed always exists. One way to understand
why is by reverse-engineering equation (4.5): While this equation is intended to discover
the value of the scalar x;, that is already assumed to satisfy annx, = by, we can instead define
Xy = a;,ll by and then affirm that the equation annx;, = by is indeed true under this definition.
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Similarly, equation (4.6), which discovers the value of x; when we assume (xj, ..., xn) solves
(44), can be reverse-engineered to define x; in terms of previously defined x;.1, ..., Xx.
Under this definition of x;, the equation on row i in (4.4) indeed holds.

4.3. Overview of Gaussian elimination

We want a computational method that treats Ax = b for any matrix A (not just square ma-
trices). We want the complete solution set X*. The general Gaussian elimination procedure

does this in two phases:

1. Perform invertible row operations until A is in echelon form. Fortunately, any matrix A

that is not an all-zero matrix can be put into echelon form.

2. Use back-substitution on echelon form matrices to get X*. The method will either tell
us that X* = ¢ (where ¢ denotes the empty set), or will give a particular solution x*
together with a basis for Null(A) (and of course X* = x* + Null(A)).

4.3.1. Dispensing with a trivial case

When describing Gaussian elimination, it is convenient to assume the matrix A is not
all-zero. The all-zero case is trivial and we deal with that now: Define 0%, as the all-zero

matrix of size m x n. Suppose A = Opxp- Then
Omxnx=0 VxeF"
which means the set of all solutions to Ax = bis

¢ ifbz0
F* ifb=0

X" =

That is, if b + 0 then there are no solutions to O;;xnXx = b. If b = 0 then all vectors in the

vector space " are solutions.

4.3.2. The theory of Gaussian elimination

This theorem provides the theoretical foundation.

THEOREM 4.2. Let A be a m x n matrix with entries in some field F. Fix b e F™.

a) Let G be any k x m matrix with entries in F. Then

{xeF":Ax=Db} c {x e F": GAx = Gb}

133



Thus, left-multiplying both sides of the equation Ax = b by a matrix G either maintains the same
solution set, or expands it.

b) If G is a m x m invertible matrix (with entries in [F) then
{xeF":Ax=Db} = {x e F" : GAx = Gb}

Thus, left-multiplying both sides of the equation Ax = b by an invertible matrix G does not
change the solution set.

PROOF. To prove (a), suppose x is a vector that satisfies
Ax =D
Multiplying both sides of the above equation by G gives
GAx = Gb

and this completes the proof of part (a).
To prove (b), we already know {x € F" : Ax = b} ¢ {x € F" : GAx = Gb}. It suffices to
prove the reverse inclusion. Let x be a vector that satisfies

GAx = Gb

Multiplying both sides by G! gives

Thus
IAx =1Ib

ButIA=Aand Ib=bandso Ax =b. O

Gaussian elimination seeks to solve the equation Ax = b. It first performs row reductions
that are equivalent to left-multiplying the equation by a sequence of invertible matrices
Gy, Gy, ..., Gy, where k is some positive integer number of steps:

« First step: GiAx = Gib.  [The solution set does not change]
+ Second step: GoG1Ax = GoG1b.  [The solution set does not change]

« Third step: G3GoG1Ax = G3GpG1b.  [The solution set does not change]
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and so on. At the end we have:

Gkafl"'Gl Ax = Gka71~--G1 b
———— ———
G G

where k is the total number of steps. The product of the invertible G; matrices used at
each step is again an invertible matrix, call it G:
G = GrGy_1 G
Thus, we know
X" ={x:Ax="b} = {x: GAx = Gb}

The desired solution set X* is preserved by this sequence of left-multiplications. What
invertible G; matrices should be used at each step? The Gaussian elimination technique
uses G; matrices that are designed to turn any m x n matrix A that is not an all-zero matrix
into a m x n matrix R with a particular structure called echelon form:

GA =G.Gy_;GlA =R
Then
X" ={x:Ax=b}={x:GAx =Gb} = {x : Rx = Gb}

and the echelon form of R makes solving Rx = c easy for any vector c (including the vector
¢ = Gb). The next section defines echelon form and shows why solving Rx = c is easy.

4.4. Echelon form

We describe a matrix in echelon form. The matrix is assumed to have entries in some

field F, and not all entries are zero.

4.4.1. Basic echelon form

A m x n matrix R that is not an all-zero matrix is in echelon form, also called basic echelon

form, if

+ There is an integer r € {1, ..., m}, called the rank of R, such that the first r rows of R are
not all-zero rows, while the remaining m — r rows (if any) are all-zero rows.

+ The first nonzero entry on each row i € {1, ..., r} is called a pivot.

« Foreachie {2,...,r}, the pivot on row i is in a column that is at least one column to
the right of the pivot on row i — 1.
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If R is a square matrix in echelon form, then it must be upper triangular. For general
(possibly nonsquare) matrices R, columns without pivots are called free variable columns.
When solving Rx = c¢ for a vector x = (xy, ..., Xn), an entry x; is called a free variable if i is
the index number of a free variable column. If R has rank r, then there are r pivots and
n — r free variables. We use notation rank(R) to denote the rank of matrix R:

rank(R) = r = number of pivots

n —r = number of free variables

Echelon form makes solving Rx = ¢ easy via back-substitution. Examples:

1. Using field R:

3

0
0

(4.7) R-=

ooo!

S o o =

o o o o
o o o =
(=

There are two pivots (they are boxed). We have r = rank(R) = 2 and the number of free
variables is 6 — 2 = 4. Free variables occur in columns 1, 3, 5, 6. We say the free variables

are xi, X3, Xs, Xg. Now let us solve Rx = ¢ for a general c ¢ R*:

x1
(02l 1 3 13||lm| [a]
R200001 x3 | | e
000 0 00 /|| x e
(000 0 0 00 [|x5 | | cq]
| X6 ]

This matrix equation is equivalent to the following system of 4 equations:

(4.8) 2X9 + X3 + 3X4 + X5 + 3Xg = (1
(4.9) —8X4 +Xg = C
(4.10) 0=c
(4.11) 0=cy
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If c3 + 0 or ¢4 # 0, it is clear that there is no solution, so X* = ¢. We shall show that
(X*=¢) < (c3#00rcy4 #0)

Assume c3 = ¢4 = 0. Starting with equation (4.9), we solve for x4 in terms of the free

variables x; for i > 4:
€2 — X6
= 22 (1/8)cp + (1/8)xg

Then by back-substitution into (4.8)

_ €1 — X3 —3x4 — X5 — 3X¢g
2
_ c—x3 = 3((=1/8)ca + (1/8)x) — x5 — 3%
2
(1/2)c + (3/16)cp + (=1/2)x3 + (~1/2)x5 + (-27/16) X6

So a general solution can be written in terms of the free variables xj, x3, X5, X4:

_ . - _ * -
X2 (1/2)61 + (3/16)62 + (—1/2)963 + (—1/2)965 + (—27/16)x6
X3 X3
X4 (-1/8)ca + (1/8)x6
X5 X5
| X6 | | X6 i
[ 0 1 2] [ o] [ o] [ o ]
(1/2)c1 + (3/16)cy 0 -1/2 -1/2 -27/16
0 0 1 0 0
= +X1 +X3 +Xs5 +Xg
(-1/8)cy 0 0 0 1/8
0 0 0 1 0
i 0 ] o] [ o] [ o] | 1 |
N—— ——— —_——— ———
x* 21 22 z3 24

The above equation expresses every possible solution x to the equation Rx = ¢ in
terms of the 4 free variables X1, x3, x5, X¢. These variables can be chosen as any desired
real numbers and the resulting vector x still solves Rx = c¢. The simplest solution is
obtained by choosing all free variables to be 0, so x; = x3 = x5 = X = 0. Then the
above expression for x reduces to x = x*. So x* is a particular solution to Rx = c. Also,
the only way for x* + x1271 + X322 + X523 + X254 to also be a solution, for all possible
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X1, X3, X5, X6 € R, isif
Rz;=0 Vie{1,2,3,4}

This is formally proven in Exercise 4.12 (Hint: To prove Rz; = 0, just choose x; = 1 and
X3 = x5 = Xg = 0.) Thus, z; € Null(R) for all i € {1, 2, 3,4}.

Overall, we have obtained a particular solution x* and a basis for the null space {21, 22, 23, 24}
(these can be shown to be linearly independent, see Exercise 4.12). So Null(R) =
Span{z, 22, 23, 24} and

x* + Span{zy, 20,23,24} ifc3=c4=0
¢ else

X"={x:Rx=c}=

In general, this procedure always leads to linearly independent vectors that are a basis
for the null space. The number of vectors in a basis for the null space is always the
number of free variables n —r.

To ensure there are no mistakes, we need to test that Rz; = 0 for all i € {1, 2, 3, 4}:

Rz1 =Rzy =Rz3=Rz4 =0 [correct]

We also need to test the particular solution to verify Rx* = (¢, ¢2,0,0).

2. Using [, = {0, 1} with mod 2 arithmetic:

[ [1]

o o [~] -
o [r] » o
S = OO =

(=

0
0
. O -
There are 3 pivots. The rank is r = 3. The number of free variablesis 5 -3 = 2:

Free variables: xp,xs

Let us solve Rx = ¢ for a general ¢ € {0,1}*:

- - X — -
1] 11 o0 1 ' c
X
R 0 01 1 0 2 o
= x =
0 0 0 [1] 1 ’ c3
X4
| 00 0 0 0] | o |
_xs_
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This is equivalent to the system of equations

(4.12) X]+Xp +X3+X5 =01
(4.13) X3+ X4 =Cy
(4.14) X4+ X5 =C3

Clearly there is no solution if ¢4 = 1. It turns out that there is no solution if and only if
¢4 =1, as we now show. Assuming ¢4 = 0, we start with (4.14) to obtain x4 in terms of
the free variable x5 (using mod 2 arithmetic where -1 = 1):

X4 =C3 —X5=C3+ X5

We then perform back-substitution, starting with equation (4.13), to solve for x3 and x;
in terms of the free variables x», xs5:

X3=Cp—X4=Cp+X4=0Cp+(c3+Xs5)
X1=0—-X2—-X3-X5

=C +X2 +X3+ X5

=c1+xp+ (co+(c3+x35)) + x5

=C+C+C3+X2

which uses x5 + x5 = (1+ 1)x5 = 0, since 2 = 0 in the binary field. Thus

X1 C1+C+C3+X9

X2 X2

X3 | = Co +C3 + X5

X4 C3 + X5

L x5 g L X5 §
—C1+C2+63- —1- —0‘
0 1 0
= Cy +C3 +X2| 0 |+X5] 1

C3 0 1
0 0 1
x* 21 22
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We have obtained a particular solution x* and a basis {21, 25 } for Null(R). Thus

x* +Span{z1,20} ifcy=0

X*"={x:Rx=c}=
(I) ifC4=1

We should test this solution to see if we made any mistakes:
Rz =Rzp =0 [correct]

Rx™ = (c1,¢9,¢3,0) [correct]

dimension of Null(R) = number of free variables [correct]

4.4.2. Row reduced echelon form

We say a m x n matrix R is in row reduced echelon form if it is in basic echelon form and

+ All pivot entries are 1.

+ All columns with pivots are zeros in every row, except for the pivot row.

All nonzero m x n matrices can be turned into a row reduced echelon form matrix by a se-
quence of elementary row operations, each operation corresponding to left-multiplication
by an invertible matrix. (The procedure is described in the next section.) Once we reach
basic echelon form we can stop and perform back-substitution. Or, we can keep going to
row reduced echelon form, which takes more steps but simplifies the back-substitution.

An example of row reduced echelon form is (using field R):

1] 2 0o o -8
R:0003
0 0 0 [1] 5
[ 00 0 0 0 |

The pivots are boxed. We have rank(R) = r = 3. There are 5 — 3 = 2 free variables. The free
variables are
free variables: x and x5
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Consider solving Rx = c:

- 11 X1 - 5
1 200 -8 a
X2
0010 3 Co
X3 | =
0001 5 c3
X4
0000 O Ca
L | xs | 4
R

This is equivalent to the system of equations

X1 +2X2 —8X5 =C
X3+ 3X5 =Co
X4 + 9X5 = C3

0= Cq
The solution set X* = ¢ if and only if ¢4 # 0. Assuming ¢4 = 0, we obtain

X1 = €1 — 2x9 + 8X;5

X = X2
X3 = €9 — 3X5
X4 = C3 — OX5
X5 = X5
So the set of all solutions is
X1 C1 -2 8
X9 0 1 0
X4 C3 0 -5
X5 0 0 1
—— N—— ——
x* 21 2

for all possible choices of the free variables xy, x5 € R. A particular solution is x*. This has
a simple form where the particular solution x* is a vector that has either 0 entries, or c;
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entries for some c; of the ¢ vector. A basis for Null(R) is {21, 22 }. We can test this
Rz1 =Rzy =0 [correct]

Rx™ = (c1,¢9,¢3,0) [correct]

4.5. Elementary row operations

Consider the equation Ax = b, where A is a m x n matrix with entries in some field F and
b e F™. Assume A is not an all-zero matrix. Define the solution set

X" ={x:Ax="b}

We use three types of row operations, each one related to left-multiplication by a certain
type of invertible matrix G. All examples are illustrated for the special case equation

o
ail ap a3 a4 . b1
(4.16) ar apy a3 axq xz =| b
asy agp dasz az4 XS b3
4
A SN—— b
X

It shall be convenient to write matrix equations of the type (4.16) in the following augmented
matrix form:

an app a3z a4 | h
(4.17) aspl axy a3 dx | by

az1 azy azz dzs | bs

The entire matrix equation (4.16) is understood to be represented by the above augmented
matrix (we have removed the vector x = (X7, X», x3, X4 ); we have also removed the equality
symbol “=”). The dividing line in (4.17) makes it clear which parts of the augmented
matrix correspond to the matrix A and which correspond to b. This is a mere notational
convenience: It is easy to go back and forth between the matrix equation (4.16) and its
augmented matrix form (4.17).

The matrix equation (4.16), and its augmented form (4.17), are equivalent to the fol-
lowing system of 3 equations and 4 unknowns:

(4.18) aj1Xy +appXo + aAi13x3 + djgXs = bl
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(4.19) a91X] + A99Xo + A93X3 + A94X4 = b

(4.20) as1Xy +agzpXo + A3z3X3 + A3z4X4 = b3
The solution set X* for the equation (4.16) is the same as for the system (4.18)-(4.20).

4.5.1. Typelrow operation: permuting a row

The solution set to the system of equations (4.18)-(4.20) is unchanged if the order of
equations 1 and 3 is swapped:

(4.2].) as31X1 +dzpXo +Aa3z3X3 + A3z4X4 = bg
(4.22) a91X1 + d92X9 + A923X3 + A24X4 = b2
(4.23) anXy +appXo +a13xX3 + d14X4 = bl

Swapping rows is an invertible row operation because it does not lose any information;
we can always swap those same rows back to obtain the original system. For example,
system (4.18)-(4.20) can be recovered from system (4.21)-(4.23) by swapping the ordering
of equations (4.21) and (4.23).

A general Ax = b equation is equivalent to a system of m equations and n unknowns.
The solution to the system of equations is unchanged if the order of two equations is
swapped. Swapping two equations corresponds to swapping two rows in the augmented
matrix. For example, swapping rows 1 and 3 in (4.17) gives

aip aip a3 a4 | b az1 azy azz dazs | b3
a1 Ay apz dps | by || ax; ax axz aps | by

az1 azy azz azs | b3 ap ap a3z a4 | h

This procedure of swapping rows in the augmented matrix is called a type I invertible row
operation, also called a type 1 elementary row operation. The same result can be obtained by
left-multiplying the original augmented matrix by a m x m permutation matrix, which is a
3 x 3 permutation matrix P for this example:

0 0 1 || an a2 a3 ans | b ag) azy dasz as4 | bs

0 1 0 || an ax a3 ax|by |=| a1 ax a3 axn|b

1 0 0 || as; azgx azs aszs|bs an ap a3 ay | b
P

In general, the permutation matrix needed to swap rows i and j in a m x n matrix is the
m x m matrix P formed by swapping rows i and j of the m x m identity matrix I. Left-
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multiplying any matrix with m rows by this matrix P swaps rows i and j of that matrix.
Since P itself is a matrix with m rows, left-multiplying P with itself swaps those rows back
to give the identity matrix:

P>=PP=1

It follows that matrix P is invertible, and its inverse is P:
pl-p

Summary: Swapping two rows i and j is the first type of elementary row operation. It
does not change the solution set. Swapping rows can be accomplished in the augmented
matrix by left-multiplying by an invertible permutation matrix P. The matrix P is formed
by swapping rows i and j of the identity matrix I.

4.5.2. Type 2 row operation: Multiplying a row by a scalar 0 # 0

The second type of elementary row operation chooses any desired scalar 6 # 0 and
multiplies any desired row of the augmented matrix by 6. For example, we can multiply
row 2 by 0 in our example system:

ain a2 a3 a4 | by an  app a3 a4 | b
(4.24) az1 axp a3 Az | by || Gax Oaxy Oazz Oay | 6o
az1 azy azz azs | bs azg dazgx azz a4z | b3

This is an invertible row operation because it does not lose any information: Since the
scalar 0 is nonzero, the multiplicative inverse axiom ensures 07! exists. Thus, we can
undo what we have done simply by multiplying row 2 of the matrix on the right-hand-side
of (4.24) by 071, It is important that 0 # 0, else the operation in (4.24) would wipe out all
information on row 2 of the original augmented matrix! Multiplying row 2 by the scalar 0
would be a noninvertible row operation, and is not allowed.

Assuming 6 # 0, the solution set for the new augmented matrix has not changed.
Indeed, the new augmented matrix (on the right-hand-side of (4.24)) can be translated
into its corresponding system of equations

an Xy + ajpXp + a3x3 + ajaxy = by
96121961 + eazzxz + 9&23363 + 6a24x4 = 9b2

az1X) + azpXy + 33Xz + azsxs = ba

The only difference between this new system of equations and (4.18)-(4.20) is that the
second equation has been multiplied by the nonzero scalar 0. It is clear that the solution
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set is not changed.

The elementary row operation of multiplying a given row i € {1, ..., m} of the aug-
mented matrix by a nonzero scalar 0 can be accomplished by left-multiplying the aug-
mented matrix by a square matrix G that is formed from the m x m identity matrix I by
multiplying row i of I by 6:

1 00 ain a2 a3z a4 | b anp  app a3 as | b
0 0 0 (] as1 axp apz aps | by [=] Oapy Oazy Oaps Oapy | 0Dy
0 01 az1 azy azz azs | bs az1 dazgx azz  azs | b3
| S —
G

Since 0 # 0, the G matrix is invertible: Its inverse is formed by taking the identity matrix I
and multiplying that same row by 671

1 00 1 0 0 100
006 0 0o 0 o|=[{0 1 0
0 0 1 0 0 1 0 0 1
G G1 I
1 0 0 100 1 00
0 06! 0 00 0f=[lo01o0
0 0 1 0 0 1 0 0 1
G-1 G I

Summary: Multiplying a row by a nonzero scalar 0 is the second type of elementary
row operation. It does not change the solution set. This operation can be accomplished
on the augmented matrix by left-multiplying by an invertible matrix G. The matrix G is
formed by multiplying that same row of the identity matrix I by 6.

4.5.3. Type 3 row operation: 0(row i) + (row j) - (row j)

The third type of elementary row operation takes any desired scalar 0 and any two distinct
rows i and j of the augmented matrix. Then, it replaces row j with

O(row i) + (row j)
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For example, taking row i = 1 and j = 2 gives

aip aip a3 as | b
a; ay a3 a4 | by

az1 azy azz azs | bs

ain a2 a3 a4 by
(4.25) = | (Ban; +ag1) (Bapp+az) (Oajz+axs) (Oais+an) | (b +Dby)
asi azp ass az4 b3

This is an invertible row operation because it does not lose any information: If we are
given the augmented matrix on the right-hand-side of (4.25), we can recover the original
augmented matrix by multiplying row 1 of the new augmented matrix by -0 and adding it
into row 2 of the new augmented matrix. If 0 = 0 this is still an invertible row operation,
but in that case the new row is the same as the old.

This operation can be accomplished by left-multiplying the original augmented matrix
by an invertible matrix G. That G is formed by performing the same desired row operation
on I (multiply row i of I by 6 and add into row j of I).

1 0 0 (]| an a2 a;3 ay| b
0 1 0 ([ an axx az3 apg | b

0 0 1 ([ as azx azz azq | b3

—
G

ail a2

=| (0a11 +az) (Oarz +ax2) (Oaiz+azs) (0ais+a)

asy asz

Such a matrix G is invertible: Its inverse G~! is the same as G with the exception that the

entry with 0 is replaced by -6.

a3

ass

1 00 1 00
0 10 -0 10
0 01 0 01

G G-1

146

ai4

asq

1 00
010
0 01

(6b1 + bz)



1 00 1 00 1 00

-0 10 6 1 0=]0 10
0 01 0 01 0 01
G! G

Summary: A type 3 elementary row operation multiplies some row i by a scalar 6 and
adds the result into some other row j. This is an invertible row operation. It does not
change the solution set. This operation can be accomplished on the augmented matrix by
left-multiplying by an invertible matrix G. The matrix G is formed by multiplying row i of
the identity matrix by 6 and adding the result into row j of the identity matrix.

4.6. How an A becomes an R

Start with a matrix A that is not all-zero. Then

+ Find a row that has a left-most nonzero entry (breaking ties arbitrarily). Row swap that
into row 1. Its nonzero entry becomes the first pivot. Let p; be the entry value of that
pivot (we know p; # 0).

- Using type 3 operations, turn all entries below the first pivot into zero. To do this, if
there is another row with an entry « # 0 in the same column of that first pivot, multiply
row 1 by — p;lcx and add it into that other row ( pfl exists since p; # 0). This turns «
into 0.

+ Once the column for pivot 1 is taken care of, we are done with row 1. Repeat the
procedure on the remaining nonzero rows of the matrix. In principle, we can strip
away all columns on or to the left of that first pivot column, also strip away the entire
first row, then treat the remaining (smaller) matrix according to the first step above.
Keep going until we reach echelon form.

4.7. Examples

1. Consider field R.

X1
0 3 -3 2 1
X2
11 1 1 =1 2
X3
2 9 0 2 3
[ X4
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Form the augmented matrix and perform elementary row operations. The first step is
to swap rows 1 and 2:

03 32/1] [11 1 1]2
11 1 1/2]-]0 3 =3 21| [ow (2)(row 1)+(row 3)~ (row3)]
29 0 23| [29 0 2|3
(11 1 1|2
=103 -3 2|1 [now multiply row 2 by 1/3]
07 2 0|1

11 1 1| 2

=10 1 -1 2/3 1/3 [now (-7)(row2) + (row 3) — (row 3)]
| 07 -2 0 |-1
[ 1 1 1 2

-1 0 -1 2/3 | 1/3
0 0 ~14/3 | -10/3

This is in basic echelon form so we can stop here. There are r = 3 pivots. There is one
free variable: x4. The final augmented matrix is equivalent to

X1 +Xo+X3+X4 =2
X9 —x3+(2/3)x4 =1/3
5x3 + (-14/3)x4 = -10/3

Therefore

x3 =—-10/15 + (14/15)x4
X9 =1/3+x3-(2/3)x4
=1/3 + (~10/15 + (14/15)x4) — (2/3)x4
= —1/3 + (4/15)x4
X]=2—Xp—X3—X4
=2 - (=1/3+ (4/15)x4) - (-10/15 + (14/15)x4) — x4
=3+ (-11/5)x4
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So

So

We can verify that, indeed, Az = 0 and Ax™ = (1,2, 3).

2. Consider field [, = {0,1} with mod 2 arithmetic.

X1 3 [ _11/5 ]
X2 —1/3 4/15
= +X4
X3 -10/15 14/15
| X4 j | 0 ] | 1 ]
x* z
X" =x" + Span{z}
X1
01101 X 1
11011 x3 [=]1
01100 X4 1
X5

Notethat1+1=0and -1=1.

0110 1|1
110111
011001

o O -

The first step is to swap rows 1 and 2:
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[now add row 2 into row 3]

[this is basic echelon form, but let us continue]

[now add row 2 into row 1]

[now add row 3 into row 2]

[this is row reduced echelon form]



The rank is r = 3. There are 2 free variables: x3, x4. We have

X1+X3+%4=0 = X1 =%3+X4
Xp+X3=1 = Xp=1+x3

X5=0 = x5=0

X1 0 1 1

X2 1 1 0

x3 [=] 0 [+Xx3| 1 [+Xx4] O

X4 0 0 1

Xs 0 0 0
— ~— ~——

x* 21 22

So x* is a particular solution and Null(A) = Span{zi, 2> }.

X" =x" +Span{z,z0}

Verify:
Az =Az =0 [correct]

Ax* =(1,1,1) [correct]

Policy of thumb: To convert to row reduced echelon form, it is typically most efficient
to first convert to echelon form (changing only rows underneath a given row, starting
from the top); then work towards row reduced echelon form by clearing the nonzero
entries above the pivots starting from the bottom row and working up. Once echelon
form is reached, the remaining steps that start from the bottom are easier because
those bottom rows have more zeros. Also, creating zeros above them makes the future
upward-working steps easier. This is often how computer implementations of Gaussian
elimination work. The procedure illustrated above breaks this policy in its “but let us
continue” step by adding row 2 into row 1, rather than starting from the bottom and
adding row 3 into row 2. In this case it works well since it accidentally creates two
needed zeros on row 1, instead of one. Despite this savings, perhaps it would have
been better pedagogical form if the example were carried out in a way that did not
break the policy we are now suggesting. However, it illustrates there are multiple valid
ways to perform row reductions, some ways having more steps than others.
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3. Consider F3 = {0,1,2} with mod 3 arithmetic.

]
2. 20 2 0
b9)
0120 =1
X3
1 010 2
| X4
Note that
27l=2 -2=1 -1=2, 2+1=0, -4=2

The first step is to add row 1 into row 3:

2 20 20
01 2 0]1
1 01 0|2

o

N
(«]

o
—
N
—

o
o
N

0

ooH
o [~] ©

2
2
0

The rank is r = 3. There is 1 free variable:

[now add row 2 into row 3]

[this is basic echelon form, but let us continue]

[now 2(row3) +(rowl)— (row 1)]

[now add row 2 into row 1]

X3.

2x1 +2x3=1 — x1:2_1(1—ZX3):2(1—2x3):2—4x3:2+2x3

Xo+2x3=1 = Xp=1-2x3=1+x3

2x4:0 - X4=0
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X1 2 2
X2 1 1
= +X3
X3 0 1
| X4 | | 0 ] | 0 ]

x* z

So x* is a particular solution, Null(A) = Span{z}, and
X" =x" + Span{z}

We can verify the solution:
Az =0 [correct]

Ax* =(0,1,2) [correct]

4.8. Computing A~}

The following Gauss-Jordan method computes the inverse of a square and invertible matrix
A by Gaussian elimination. It can be shown that if A and B are square matrices that satisfy
either AB = I or BA = I, then both A and B are invertible (and they are inverses of each
other). This is formally proven in the next chapter. For now, let us use the result.
Suppose A is square and invertible, but we do not know its inverse. We want to find a
square matrix B such that
BA=1

We can simply row-reduce A to the identity matrix using Gaussian elimination steps:
Gy Gy_1G1A=1
—_———
B
So
Al =B=G1G1Gy

A useful technique for keeping track of the multiplication of the elementary matrices G;
is to append the identity matrix to A, then do row reductions:

B[ A I]=—££ BI]

[ 1]-| 20

152



Examples:

1. Infield F = R, find A~! for

1 3 4

A=[0 2 2

1 0 3

Form an augmented matrix [A | I] and do row reductions (the first step uses row 1 to

modify row 3):

1 3 4/1 00

02 2/010

So

1 0 3|0 01

-1/2 3/4 1/2

12 3/4  1)2

1 00
0O 1 0 [now multiply row 2 by 2_1]
-1 01
1 0 0
0 1/2 0 [now use row 2 to modify row 3]
-1 0 1
1 0 0
0 1/2 0 [now multiply row 3 by 271]
-1 3/2 1
1 0 0
0 1/2 0 [now use row 3 to modify rows 1,2]
-1/2 3/4 1/2
3 -3 -2
1/2 -1/4 -1/2 [now use row 2 to modify row 1]
-1/2 3/4 1/2

3/2 -9/4 -1/2
12 -1/4 -1/2

3/2 -9/4 -1)2
12 -1/4 -1/2
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We can verify the answer:

3/2
1/2
~1/2

S N W

~9/4

~1/4
3/4

4
2
3

2. Infield F» = {0,1}, find A~! for

-1/2
-1/2
1/2

3/2
1/2

~1/2

—_ O M

~9/4
~1/4
3/4

S = O =
[S—

o O

S N W

-1/2
-1/2
1/2

= o o O

Do row reductions on [A | I] (the first step uses row 1 to modify row 3):

(= =

(=R = =)

(=2 = =)

= o O O

S o O = S O O =

S O O =

o o = O

o O = O

—_= o

o O

_ O O O
(=

S = O O

N R -

S = O O
= o O =

154

S B O

_ o O =

(= =)

o (= e =)

oS O

o — o O O (=2 = =)

=

o = O O = o O o

o = O O

[now swap rows 3 and 4]

[now use row 4 to modify row 2]

[now use row 4 to modify row 1]



(1 00 0/00 1 0]
0100[1110
—
0010[(000 1
1000 1(1 010
So i )
0010
a1t
000 1
101 0
We can Verify correctness:
(oo 10][1001] [100 0]
1110]|lo101 0100
000 1]|l1000 0010
10100010 [000 1)
A I

4.8.1. Whatif A is not invertible?

What happens if we use Gauss-Jordan on a square matrix that is not invertible? That is
fine. Gauss-Jordan is a good way to determine whether or not a matrix is invertible. Matrix
A is invertible if and only if it can be row-reduced to the identity (so there is a pivot on
each row and column, with no free variables). If free variables appear then Null(A) # {0}
and hence A is not invertible. [The row operations needed to carry out Gauss-Jordan are
the same as those for solving Ax = 0.]

The reader can use Gauss-Jordan to try finding A~! on the following noninvertible
matrix A with entries in F5 = {0, 1, 2, 3,4} with mod 5 arithmetic:

4 4 1
A=|1 2 3
01 4
In this case, the reader can “early-terminate” the procedure when row operations produce
a row where the first three entries are all zero. The reader can then declare that A is not

invertible. To officially do this, just go to a local coffee shop and proclaim to at least one
barista: “A IS NOT INVERTIBLE.”
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4.8.2. A note on approximation error

When working with the fields F = R or F = C, there is typically approximation error when
solving Ax = b or when inverting a square and invertible matrix A. For example, consider
the following matrices A;, A, and their inverses (recall Lemma 2.9):

1 1.001 . 1 -1.001
Ay = — A7' =-1000

11 101

1 0999 , 1 -0999
Ay = — A5 =1000

11 11

The slight perturbation between matrices A1, A, produces a huge difference between Ay
and A, (the first entry of A7! is ~1000 while the first entry of A, is 1000). This type of
numerical instability is something to watch out for. If A} was formed from measured data,
we should be skeptical about whether or not it is really invertible: Perhaps the 1.001 entry
is only due to measurement noise!

Numerical instability does not occur when working with finite fields. For example,
suppose we work with Fp, = {0,1,..., p - 1} for p prime, say, p = 2 or p = 5 or p = 103.
Then all entries of an invertible matrix A are in the set {0, 1, ..., p — 1}, as are all entries of
A7L. Finite fields are ideal for finding clear and exact inverse matrices (when they exist)
and for getting clear and exact solutions to Ax = b (when solutions exist). The concept of
approximately equal to does not exist for finite fields.

4.9. Bases for the fundamental subspaces of A

Let A be a nonzero m x n matrix. The Gaussian elimination steps to solve Ax = 0 give us r
pivots and n — r free variables (for some integer r). Since the number of pivots is less than
or equal to the number of rows, and is also less than or equal to the number of columns,
the value r must satisfy

re{0,1,...,min{m,n}}

If there are no free variables then Null(A) = {0}. If there are free variables then we get a
basis for Null(A). This section shows that with no extra work we also get a basis for Col(A)
and for Row(A) (where Row(A) = Col(A")). That is, from just one Gaussian elimination
procedure that row-reduces A to echelon form, we get bases for three out of the four
fundamental subspaces of matrix A! (The remaining subspace Null(A") can be found by
performing Gaussian elimination on A'.)

We first make precise claims, then we demonstrate with an example, then we explain
why it works. Suppose we row reduce A to an echelon form matrix R, where each step
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corresponds to left-multiplication by some elementary matrix G;:
A > eee —> R

Gp~GiA=R

Suppose there are r pivot rows (these are the first r rows; they are nonzero and the rows
underneath them are all zero). We already know how to find Null(A) from R, and we know
the dimension of Null(A) is n - r (the number of free variables).

Claim:

« The first r rows of R form a basis for Row(A). [Formally, since Row(A) = Col(A"), we
should take the transpose of these r row vectors to turn them into r column vectors.]

+ There are r pivot columns of R. While the columns of R in these pivot columns are
not necessarily in Col(A), the corresponding r columns of the original matrix A form a
basis for Col(A). That is, the pivot columns of R reveal the secret locations of columns
in A that form a basis for Col(A).

49.1. Example

Consider F = R and

1230 7
0113 2
2020 5

A:

213 4 6
0000 -1
|13 43 9 |

Let us use Gaussian elimination to find solutions to Ax = 0. We shall stop early to declare
bases for Row(A) and Col(A). We formally augment the matrix A with 0 because we are
solving Ax = 0. We shall soon see this augmentation is not needed because that final zero
column will never change. The first step uses row 1 to modify rows 3, 4, and 6:

(1230 700 [1 2 3 0 7]0]
0113 210 0 1 1 3 210
2 0 2 0 5|0 0 -4 -4 0 -90
— [now use row 2 to modify rows 3,4,6]
21 3 4 6|0 0 -3 -3 4 -8|0
0 00 0 -1/0 0 O 0 0 -1]0
| 1 343 9]0 | | 0 1 1 3 210 ]

157



1230 710
0113 210
R 00012 -1)0 [now use row 3 to modify row 4]
000 13 -2/0
000 0 -1/0
000 0 0|0 ]
(1230 7 |0]
011 3 2 |0
R 000122 -1 |0 [now use row 4 to modify row 5]
000 0 -11/12|0
000 0 -1 |0
(000 0 0 0]
[[1] 2 3 o 7 0|
0 1 3 2 0
0 0 0 -1 0
1o 00 o -11/12] ] 0
0 0 0 0 0 0
| 0 0 0 © 0 0 ]

R

We now have echelon form. We could do back-substitution to get Null(A). However, it
is even easier to get Row(A) and Col(A). There are 4 pivots. The first four rows of our
reduced matrix R give a basis for Row(A) (the last 2 rows are all zero and clearly add
nothing to the row space of A):

(1] [o][ o] o ]

2 1 0 0
(4.26) Row(A) = Col(AT) =Span{| 3 [,| 1 |,| o |, 0

0 3 12 0

7 2] 1] | -1/2 ]
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The pivot columns have locations 1, 2, 4, 5. The corresponding columns of the original A
matrix are a basis for Col(A):

1 2 3 0 7 1 2 0 7
0113 2 0 1 3 2
2 0 2 0 5 2 0 0 S
A= == Col(A) = Span s ; ’
21 3 4 6 2 1 4 6
0 00 0 -1 0 0 0 -1
|13 43 9 | 1 [3][3]] 9]

4.9.2. Why it works
Explanation of Row(A)

Recall that multiplying A on the left by an invertible matrix does not change the row space

(Lemma 3.5). Since we are using row reductions, the relationship between A and R is
Gy-GlA=R

So

(4.27) Row(A) = Row(R)

By definition, Row(R) is the span of the rows of R. The only nonzero rows of R are the
first r rows (the remaining rows are all zero and add nothing to the span). So it is clear
that these first r rows span Row(R). However, the echelon form of these rows, where the
first nonzero entry appears later and later as we go down the rows, ensures these rows
are always linearly independent (see Exercise 4.14). Thus, in general, the first r rows of
the echelon form matrix R form a basis for Row(R), so (4.27) implies they are also a basis
for Row(A).

Explanation of Col(A)

LEMMA 4.2. Let C,D be any matrices such that the multiplication CD makes sense. If the
columns of CD are linearly independent, then the columns of D are linearly independent.

PROOF. The proof of this deep result involves just one or two lines. You are invited to
prove it yourself (see Exercise 3.16). [Hint: Recall that a matrix M has linearly independent
columns if and only if Null(M) = {0}.] O
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Our row reductions on A produced
GA=R

where G is some matrix (the fact that G is invertible plays no role in this particular argu-
ment). Matrix A has the same number of columns as matrix R. Writing this equation to
emphasize the columns of A and R gives

G a dy - ap = r rp - Iy

A R

where ay, ..., an are the columns of A; ry, ..., rp are the columns of R. It follows that Ga; = r;
forie {1,...,,n}.

Now let R be the matrix formed from R by taking only the r columns associated with
pivots in matrix R (and throwing away the non-pivot columns). Let A be the matrix formed
from A by keeping the corresponding r columns of A. So we have

GA=R

It turns out that the pivot columns of R are always linearly independent: This is due
to the pivot structure where the first pivot column has its first entry nonzero and all
other entries zero; the second pivot column has its second entry nonzero and all entries
below the second entry zero; and so on (see Exercise 4.14). So all columns of R are linearly
independent, but R = GA, so all columns of GA are linearly independent, which means all
columns of A are linearly independent (by Lemma 4.2).

It remains to show the columns of A also span Col(A). These columns in A are all
columns of the original matrix A, so they are in Col(A). There are exactly r of them, where
r is the number of pivots and n—r is the number of free variables (so n —r is the dimension
of Null(A)). A rank-nullity theorem proven in Chapter 5 implies that the dimension of
Col(A) plus the dimension of Null(A) is always n, so r is the dimension of Col(A). From the
dimension theory to be developed in Chapter 5, we will learn that finding any r linearly
independent vectors in a subspace of dimension r means that these vectors are a basis for
the subspace.
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4.9.3. A note on different ways to row reduce

There are many valid ways to take a nonzero matrix A and perform elementary row

operations to reach an echelon form matrix R:
A-- >R , Gp-GA=R

Different choices at each step may result in a different number of total steps, and may
result in pivots in different locations. This also means that the free variables appear
in different locations. This is not a problem: There is nothing fundamental about the
locations of the pivots or the free variables. What is fundamental is the number of pivots:
There are always r pivots (and hence n - r free variables), where r is the dimension of
Col(A) and n — r is the dimension of Null(A).

If two equally valid row reduction methods lead to different pivot columns, it means
that choosing the original columns of A either according to the pivot columns of method 1,
or the pivot columns of method 2, are equally good for obtaining a basis for Col(A). There
can be many different ways to form a basis for Col(A). Of course, every basis for Col(A)
has r vectors that are linearly independent and span Col(A).

4.10. Solving AY =B

Suppose A and B are known matrices and we want to find a matrix Y such that
(4.28) AY =B
Assume the sizes make sense for this multiplication:

A~mxn
Y~nxk
B~mxk

Of course, if A is square and invertible then the one and only matrix Y that solves (4.28) is
v=A"1B

[For a formal (and easy) proof of this, see Exercise 4.15.]

What if A is not square, or is square but not necessarily invertible? Note that Y and
B have the same number of columns, so let us write equation (4.28) in terms of those
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columns:

where y, ..., ¥y € F" are the k columns of matrix Y; by, ..., by € F""* are the k columns of B.

This is equivalent to k separate equations:

Ay;=b; Vie{l, .. k}

each of these is in the standard form Ay = b, so each can be separately solved by Gaussian

elimination. However, doing this reuses a lot of the same row reduction steps. An interest-

ing technique that only requires row reductions to be done once is to splice the entire B

matrix onto A, then solve using standard Gaussian elimination on the augmented matrix.

For example, consider F = R and

1 1 4
011
3 01

0
1
1

X1
X2
X3

X4

w1
wa
w3

Wy

Then (with first step that uses row 1 to modify row 3):

11401 3
01111 4]~
301110

01 1
0 0 -8
11 4
011
0 01
1 10
010
0 01

1 1 4 0
0 1 1 1
0 -3 -11 1

1
-2

11 4 01 3

1 4
1 3

-9

~1/8

3/2
9/8

-1/8
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[now use row 2 to modify row 3]

[now multiply row 3 by —1/8]

-3/8 |

9/2
35/8
-3/8

[now use row 3 to modify rows 1,2]

[now use row 2 to modify row 1]



100 1/2|3/8 1/8
|0 1 0 3/2|9/8 358
00 1 -1/2|-1/8 -3/8

which means

X1+ (l/Z)X4 = 3/8
X9 +(3/2)x4 =9/8
X3+ (-1/2)x4 = -1/8

and

wy + (1/2)W4 = 1/8
wo + (3/2)w4 = 35/8
ws + (-1/2)wy = -3/8

So all possible solutions are

[ xp owm | [ 3/8 1/8 | [ —1/2 0 | [0 -1/2 |
Xp W 9/8 35/8 -3/2 0 0 -3/2
= +X4 + Wy Vx4, wq €R
X3 WwWs -1/8 -3/8 1/2 0 0 1/2
| X4 W4 | | 0 0 | | 1 0 ] | 0 1 ]
—,———

particular solution Y™

4.11. Convenient factorizations

Suppose we are given a matrix A ~ m x n with entries in some field F. We want to solve
many problems Ax = b for different vectors b € F* (but with the same A). Rather than
repeating the steps of Gaussian elimination again and again, we can put A into a nice form
once and then use that form for speedy computations of Ax = b every time we are given a
new b.

If A is square and invertible, one way to do this is to compute the inverse matrix AL,
While it takes time to compute AL, we only need to do it once. Then every time we are
given a new b € F" we obtain the unique solution to Ax = b by the multiplication

x=A"1p
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What if A is not square, or not invertible, or (even if it is invertible) we do not want to
compute A

4.11.1. GA=R

Fix field F. Let A have size m x n with entries in F. Since we shall consider many different
vectors b, for each b € F™ define

X, ={xeF": Ax=b}

We know that
X, = xp, + Null(A)

where Null(A) does not depend on b, while x; is a particular solution to Ax = b (which of
course depends on b).

Recall that if G is any invertible m x m matrix then
(4.29) X, ={x:Ax=b}={x:GAx=Gb} VbeF™

Using this, start with matrix A (suppose we do not yet have a b). Repeatedly multiply A on
the left by elementary matrices G; until the resulting product is in either basic echelon
form or row reduced echelon form (as desired). Let R denote the reduced form of A:

GG,_;+GlA=R
| S —
G

Let G be the product of elementary matrices G; that were used. Since G; is invertible for
each i, we know G is invertible and
GA=R

For an easy way to keep track of the running product of G; matrices that form G we can do:
[al1]-[2lc] — Gora[a1]-[xo]
We now have a matrix G and a matrix R. Since G is invertible, we know
(4.30) Null(A) = Null(R)

Since R is in echelon form, its null space is easy to find. So (4.30) gives us Null(A) (either
telling us Null(A) = {0} if there are no free variables, or giving us a basis for Null(A)).
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We do not yet have a vector b. However, from (4.29) we know for every b € F"" that
X, ={x:Ax="b} = {x: GAx = Gb} = {x: Rx = Gb}

which uses GA = R. Every time we are given a new b € ['", we find a particular solution x;
(or declare that none exists) by using our precomputed R and G matrices to perform these
two steps:

1. Left-multiply b by the matrix G. Call the resulting vector y. So y = Gb.

2. Find a particular solution x* to Rx = y by back-substitution (or declare that no solution
exists). Since R is in echelon form, this is easily done by setting all free variables to
zZero.

The output is either a declaration that no solution exists (so Xg = ¢) or a particular solution
xy (s0 Xy = xp + Null(A)).

411.2. A=LUand PA=LU

Suppose we use Gaussian elimination to reduce a matrix A to basic echelon form R:

(4.31) G,-GlA=R
—
G

Since we only require basic echelon form, all type 3 row operations can be done by adding
a scalar multiple of a higher row into a lower row, corresponding to a lower triangular G;
matrix. Type 2 elementary matrices G; are diagonal and hence lower triangular. Thus, if
the row operations do not use any row swaps (a type 1 operation where G; is a permutation
matrix), then all elementary matrices G; that are used are lower triangular. The inverse
matrix Gi_1 for a type 2 or type 3 lower triangular matrix is again lower triangular (the
explicit inverses are given in Sections 4.5.2-4.5.3). Also, the product of lower triangular
matrices is again lower triangular (see Exercise 2.21 and Chapter 2.10.1):

G = G;Gy_1---Gy = lower triangular

G- Gil---GlilGlzl = lower triangular

Define
L= G! = lower triangular

where L emphasizes lower triangular. Then from (4.31)

GA=R — A=G 'R=1IR
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Now suppose the original matrix A was square. It means the echelon form matrix R is
also square, and a square echelon form matrix must be upper triangular. So define U = R,
where U stands for upper triangular:

A=LR=LU

Thus, if we can row reduce a square matrix A to an upper triangular matrix U without
)
performing amny row swap operations, then we have a famous factorization:

A=LU

which factors A into the product of an invertible lower triangular matrix L and a (possibly
noninvertible) upper triangular matrix U. Such a factorization can also be used for speedy
computations of Ax = b, reusing the same factorization A = LU for each new b. Since
Ax = bis the same as LUx = b, we do

1. Find a vector y that solves Ly = b. Since L is a lower triangular matrix, this is easily
accomplished by back-substitution. [A solution to Ly = b always exists because L is

invertible.]

2. Find a vector x that solves Ux = y (using back-substitution, since U is upper triangular).
[If U is not invertible, we may or may not need to declare that no solution exists.]

It should be emphasized that not all square matrices A can be factored into A = LU (see
Exercise 4.42 for a simple example). We are only guaranteed such a factorization exists if A
can be reduced to an upper triangular matrix using some sequence of row operations that
does not involve row swaps. Fortunately, we can modify the factorization result: Suppose

that through elementary row operations we have something like
(4.32) LsP3L4PyLsPLy[1A=U

where L; stand for lower triangular matrices, and P; stand for permutation (row swap)
matrices. It can be shown that if we push all the permutation matrices to the front and then
perform row operations, we never need any more row swaps. So there are type 2 and 3
elementary matrices Ly, ..., Ly that are lower triangular and

(4.33) LiLy Ly -P3PyPiA=U
—_— ——
lower triangular p

This is remarkable because the L; and P; matrices in (4.32) do not necessarily commute.
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Define

P = PyP,P,
L=1L;L;_ ;L1 = lower triangular
L=L"1'=L;%Lit Lt = lower triangular
Then (4.33) becomes
LPA=U

Multiplying both sides on the left by L and using LL = I gives

Summary: Any square matrix A can be factored so that PA = LU where P is some
permutation matrix, L is some invertible lower triangular matrix, and U is some (not
necessarily invertible) upper triangular matrix.

Corresponding facts: The above line of reasoning suggests a good proof of the follow-
ing facts:

- Every invertible lower triangular matrix A has a lower triangular inverse.
+ Every invertible upper triangular matrix A has an upper triangular inverse.

The second bullet can be proven from the first by taking transposes. To prove the first:
It can be shown that all diagonal entries a;; of an invertible lower triangular matrix A
must be nonzero (else a;; = 0 and a back-substitution step of the type (4.6) will fail to find
a solution to Ax = b for all vectors b). These diagonals are then already in place as pivots.
So A can be row reduced to the identity without using row swaps via lower triangular G;
matrices:

(GiGy1-GA=]) = (A_l = Gy Gy_1---Gy = lower triangular)

where we use the fact that a product of lower triangulars is lower triangular.

167



4.12. Exercises

EXERCISE 4.1. (What is wrong with this logic?) What is incorrect about the following logic?

Using F = R, we want to find real numbers x and y to solve:

1 1 1
X

-2 3 =1 2

6 -10 Y 1

Left-multiplying both sides of the equation by the same matrix gives:

11 1
1 3 1 x 1 3 1

2 3 = 2
0 -3 -1 y 0 -3 -1

6 -10 1

therefore (x, y) = (8,-7).

EXERCISE 4.2. (Solution set of an equation) Assume A, B are matrices of sizes appropriate so
that BA makes sense. Let b be a column vector with the same number of rows as A. What can be
learned from Exercise 4.1 about the solution sets {x : Ax = b} and {x : BAx = Bb}?

EXERCISE 4.3. (The solution set X* is affine) Let A be a m x n matrix with entries in some
field F. Fix b € F™ and define X* = {x € F" : Ax = b}. Show that for any k € N, any vectors
V1, .y Vi € X*, and any scalars ay, ..., aj, that satisfy Zi'(:l a; =1we have

k
Y av;eX”
i=1

[The linear combination Zle a;v; is called an affine combination because the scalar coefficients
sum to 1. The property shown in this exercise means that X* is an affine set. Affine sets are
treated for general vector spaces in Appendix C.]

EXERCISE 4.4. Consider F7 = {0,1,2,3,4,5,6} with mod 7 arithmetic. Suppose A has size
100 x 87 and has entries in F5. Suppose {v, ..., v3g} is a basis for Null(A).
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a) Evaluate A(5v3 + 2vg).
b) Are the columns of A linearly independent?
¢) Suppose b € Col(A). How many solutions are there to Ax = b?

d) Suppose b ¢ Col(A). How many solutions are there to Ax = b?

EXERCISE 4.5. Consider F3 = {0,1, 2} with mod 3 arithmetic. Suppose A has size 1000 x 1000
and has entries in F3. Suppose {v1, ..., voq } is a basis for Null(A).

a) Evaluate A(vig — 2v9q).

b) Are the columns of A linearly independent?

¢) Suppose b € Col(A). How many solutions are there to Ax = b?

d) Suppose b ¢ Col(A). How many solutions are there to Ax = b?

EXERCISE 4.6. We use the binary field Fy = {0,1} with mod 2 arithmetic. Our matrix A has
size 27 x 25 and has entries in Fy. The columns of A are linearly independent.

a) Suppose b € Col(A). How many solutions are there to Ax = b?

b) Suppose b ¢ Col(A). How many solutions are there to Ax = b?

¢) Is A invertible?

EXERCISE 4.7. We use the finite field Fy7 with mod 17 arithmetic. Our matrix A has size
1038 x 512 and has entries in [F17. The columns of A are linearly independent.

a) Suppose b € Col(A). How many solutions are there to Ax = b?

b) Suppose b ¢ Col(A). How many solutions are there to Ax = b?

¢) Is A invertible?

EXERCISE 4.8.  Give an example of a field and a matrix A and vector b # 0 with entries in that
field such that Ax = b has exactly 125 solutions.

EXERCISE 4.9. Give an example of a field and a matrix A and vector b with entries in that field
such that Ax = b has no solution, Null(A) has 49 vectors, and Col(A) has more than one vector.

EXERCISE 4.10.  Give an example of a field and a matrix A and vector b + 0 with entries in that
field such that Ax = b has exactly 32 solutions.

EXERCISE 4.11.  Give an example of a field and a matrix A and vector b with entries in that
field such that Ax = b has no solution, Null(A) has 256 vectors, and Col(A) has 4 vectors.

EXERCISE 4.12.  Consider the vectors x*, z1, 20, 23, 24 € R® given in the first example of Section
4.4.1. The vector x* is defined in terms of a vector ¢ = (cy, ¢2,0,0) € R*. Let R be the matrix given
there. We know that

4
(4.34) R (x* +> aizi) =c¢ Vaj,as,a3,a4€R
i=1

and it was shown in that section that all solutions to Rx = c are given by x* + Span{z, 2o, 23, 24 } .
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a) Use (4.34) to prove that Rx™ = c.

b) Use (4.34) to prove z; € Null(R) for allie {1,2,3,4}.

¢) Using the particular numerical values of {21, 22, 23, 24} given in that section, prove these
four vectors are linearly independent. [For example, the particular numerical values for z; and
2y arez; = (1,0,0,0,0,0) and 2o = (0,-1/2,1,0,0,0).]

d) How can it be argued that Null(R) = Span{z1, 2o, 23, 24} ? [Hint: Repeat the argument of
the first example in Section 4.4.1 for the special case ¢ = ¢ = 0.]

EXERCISE 4.13. (A binary matrix in R and [F,) Consider

1 10
A=11 0 1
011

a) Consider field F = R. Determine if A is invertible. If so, compute A~ using the Gauss-Jordan
method.

b) Now consider A as a matrix with entries in the binary field F, = {0,1} with mod 2
arithmetic. Determine if A is invertible. If so, compute A~ using the Gauss-Jordan method.

EXERCISE 4.14.  (Pivot rows of R are linearly independent) Let {ry, 19,73, 74} be the four pivot
rows from (4.26) (they are row vectors when in R, but we treat them as column vectors now). So
n=(1,2,30,7),1r=(0,1,1,3,2), and so on

a) Prove {r1, 19, 13,14} are linearly independent.

b) In general, suppose we have a collection of vectors {vy, ..., vy} in F"* such that for all
1€{1,..., k}, vector v; has a nonzero entry in some particular row m, while all vectors v; for j > i
have a zero entry in row m. Show {vy, ..., v } are linearly independent.

EXERCISE 4.15. Suppose A ~ m x n and B ~ m x k are known matrices. We want to find a
matrix Y that solves

(4.35) AY =B

a) What is the required size of matrix Y?

b) Suppose A is invertible and define Y* = A"'B. Show that Y* is a solution to (4.35).

¢) Continue to assume A is invertible. Show that the matrix Y* of part (b) is the one and only
solution to (4.35). That is, when A is invertible, the solution to (4.35) exists and is unique.

d) Give an example of matrices A, B for which there is more than one solution Y to (4.35).

e) Give an example of matrices A, B for which there is no solution matrix Y to (4.35).

EXERCISE 4.16.  Using the mod-2 field Fy = {0,1}, find a 3 x 3 matrix B such that AB = C,
where A and C are given below:
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1 00 010
A={1111[,C=]1 11
0 01 0 01
EXERCISE 4.17. (Elementary row operation) We have a 3 x 3 matrix A with entries in some
field F:
ain 42 ai3
A= ag axp ax
asy as2 4ass

a) Fix 0 € F. Give a 3 x 3 matrix G such that

an aro a3
GA

as aso ass

(0ay; +az1) (Oarp +azx) (Oaiz+ass)

b) What is G™1?

EXERCISE 4.18. (Matrix equation) Solve the matrix equation A% = b shown below, where all
arithmetic is performed in F3 = {0,1,2}. Thus, all arithmetic is taken mod 3, and the values x,
y, and z areinF3 = {0,1,2}.

01 2 || x
11 1| y]=
0 0 1|]| =

N © =

EXERCISE 4.19.  (Basis for Null(A)) Find a basis for the nullspace of A when A is the following
real matrix:

01 -1 2
2 -1 5 -6
A:
2 3 1 2
3 0 6 -6

EXERCISE 4.20. Fix[F = R. Give an example of matrices A, C and a vector b (of appropriate
size) such that the equation Ax = b has strictly fewer solutions than the equation CAx = Cb.

EXERCISE 4.21.  (Are they linearly independent?) Suppose {v1, v, v3} are linearly independent
vectors. Assume the field F = R.
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a) Are {5vi — vo,v1 + Vo } linearly independent vectors?
b) Are {6V — 2v9, -3V} + Vo } linearly independent vectors?
c) Are {8V + v3, —Vo + 4v3, V1 + Vo } linearly independent vectors?

d) Are {vi + 2vy — 2v3, —Vy + 3v3, v, + 7V — 17v3} linearly independent?

EXERCISE 4.22.  Suppose {xy, ..., x; } are linearly independent vectors.
a) Fix j e {1,...,k}. Show that {x, ..., x;} are linearly independent.

b) Letg : {1,...,k} - {1, ..., k} be a bijective function (a one-to-one correspondence). Thus,
(g[1], 8[2]; ..., g[k]) is a permutation of the indices (1, 2, ..., k). Show that {xg[1], Xg[2], -+ Xg[k] }
are linearly independent.

EXERCISE 4.23.  (Set of solutions) Consider the binary field F = {0, 1} with mod 2 arithmetic.
Consider

L
0110 1] x 1
10010 |([x]|=]1
1100 0|[|xs 1
-xs_

a) What is the set X* of all solutions? What is | X*| (the number of elements in X*)?
b) Find Null(A). What is the relationship between X* and Null(A)?
EXERCISE 4.24. Let[F be some field. Let A be a m x n matrix. Let G be an invertible n x n matrix.

Prove that Col(A) = Col(AG). Use the technique of first showing Col(A) c Col(AG) and then
showing Col(AG) c Col(A).

EXERCISE 4.25.  (Finding an unknown matrix) Suppose f : R? - R? is the following nonlinear
function

B X1 xlz 2
flx,x0)=A + V(x1,x0) €R
X2 X1+ X2

where A is an unknown 2 x 2 matrix with real entries. We test two input vectors to obtain the
following information:

£,1) = 2 . f(2-1)-

What is the matrix A?
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EXERCISE 4.26. Consider the 3 x 3 matrix A given by

1 01
A=111 0
1 01

a) Using the field R, find a basis for Null(A), Row(A), and Col(A).
b) Using the binary field [Fo = {0, 1}, find a basis for Null(A), Row(A), and Col(A).

EXERCISE 4.27. Consider the 4 x 4 matrix A given by

= O = O
o R O O
(]

SO O = =

Using the binary field F» = {0, 1}, find a basis for Null(A), Col(A), Null(A"), Col(AT).

EXERCISE 4.28. Consider the 3 x 4 matrix A given by

0 011
A=10 1 0 1
1110

a) Using the field R, find a basis for Null(A) and Col(A).
b) Using the binary field Fy = {0, 1}, find a basis for Null(A) and Col(A).

EXERCISE 4.29. Using field R, find a basis for Null(A), Col(A), Null(A"), Col(AT) when

-1 3 11

EXERCISE 4.30.  Using field R, find a basis for Null(A), Col(A), Null(A™), Col(A") when

0 1 2 1
A=l -1 1 7 0
-1 3 11 2
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EXERCISE 4.31.  Using field R, find a basis for Null(A), Col(A), Null(AT), Col(AT) when

8§ 4 0 -1
A=10 57 0
0 01 2

EXERCISE 4.32.  Using field F» = {0, 1}, find a basis for Null(A), Col(A), Null(A™), Col(AT)
when

S
Il
= o o =

[ e
= = o O
S = = =

EXERCISE 4.33.  Using field F» = {0, 1}, find a basis for Null(A), Col(A), Null(A™), Col(AT)
when

[1 1 0 1
010 1
011 1

= o O O

1010

EXERCISE 4.34. Using F = R, find two different bases for Row(A) when

1 2 3 0
2 4 6 0
A=l 0 2 -1 1
4 2 15 -3
| -7 -2 =27 6 |

EXERCISE 4.35.  (Inverting matrices) The following can be solved by the Gauss-Jordan method.

a) Using F = R with standard arithmetic, find AL

0 1 1
A=]11 2 0
0 -2 8

b) Using F = {0,1} with mod 2 arithmetic, find A™1:
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e S o R )

S =
o = O
e

EXERCISE 4.36. (Inverting a matrix with entries in F3) Using F3 = {0,1,2} with mod 3
arithmetic, find AL when

2 01
A=111 0
0 21

EXERCISE 4.37. (Working with complex numbers) Using F = C, find a basis for Null(A) and
Row(A) when A is the following 3 x 3 matrix:

i 1 2
A=| 13+1 4+2i -1-2i
4 1+1 -1

EXERCISE 4.38.  Define the following vectors x, y, z in R3:

1 5 3
x=1 2 , y=1 -1 y 2=1]3
2 0 3

a) Show that {x, y, 2} are linearly independent.
b) Express (9,8,7) € R® as a linear combination of {x, y, z}.

¢) Express (-7,0,7) € R3 as a linear combination of {x, y, z}.

EXERCISE 4.39. Define the following vectors x, y, z in R3:

a) Show that {x, y, 2} are linearly independent.
b) Express (9,8,7) € R® as a linear combination of {x, y, z}.

¢) Express (-7,0,7) € R3 as a linear combination of {x, y, z}.
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EXERCISE 4.40. Define the following vectors x, y,z, w in R*

2 3 1 -1
2 0 1 1
X = B y: B 2= y W =
0 3 1 1
| 0 | | 0 | | 1 ] [ 1 |

a) Show that {x, y, z, w} are linearly independent.
b) Express (12,12,18,6) € R* as a linear combination of {x, y, z, w}.
¢) Express (7,0,0,7) € R* as a linear combination of {x, y, z, w}.

EXERCISE 4.41.  Define the following vectors x, y, z, w in R*

1 -3 2 0

2 1 1 0
X = y Y= y %= , W=

0 3 2 1

_0_ _0_ | 1 ] | 1]

a) Show that {x, y,z, w} are linearly independent.
b) Express (12,12,18,6) € R* as a linear combination of {x, y, z, w}.
¢) Express (7,0,0,7) € R* as a linear combination of {x, y, z, w}.

EXERCISE 4.42. (A square matrix with no LU factorization) For F = R define
A=

Prove there is no way to write A = LU where L is a lower triangular 2 x 2 matrix and U is an
upper triangular 2 x 2 matrix, both with entries in R. For this, suppose there are matrices of the
form

a 0 d e
L= 3 U:
b ¢ 0 f

for some real numbers a, b, ¢, d, e, f, for which A = LU. Reach a contradiction. (In fact, this same
matrix A works as a counter-example in any field [F.)
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CHAPTER 3.

Dimension and rank

This chapter establishes the concept of dimension for a subspace of F". It defines the rank
of a matrix A as the dimension of Col(A). It proves that the rank of A, plus the dimension
of Null(A), is equal to the number of columns of A (the rank-nullity theorem). These
definitions and results do not require the Gaussian elimination algorithm. However, they
are consistent with the treatment in Chapter 4 that defines the rank of a matrix A to be
the number of pivots produced by Gaussian elimination. That is because row-reducing A
to echelon form always creates a number of pivots equal to the dimension of Col(A) and a
number of free variables equal to the dimension of Null(A).

5.1. Conditions for linear dependence and independence

Exercise 4.22 shows that rearranging the order of linearly independent vectors does not
change linear independence. For example, if {x, y, z} are linearly independent, then so
are {y, z,x}. Similarly, rearranging the order of linearly dependent vectors maintains their
linear dependence. Exercise 3.21 shows that vectors {x, ..., x; } are linearly dependent if
any one of these two sufficient conditions holds:

« The zero vector is in the collection: There is an index i € {1, ..., k} such that x; = 0.

* Two vectors are repeated: There are indices ;, j € {1, ..., k} such that i # j and x; = x;.

The following lemmas are more general and provide conditions that are both necessary
and sufficient.
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LEMMA 5.1.  Vectors {x, ..., x } are linearly dependent if and only if either x; = 0, or thereisa
je{2,...,k} such that
xj € Span{xy, ..., Xj_1}

LEMMA 5.2. Vectors {xi, ..., x;} are linearly independent if and only if all of the following
hold:

*x1#0.
© X ¢ Span{x;}.
© x3 ¢ Span{xy, X2}

© X4 ¢ Span{xy, X2, X3}.
© Xy ¢ Span{xy, ..., xp_1}.

Lemma 5.1 is interesting because we know that linear dependence of {xj, ..., x; } does
not depend on the ordering of these vectors. Thus, if these vectors are linearly dependent,
then for any different ordering of these vectors, either the first vector in the new ordering
is 0, or there is some vector that is a linear combination of its predecessors within the new
ordering. Lemma 5.2 is an immediate consequence of Lemma 5.1 (it is the contrapositive
statement). Below we provide a proof of Lemma 5.1.

PROOF. (Lemma 5.1) First suppose {xj, ..., x; } are linearly dependent. Then there are
scalars ay, .. ., a, not all zero, such that

k
Z aixi =0
=1

Let j be the largest index in {1, ..., k} for which a; # 0 (such an index must exist because
not all of the scalars are zero). Then a; = 0 for i > j and the above equation reduces to

J
Z aixi =0
=1

where a; #0. If j = 1then the equation becomes a;x; = 0, and since a; # 0 this means x; = 0
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and we are done. If j > 1 then we have

j-1
(Z aixl-) + a]x] =0

i=1

and since a; # 0 we can rearrange this to give

j-1
xj = (-a;/a;)x;
i-1

and so x; is a linear combination of its predecessors.
To prove the other direction, suppose that either x; = 0, or there isanindex j € {2, ..., k}

such that x; is a linear combination of {x1, weey xj—1}- If x; = 0 then

k
1-x + Z 0x; =0
j=2
and this is a linear combination that gives zero, but not all the scalar weights are zero. So
{x1,...,x;} are linearly dependent. If x; # 0 then there is a j > 2 such that x; = Z{;ll a;x; for
some scalars aj, ..., a;_;. Then

j-1 k
(Z aixi) +(=Dxj+ Y, (0)x;=0
=1 i=j+1

and this is a linear combination that gives zero, even though not all scalar weights are zero
(since —11is one of the scalar weights). So again {xj, ..., x; } are linearly dependent. O

5.2. Wide matrix theorem

Let A ~ m x n be a matrix with entries in some field F.
THEOREM 5.1. (Wide matrix theorem) Every wide matrix has a nontrivial null space.

This is a foundational theorem of linear algebra because it can be used to establish a
concept of dimension for subspaces of F" and for more general vector spaces treated in
Chapter 6. Theorem 5.1 can be proven using the procedure of Gaussian elimination to
find all solutions to Ax = 0. Gaussian elimination produces an echelon form matrix with
at most one pivot on each row. Therefore, if the number of columns is larger than the
number of rows, there must be at least one column with no pivot. That column allows a
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free variable, so Null(A) is nontrivial. An alternative proof of the wide matrix theorem
that does not use the Gaussian elimination algorithm is given in Exercises 5.45-5.46. That
proof uses a vector replacement technique that is similar to the treatment in Axler (2024).

The first fundamental consequence of Theorem 5.1 is this: If we have a collection
of n vectors in F™, we can put them together as columns to form a m x n matrix A. If
n > mthen A is wide, so Theorem 5.1 implies Null(A) # {0} and hence the columns of
A are linearly dependent. Therefore, if {x1,...,x} is a collection of linearly independent
vectors in F™, then we must have n < m. That is, it is impossible to have a collection of
more than m linearly independent vectors in the vector space F™™. The next theorem,
called the independent-set-spanning-set comparison theorem, is a generalization of this
idea. We first recall a definition: We say that vectors {yy, ..., ¥,,} span a subspace S if

Span{yl, s ym} =S.

THEOREM 5.2. (Independent-set-spanning-set comparison) Let S be a subspace of F". Suppose
Xiy .y Xk Y1y - - - Yy re vectors in S such that

« {x1,...,x} are linearly independent in S.

*{¥1 > Ym) span S.

Then k < m.

PROOF.  Suppose k > m (we reach a contradiction). For each j € {1, ..., k}, since xj € Sand

the vectors {y;, ..., ¥, } span S, the vector x; must be a linear combination of {yy, ..., yp,}:
m
Xj = > a;;y; (for some scalars a;;)
i=1

This can be written in matrix form

x]-: yl yz ym ‘ VJE {1)..., k}

| Amj |
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From this, we can stack all the column vectors xj, ..., X together in matrix form:

I | I |
~ a1 azx - Ayg
X1 X2 0 X |7 V1 V2o Um
I R | |
| Adm1 Am2 - Amk |
X Y
A

As illustrated by the underbraces in the above equation: define X as the matrix with
columns x;; define Y as the matrix with columns y;; define A = (g;;). So

(5.1) X=YA

Matrix A has size m x k. Since k > m, matrix A is wide. Theorem 5.1 implies Null(A) + {0}.
Thus, there is a vector z # 0 such that Az = 0. Multiplying (5.1) on the right by 2z gives

Xz=YAz=0

Since Xz = 0 but z # 0, the columns of X cannot be linearly independent, contradicting
the fact that {x;, ..., x; } are linearly independent. O

5.3. Basis and dimension

The definition of basis for a subspace was given in Chapter 3.9. Recall that if S is a subspace
of F"*, then a collection of vectors {xj, ..., X} in S is said to be a basis for S if:

1. {x1,...,x;} are linearly independent.
2. Span{xy,..,x;} =S

The full vector space F" has the standard basis {ey, ey, ..., en }, Where ¢; is the ith column
of the n x n identity matrix (recall Lemma 3.11). By comparing any linearly independent
collection of vectors in F" with the spanning set {ey, ..., s }, the independent-set-spanning-
set comparison theorem ensures the linearly independent collection has at most n vectors.
[Of course, the wide matrix theorem also ensures this.]

The independent-set-spanning-set comparison theorem makes it easy to show any
two bases for the same subspace must contain the same number of vectors. Indeed, let S
be a subspace and let {x, ..., x;} and { ¥y, ..., ¥,;,} be two different bases for S. Then:

« {x1, ..., x;} are linearly independent in S, {yy, ..., ¥,,,} span S, so k < m.

* {¥1, .-, ¥y, are linearly independent in S, {x, ..., x;} span S, so m < k.
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It follows that k = m. The number of vectors required to form a basis for a subspace S is
called the dimension of S, written dim(S). The trivial subspace {0} has no basis, so we
define its dimension to be 0. The next section shows that every nontrivial subspace S c F"
has a basis, and 1 < dim(S) < n.

5.4. Growing a basis via Lemma 5.2

Let S be a nontrivial subspace of . We show that S has a basis. Also, that basis has at
least one vector and at most n vectors. The proof is a procedure for constructing a basis
and uses Lemma 5.2 with the following facts:

Fact 1: If {xy, ..., x; } are vectors in subspace S, then Span{x,...,x;} € S.
Fact 2: No collection of linearly independent vectors in F" has more than n vectors.

[Fact 1 holds by Lemma 3.2; Fact 2 holds by the wide matrix theorem]

Consider the following procedure for growing a basis for S:

« Step 1: Choose any nonzero vector from S and call this x;. Such a vector exists because
Sis nontrivial. Then {x; } is linearly independent in S and Fact 1 ensures

Span{x;} ¢S

If Span{x;} = S then {x; } is a basis for S and we are done. Else, go to step 2.

- Step 2: If we get to this step, we know {x; } is linearly independent and Span{x;} is a
strict subset of S. Choose any vector in S that is not in Span{x; } and call this x,. Lemma
5.2 ensures {x7, X, } are linearly independent. Fact 1 ensures

Span{xy,xp} ¢S

If Span{xy, xy} = S then {x7,x,} is a basis for S and we are done. Else, go to step 3.

- Step k > 3: If we get to this step, we know {xi,...,x;_;} are linearly independent
and Span{xi, ..., x;_;} is a strict subset of S. Choose any vector in S that is not in
Span{xi, ..., x;_; } and call this x;. Lemma 5.2 ensures {xj, ..., X } are linearly indepen-
dent. Fact 1 ensures

Span{xy, ..., x,} €S

If Span{xi, ...,x} = S then {xy, ..., x; } is a basis for S and we are done. Else, go to the
next step.

This procedure of growing a basis must stop on or before step n because Fact 2 ensures
we cannot have more than n linearly independent vectors in F". Thus, 1 < dim(S) < n.
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5.5. Shrinking down to a basis via Lemma 5.1

Suppose we have a nontrivial subspace S and vectors {y, ..., ¥,,,} such that

Span{yl) ) ym} =S

However, suppose these vectors are not linearly independent (so they are not a basis for
S). Lemma 5.1 ensures that either y; = 0, or thereis a j € {2, ..., m} such that y; is a linear
combination of yy, ..., ¥ i-1- If y; = 0 we can throw y; away without affecting the span of
the remaining vectors. On the other hand, if y; # 0 then thereisa Y; as stated above, and
we can remove y; without affecting the span. In either case, we reduce the number of
vectors by 1 while the span of the remaining vectors is still S. We keep going until one of
two things occurs:

+ The remaining vectors are linearly independent. The result is a basis for S.

+ There is only one remaining vector. That vector cannot be 0 because its span is the
original nontrivial subspace S. So that one nonzero vector is a linearly independent
collection that spans S. The result is a basis for S.

Useful consequence: Let A be a m x n matrix with entries in some field. The n columns
of A span Col(A). If A is the all-zero matrix then Col(A) = {0} and dim Col(A) = 0. If A is not
the all-zero matrix we do the following: Starting with the n columns of A, we repeatedly
throw away any column that is a linear combination of the others to shrink down to a
basis for Col(A). Let r be the number of vectors in this basis. Then r < n.

5.6. Using dimension to establish that vectors form a basis

A useful consequence of Lemma 5.2 is that if {x, ..., x; } are linearly independent vectors
in some subspace S, and if y € Sbut y ¢ Span{x, ..., x;}, then {xy, ..., x;, ¥} are linearly
independent in S (this is proven from first principles in Exercise 5.51).

Suppose we have a subspace S and we know dim(S) = k for some positive integer k.
Suppose we also have linearly independent vectors {xj, ..., x; } in S. Then they must form
a basis for S. [Why? The reason is contained in the previous paragraph.] For example,
{(1,1), (1,2)} are linearly independent in R?, so they must be a basis for R2. Likewise, any
n linearly independent vectors in F" must be a basis for F".

LEMMA 5.3. FixkeN. Let S be a subspace with dim(S) = k.
a) If {x1, ..., x.} are linearly independent vectors in S, then they are also a basis for S.

b) If {y1, ..., Y} arevectors that span S, then they are also a basis for S.

PROOF. Thisis left as Exercise 5.52. O
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5.7. The rank of a matrix

Let A be a m x n matrix with entries in some field F.
DEFINITION 5.1. Therank of A, written rank(A), is defined as the dimension of Col(A).

Note that rank(A) = 0 if and only if A is an all-zero matrix. If A is not an all-zero matrix

then its rank is a positive integer.

LEMMA 54. Let A be a m x n matrix with entries in some field. Let B be another matrix with
size such that AB makes sense. Then

a) rank(A) < min{m, n}

b) rank(A) = rank(AT)

¢) rank(AB) < min{rank(A), rank(B)}

Lemma 5.4b means the number of linearly independent columns we can find in A is
equal to the number of linearly independent rows we can find in A. Lemma 5.4c can be
used with induction to prove that if Ay, Ay, ..., A} are matrices with sizes such that the
product A;jA;---A; makes sense, then

rank(A1A,---Ay) < min{rank(A;), rank(Az), ..., rank(Ay) }
We prove Lemma 5.4 through a sequence of six claims.

Claim 1: rank(A) < min{m, n}.

PROOF.  Since Col(A) ¢ F™, we know dim(Col(A)) < m and so rank(A) < m. We now
show rank(A) < n. If A is an all-zero matrix then rank(A) = 0 and the result is trivial. Else,
the n columns of A can be reduced to a basis for Col(A), so the number of vectors in this
basis for Col(A) is less than or equal to n. O

Claim 2: Col(AB) c Col(A).

PROOF. Fix y € Col(AB). Then there is an x such that y = ABx. Then
y =ABx = A(Bx) € Col(A)

and so y € Col(A). O

Claim 3: rank(AB) < rank(A).

PROOF. This follows immediately from Claim 2. O
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Claim 4: rank(A") < rank(A).

PROOF. If Aisan all-zero matrix then rank(A) = 0, rank(A") = 0, and the result is trivial.
Now suppose A is not an all-zero matrix. Define r = rank(A). Let U be a m x r matrix with
columns that form a basis for Col(A). Then every column of A is a linear combination of
the columns of U, so

A=UC

for some r x n matrix C. Taking transposes gives
AT=C'U"

and so

(@)

b
rank(A") = rank(C'U") Csl rank(C") (S) min{n,r}<r

where inequality (a) uses Claim 3; inequality (b) uses Claim 1 and the fact that C" has size
nxr. O

Claim 5: rank(A") = rank(A).

PROOF.  This follows by applying Claim 4 to AT. O

Claim 6: rank(AB) < rank(B).
PROOF. Using Claim 5 we have
rank(AB) = rank(B'A") < rank(B") = rank(B)

where the inequality uses Claim 3. O

An alternative proof that rank(AB) < rank(B) that does not use the transpose is in

Exercise 5.42.

5.71. Rank-nullity theorem for matrices

THEOREM 5.3. (rank-nullity for matrices) Let A be a m x n matrix with entries in . Let
r =rank(A) and k = dim Null(A).

a) If x1, .oy Xry 21, -, 2y are vectors in F™* and yy, ..., y, are vectors in F™ such that

* {21, ..., 2} is a basis for Null(A).
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* { Y1 -y ¥, is a basis for Col(A).
« {x1, ., X} satisfy Ax; = y; forallie {1,...,r}
then {x1, ..., Xr, 21, ..., 2 } 1S a basis for F".

b) We have

’ rank(A) + dim Null(A) = n‘

PROOF. To prove part (a), we first show {xy, ..., x, 21, ..., 2 } are linearly independent.
Suppose there are scalars ay, ..., ar and by, ..., by such that

r k
Z a;x; + Z b]Z] =0 (Eq *)
=1 j=1

We want to show a; = 0 and b; = 0 for all 1, j. Multiplying the above equation by A gives

Substituting Ax; = y; and Az; = 0 (since the z; vectors are in Null(A)) gives

)
>,a;y;=0
i1

which immediately implies a; = 0 for all i because we are told that {y, ..., y,} are linearly
independent. Substituting a; = 0 into (Eq. *) gives

k
Z b]Z] =0
j=1

which immediately implies b; = 0 for all j because we are told that {21, ..., z} are linearly
independent.
To complete the proof of part (a), it remains to show {xy, ..., xr, 21, ..., 2;} span F". Fix
v e F"". We show v is a linear combination of {xy, ..., X, 21, ..., 2 }. Since Av € Col(A) and
{y1, -+, ¥,} span Col(A) we have
,
Av = z; a;y;
i-

for some scalars ay, ..., ar. Define vector w by

r
w = Z a;x;
=1
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Then

T T
Aw =Y a;Ax; =) a;y; = Av
=1 =1

Therefore, v and w are two vectors in F" that satisfy Av = Aw. Then v — w € Null(A) and so,
because {2y, ..., 2} span Null(A), we have

k
V-w= Z b]Z]
J=1
for some scalars by, ..., by. So
k r k
v=w+ Z bzj = Zaixi+ Z bjzj
]:1 1=1 ]:1

where we have substituted the definition of w. So visalinear combination of {xy, ..., Xr, 21, ..., 2k } -
To prove part (b), assume r > 1 and k > 1. Then there are vectors {xy, ..., Xr, 21, ..., 2}

that satisfy the requirements of part (a) [why?]. So they form a basis for F", so r + k = n.

The cases r = 0 and k = 0 are left as exercises. O

For example, in the binary field [, = {0, 1}, if a 10 x 20 matrix A with entries in [, has
dim Null(A) = 12, then the rank-nullity theorem implies

rank(A)=20-12=38

and so there are 28 vectors in Col(A).

For any 10 x 20 matrix A (in any field F), we know rank(A) < 10 (because Col(A) c F0),
so the rank-nullity theorem implies dim Null(A) = 20 — rank(A) > 10.
5.7.2. Terminology

Let A be a m x n matrix with entries in some field F.

+ We say A has full row rank if rank(A) = m = Number of rows.
+ We say A has full column rank if rank(A) = n = Number of columns.

+ We say A has full rank if rank(A) = min{m, n}.

5.8. Equivalent conditions for invertibility

The following theorem is presented in the style of Lay, Lay, and McDonald (2016).
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THEOREM 5.4. Let A be a square n x n matrix with entries in some field F. The following are
equivalent:

1. Aisinvertible
2. There is a square matrix B such that BA = I
3. Null(A) = {0}
4. A has linearly independent columns
5. Col(A) =F"
6. Ax = b has a solution for all b e F"
7. There is a square matrix C such that AC =1
8. There is a square matrix D such that DA™ =1
9. AT isinvertible

10. A has linearly independent rows

11. rank(A) =n

PROOF. We first show that
l—2—3 =4 =56 =7 — 8 — 9 —1

1 == 2: This follows from the definition of invertible.

+ 2 = 3:Fixx € Null(A). Then Ax = 0. Multiplying by B gives BAx = 0. But we are told
BA =TI and so Ix = 0, that is, x = 0. So 0 is the only vector in Null(A).

+ 3 = 4: Since Null(A) = {0}, Lemma 3.7 ensures the columns of A are linearly
independent.

© 4 = 5: The columns of A are n linearly independent vectors in F", so they must be
a basis for F" (by Lemma 5.3).

« 5 = 6:Since Col(A) = F", every b € F" is in Col(A), meaning there is an x such that
b= Ax.

© 6 = 7:Since Ax = b has a solution for all b, for each standard basis vector e; we
have a vector x; such that Ax; = e;. So Ax; = e, Axp = ey, ..., Axy = en. The n x n identity
matrix I has columns e;:

I=[el e ... en]
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Define C as a matrix with columns x;:

C:[xl X9 .. xn]

Then
AC:[ Ax; Axy ... Axp ]:I

« 7 = 8: Taking the transpose of AC = I yields C'A" = 1. Define D=C".

+ 8 == 9: We know there is a square matrix D such that DA = I. Therefore, the
condition 2 holds for the matrix AT. We have already proven that 2 = 7. So there is
a square matrix C such that ATC = I. Lemma 2.3 proves that D= C = (A7) L.

© 9 = 1: We already know (by Lemma 2.7) that A is invertible if and only if A" is
invertible.

Thus, statements 1,2, 3,4, 5,6,7,8,9 are equivalent. As an exercise, the reader can use
this to prove 10 < 9 (note that A has linearly independent rows if and only if AT has
linearly independent columns). Finally, the rank-nullity theorem can be used to prove
11 < 3. [Alternatively, one can use Lemma 5.2 to prove 11 <= 5.] O

5.9. Random matrices

Let 4 be a finite field of size g. [A remarkable theorem due to mathematicians Galois and
Moore is that a finite field of size g exists if and only if g = pX for some prime p and some
k € N.] Let A be a random m x n matrix with entries that are chosen independently and
uniformly over the scalars in F4. Then A = (4;;) where {4;;} are random scalars that are
independent and identically distributed (i.i.d.) with

1
P[Aij:a]:é Vae[Fq
where P[E]| denotes the probability of an event E in the sample space of our probability
experiment.

This probability law is equivalent to randomly choosing the entire matrix A equally
likely over the ¢™" matrices of size m x n with entries in F,. Equivalently, we can indepen-

dently choose each column of A equally likely over the g possible vectors in [ng.

5.9.1. Probability of linearly independent columns

Using field [F4, what is the probability that the randomly chosen m x n matrix A has linearly
independent columns? If n > m, the wide matrix theorem tells us the probability is zero.
So let us assume n < m (the number of columns is less than or equal to the number of
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rows).

Write the random matrix A in terms of its columns:

A=[C C - Cpn

Foreachie{l,...,n} we have

1

P[Ci = X] qm

Vxe[FZl

Define the following events:

L = {A has linearly independent columns}
E;={C  #0}
E = {Cy ¢ Span{C1}}
E3 = {C3 ¢ Span{Cy, G2} }

En = {CT‘L ¢ Span{cl) C2, ceey Cn—l}}

Lemma 5.2 implies

L= ml—lEi
So by the rules of conditional probability:
(5.2) P[L] = P[E;|P[E,|Ey |P[E3|Ey 0 Ey ] -P[En| A} E;]

Since C; is chosen equally likely over all "™ vectors in Fj', and 0 is one particular vector in

[FZJ”, we have

m_1

(5.3) P[E;] = P[C; % 0] = £ =

The events {Ey, ..., E, } are dependent. For example, whether or not E; is true determines
the size of Span{C; }, which affects the likelihood of event E,. Indeed, if we are told Ej is
true, then C; # 0 and there are exactly g vectors in Span{C;} (one for each scalar multiple

of Cy). On the other hand, if E; is false (meaning its complement Ef is true) then C; = 0

and Span{C;} consists of the single vector 0.

(5.4) E; = (C1#0) = [Span{C1}|=¢
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(5.5) E{ = (C;=0) = |Span{Ci}|=1

where |S| denotes the number of elements in a set S. Thus

m p—
(5.6) P[E,|E;] = 4 7 4
m
-1
(57) P(E,|ES] = 1 =

where the numerator ¢" — ¢ in (5.6) is the number of vectors in [Fg” that are not in Span{C; }
(given Ej is true); the numerator ¢ — 1in (5.7) is the number of vectors in [FZ]” that are not
in Span{C;} (given Ef is true).

Similarly, if E; n E, is true then {Cy, C, } are linearly independent and Span{C;,Cy} is a
subspace of [’ of dimension 2, so (by Lemma 3.8):
m_ 2

q

m

(BN Ey) = (ISpan{Cy, Co}| = ¢*) = P[Es|EynEp] =

Generally, foranyd € {1, ...,n-1},if mleEi istrue then {Cy, ..., C;} are linearly independent
and Span{Cy, ...,C;} is a subspace of dimension d, so (by Lemma 3.8):

(m[iizlEi) - |SpCLT‘L{C1, CZ) (X3} Cd}| = qd
Thus

qm_ d

(5.8) P[Eg|nd, Ei] -
Substituting (5.8),(5.3) into (5.2) gives
- (2 () 7))
q q q q
Rl )

5.9.2. Probability that A is invertible

In the special case when A is a square n x n matrix, the columns of A are linearly inde-
pendent if and only if A is invertible. Therefore, the probability that A is invertible can be
found by substituting m = n into formula (5.9):

P[A s invertible] = (1_%)(1_ qiz)(l_q_lg)(l_qin)
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[For convenience, factors are reversed here in comparison to (5.9).] This is summarized
in the following theorem.

THEOREM 5.5. Consider a finite field Fq (where q = pX for some prime p and some k € N).
FixneN.IfA= (Aij) is a random n x n matrix, where entries are chosen independently and
uniformly over all q scalars in 4, then

n
P[A is invertible] = | (1 - ll)
i=1 q

Table 5.1 gives numerical values for various g and n. As a rule of thumb, when g > 16
the result does not significantly depend on n and

1
P[Aisinvertible] ~1-~- Vg>16,Yn>3
q

n=3 n=4 n=100
’ q ‘ P[invertible] ‘ ’ q ‘ P[invertible] ‘ ’ q ‘ P[invertible] ‘
2 0.3281 2 0.3076 2 0.2888
4 0.6921 4 0.6894 4 0.6885
8 0.8596 8 0.8594 8 0.8594
16 0.9336 16 0.9336 16 0.9336
32 0.9678 32 0.9678 32 0.9678
64 0.9841 64 0.9841 64 0.9841
128 0.9921 128 0.9921 128 0.9921
256 0.9961 256 0.9961 256 0.9961

TABLE 5.1.  Probability a random n x n matrix is invertible. Entries are in [g.

5.9.3. Random matrices with the field R

Now consider choosing a random m x n matrix with entries in the field R. Assume n<m
so the matrix is either square or tall. Specifically, suppose A = (4;;) is a random m x n
matrix with entries A;; that are 1.1.d. and chosen according to some continuous distribution,
so for each (i, j) we have

P[Aij < X] = F(.X') VxeR

where F(x) is some continuous cumulative distribution function (CDF), such as the CDF
for a Gaussian random variable, or an exponential random variable, or a random variable
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that is uniformly distributed over some interval [a, b] where a, b € R and a < b. Then, since
A is either square or tall, we have

(5.10) P[A has linearly independent columns] =1

This is because, by (5.2),

P[A has linearly independent columns]

(5.11) = P[E;]P[Ey|E;|P[E3|Ey 0 Ep]-+-P[Ey| N/ E;]

It can be shown that each factor in the right-hand-side of the above equality is 1. Specifically,
let Cy, ..., Cp be the columns of A. To show that P[E; ] = 1, it suffices to show P[E{] = 0. But
P[Eﬂ = P[Cl = 0] AISO, C = (A]_]_JAZ]_J '")Aml) ¢ R™and

P[C1=0]=P[A11 =0]P[A1 =0]---P[A;;1 =0] = 0

where we recall that, because each A;; is a random variable with a continuous CDF, we
have P[A;; =x]=0forallxe Rand allie {1,...,m}.

We omit a formal proof that the remaining factors in the right-hand-side of (5.11) are
also 1. However, informally, it holds because integrating a probability density function
(PDF) over any zero-volume subset of R™ yields zero, and

¢ P[Ey|E;] = 1since if Ej is true then Span{C; } is a 1-dimensional line within R™. This 1-
dimensional line has zero volume and hence zero probability within the m-dimensional
space R™ (since 1 < m).

* P[E3|E; n Ey] = 1since if E; N E, is true then Span{Cj, C,} is a 2-dimensional subspace,
which has zero volume and hence zero probability within the m-dimensional space
R™ (since 2 < m).

* P[Ey) n?:‘ll E;] =1sinceif m?:‘llEi is true then Span{Cy, ...,C,_1} isa (n—1)-dimensional
subspace, which has zero volume and hence zero probability within the m-dimensional
space R™ (since n - 1< m).

[Equation (5.10) holds for any continuous CDF, regardless of existence of a PDF. A
continuous CDF does not necessarily have a PDF. However, most do, and integrating the
PDF over a zero-volume subset of R™ provides the best intuition.]
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5.10. The chain of null spaces for powers of square matrices

Fix [F as a field. Let A be a n x n matrix with entries in . For a given positive integer k, let
AK denote the matrix multiplication of A with itself k times over:

AZ-AA
A% = AAA = A%A
At = AAAA = A%A

and so on. Since A is a square matrix, A¥ is also a square matrix with the same size as A.
The notation AX is only defined when A is square (else, the multiplication of A with itself
does not make sense).

It is easy to observe that for all positive integers k:
(5.12) {0} © Null(A¥) c Null(AK*1) c F"

Indeed, if x € Null(A¥) then
Akx =0

and multiplying the above equation by A gives
Ak+1 x=0
so x € Null(A¥*1), proving (5.12). From (5.12) it follows that
(5.13) {0} € Null(A) < Null(A?) c Null(A®) ¢ Null(A*)--- c F"
Thus, the null space either stays the same or strictly increases as we take more powers of

A.

LEMMA 5.5. Fix n as a positive integer and let A be a n x n matrix with entries in some field.

a) If there is a positive integer m such that Null(A™1) = Null(A™) then
Null(A¥) = Null(A™) Vk>m

b) If Null(A) = {0} then
Null(A%) = {0} Vk>1

¢) We have
Null(A¥) = Null(A™) Vk>n
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PROOF. The proof of (a) is similar to Exercise 5.29. To prove (b), suppose Null(A) = {0}.
We first show that Null(A?) = {0}. Suppose x is a vector in Null(A?) (we show x must be 0).
Since x € Null(A?) we know A%x = 0, and so

A-Ax=0
which means
(5.14) Ax e Null(A)

But Null(A) = {0}, so (5.14) implies Ax = 0. Thus, x € Null(A) = {0}, so x = 0. This completes
the proof that Null(A2) = {0}. By part (a), we must have Null(A¥) = {0} for all k > 1, which
completes the proof of (b).

The proof of (c) is left as an exercise. Hint: consider the case dim Null(A) = 0 and the
opposite case dim Null(A) > 1, and use reasoning similar to the discussion paragraph
given below. O

The lemma implies that, in the chain of subspace inclusions (5.13), there is a finite
(possibly empty) sequence of steps where the null space strictly increases (which means the
dimension increases by at least one at each step) until the first step when the null space
stays the same. The number of strictly increasing steps is finite because the dimension
increases by at least one at every such step, while the largest possible dimension is n
(since Null(A¥) ¢ F™ for all k). Once we reach a step where the null space remains the
same as the previous step, it stays the same at each step forever after. We say the null
space stabilizes at that point, and call the stabilized null space the limiting null space. Since
the dimension increases by at least one at each strictly increasing step, the limiting null
space must be reached on or before step n. So the limiting null space is Null(A™).

For example, the identity matrix has I* = I for all k, so if A = I the chain of inclusions
(5.13) reduces to
{0} = Null(I) = Null(I) = Null(I) = ...

For another example, consider the 3 x 3 matrix A defined by

1 00 1 00
- 2 _ k_ 42
A=10 0 1 , A= 0 0 0 , A=A Vk>2
0 00 0 0O
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For this matrix A we have
{0} ¢ Null(A) ¢ Null(A?) = Null(A%) = Null(A*) = ...

where C ¢ D denotes C is a strict subset of D (meaning every element of C is also in D, but
there is at least one element of D that is not in C). Indeed, it is not difficult to show

Null(A) = Span{(0,1,0)}
Null(Az) = Span{(O, I 0); (0,0, 1)}

As an exercise, the reader is invited to find a specific square matrix A where the null
space dimension increases by more than I at a given step, such as a matrix A that satisfies
dim Null(A?) = 2 + dim Null(A) (see Exercise 5.31).

5.11. Exercises

EXERCISE 5.1.  Let A be a n x n matrix with entries in some field. Show that dim Null(A?) >
dim Null(A), where A% = AA.

EXERCISE 5.2.  Give an example of a nonsquare matrix A with at least two rows and at least
two columns such that the equation Ax = b has a solution for all vectors b.

EXERCISE 5.3.  Give an example matrix A (using the field R) such that dim Null(A) = 5 and
dim Col(A) = 2.

EXERCISE 54. (Example matrix in[F3) Let [F3 = {0,1, 2} with mod 3 arithmetic.
a) Give an example matrix A and column vector b that satisfy all of the following:

« Ais a3 x 3 matrix with entries in F3.

« All entries of A are nonzero.

« bisa 3 x 1 column vector with entries in [F3.

* The equation Ax = b has no solutions in mod 3 arithmetic.
b) How many vectors are in Null(A)? How many in Col(A)?

EXERCISE 5.5. (Example matrix) Give an example of a matrix A (with some field F) that meets
the following criteria:

+ Ax = b has exactly 27 solutions for some vectors b, and no solutions for other vectors b.
* Col(A) has dimension 2.

« All columns of A are different.
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EXERCISE 5.6. Suppose A and B are square matrices of the same size (they have elements in
some field F). Show that AB is invertible if and only if both A and B are invertible.

EXERCISE 5.7. Let A be a m x n matrix with entries in some field F. Let G be a m x m invertible
matrix with entries in .

a) Show that Null(A) = Null(GA).
b) Show that rank(A) = rank(GA).

EXERCISE 5.8. Let A be a m x n matrix with entries in some field F. Let G be a n x n invertible
matrix with entries in F. Show that rank(AG) = rank(A).

EXERCISE 5.9. Let A be a m x n matrix. Suppose W is an invertible m x m matrix.

a) Show that A has linearly independent columns if and only if WA has linearly independent
columns.

b) Explain why A cannot have linearly independent columns if it is a wide matrix.

¢) Recall that A has linearly independent columns if and only if the first column is not the
all-zero vector, the second column is not a multiple of the first, the third column is not a linear
combination of the first two, and so on. Suppose the entries of A come from measured data.
Explain why we expect this to be true when A is very tall.

EXERCISE 5.10. Suppose A is a m x 5 matrix with real entries and b € R™. We are told two

pieces of information:

« Null(A) =Spani| -1 |,

o \O = ~ ~
-
oo o 9] = N

« A particular solution to Ax = b is the vector

—_ =

[

Find all solutions to Ax = b.

EXERCISE 5.11.  Give an example of a field F and a matrix A that simultaneously satisfies all of
the following properties:
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« Null(A) contains at least 7 vectors.
+ Col(A) contains exactly 125 vectors.

« A has 4 rows, and no entries of A are 0 or 1.

EXERCISE 5.12.  Using field ) = {0,1}, consider the 4 x 5 matrix:

= o= O O

= o O

o = =

o = —
v

a) Find a last column that consists of a single 1 and that ensures Null(A) has dimension 2.

b) Find all last columns that ensure Null(A) has dimension 1.

EXERCISE 5.13. Suppose A, B, C are possibly nonsquare matrices that satisfy C = BA. Suppose
C has linearly independent columns.
a) Show the columns of A must be linearly independent.

b) Give a specific example to show the columns of B need not be linearly independent.

EXERCISE 5.14. (If Null(A) = {0}) Let A be a square matrix with entries in some field. Recall
that A% = AA, A3 = AAA, and so on. Suppose Null(A) = {0}.

a) Show that Null(A?) = {0}.

b) Show that Null(A¥) = {0} forallk e {1,2,3, ...}.

¢) Give an example of a 2 x 2 matrix A (and a specific field) such that Null(A) = {0}.

d) Give an example of a 2 x 2 matrix B (and a specific field) such that Null(B) # {0} and
Null(B?) #+ Null(B).

EXERCISE 5.15.  (Ifrank(A) = rank(A?)) Let A be a square matrix with entries in some field.
Suppose rank(A) = rank(A?). Prove that Null(A) = Null(A?).

EXERCISE 5.16.  Give an example of matrices A and B of different size that satisfy rank(A) =
rank(B) = 3 and dim Null(A) = dim Null(B) = 4.

EXERCISE 5.17. (Graph game) Consider a game played on the 5-node undirected graph shown
in Fig. 5.1. The color of each node can be either orange or blue. Assume all 5 nodes start with
color orange (as shown in the figure). Clicking on a node toggles the color of that node and its
neighbors. For example, clicking on node 2 when the graph is in the all-orange state changes the
color of nodes 2, 1, 3, 4 to blue, while node 5 remains orange. We want to find a sequence of clicks
that makes all nodes blue, if possible.

a) State the 5 x 5 adjacency matrix A = (a;;), where a;; = 1foralli € {1,...,5}, and if
1 # j we have a;; = 1 if there is an edge between nodes i and j (and a;; = 0 else). Argue that
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FIGURE 5.1. The 5-node graph for Exercise 5.17.
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if x = (x1, %2, X3, X4, X5) 1S a vector with nonnegative integer entries, where x; represents the
number of times we click on node i, then Ax is a vector of nonnegative integers that represents
the number of times the color of each node changes (Where arithmetic is in the real field). Argue
that to reach any desired state of colors in the nodes, it suffices to click on each node at most once.

b) Now treat x € [Fg where x; = 1 if we click on node 1, and 0 else. Argue that Ax, computed in
the binary field, is the color state of the graph after clicking each node according to the vector x.

¢) Is the all-blue state reachable from the all-orange state? If so, what is the smallest number
of clicks required to turn all nodes blue?

d) Note that since A is symmetric we have Row(A) = Col(A). Find a basis for Col(A) (using
the binary field). Find a basis for Null(A) (using the binary field). Of the 2° different color-states,
how many are reachable from the all-orange state?

EXERCISE 5.18.  For the 5-node graph of Fig. 5.1, suppose we start in state
(orange, orange, orange, orange, blue)

(so node 5 is initially blue).
a) What is the smallest number of clicks to get to the all-orange state?
b) What is the smallest number of clicks to get to the all-blue state?

EXERCISE 5.19. (A 9-node graph game) Consider a graph game with the same rules as in
Exercise 5.17, but with graph shown in Fig. 5.2. Each node can be either orange or blue, and
clicking a node toggles its color and the color of its neighbors.

FIGURE 5.2. The 9-node graph for Exercise 5.19.

a) State the 9 x 9 adjacency matrix A. Remember that a; = 1 for allie {1,...,9}.

b) Find the shortest sequence of clicks that takes the 9-node graph from the all-orange state to
the all-blue state.

¢) From the all-orange state, how many of the 2° color-states are reachable?

EXERCISE 5.20. Create a graph theory game problem similar to the previous exercises. Feel free
to reuse one of the graphs, or make your own graph.
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EXERCISE 5.21.  (Erasure coding) Let F» = {0, 1} be the binary field. Let x, y € F} represent two
files of binary data. Assume n is large (so each file is a significant portion of a hard drive). Define
anewfilez e F) by z = x + y (using a mod-2 sum). The files x, y, z all have the same size. For
reliable storage, we store x, y, z in three separate locations.

a) Suppose the storage in one location is destroyed (so we lose either x, y, or z). Show we can
recover both x and y from the remaining two files.

b) For each i€ {1,...,n}, show that

X 1 0
Xi

v |= A , A=10 1
Yi

z; 1 1

using arithmetic in the binary field. Argue that any two rows of A are linearly independent.
c) Suppose we lose file y. Argue that for each i € {1, ...,n} we have

x.

1 Xi

1

=A
2 Yi

where A is an invertible 2 x 2 matrix formed by removing a particular row of A. Thus, data
recovery can be viewed as the matrix equation [x;; y;] = A [x;; 2;] for each i€ {1, ..., n}.

d) DefineF3 = {0,1,2} as the size-3 field with mod-3 arithmetic. Construct a 4 x 2 matrix A
with entries in F3 such that any two rows are linearly independent (you need to check all (g)
pairs of rows). Use this to show that any two vectors of trinary data x, y € F§ can be encoded into
four vectors a, b, ¢, d € F§ such that the full data x, y can be recovered from any two of a, b, c, d.
This is called erasure coding because it can recover erased data as long as enough unerased data

remains.

EXERCISE 5.22. (Can this matrix create an erasure code?) Consider the following matrix with
entriesinF5 = {0,1,2,3,4}:

(10 0]
010
A={o0 0 1
2 2 1
|42 2|

Using field Fs, either find three linearly dependent rows, or prove that any three rows of A are
linearly independent.

EXERCISE 5.23. (Random erasure coding) This generalizes Exercise 5.21. Suppose we have
some finite field F. Fix positive integers m, k, n with k < m. Suppose we have k packets of data
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X1, ...y Xy, € F'. We want to encode this into m packets of coded data ¢y, ..., ¢y € F"* such that
all original data can be recovered from any k of the packets cy, ..., cm. Let x;[j] e F and ¢;[j] € F
denote the jth component of packets x; and c;, respectively.

a) Suppose A is a m x k matrix with entries in F. Suppose A has the property that any k rows
are linearly independent. For each j € {1,...,n} define

alil | [ =l
el |, | =l
| anll | L il |

Argue that we can recover all original data from any k of the coded packets cy, ..., .-

b) Suppose A is the m x k matrix of part (a). Fix j < k and let 1y, ..., r; be any particular
distinct rows of A. We know that {r,...,7;} are linearly independent. Define f = |F| as the
positive integer fleld size. Find the number of vectors in Span{ry, ..., 7;} in terms of f and j.

¢) We now show that a matrix of the kind used in part (a) exists whenever the field size is
large enough. Suppose we choose the coefficients of A randomly by independently choosing each
entry uniformly over all f elements of F. Equivalently, each row is chosen independently and
uniformly over all f K choices of vectors in FX. Let p be the probability that the first k rows of A are
linearly independent. Compute p in terms of f and k. Hint: Define By = {row 1 is not all zero}
and fori € {2,...,k} define B; = {row i is not in the span of rows 1, ...,1—1}. Recall that

P[n% |B;] = P[B1]P[By|B1]P[B3|B; n By]--P[By nk]! B;]
Recall that m{lei is true if and only if rows 1, ..., j are linearly independent. Proceed to part (d)
of this problem.

d) Let py denote the value of p in part (c) (treated as a function of f). By symmetry and the
union bound, the probability that the randomly formed m x k matrix A contains a collection of k
rows that is not linearly independent is less than or equal to (r,’:) (1-p f). Show that the limit of
this as f — oo is 0. Argue that if the field size f is large enough, there exists a matrix A of the
kind needed in part (a).!

EXERCISE 5.24. (Bits-to-bits erasure coding with [F4) This problem builds on Exercise 5.21. We
have two blocks of binary data x = [x1, ...,xn] and ¥ = [ Yy, ..., ¥, ]- Suppose n is even.

a) Using the field F4 = {0, 1, a, b} with arithmetic defined by Exercise 1.17, design an erasure
coding scheme to encode this into four blocks of binary data cy, co, c3, 4, each of size n, such that
recovery of any two of the blocks enables complete recovery of the original data x and y. Give

!In practice, it is common to use the k x k identity matrix for the first k rows of A. The remaining m — k
rows can be formed by a random search.
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your encoding for the case n = 10 and

x = [0011011010]
y = [1001111011]

You may want to use, for example
000, 0l«<1, 10<a 1l<b

sox =[0,b,1,a,a] and y = [a,1, b, a, b]. This involves the design of a 4 x 2 matrix A with
elements in [F4 such that any two rows of A are linearly independent (together with carrying out
the nonstandard arithmetic in F4).? To be compatible with part (b), the last two rows of your
matrix A should not have any zeros.

b) Design a decoding scheme. You may want to use the 2 x 2 matrix inversion formula in

Exercise 2.22. Explain how to decode to find blocks x and y in the case when blocks c; and ¢
have been destroyed, so we only have blocks c3 and c4 (Where c3 and c4 are blocks different from
X, ¥).
EXERCISE 5.25. ((n,3) erasure code) Fix n as an integer (assume n > 4). Let q be a prime
number such that q > n. Using field F4 = {0, 1, ..., ¢ — 1} with mod q arithmetic, show that the
following matrix, called a Vandermonde matrix, can be used for a (n, 3) erasure code, meaning
that any 3 rows are linearly independent:

1 0 0
1 1 1
1 2 22
A =
1 3 32

|1 (n-1) (n-1)*

soeach rowie {1,...,n} has the form (1, (i - 1), (i — 1)), which is useful.®

EXERCISE 5.26. (Erasure code from Vandermonde matrix) Let F be a field. Let A be an x k
matrix with entries in F (assume n > k > 0). Suppose any k rows of A are linearly independent.
Let B be an invertible k x k matrix (with entries in [F).

a) Show that any k rows of AB are linearly independent.

ZNote that such a matrix A is impossible in [F,. Exercise 5.21 shows it is possible in F3, but that uses trinary
data rather than bits-to-bits encoding.

3This fact about the n x 3 Vandermonde matrix A holds more generally for any finite field Fqwithg>n
(suchas g = 2% > n). In that case column 2 of A is replaced by (s, $2, ..., sn) and column 3 is replaced by
(sf, s%, ey 3,21), where {sy, ..., sn} are any distinct scalars in Fy.

203



b) Consider the following 7x4 Vandermonde matrix A, with entriesinF; = {0,1,2,3,4,5,6}
(with mod 7 arithmetic):

1

T S WY

1

AN U A~ W N = O
w
N
w
w

1

It is known that any 4 rows of A are linearly independent. Write A with all entries in 5 (for
example, 23 = 1). Use part (a) to convert to a new matrix A with the following properties:

« A has size 7 x 4 (with all entries in F5).
- Any 4 rows of A are linearly independent.
« The first 4 rows of A form the 4 x 4 identity matrix.*

EXERCISE 5.27. (Implementation of (5, 3) erasure code with binary-to-5-ary conversion) Con-
sider the following binary matrix

11111110
P=11 1001100
00011000

The three rows of P are three 8-bit packets of data to be converted and encoded as follows:

1. Convert to 3x4 matrix R where each row of R is the conversion of the 8-bit row of P to 4-symbol
5-ary with Fs = {0,1, 2, 3,4}. For example, considering base 2 and base 5 representations,
we have (11111110) = 254 = (2004)s, so the first row of R is [ 2 0 0 4 ]

2. Encode to five 4-symbol 5-ary packets using Fs = {0,1, 2, 3,4} and multiplication C = AR
with

b S
1]
- - o o =

N PR O = O
w N = O O

*We can use either A or A for (7,4) erasure coding in field F7, but the matrix A uses the first four encoded
packets as the original four packets.
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where matrix multiplication is in F5. Note that any three rows of A are linearly independent
(using field Fs).

3. Convert encoded matrix C row-by-row to five 10-bit binary encoded packets (a 5 x 10 binary
matrix D), for overall efficiency of 8/10 = 0.8 (any three of the five 10-bit encoded packets can
reconstruct the original data matrix P).

a) Perform the conversion in this case to produce R, C, D. Show how the original matrix P
can indeed be recovered from only the last three rows of D using the inverse of the last three rows
of A. Explain how the inequality 28 < 5* < 210 relates to efficiency, and how a large binary file
can be taken in 8-bit chunks and encoded in this way with efficiency 0.8.

b) Suppose a large file is taken in 9-bit chunks. Explain how 2° < 5% < 210 creates efficiency
0.9.

¢) Suppose we take 100-bit chunks. Explain how 2190 < 5% < 2103 creqates efficiency 100/103 =
0.971.

d) What would be the efficiency if we use 102-bit chunks?

EXERCISE 5.28. (Probability of being invertible) Using the method described in Exercise 5.23c,
compute the probability that a randomly formed k x k matrix with entries in a finite field is
invertible. In particular, the field F has size |F| = f; the columns of matrix A are independently
chosen; each column is equally likely to be one of the f K vectors in FK. The answer should be in
terms of f and k. With k fixed, show that the probability convergestol as f — oco.

EXERCISE 5.29. (Null(AX)) Let A be a square matrix. Suppose that Null(A®) = Null(A2).
a) Prove that Null(A*) = Null(A?).
b) Prove that Null(A¥) = Null(A?) for all integers k > 2.

EXERCISE 5.30. (Rank) Suppose

1 C C3 dl dz dg d4
1 0 4

A= C4 C5 Cg d5 d6 d7 dg
1 01

c7 Cg C9 1 1 1 0

a) Explain why rank(A) € {0,1,2}.
b) Give an example when rank(A) = 0.

¢) Give an example when rank(A) = 1.

d) Give an example when rank(A) = 2.

EXERCISE 5.31.  Using F = R, find a specific square matrix A that satisfies dim Null(A?) =
2 + dim Null(A) (this relates to Section 5.10).
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EXERCISE 5.32.  (Reducing to a basis) Consider the following vectors in R3:

Reduce this to a linearly independent collection of vectors without changing their span. That is,
throw away some vectors so that the remaining vectors are linearly independent and have the
same span as before. What is the dimension of the span of these vectors?

EXERCISE 5.33.  (Reducing to a basis) Consider the following vectors in R3:

Reduce this to a linearly independent collection of vectors without changing their span. That is,
throw away some vectors so that the remaining vectors are linearly independent and have the
same span as before. What is the dimension of the span of these vectors?

EXERCISE 5.34. (Reducing to a basis) Consider the following vectors in R3:

-1 3 9 29 17 -23 37
3 Ll -9 |5 -1 |s| -9 |51 1 (] 17 |,| -7
7 =21 2 8 11 31 1

Reduce this to a linearly independent collection of vectors without changing their span. That is,
throw away some vectors so that the remaining vectors are linearly independent and have the
same span as before. What is the dimension of the span of these vectors?

EXERCISE 5.35. (Growing a basis in R®) Define subspace S ¢ R3 by
S={(x,y,2) eR3: 2x+ y-3z=0}

a) What is dim(S)?
b) Note that (1,1,1) € S. Extend (1,1,1) to a basis for S by adding additional vectors.

EXERCISE 5.36. (Growing a basis in R*) Define subspace S ¢ R* by
S={(x,y,z,w) eR*: x+ y+z+w=0}

a) What is dim(S)?
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b) Note that (1,1,1,-3) € S. Extend (1,1,1,-3) to a basis for S by adding additional vectors.

EXERCISE 5.37. (Growing a basis in R*) Define subspace S ¢ R* by
S={(x,y,2,w) cR*: x+2y+3z+4w =0}

a) What is dim(S)?
b) Note that (3,1,1,-2) and (-7,0,1,1) are linearly independent vectors in S. Extend
{(3,1,1,-2),(-7,0,1,1) } to a basis for S by adding additional vectors.

EXERCISE 5.38. (Growing a basis in R*) Define subspace S ¢ R* by
S={(x,y,z,w) eR*:x+y+2z+2w=0, x +z—w=0}
a) What is dim(S)?
b) Note that (2,2,-2,0) € S. Extend (2,2,-2,0) to a basis for S by adding additional vectors.

EXERCISE 5.39. (Growing a basis in an abstract way) Let S be a subspace of R'°. Suppose we
have vectors {x, y, z} that are a basis for S (so dim(S) = 3). Let v be a nonzero vector in S. How
can we extend v to a basis for S?

EXERCISE 540. (Growing a basis in an abstract way) Let S be a subspace of F*?, whereF is
some field. Suppose we have vectors {x, y, 2z} that are a basis for S (so dim(S) = 3). Let v, w be
two linearly independent vectors in S. How can we extend {v, w} to a basis for S?

EXERCISE 5.41. (Bounding the dimension) Suppose S is a subspace of F"*. Suppose there is a
positive integer k and vectors vy, ..., vy € F" such that
Sc Span{vy, ..., v}
a) Show that dim(S) < k.
b) Give an example of this situation where the inequality holds with strict inequality.

EXERCISE 5.42. (Alternative proof of rank(AB) < rank(B)) Let A and B be matrices with
entries in some field F. Suppose the sizes are such that AB makes sense. Let r = rank(B).

a) Suppose r = 0. Explain why B is an all-zero matrix, and rank(AB) < r.

b) Suppose r is a positive integer. Let {wy, ..., wy} be a basis for Col(B). Argue that

Col(AB) c Span{Awx, ..., Awr}

Conclude that rank(AB) <.

EXERCISE 5.43. (Adding a vector already in the span of others) Let {x, ..., x; } be vectorsin
F™. Fix y € Span{xy, ..., x;.}. Show {y, x1, ..., x;} are linearly dependent.

207



EXERCISE 5.44. (Removing a vector from a linearly dependent collection) Let vy, ..., v} be
vectors in F™. Define S = Span{vy, ..., vy }. Suppose v; € Span{vy, ..., vy_; }. We want to show
that v can be removed without changing the span of what remains.

a) Explain why {vi, ..., v} are linearly dependent.

b) Show that Span{vy, ..., vy_1} = S.

¢) This problem assumed the last vector was a linear combination of the others. Explain why
the result holds more generally: If any vector is a linear combination of the others, that vector
can be removed without changing the span of the remaining vectors.

EXERCISE 5.45. (A list of vectors where the first few are linearly independent) Let C be the
following collection of vectors in F™:

C={X1, eees Xy Y1y os Vs }

Define S = Span{xy, ..., Xy, Y1, ---» ¥ }. Suppose that
« {x1, ..., x;} are linearly independent.
© {X1,y o0y Xgy Y15 -y Vs } are linearly dependent.

Prove that one of the y; vectors is a linear combination of the other vectors in collection C. Hence,
by Exercise 5.44, y; can be removed from the collection C without changing the span of the
remaining vectors.

EXERCISE 546. (Wide matrix theorem via vector replacement) This exercise uses a vector
replacement technique from Axler (2024) to prove the wide matrix theorem (Theorem 5.1).
Suppose A is a m x n matrix with entries in some field F. Suppose A is wide, so m < n. We want
to prove Null(A) # {0}. Suppose the contrary holds, so Null(A) = {0} (we reach a contradiction).
Then the columns of A are linearly independent (recall Lemma 3.7). Let Xy, ..., Xn, be the (linearly
independent) columns of A, sox; € F™ fori e {1, ..., n}. Let I be the m x m identity matrix, having
columns ey, ..., em € F™ that are the standard basis for F™. There are more vectors xi, ..., Xn, than
there are vectors ey, ..., em.

a) Show that every vector x; is a linear combination of {e, ..., em }. [Just use the fact x; e F'™.]

b) Step 1: Start with the collection of m vectors that span F™:
Ci={e,e,....,em}
Add vector x; to the front of this collection to form a collection of m + 1 vectors that also span F™:
C1 = {x1,e1,€,...,em}

Use the results of Exercises 5.43-5.45 to show one of the e; vectors can be removed from Cy, while
the span of the remaining vectors is still F™.
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c) Stepie{2,...,m}: At step i we start with the collection C; of m vectors that span F™:

Ci = {20, w0 Xi_15 €017 €3 2]+ Er[i,m—(i-1)]}

wherer[i, 1], ..., r[i, m - (i - 1)] indexes the e; vectors that have not been thrown away by the
start of step i. Now add x; to the front to form a collection of m + 1 vectors that span F™:

Ci = {21, o0y Xi_15 X €3 1] €[3,2] -0 €r[i,m—(i-1)])

Use the results of Exercises 5.43-5.45 to show one of the e,(; ;7 vectors can be removed from C;,

while the span of the remaining vectors is still F"™.

L]

d) At the end of step m we have thrown out all e; vectors and we have the following collection
of vectors that span F™:
{le ) xm}
Since m < n, there is another vector xpy,,1 € F™ that is not included in {x, ..., Xm }. Show this
contradicts linear independence of {xi, ..., Xn }-

EXERCISE 5.47. (Counting the number of invertible 2 x 2 matrices) Let [ be a finite field with
f scalars. How many invertible 2 x 2 matrices are there with entries in F?

EXERCISE 5.48. (Counting the number of invertible 3 x 3 matrices) Let [ be a finite field with
f scalars (where f is an integer and f > 2). How many invertible 3 x 3 matrices are there with
entriesin F?

EXERCISE 549. (Counting the number of invertible n x n matrices) Let F be a finite field with
f scalars (Where f is an integer and f > 2). Fix n € N. How many invertible n x n matrices are
there with entries in F?

EXERCISE 5.50. Suppose A and B are 2 x 2 matrices with entries in Fy = {0,1} and

11
01

AB =

where the matrix multiplication uses mod 2 arithmetic. How many different (A, B) combinations
are there? Find all matrices A, B that work.

EXERCISE 5.51. (Adding a vector to a linearly independent set) Let {xy, ..., X} be linearly
independent vectors in some subspace S. Fix y € S such that y ¢ Span{xy, ..., x;.}. We want to
show {x1, ..., X, y} are linearly independent. Suppose Zle a;x; + ap.1y = 0 for some scalars a;.
Show a; = 0 for all i by considering the cases a;,; = 0 and a; 1 # 0.

EXERCISE 5.52.  (Using dimension to establish a basis) Read the two paragraphs of Section 5.6.
Then
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a) Prove Lemma 5.3(a).
b) Prove Lemma 5.3(D).

EXERCISE 5.53. Let Sy and Sy be two subspaces of a vector space V. Suppose S1 € Sy, and
dim(S8;) = dim(Sy) = k for some k € N. Show that Sy = S».
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CHAPTER 6.

General vector spaces

This chapter presents the theory of general vector spaces. Most proofs are similar to the

ones in previous chapters.

6.1. Axioms for a vector space over a field

Suppose V is a nonempty set of objects that shall be called vectors. Let F be a scalar field.
Suppose there are operations of vector addition and scalar multiplication, so that adding
two vectors in V yields another vector in V, and multiplying a vector in V by a scalar yields
another vector in V:

xeV,yeV = x+yeV

aclF,xeV = axeV

The set V, together with the field F and the operations of vector addition and scalar
multiplication, is called a vector space over field [ if the following eight axioms hold:

1. Vector addition is commutative: x + y = y+x forallx, y e V.
2. Vector addition is associative: (x+ y) +z=x+ (y+2) forallx, y,z € V.

3. Existence of vector 0: There is a vector 0 € V (called the zero vector) such that x + 0 = x
forallxeV.

4. Existence of additive inverse vector: For every x € V thereisa —x € V such that x+-x = 0.
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5. 1-x =x for all x € V (where 1 is the multiplicative identity scalar in [).
6. (ab)x =a(bx) foralla,beFandxeV.
7.a(x+y)=ax+ayforallacFandx, yeV.

8. (a+b)x=ax+bxforalla,beFandxeV.

For x, y € V, we define subtraction of vector y as adding —y:

X—-y=Xx+-y

The zero vector 0 € V is not the same as the scalar 0 € F. The above axioms can be used to
show that 0 is the unique vector that can be added to another vector without changing that
other vector. Indeed, fix x € V. Suppose there is some z € V such that x + z = x. We want to
show z must be the vector 0. We have

0=x+-x [existence of —x (Axiom 4)]
=(x+2)+—-x [substitute x = x + 2]
=(2+x)+-x [commutativity (Axiom 1)]
=2+ (x+-x) [associativity (Axiom 2)]
=z2+0 [Axiom 4]
=z [Axiom 3]

LEMMA 6.1. (Basic consequences of the axioms) Let V be a vector space over a field F. Then
+ 0x = 0 for all x € V. (Multiplying any vector by the scalar 0 yields the vector 0.)
+ a0 =0 for all a € F. (Multiplying the vector 0 by any scalar yields the vector 0.)
« (-1)x = —x for all x € V. (Multiplying any vector x by -1 yields —x.)
« IfaeFandx eV then: (ax =0) < (eithera=0o0rx=0)

« Forallx,y eV we have x = x + y — y. (The famous add-subtract technique.)

PROOF. The proofis similar to proofs in Chapter 1.5. Details are left to Exercise 6.32. [J

6.1.1. Terminology

+ A vector space over the field R is called a real vector space.
+ A vector space over the field C is called a complex vector space.
« V = {0} is called the trivial vector space.

+ A vector space is nontrivial if it has at least two distinct vectors.
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6.1.2. Finite versus infinite sums

Suppose V is a vector space over a field F. Let {vy, v, v3, ...} be an infinite sequence of
vectors in V. The axioms for a vector space imply that the sum of any two vectors in V is
again a vector in V, so

Vi+voeV
Therefore
Vi+Vo+v3=(Vi+V)+V3€V
~—_—
eV
VI+Vo+V3+Vs=(ViI+Vo+V3)+V4€V
—————
eV

By induction it follows that for all positive integers n we have
n
YveV
i=1

Conclusion: The axioms for a vector space ensure that the sum of any finite number of
vectors in V is again a vector in V. Similarly, if {a, as, as, ...} is a sequence of scalars, then
aiv;eViorallieN,so X!, a;v;eVforallneN.

What about infinite sums?

00 00
Zvi =?? y Eaivi =??
i=1 i=1

The axioms for a vector space cannot and do not define such infinite sums. Linear algebra
deals with finite sums. See also Exercises 1.24, 6.29, and the definition of Hamel basis in
Exercise 6.31.

[Of course, using the real field R or the complex field C, it is often possible to define
the distance between vectors. Then one can talk about limits. With this added machinery,
infinite sums can be defined for certain vector spaces and when certain convergence
criteria hold. Nevertheless, linear algebra primarily deals with finite sums. The one place
an infinite sum is used in this text, aside from the Exercises 1.24 and 6.29, is in the definition
of the matrix exponential function ¢! in Chapter 14.]

6.2. Linear combinations

Let V be a vector space over a field F.

DEFINITION 6.1. Let D be a nonempty subset of V. A vector x is a linear combination of
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vectors in D if
k
xX=y a;x;
i=1
for some positive integer k, some vectors xi, . .., Xy € D, and some scalars ay, ..., a; € F.

The scalars used to form a linear combination are often called weights, so a linear
combination of vectors in D is a weighted sum of a finite number of vectors from D. The set
D in the above definition is just some nonempty subset of V. It is not required to have any
special structure. For example, D might contain an infinite number of vectors. However,
by definition, a linear combination is a finite sum over k terms, for some k € N.

Suppose {vi, V9, V3, ...} is a countably infinite list of vectors in V. If {ay, a», as, ...} is
a countably infinite list of scalars, the summation }?°, a;v; is not necessarily a linear
combination of {vy, v,, v3, ...} because: (i) Unless additional structure is given, infinite
sums are undefined; (ii) Even if we have structure for which }'7°; a;v; is defined as some
other vector w € V, it is only a linear combination of {vy, vy, v3, ...} if it can be written as
w= Z{.‘:I a;v; for some k € N and some scalars g; for i € {1, ..., k}. See a related example in

Exercise 6.29.

DEFINITION 6.2.  Given a collection of vectors {xy, ..., x } in V, we define Span{x, ..., x;} as
the set of all linear combinations of {x1, ..., X }.

6.3. Subspaces

Let V be a vector space over a field F.

DEFINITION 6.3. A set S ¢ V isa subspace of V if the following three properties hold:
(i) 0eS;
(ii) x + y € S whenever x, y € S;

(ii1) ax € S whenever x € Sand a € F.
Consequences of this definition:

+ An equivalent definition: Let S be a subset of V. Then S is a subspace of V if and only if
Sis nonempty and ax + by € S whenever x, y € Sand a, b € F. [The proof is similar to
the proof of Lemma 3.1.]

- Vitself is a subspace of V.
+ The single-element set {0} is a subspace of V. It is called the trivial subspace.

- If Sis a subspace of V, then any linear combination of vectors in S is itself a vector in
S. [This can formally be shown by induction, similar to the proof of Lemma 3.2.]

* If {x1, ..., x;} is a collection of vectors in V, the set Span{x, ..., x; } is a subspace of V.
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[The proof is similar to the one given for vector space F" in Chapter 3.2.2.]

- If Dis a nonempty subset of V, then the set of all linear combinations of vectors in D
is a subspace of V. [The proof is similar to the proof of the previous bullet.]

+ The intersection of an arbitrary (possibly uncountably infinite) number of subspaces
of V is again a subspace of V. [The proof is not significantly different from the proof
for the intersection of two subspaces given in Chapter 3.2.2.]

Let V be a vector space over a field F. It can be shown that every subspace S ¢ V is
itself a legitimate vector space over field . This is useful: If the axioms are known to hold
for V, then they necessarily hold for any subspace of V. New vector spaces can be formed
from old ones just by using subspaces.

6.4. Example vector spaces

1. (n-tuples) Fix [ as any scalar field and fix n as a positive integer. Define
V=F"={(x1,...,xn) 1 x;€F Vie{l,..,n}}

Using the standard definition of addition and scalar multiplication in F", it is easy to
show that F" is a vector space over the field F. This is done by showing that all axioms
hold. For example, Axiom 1 holds because we already know the sum of two vectors in

F" is commutative:

(%15 o0y %) + (V15 0y Vi) = (X1 + V15 ey X+ V)
:(_)/1+x1,---,_)/n+xn)

= (yl) (L) .yn) + ('xl; ) le)

Axiom 2 (associativity of vector sums) can be similarly shown. For Axiom 3, we define
the zero vector as the all-zero n-tuple

0=(0,0,...,0)
Then it is clear that for all x = (xy, ..., X,) € F"* we have

x+0=(x1,...,xn) +(0,...,0)
=(x140,...,x,,+0)

= (xl) Sx3) xn) =X
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For Axiom 4, given x = (x, ..., xn) we define -x = (-xy,...,—X), s0 x + —x = 0. The
remaining Axioms 5, 6, 7, 8 can be similarly shown.

[Note: We do not need to assign a vertical or horizontal orientation to vectors in . However, when used
in matrix multiplication, we follow the convention that a vector x € " is viewed as a column vector (a

n x 1 matrix), so the transpose x' makes sense and is a row vector (a 1 x n matrix).]

. (mxn matrices) Fix [F as a scalar field. Fix m, n € N. Let V be the set of all m x n matrices

with entries in F, often denoted F"*":
V = F™" = {m x n matrices with entries in F}

It is not surprising that F"**" is a vector space over the field F. For example, we already
know that matrix summation is commutative and associative, so Axioms 1 and 2 hold.
The vector 0 is defined as the all-zero matrix of size m x n, from which it is clear that
Axiom 3 holds. It is not difficult to verify that the remaining axioms (Axioms 4-8) also
hold. The vector space F"*" is similar to the vector space F"""*; which takes the m x n
matrix and splices all columns together in a long column vector of size mn. However,
the rectangular structure of matrices in F™*" is useful when we want to use features
of matrix transposes and matrix multiplication. For example from the vector space
F™ ™ we can define a subspace S as follows: Fix a particular square matrix B € ™™™
and define
S={AeF™™":AB=0}

where 0 denotes the all-zero matrix of size m x n. Exercise 6.35 shows that S is indeed

a subspace of F™*™,

. (Infinite sequences) Fix [ as a scalar field. Define
V=Y = {(x1, %9, %3, ...) tx;eF VieN}
This is the set of all infinite sequences of scalars in [. So
(xe [FN) < (x=(x1,%2,%3,...) forsome scalarsx;e[)

As convenient shorthand, we can denote a particular sequence x € FN by (x;). Define
vector addition and scalar multiplication by

(x)+(y;) = (x;+ ;) Vo, yeFV
0(x;) = (Bx;) Vxe [FN, OcfF

Define the vector 0 as the all-zero sequence 0 = (0,0, 0, ...). It can be shown that FV is a
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vector space over field F. For example, to show Axiom 1, fix (x;), (y;) € FN and observe

() + (7)) = (5 + ;) = (v + %) = (7)) + (%)
The remaining axioms (Axioms 2-8) can be similarly shown. Regarding Axiom 4, for
each (x;) e FN define —(x;) as the vector (-x;), for which it is clear that (x;) + —(x;) = 0.

. (Real-valued functions) Fix [ = R. Define V as the set of all functions f : R - R. For
example, the following functions f, f», f3, f4 are in set V:

(6.1) fi(t)=t+t* VteR
(6.2) fo(t) =cos(t) —e" VteR
2 ift<15
(6.3) f3(t) { .
-3 ift>1.5
(6:4) Fal) = 0 ift<0
. U e ifeso

The functions f;, f, are continuous. The functions f5, f, are not continuous. Two
functions f, g € V are said to be equal if their function values are the same for all t € R:

(6.5) (f=8) < (f(t)=g(t) VteR)

For example, with f; and f, defined as above, we have f;(0) = f,(0) (so the function
values happen to be equal at time t = 0) but f; # f, (because they are different
functions). The fact that f; # f, can be established by finding any time ¢ € R for which
f1(t) # fo(t). We can also see that f; # f, by observing

lim f(t) = o
t—o0
lim f,(t) =-oc0
t—o0
To allow V to be a real vector space, define addition and scalar multiplication according

to standard sums and scalings of real-valued functions. Formally, if f,ge Vand 6 ¢ R
we define f + g and 0f as functions in V with values at each time ¢ € R given by

(6.6) (f+8)(t)=f(t)+g(t) VteR
(6.7) (0F)(t) = 0f(t) VteR

where the notation (f + g)(t) and (0 f)(t) evaluates the functions f + g and 6 f at the
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particular time ¢. Then V is a real vector space. This can be proven by verifying that a
linear combination of two functions in V is again a function in V, then showing all
eight axioms hold. To establish Axioms 1 and 2, fix f, g, h € V and observe

f+g=g+f (Axiom1)
(f+g)+h=f+(g+h) (Axiom 2)

Note that functions f and g represent functions over all time t € R, so f + gis also a
function over all ¢ € R. Thus, Axiom 1 means

f(@)+g(t) =g(t)+f(t) VteR

For Axiom 3, define the zero vector 0 as the always-zero function z(t) = 0 for all ¢ € R.
Then it is clear that f + 0 = f (Axiom 3). For Axiom 4, for each function f ¢ V we define
—f as the function g : R - R given by g(t) = —f(t) for all t € R. Then it is clear that
f +—f = 0. Itis easy to see that Axioms 5-8 also hold (for example, 1- f = f for all
functions f € V). So V is a real vector space.

Now define S; ¢ Vand Sy ¢ V by

S1={f€eV: fiscontinuous}
S - {feV: [:f(t)zdt<oo}

With f, fo, f3, f4 defined in (6.1)-(6.4), we have
* f1,f2 €81 [since functions f; and f, are continuous]
* f3,f4¢S1 [since functions f; and f, are not continuous]
* fu,fof3¢Sy  [since, for example, [ fy(t)%dt = [ 4dt + [ 9dt = co + oo = oo]
© fa€Sy [since [ fi(t)%dt= [ e Mdt =1/4 < 0]

Since the zero function is continuous, and the linear combination of two continuous
functions is again a continuous function, the set S; is a subspace of V. Thus, S is itself
a valid vector space. It can also be shown that S, is a subspace of V (see Exercise 6.3).
The set S, is the real vector space of square integrable functions f : R - R.

. (Polynomial functions) Fix F = R. As in the previous bullet, define V as the real vector
space of functions f : R - R. Define V3 as the subset of V consisting of polynomial
functions of degree less than or equal to 3:

Vo= {feV:f(t)=ag+ayt+at®+ast> for some ag, aj, as, ag € R}
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It can be shown that V3 is a subspace of V. Thus, V3 is itself a real vector space. Now
define B ¢ V3 as the set of all polynomial functions of degree exactly 3. While B is a
subset of V3, observe that B is not a subspace of V3 because t° € B, but 0t> = 0 ¢ B.

. (Functions on any domain) Let F = R. Let D be any nonempty set. Fix k € N. Define
V as the set of all functions f : D - RX, Each function f € D maps an element d ¢ D
to a k-tuple f(d) € R. Such functions in V can be added and multiplied by scalars to
produce other functions in V. It can be shown that V is a real vector space. The zero
vector is the always-zero function f(d) = 0 ¢ R¥ for all d € D.

For example, let D = {red, green, blue}. Let k = 1. Define f : D > Rand g : D - R by

f(red)=1 , f(green)=2.2 , f(blue)=0
g(red)=3 , f(green)=3 , f(blue)=1

Define h = f +gand r=51f - g. Then

h(red)=4 , h(green)=5.2 , h(blue)=1
r(red) =21 , r(green)=822 , r(blue)=-1

For these examples, it is clear that f + g = g + f (required by Axiom 1); (f +g) + h =
f+ (g +h) (required by Axiom 2); f + 0 = f (required by Axiom 3); and so on.

. (Random variables) Let (Q, &, P) be a probability space: Q is a nonempty set (called
the sample space); F is a sigma algebra on Q (called the set of events); P: F — [0,1] is
a probability measure. Define F = R and define V as the set of all random variables
X : Q - R. It can be shown that V is a real vector space. This is done by verifying
existence of vector addition and scalar multiplication (the sum of two random variables
is again a random variable, multiplying a random variable by a real number is again a
random variable) and then showing the 8 axioms hold. The zero vector is the always-
zero random variable Z(w) = 0 for all w € Q. A useful subspace of V is the set of all
random variables that have finite second moments (see Exercise 6.36).

6.5. Finite and infinite dimensional subspaces

Let V be a vector space over a field F.

DEFINITION 6.4. A subspace S ¢ V is finite dimensional, written dim(S) < oo, if S is spanned

by a finite number of vectors. That is, S = Span{xj, ..., x; } for some positive integer k and some

Vectors X1, ..., Xi € S.

DEFINITION 6.5. A subspace S ¢ V is infinite dimensional, written dim(S) = oo, if it is not
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finite dimensional.

For example, let V be the real vector space of all functions f : R — R, andletS ¢ V be the
subspace of polynomial functions. The set S is indeed a subspace because a linear combi-
nation of two polynomials is again a polynomial. We now prove that dim(S) = co: Suppose
S is the span of a finite number of polynomials, so S = Span{p;(t), p»(%), ..., p;(t)} for
some positive integer m and some polynomials p;(t), ..., p,,,(t) (we reach a contradic-
tion). Let d be the maximum degree of any of these m polynomials. Then t4*! ¢ S but
41 ¢ Span{ p1(t), po(t), ..., Py (t) } because the linear combination of polynomials of de-
gree at most d is again a polynomial of degree at most d. This contradicts the assumption
S = Span{p,(t), ps(t), ..., py(t)}. Thus, dim(S) = co.

Remarkably, it is more difficult to prove that V itself is infinite dimensional.! We know
S ¢ V, but we do not yet have a general way to prove that an infinite dimensional subspace
cannot be contained by a finite dimensional subspace (this is done in the last paragraph
of Section 6.6 using the concept of linear independence). Exercise 6.30 shows that for any
field F, the vector space FN of all infinite sequences of scalars in F is not only infinite
dimensional (so it cannot be spanned by any finite list of vectors in F'V), but it is so large
that it cannot be spanned by any countably infinite list of vectors in F".

6.6. Linear independence, basis, and dimension

Let V be a vector space over a field F. Let k be a positive integer. A collection of vectors
{x1, ..., %} in V is said to be linearly independent if

(zk:aixi = 0) - (ai =0 Vl)
i=1

where ay, ..., a; are assumed to be scalars in F. In other words, the only way to linearly
combine the vectors {xj, ..., x; } to yield vector 0 is to use zero for all scalar weights. Vectors
{x1, ..., %} are said to be linearly dependent if they are not linearly independent.

Consequences of this definition (assume k is a positive integer):

« If {x1,...,x;} are linearly independent, then any y € Span{x, ..., x;} has the form
y= Zi'il a;x; for some unique scalar weights (ay, ..., ay).

+ {x1,...,x;} are linearly dependent < either x; = 0, or thereisanie {2,...,k} such

that x; € Span{xy, ..., x;_1 }.

1A direct proof that dim(V) = oo starts by assuming V = Span{fy,..., f,,} for some m ¢ N and some
f1 - fm €V, then reaches a contradiction by building a function g : R - R that is not in Span{f, ..., f,,}.
Such g can be built by sampling the f; functions at a suitably large number of points in their domain.
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+ {x1,...,x.} are linearly independent <= x; # 0 and for all i € {2,...,k} we have
x; ¢ Span{xy, ..., x;_1}.

« If vis a nonzero vector in V, then {v} is linearly independent.

- If alist of vectors {xj, ..., X } contains the vector 0, or contains a redundantly repeated

vector, or contains any vector that is a linear combination of the remaining vectors,
then {x, ..., x; } is linearly dependent.

Let S be a subspace of V. A collection of vectors {y, ..., ¥, } is said to span S if

Span{yl) ey ym} =S

If a collection of vectors span S, then all vectors in that collection must be in S.

THEOREM 6.1. (independent-set-spanning-set comparison for a general vector space) Let V be
a vector space over a field F. Suppose S is a subspace of V and:

(1) {x1, ..., x } are linearly independent vectors in S;
(i) {¥1, ..., Y } are vectors that span S.

Then k < m.

PROOF.  Suppose k > m (we reach a contradiction). Fix j € {1,..., k}. Since x; € S and
{¥1,---,¥m} span S, we have

m
(6.8) X] = Z ai]-yi
i=1

for some scalars a;;. Let A = (g;;) be the m x k matrix composed of these scalars. Since
k > m, A is a wide matrix so Theorem 5.1 ensures there is a nonzero vector v ¢ F* such that
Av = 0. That is, with v = (vy, ..., ;) # 0 we have

k
(6.9) >.a;vi=0 Vie{l,.. m}
=1

Now we use the v; coefficients (not all of which are zero) to form a weighted sum of
{x1, ..., x;} that gives zero, which contradicts linear independence of {x;, ..., x; }. We have:

v = Y vil aiyi| =2 vi| Yaivi| =0
j=1 j=1 " L= -1 |j=1
| —
0
where (a) holds by (6.8) and (b) holds by (6.9). d
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Let S be a subspace of V. Let k be a positive integer. A collection of vectors {xy, ..., X} }
in S is said to be a basis for S if

+ {x1, ..., x;} are linearly independent.
« {x1, ..., X} span S.

LEMMA 6.2. IfS is a nontrivial and finite dimensional subspace, then it has a basis.

PROOF. Since Sis finite dimensional, there is a finite collection of vectors {xj, ..., X }
that span S. Not all vectors in this collection are zero because S is nontrivial. Without loss
of generality, assume {x, ..., X;; } are all nonzero vectors (else, just throw away the zeros,
which does not change the span of what remains). Now we repeatedly throw away any
single vector in our collection that is a linear combination of the others (which does not
change the span of what remains). We stop when our collection is linearly independent.
This procedure is guaranteed to terminate because, in the extreme case, we reduce the
collection to just one nonzero vector, which by itself is linearly independent and hence
must be a basis for S. O

The general independent-set-spanning-set-comparison theorem can be used to show
that if {x;,...,x.} and {yy, ..., ¥,,,} are any two bases of a subspace S, then k = m. [The
reasoning is the same as that in Chapter 5.3.] When a subspace S is finite dimensional, the
dimension of S, written dim(S), is defined as the number of vectors in a basis for S. The
trivial subspace S = {0} has no basis and is said to have dimension 0. Thus

(S is finite dimensional) <= (dim(S) < o0) < dim(S) € {0,1,2,3,...}

This text treats the concept of basis for a subspace S only when S is a finite dimensional
subspace. Thus, for our purposes, a basis is always a finite collection of vectors. [Within
mathematics, there are several nonequivalent ways to define a basis for an infinite dimensional subspace. One
way is to use the Hamel basis definition, explored in Exercise 6.31.]

When a subspace Sis infinite dimensional we say dim(S) = oo. The following procedure
can be used to extract an arbitrarily large collection of linearly independent vectors from
an infinite dimensional subspace S: Choose any nonzero vector in S and call it x;; Choose
any vector in S that is not in Span{x; } and call it x»; Choose any vector in S that is not in
Span{xi, x, } and call it x3. And so on. At each step k, this procedure ends with a collection
of vectors {xi, ..., x; } that is linearly independent in S. This procedure can only terminate
at some step kif S = Span{xy, ..., x; }, which is impossible because dim(S) = co. Therefore,
the procedure never terminates and it produces an infinite list of vectors {xj, Xy, x3, ...} in
S such that for all k € N, the vectors {x, ..., x; } are linearly independent.

This fact can be used to prove that the real vector space V of all functions f : R — R
is infinite dimensional (this question was posed at the end of Section 6.5): Suppose V is
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spanned by a finite number m of functions in V. We know that the set S of all polynomial
functions in V is an infinite dimensional subspace of V, so we must be able to extract m +1
linearly independent vectors from S, these are then m + 1 linearly independent vectors of
V, contradicting the independent-set-spanning-set comparison theorem. In general, this
theorem can be used to prove the following: If S; and S, are two subspaces of V, then

S1€Sy = dim(S;) < dim(Sy)

6.7. Using dimension to establish a basis

Let V be a vector space over a field F.

LEMMA 6.3. Let S be a subspace of V. Suppose dim(S) = k for some k € N. Then
a) If {x1, ..., x.} are linearly independent vectors in S, then they are a basis for S.
b) If {x1, ..., x; } span S, then they are a basis for S.

PROOF. See Exercise 6.42. O

LEMMA 6.4. Suppose Sy, S are subspaces of V such that dim(Sy) < oo and Sy € Sy. Then
(Sl = Sz) <~ (d1m(Sl) = dlm(Sz))

(51 ¢ $2) = (dim(S;) < dim(S;))

where S1 & Sy means that Sy is a strict subset of Sy, so all elements of Sy are in So, but there is at
least one element of Sy that is not in Sy.

PROOF. See Exercise 6.43. O

It is interesting to note that the conclusion of Lemma 6.4 can fail if the condition
dim(Sy) < oo is removed. In particular, it is possible to have subspaces S; and S, that
satisfy S; € Sy and dim(S;) = dim(S») = oo, but $; # Sy (see Exercise 6.44).

6.8. Examples

6.8.1. Linear independence of {cos(t), t, >}

Let V be the real vector space of functions f : R - R. To prove that three given functions
f1, [, f3 € V are linearly independent, we start the proof:

Suppose there are scalars aj, ay, a3z € R such that a;f1+ayf, +azf3 =0. We want to show
aj=ay=az=0.
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An equivalent way to start the proof is

Suppose there are scalars aj, as, az € R such that

(6.10) a1f1(t) + ayfo(t) +asf3(f) =0 VieR

We want to show a; = ap = a3z = 0.

This is equivalent because

(arfi+aafy+azfz=0) < (arfi(t) +axfo(t) +azf3(t) =0 VteR)

To complete the proof, we need to use equation (6.10) to conclude that a; = ap = ag = 0.
This can often be done by sampling that equation at three particular times, say, times
t=0,t=1,t=77, to obtain three linear equations with three unknowns ay, as, as:

a1f1(0) + a2 f5(0) +azf3(0) =0
a1f1(1) +azf(1) +agf3(1) =0
a1 f1(7.7) + as f9(7.7) + a3 f3(7.7) = 0

Equivalently
f1(0)  f2(0)  f3(0) a 0
f1(@)  fo(D)  f3(1) a [=] 0
f1(77)  fo,(7.7)  f3(7.7) as 0

A

If we are lucky then the three times at which we have sampled equation (6.10) yield three
linearly independent equations, so the 3 x 3 matrix A defined in the underbrace above
is invertible, allowing us to conclude (ay, ay, az) = (0,0, 0). [Formally, we only define “linearly
independent” for a list of vectors. However, it is common to call a set of consistent equations “linearly
independent” if each equation offers new information, so no equation can be inferred as a consequence of
the others. For example, the two equations a + b = 1, 2a + 2b = 2 are not linearly independent since the second
can be inferred from the first. Typically this terminology is used for k linear equations of the form Ax = b,
where A is a k x n matrix, in which case the k equations are linearly independent if and only if the k rows of A

are linearly independent, which holds if and only if Gaussian elimination produces a pivot on each row.]

If we are unlucky then the times we have sampled equation (6.10) do not lead to linearly
independent equations, so we need to be more clever in proving linear independence.
Ways to be more clever include:

1. Choosing three different times t;, ty, t3 at which to sample equation (6.10).
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2. Multiplying (6.10) by some other function of ¢ and then taking a limit as t — oo (or
taking a limit as t — t* for some particular ¢t* € R)

3. Differentiating equation (6.10) (if the left-hand-side is differentiable).
Claim: {cos(t), t, t*} are linearly independent functions in V.
Proof: Suppose there are scalars a;, as, az € R such that
(6.11) alcos(t)+a2t+a3t2 =0 VteR
We want to show a; = ay = ag = 0. Sampling (6.11) at time t = 0 gives
a;cos(0)+0+0=0

and since cos(0) = 1, this means

Substituting a; = 0 back into (6.11) gives

(6.12) art+azt>=0 VteR
Differentiating both sides gives

(6.13) ap+2a3t=0 VteR

Sampling (6.13) at time t = 0 gives

Substituting a; = 0 back into (6.12) gives
azt’=0 VteR
Sampling the above equation at t = 1 gives

so we have proven a; = as = az = 0.

6.8.2. Linear independence of {cos(t +5), (t +1)'?}

Let V be the real vector space of functions f : R — R.

Claim: {cos(t +5), (¢t + 1)1?} are linearly independent functions in V..
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Proof: Suppose a and b are some real numbers such that
(6.14) acos(t+5)+b(t+1)2=0 VteR

We want to show a = b = 0. Fixing t > 0 and dividing both sides of (6.14) by (¢ +1)!? gives

acos(t+5) o o il
(t+1)12
Thus
lim Mw - lim 0
t—o0 (t+1)12 t—o00
SN——
b 0

So b = 0. Substituting b = 0 back into (6.14) gives
acos(t+5)=0 VteR

Sampling this equation at time t = -5 gives acos(-5 + 5) = 0. We conclude a = 0.

6.8.3. Basis for polynomials of degree < 3
Let V be the real vector space of functions f : R — R. Define the subspace
V3 ={f eV: fisapolynomial of degree < 3}
We claim that {1, ¢, t2, 3} is a basis for V3 (and so dim(V3) = 4).
- Proof that {1, ¢, t%, t3} is linearly independent: Suppose
(6.15) a+bt+ct?+dP=0 VteR

for some a, b, ¢, d € R. We want to show a = b = ¢ = d = 0. By repeated differentiation of

equation (6.15) we obtain

(6.16) b+2ct+3dt> =0 VteR
(6.17) 2c+6dt=0 VteR
(6.18) 6d=0

The equation 6d = 0 implies d = 0. Substituting d = 0 into (6.17) gives 2c = 0, which
implies ¢ = 0. Substituting d = ¢ = 0 into (6.16) gives b = 0 and we are done.

- Proof that Span{1, t, t?, 13} = V3: First observe that the functions 1, ¢, t?, t> are them-
selves vectors in the subspace V3 (so any linear combination of these functions is again
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in V3). To show that every function in V3 is in Span{1, t, ¢, 2}, fix f € V3. Then
f(t)=ap+at+ art? +azt® VteR
for some ay, a1, as, az € R. So
f = ag+art +ast?® + ast® € Span{l, t,t%,t°}

The basis {1, t, 2, t3} is not the only basis for V3. The reader should verify {2, t, t?, 3}
and {1 +t,t,t2,t2 — 4t?} are also valid bases for V3. Of course, all bases for V3 contain
exactly four vectors because dim(V3) = 4.

6.8.4. A basis for polynomial functions of degree at most k

Let V be the real vector space of polynomial functions f : R — R. So f € V implies
f(t)=ag+art +agt> + + qpt* VteR

for some k € N and some real numbers ay, ay, ..., a;. We say the polynomial has degree k if
ai # 0 (where kis a positive integer and a; is the coefficient of the largest power of t). We
say the polynomial has degree 0 if f(t) = ag for all t € R (so it is a constant function).

LEMMA 6.5. For all k € {0,1,2,...}, the list of k + 1 functions {1,t,t?, ..., tk} is linearly
independent. (By the case k = 0, we mean {1}, the list that has just the always-one function.)

PROOF. We use induction on k. The list {1} is linearly independent since 1 # 0. Now
suppose the list {1, , ..., t*} is linearly independent for some k € {0,1,2, ...} (it holds for
k = 0). We now prove the list {1, t, ..., tX, 1} is linearly independent. Suppose

(6.19) ap-l+ait+ a2t2 + ot aktk + ak+1tk+l =0 VteR
We want to show a; =0 forall i€ {0,1,2, ...,k + 1}. Fixing ¢ > 0 and dividing by t+1 gives

ag-l+ a1t + azt2 +o 4 aktk
tk+1

+ap1=0 Vi>0
Taking t — oo gives a;,; = 0. Substituting a;,; = 0 into equation (6.19) gives
2 k _
apg-l+ajt+axt”+--+aqt- =0 VieR

S0 ag = aj = --- = a = 0 (since we have assumed {1, ¢, ..., tk} is linearly independent). O
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Fix k € N. Define V} ¢ V by

Vi ={f €V: f hasdegree < k}
:{feV:f(t):a0+a1t+---+aktk for some a; € R}

The set V} is a subspace because 0 € V;, and the linear combination of two polynomials of

degree at most k is again a polynomial of degree at most k. The functions 1, t, t2, ..., tX are

all in V, and any other function in V}, is a linear combination of these. So
Vi = Span{l, t, ..., tk}

The above lemma ensures the list {1, t, ..., tk} is linearly independent, so {1, t, ..., tk} isa
basis for V; and dim(V}) = k + 1. Exercise 6.59 shows that any list of nonzero polynomials
that have different degrees is linearly independent.

6.8.5. Abasisfor {fcV3: £(0) = (1)}

Let V3 be the real vector space of polynomial functions f : R — R of degree less than or
equal to 3. Define

S={feV3:f(0)= f(1)}

Claim: S is a subspace.

Proof: Clearly the all-zero function is in S. Now fix f,g € S and a, b ¢ R. We want to
show af + bg € S. We have

(af + bg)(0) = af (0) + bg(0)
@ a5 1) + bg(1)
- (af +b)(1)

where (a) holds because f € Sand g € S. Thus, af + bge S. O

We know S is not the trivial subspace because 1 € S. Also, S ¢ V3 but S does not include
everything in V3 (for example, ¢ ¢ S but t € V3). Thus

{0} ¢S¢ V3

and so (by Lemma 6.4):
0 < dim(S) < dim(V3) =4

So dim(S) € {1,2,3}. Since S is nontrivial and finite dimensional, it must have a basis
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(Lemma 6.2). Observe that:

1eS
t(t-1)eS
t2(t-1)eS

The reader can verify {1, (¢t - 1), t?(t —1)} are linearly independent in S (see Exercise 6.47).
So the list can be increased to a basis for S. But there are already three vectors in this list,
and S has dimension at most 3, so {1, (¢ — 1), t?(t — 1)} is a basis for S (and dim(S) = 3).

6.8.6. Subspaces of infinite sequences

Let RN denote the real vector space of infinite sequences (x, X2, x3, ...) where x; € Rfor
i e N. Define S ¢ RN by

S= {(xl,xz,xg, ) e RN PXpp + 3%, +2x, =0 Vke I\I}

Claim:

1. Sisa subspace of RV,
2. Avector (x, X, X3, ...) € S is completely determined by knowing (x7, x).

3. dim(S) = 2, and a basis for Sis {(u), (v¢)}, where

(w) = (DO, = (-L,1,-1,1,...)
() = ((-2))%2, = (-2,4,-8,16, ...)

That is, for every (xp, Xy, X3, ...) € S, there are scalars a, b € R such that
_ k k
xp=a(-1)"+b(-2)" VkeN
Proof:

1. To show S is a subspace, first note that the always-zero sequence is in S. Now let (x;)
and (y;) be two vectors in S. Fix a, b € R. Define

() = a(x) + b(y)

so hy = ax; + by, for all k e N. We want to show (hy) € S. For each k € N we have

hiyo + 3Ry + 2Ry = (aXpyg + bYiyo) +3(axp,q + bYiyq) + 2(axy + byy)
= a(Xpp + 3%y +22) + D(Viy2 + 3Vks1 + 2Vk)
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@ 0+b0=0

where (a) holds because (x;) € Sand (yy) € S. Thus, (h;) €S.

. If we know x, x», we obtain x3 = —3x, — 2x;. In general we obtain x; = -3x;_; — 2x;_»
for all k > 3.

. The equation x5 + 3%, + 2x; = 0 for k € N is called a linear difference equation. We
can search for nontrivial solutions by considering sequences of the type x; = ok for
some scalar 6 # 0. For such a sequence to be in S we need

0k+2 430K 120Kk =0 Vke{1,2,3,..}
It suffices to choose 0 to satisfy
02+30+2=0 < (0+1)(0+2)=0
So we use 0; = -1 and 0, = —-2. Thus, two distinct sequences in S are

(w) = (DO, = (-L,1,-1,1,...)
() = ((-2)9)%2, = (-2,4,-8,16, ...)

Since S is a subspace, it follows that a(uy) + b(vy) € Sforall a, b e R.

We now show S = Span{(u), (vy)}, so every sequence (x;) € S is a linear combination
of (uy) and (vy). Fix (x;) € S. We want to show x; € Span{(u;), (v)}. Since (x;) =
(%1, X2, x3, ...), bullet 2 implies (x;) is the only sequence in S that starts out with the
first two values (x7, x7). On the other hand, we can always find (a, b) € R to solve

a(_l: 1) + b(_z; 4) = (xb Xz)

This is because {(-1,1), (-2,4)} are linearly independent in R?, so they must span
R?. Thus, the sequence (ki) = a(u) + b(vy) is another sequence in S that has first
two values (x1,x7). But (x;) is the only such sequence, and so (h;) = (x;). That is,
(xg) = a(ug) + b(vy). This completes the proof that S = Span{(u;), (v)}.

To show {(uy), (v¢)} are linearly independent, suppose

a(uy) +b(vg) =0
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for some a, b € R. We want to show a = b = 0. We know
a(-1,1,-1,...) + b(-2,4,-8,...) = (0,0,0, ...)
Just by looking at the first two entries in the above equation we have

a(-1)+b(-2)=0
a(l)+b(4)=0

from which it easily follows thata = b = 0.

6.8.7. Complex sequences

Let RN and CN respectively denote the real vector space of real-valued sequences, and the
complex vector space of complex-valued sequences. Define S ¢ RN and H ¢ CN by

N
S={(x1,x2,%3,...) eR” 1 xp,0 +Xp,1 +%, =0 VkeN}

H={(21,22,23,...) €CV i 24, + 24,1 +2, =0 VkeN}

It is not difficult to show that S and H are indeed subspaces of their respective vector
spaces RN and CN. Here we show dim(S) = 2 and dim(H) = 2.

It turns out that it is easier to obtain a basis for H, so we do that first: To solve the linear
difference equation 2z, + 2,7 + 2 = 0, we search for solutions of the form z;, = 6 for
some (possibly complex-valued) scalar 0 # 0. Such a solution would satisfy

ok+2 L oktl gk _ g vkeN

It suffices to find a scalar O that satisfies 02 + 0 + 1 = 0. There are two such 0 values:

-1 /3
0= — +i—
2 2
-1 3
2= 1~
2 2

So (uy) = (6’{) and (v) = (6’5) are two distinct sequences in the subspace H ¢ CN. By an
argument similar to that of the previous subsection, it can be shown that {(u;), (v¢)} is a
basis for H, so dim(H) = 2.

What about a basis for S? The sequences {(uy), (v¢)} do not work because they are not
real-valued sequences. However, we know that (1) € H and so

Ugp + Ugyp +Ug =0 VkeN

231



Taking the complex conjugate of both sides gives:?

Upp +Up 1+ U =0 VkeN

where we have used the fact that the complex conjugate of a sum is the sum of complex
conjugates. Thus, the sequence (1), defined by taking complex conjugates of all entries
in the sequence (u;), is also in H. Since H is a subspace, any linear combination of (u;)
and (1) must be in H. Define

() = 5 (w) + 5 (@) <
(50) = 5 (1) — () € H

so 7, = Re(uy) and s = Im(uy) for all k € N. Then (1) and (s) are real-valued sequences that
satisfy the desired linear difference equation, so they are indeed in S. Using an argument
similar to the previous subsection, it can be shown that {(r;), (s;)} is a basis for S. This
method of working with real-valued linear difference equations by first allowing solutions
to be complex-valued, then taking real and imaginary parts, is a useful technique.

6.9. Linear transformations

Let U, V be two vector spaces over the same field F. A function T : U — V is called a linear
transformation if
T(ax+by) =aT(x) + bT(y)

for all scalars a, b € [F and all vectors x, y € U. A linear transformation with V = U is called
a linear operator.

6.9.1. Equivalent definition

A function T : U — V is a linear transformation if and only if the following two properties
hold:

(6.20) T(u+w)=T(u)+T(w) VYuwelU
(6.21) T(au) =aT(u) VueU,aclF

ZFor a complex number z = a + bi, where a, b € R, we define Re(2) = a (the real part of z) and Im(z) = b
(the imaginary part of z). Also, the complex conjugate z is defined z = a — bi.
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These two properties can be viewed as an equivalent definition of a linear transformation.
If T: U - V satisfies the original definition then for any u, w € U and a € F we have

T(u+w)=T(1-u+1-w)=1T(u) +1T(w) = T(u) + T(w)
T(au) = T(au+0u) =aT(u) +0T(u) = aT(u)

so T also satisfies properties (6.20)-(6.21). Conversely, if T satisfies properties (6.20)-(6.21),
the reader can verify that T is indeed a linear transformation.

In general, both properties (6.20)-(6.21) are needed to ensure a functionT: U - Visa
linear transformation. Notes:

- Exercise 6.53 treats an example function T : R2 - R2 that satisfies (6.21) but not (6.20).
- Exercise 6.54 treats an example function T : C — C that satisfies (6.20) but not (6.21).

- For certain special case fields [, the property (6.20) implies property (6.21). This is true
for: the field Q of rational numbers (Exercise 6.55); the finite field F, = {0, 1, ..., p— 1}
with mod p arithmetic, where p is prime (Exercise 6.56). [It does not necessarily hold
for finite fields of non-prime sizes, see Exercise 6.58.]

« For the field F = R, any function T : U — V that satisfies property (6.20) must also
satisfy T(au) = aT(u) for all u € U and all rational numbers a € Q (Exercise 6.55). If
we additionally assume U = R", V = R™, and if we assume function T is continuous
at 0, then property (6.21) must also extend to irrational numbers a. However, a set
theory axiom call the axiom of choice can be used to prove existence of a discontinuous
function T : R™ - R™ that satisfies property (6.20) but not property (6.21) (Exercise
6.57). [Note that “continuity” of a general map T : U — V cannot be defined unless
the vector spaces U, V have additional structure, such as the inner product structure of
Chapter 8 that allows distances between vectors to be defined.]

6.9.2. Basic properties

Suppose T : U — V is a linear transformation. For any vectors x, y, z € U we have
T(x+y+2)=T((x+y)+2) @ T(x+y)+T(z)=T(x)+T(y)+ T(=)

where (a) uses (6.20) with u = x+ y and w = z. This uses a known property about evaluating
T at the sum of two vectors to prove a property about evaluating T at the sum of three
vectors. More generally, for any k e Nand any x;,...,x; € U, aj, ..., a; € F:

k k
T (Z aixi) = a;T(x;)
i

i=1
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A linear transformation T : U — V always satisfies
That is, T maps the vector 0 € U to the vector 0 € V. This is because
T(0) = T(0 +0) = T(0) + T(0)

Since T(0) € V, Axiom 4 for the vector space V ensures existence of —T(0). Adding —-T(0)
to both sides of the equation T(0) = T(0) + T(0) gives 0 = T(0).

6.10. Null(T)and Span(T)

Let T: U — V be a linear transformation. Define the null space of T, denoted Null(T), by
Null(T)={xeU:T(x)=0}

Define Span(T), called the span of T, by
Span(T) ={T(x) e V:xe U}

It can be shown that Null(T) is a subspace of U and Span(T) is a subspace of V (see
Exercise 6.4). The rank of T, denoted rank(T), is defined as the dimension of Span(T):

rank(T) = dim(Span(T))

Equations of the form T(x) = b are similar to matrix equations Ax = b. Fix b e V and
suppose x* is a particular vector in U such that T(x*) = b. The reader can verify that

{xeU:T(x)=b}={x"+veU:veNul(T)}

To prove this, show: (i) If x is a vector in U that solves T(x) = b, then x = x* + v for some
v e Null(T); (ii) If v € Null(T) then x* + v solves the equation T(x) = b.

6.10.1. Terminology

« Null(T) is also called the kernel of T, denoted ker(T).
+ Span(T) is also called Range(T) or Image(T).
« ForT:U — V, Span(T) can also be denoted T(U).
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6.11. Example linear transformations

1. Fix F as a field. Fix m, n € N. Let A be a m x n matrix with entries in F. The function
T :F" > F™ defined by T(x) = Ax for all x € F" is a linear transformation. Indeed, for
any x, y € F" and a, b € F we have

T(ax+by) =A(ax + by)
=a(Ax) + b(Ay)
=aT(x) +bT(y)

Also, Null(T) = Null(A) and Span(T) = Col(A).
2. Let U be the real vector space of differentiable functions f : R — R. Let V be the real

vector space of functions f : R — R (not necessarily differentiable). Define T: U - V
by

(6.22) T(f)=f VfeV

So T maps each differentiable function in U to its derivative function in V. We use
V + U because the derivative function is not necessarily differentiable. To show that T
is a linear transformation, let f, g be functions in U and fix a, b € R. Then

T(af +bg) = (af +bg)" = af’ +bg' = aT(f) + bT(g)

Null(T) is the set of all constant functions (since constant functions map to the always
zero function). Span(T) is the set of all possible derivative functions (we do not attempt
to characterize them further).

The following are input-output examples for this transformation T. The input is always
a function in U, and the output is always a function in V (the last example assumes h
is some function in U):

(6.23) T(e ) =—2¢7%
(6.24) T(8t% —t+4) =16t -1
(6.25) T(7t) =7

(6.26) T(3)=0

(6.27) T(h(t-3)) =h'(t-3)

with the understanding that =2, 8% — t + 4, 7t, 3, h(t — 3), which are the arguments of
T(-) on the left-hand-sides of (6.23)-(6.27), represent differentiable functions over the

235



entire timeline. We have assumed h is differentiable and so its shifted function h(t - 3)
is differentiable. Also, —2¢7%¢, 16t - 1, 1, 0, k' (t — 3), which are the right-hand-sides of
(6.23)-(6.27), represent functions over the entire timeline. If we want to evaluate the
output functions at a particular time, say t = 2, we have

(6.28) T(e?")(2) = —2¢7*
(6.29) T(8t% —t+4)(2) =31
(6.30) T(7t)(2) =7

(6.31) T(3)(2) =0

(6.32) T(h(t-3))(2) = k'(-1)

where the right-hand-sides and left-hand-sides of (6.28)-(6.32) are just real numbers.

An important notational issue: When evaluating the function in (6.23) at t = 2, it
would not be correct to write T(e™#) = —2¢™#, since the input to T needs to be a function,
not a real number. Therefore, T(e~*) only makes sense if e~* is viewed as a constant
function that is always ™%, in which case T(e™#) = 0 because the derivative of a constant
function is the zero function.

To avoid ambiguity about whether we mean e~%f to be a function over all time, or a
real number that is evaluated at some particular time t, we could represent equation
(6.23) as follows: Define s : R -~ Rand g : R - R by

s(t)=e 2t vteR
g(t)=-2¢ vteR

Then (6.23) can be expressed:
T(s)=g

It is common to represent a function f : R -~ R as either f or f(¢). Using f emphasizes
that we are talking about the entire function that maps R — R. Using f(t) leaves an
ambiguity: Do we mean the entire function, or do we mean a real number that evaluates
a function at a particular time? The ambiguity is typically resolved by the context. For
the same reason, it is acceptable for students to use the following alternative notation
to introduce the transformation T(f) = f’ in (6.22):

- Notational variation 1: T(f) = f'(¢)
- Notational variation 2: T(f)(t) = f'(t) VteR

- Notational variation 3: T(f) = (f'(t), t € R)
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3. Let V be the real vector space of all functions f : R — R. Define T : V - V such that an
input function f € V yields output function T( f) defined by

(6.33) T(f)(t) = ' f(t) VteR

So T takes a function f € V and multiplies it by the exponential function. To show T is
a linear transformation, fix f,ge Vand a,beR. Forall t e R

T(af +bg)(t) = € (af (t) + bg(1))
= aetf(t) + betg(t)
=aT(f)(t) +bT(g)(¢)
= (aT(f) +bT(g))(¢)

where the last equality uses (6.6). This holds for all t € R, so T(af + bg) = aT(f) + bT(g)
(recall (6.5)). Null(T) = {0} because the only function f € V that satisfies ¢’ f(¢) = 0
for all t is the always-zero function. Span(T) = V because for any g € V we can define
feVby f(t) =g(t)etforallteR, so T(f) = g. A similar problem is in Exercise 6.10.

Acceptable notation: In view of the discussion in the last paragraph of the previous

bullet, it is acceptable for students to introduce the transformation T in (6.33) by

T(f)=¢'f(1)

where the context makes it clear that e’ f(t) is viewed as a function over the entire
timeline. Similarly, to prove T is a linear transformation it is acceptable to write:

e'(af () + bg(t))
ae' f(t) + be'g(t)
=aT(f)+bT(g)

T(af +bg)

Another way to introduce the function T in (6.33) is

T(f):(etf(t),teR) VfeV

4. Consider the vector space FN of infinite sequences (x1, X2, x3, ...) with entries in some
field F. Define T : FN — FN by a “left-shift-by-one”:

T((x1, %2, %3, ...)) = (X2, %3, X4, ...) Vx€ H:N

To show T is a linear transformation, fix x, y € FN and a,b ¢ F. So x = (x1, %, ...),
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¥=(¥1,Y9,-) and

T(ax+ by) = T((ax; + byy, axy + by, axs + bys, ...))
= (axz + by,y,ax3 + bys, ...)

= a(x2, X3, -..) + b(_)/z, V35 o)
=aT(x) +bT(y)

The subspaces Span(T) and Null(T) are explored in Exercise 6.51.

5. Let (Q, J, P) be a probability space. Define V as the real vector space of all random
variables X : O — R that have finite expectation. Define T : V - R by

T(X)=E[X] VXeV

The fact that T is a linear transformation follows by linearity of expectation. Also,
Null(T) ={X eV :E[X] =0} and Span(T) = R (consider constant random variables).

The linear transformations in examples 3 and 4 above are linear operators because
they have the form T:V —» V.

6.12. Linear transformations are defined by their values on a basis
If dim(U) < oo, then a linear transformation T : U — V can be described just by knowing

its values on any basis of U. Specifically, suppose dim(U) = n € N. Let {x, ..., xn} be any
basis of U. Sample T on this basis and define yy, ..., y, as the resulting output:

¥;=T(x;) Vie{l,...,n}
Given any x € U, let (ay, ..., ay) be the unique scalars in [ that satisfy
n
X = Z a;x;
i=1

Such scalars exist and are unique because {x, ..., x } is a basis for U. Then we have
n n n
T(x) =T| Y aw; | = ), a;T(x;) = ) a;y;
i=1 i=1 i=1

This means that for any x € U, the value of T(x) can be computed by first finding (ay, ..., an)
(which are found only from x, without using any information about T) and using them as
weights to linearly combine the sampled output vectors yy, ..., .
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6.13. Invertible linear transformations

Suppose U and V are nonempty sets. A function T : U — V is invertible if there is a function
T~1:V - U that satisfies:

TYT(u))=u VYueU
T(T (v))=v VveV

The function T~ is called the inverse function of T. A function T : U — V that is invertible is
also called a bijection or a one-to-one correspondence between the sets U and V. If a function
is invertible, it has a unique inverse function, the inverse function is invertible, and the
inverse of the inverse is the original function.

Suppose U and V are vector spaces over some field F. Suppose T : U — V is an invertible
linear transformation. It can be shown that:

- T710) = 0.

- The inverse function T~ : V - U is also an invertible linear transformation.

« Null(T) = {0} and rank(T) = dim(U) = dim(V). [Possibly dim(U) = dim(V) = o0]

+ {w,...,u} is a basis for U if and only if {T(u;), ..., T(u;)} is a basis for V.

+ Let S be a subspace of U. Define T(S) = {T(s) : s € S}. Then dim(S) = dim(T(S)).

For example, let U be the real vector space of polynomial functions p : R — R of degree
less than or equal to 3. The function T : U - R* that maps each polynomial ag + a1t +
ayt? + ast3 € U to the vector (ag, aj, g, az) € R* is an invertible linear transformation. So
rank(T) = dim(U) = dim(R*) = 4. The dimension of the subspace S = {p e U : p(1) =
0, p(2) = 0} is the same as the dimension of its corresponding subspace in R*.

6.14. The matrix of a linear transformation

Let U and V be nontrivial vector spaces over a common field F. If U and V are both finite
dimensional then a linear transformation T : U — V can be equivalently described by a
matrix. To see this, suppose dim(U) = nand dim(V) = m for some n, m € N. Let {uy, ..., us }
and {v1, ..., vm} be bases for U and V, respectively. For each j € {1, ..., n}, define a;; € F for
i€{1,...,m} according to the unique basis representation of T(u;) € V:

m
(6.34) T(u]) = Z ai]-vi Vj € {1, ceny Tl}
i=1

Define the m x n matrix A = (a;;). All coefficients of A are scalars in the field .
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Fix x € U and define y = T(x). Since x € U and y € V, we can write x and y according to
their unique linear combinations using the basis vectors {uy, ..., uz} and {vy, ..., vy }:

(6.35)

*
Il
~.
INNgE
\‘ﬁ
e
N~

(6.36) y=

INgE!
@
=

-
1]
—

for some unique scalars c; and 6;. Define ¢ = (¢, ..., cp) and 6 = (01,...,0m). We now
show

(6.37) 0=Ac

To prove (6.37), we have

@ o[ & n O ORY R
_)/:T(.X') = T(chu]):ZC]T(u]) = ZCjZdijVi = Z . C]'aij Vi
j=1 J=1 =1 =1 1=1 \ j=1
—_—
ith row of Ac

where (a) holds by (6.35); (b) holds by (6.34); (c) holds by switching the sums and using
the definition of the ith row of Ac. The above expresses y as a linear combination of the
basis vectors {vy, ..., vz }, but there is only one way to do this, so (6.36) implies that for all
ie{l,...,m}
0; = Zn: cja;; = ith row of Ac
j=1

which means 0 = Ac, proving (6.37). In summary, the input-output relationship y = T(x)
for the linear transformation T between the general (finite dimensional) vector spaces U
and V can be expressed as a mundane matrix multiplication 6 = Ac for c e F* and 6 € F'™,
where ¢ and 6 uniquely relate to x and y via (6.35) and (6.36). We say that A is the matrix of
T, written Mat(T), associated with the bases {uy, ..., us} and {vy, ..., vz} for Uand V.

For example, let V be the real vector space of polynomial functions f : R — R with
degree less than or equal to 2. Let T : V — V be the linear transformation that maps each
feVtoT(f) = f'. Let {1,t,1*} be the basis for both input and output sides of T. We can
write

a

a+bt+ct?= b

c

where the left-hand-side expresses the polynomial in V, and the right-hand-side equiva-
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lently represents the polynomial by its coefficients under the basis {1, ¢, 2}. Then

a b 0 10
(a+ bt+ct2£b+2ct) | b A 2c , A=Mat(T)=|10 0 2
c 0 0 00

In particular, each column of Mat(T) corresponds to evaluating T on the corresponding
basis vector:

0 1 0
T()=0=|o0 | , TM®=1=|0]| , TE)=2t=| 2
0 0 0

For another example, let V be the same real vector space of polynomial functions
f : R — R of degree less than or equal to 2. Use the same basis {1,t, t?} for this space.
Consider the function G : V - R? defined by

1 2
G(f) = (fo F(1)dt, fo tf(t)dt) VeV
It can be shown that G is a linear transformation and
G(1)=(1L,2) , G(1)=(1/2,8/3) , G(t*)=(1/3,4)
so under the standard basis for the output space R? we have

1 1/2 1/3
2 8/3 4

Mat(G) =

6.14.1. Linear combinations of linear transformations

Let U and V be vector spaces over a common fieldF. Let T: U - Vand G : U — V be linear
transformations. Fix scalars a, b € F and define aT + bG as the function

(aT + bG)(x) = aT(x) + bG(x) VxeU

It can be shown that aT + bG is a linear transformation. [To prove this, it may be easiest to
define it by some letter, say, H = aT + bG, then show H(Ax + ny) = AH(x) + uH(y) for all
NuelF,x,yeU]Ifdim(U) = nand dim(V) = m for some n,m € N, and if {uy, ..., uy} and
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{v1, ..., vm} are bases for U and V, respectively, it holds that
(6.38) Mat(aT + bG) = aMat(T) + bMat(G)

where the matrices are with respect to the given bases. An example is in Exercise 6.61.

Given U, V and their bases {uy, ..., us} and {vy, ..., v}, one can define J as the set
of all linear transformations T : U — V. It can be shown that J is a vector space over
field F. [Linear combinations of two such linear transformations gives another linear
transformation, and the 8 axioms hold.] Consider the map Mat : J — F™*™ that maps each
T € J to its m x n matrix Mat(T) with respect to the given bases. The equation (6.38) shows
that Mat is itself a linear transformation.

6.14.2. Compositions of linear transformations

Let U, V, W be three vector spaces over a common field F. Let T: U - Vand G: V - W be
linear transformations. Define the function H : U - W by

H(x)=G(T(x)) VxeU

H is the composition of functions G and T. It can be written H = Go T or H = GT. It can be
shown that H is a linear transformation. If dim(U) = n, dim(V) = m, dim(W) = k for some
n, m, k € N, then under bases {uy, ..., un}, {v1, ..., Vim }, {wi, ..., wy} for U, V, W, respectively,
it can be shown that

Mat(Go T) = Mat(G)Mat(T)

An example is in Exercise 6.62.

6.15. Rank-nullity theorem for linear transformations

THEOREM 6.2. (rank-nullity for linear transformation) Let U and V be vector spaces over a
field F. Suppose T : U — V is a linear transformation and dim(U) < co. Then rank(T) < co and

| rank(T) + dim(Null(T)) = dim(U) |

In particular, define r = rank(T), m = dim(Null(T)), n = dim(U), and suppose

* {¥1 -0y ¥y} s a basis for Span(T).
« {x1, ..., xr} arevectors in U such that T(x;) = y; forallie {1,...,r}.
« {21, ...,2m} is a basis for Null(T).

Then {x1, ..., Xr, 21, ..., @m } 1S a basis for U, sor + m = n.
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PROOF. Exercise 6.5 shows that rank(T) < dim(U) < co. If r > 1and m > 1, it can be
shown that {x, ..., xr, 21, ..., 2m } are linearly independent in U (see Exercise 6.6) and span
U (see Exercise 6.7). So these r + m vectors are a basis for the n-dimensional space U, so
r+m=n. The case r = 0 or m = 0 is left as an exercise. O

The above theorem assumes dim(U) < co. Exercise 6.27 shows the rank-nullity equa-
tion still holds if dim(U) = oco:

rank(T) + dim Null(T) = oo

which means either rank(T) = co or dim Null(T) = oo (or both). This uses the standard

“arithmetic with infinity”:

co+oo=X+oo=00+X=00 VxelR
—oc0+-—co=X+-oc0=—-00+X=-00 VXxeR
00 + —oo = undefined

—o00 + oo = undefined

[ Caveat: Fix x € R. Within the rules of arithmetic with infinity, the equation x + co = oo is true, but we cannot

“cancel oo from both sides” to conclude x = 0 because the undefined expression “oo + —c0" is not 0.]

6.16. Direct sums

Let V be a vector space over a field F. Let Sy, ..., S; be subspaces. The sum S; + Sy + - + S,
is defined according to the Minkowski set sum definition:

k
S1+Sy+-+ 8= {Zsi 1s;€S; Vie{l, ..., k}}
i=1

Let S be another subspace of V. We say that S is a direct sum of Sy, ..., S, written
(6.39) S=Sl®52®~~-@sk

if $=81+ Sy + - + S, and every s € S can be uniquely written as

k
s=Y.8;
i=1
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for some uniquess; € S; forie {1, ..., k}. Exercise 6.52 shows that S is a direct sum of Sy, ..., S
ifand only if S = ZL S; and the following property holds:

k
(Z Vi = 0, V; € Si Vie {1, coey k}) — (Vi =0 Vie {1, ceny k})
i=1

For example, suppose {vi, Vo, v3, v4, V5 are linearly independent in V. Define

U = Span{vi, va}
W = Span{vs, v4, vs}

We claim:
Span{vi,vo,v3,v4,vs} = U@ W

To prove this claim, first observe that Span{vy, vo, V3, v4,vs} = U + W. Now suppose we
have vectors u € U, w € W such that

(6.40) u+w=0

We want to show u = 0 and w = 0. Since u € U and w ¢ W we have

2
(6.41) U= Z a;v; (for some scalars aj, ay)
i=1
5
(6.42) w = Z a;v; (for some scalars as, a4, as)
=3

From (6.40) we obtain
5

O=u+w=> a
i=1

which implies a; = 0 for all i € {1,...,5} because {vy,...,v5} are linearly independent.
Substituting a; = 0 into (6.41)-(6.42) gives u = 0 and w = 0.

LEMMA 6.6. Suppose S1 and Sy are subspaces of a vector space V. Then
(S1+S82=8198) < (S1nS2={0})

PROOF.  For the forward direction, suppose S; + Sy = S1 ® Sy. Then every vector in S; + S
can uniquely be written as the sum of a vector in S; and a vector in S,. We now show that
S1n Sy = {0}. Suppose not (we reach a contradiction). Then there is a nonzero vector
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yeS1nSy. Then
y= 0+ vy =y + 0

e —\—
ESl 65'2 ESl ESZ

This gives two distinct ways of writing y as a sum of a vector in S; and a vector in Sy, a
contradiction.

For the reverse direction, suppose S; n Sy = {0}. We want to show that every vector in
S1+ Sy can be uniquely written as the sum of a vector in S; and a vector in Sy. Fix v e S +S)
and suppose X, ¥ € S, X2, Yo € S and

Thus, there are two ways of writing v. We want to show these two ways are in fact the

same, so xj = y; and x» = ¥,. Rearranging terms gives

X1-Y1=)2 - X2
€Sy €Sy

which means that x; — y; € S;nS,. But the only vector in S} n S is the vector 0, s0 0 = x1 - y;.
Thus, x1 = y;. Since 0 = x1 — ¥; = ¥, — X2, We also know x; = y,. O

LEMMA 6.7. Suppose S, Sy, ..., Sy are subspaces of a vector space V and
8251693263'”69Sk
Then

a) S;nS;={0} foralli+j.

b) For each i€ {1, ..., k} let {vi[i], ..., v[;)[i]} be linearly independent vectors in S; (where
n[i]eNforallie {1,...,k}). Then

{v[1], .o vy (1L W20, ooy vipog (20, ooy VALK, oo Vi [KTY
are linearly independent vectors in S.
¢) Ifdim(S;) < oo forallie {1,...,k} then dim(S) < co and
k
dim(S) =) dim(S;)
i=1

PROOF. See Exercise 6.33. O
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6.17. Dual space

Let V be a vector space over field F. Define V* as the set of all linear transformations
T : V - F. It can be shown that V* is itself a vector space, where vectors are linear
transformations. Indeed, we can add linear transformations to produce new ones, we can
scale linear transformations by scalars, and the 8 axioms for a vector space hold. The zero
vector on the space V* is the always-zero function that maps everything to the scalar 0.
The vector space V* is called the dual space for V.

What is dim(V™)? It turns out that if dim (V') < oo, then dim(V) = dim (V™).

- Case 1: Suppose V = {0}. Then the only linear transformation from {0} to {0} is the
zero function. So dim(V) = dim(V*) = 0.

+ Case 2: Suppose dim(V) = n € N. Let {vy, ..., v;} be a basis for V. Then each v € V can
be mapped to its unique vector of coefficients a = (ay, ..., an) € F" such that

n
(6.43) V=Y a;v;
i=1

Foreachie {1,...,,n}, define T, : V - [ by mapping each v € V to the unique value g;
from (6.43). It can be shown that each T; function is indeed a linear transformation
(soitis avector in V*). Further, {Ty, ..., Ty} is in fact a basis for V*, since they can be
shown to be linearly independent, and every linear transformation T : V — [ can be
shown to be a linear combination of {Ty, ..., Ty} (recall that a linear transformation is
defined by its values on a basis for its domain). So dim(V) = dim(V*) = n.

If dim(V) = oo, Appendix E shows that dim(V™) = co. [Here we are not distinguishing
between the different levels of infinity.]

6.18. Dimension summary

We categorize a subspace S as either finite dimensional (dim(S) < oo) or infinite dimensional
(dim(S) = o0). For the finite dimensional case, we define the dimension of S, written dim(S),
as a nonnegative integer equal to the number of vectors in a basis for S:

(dim(S) =0) < (S={0}) [the trivial subspace has no basis]
(dim(S) =neN) <= (S has a basis of size n)

(dim(S) = 0) <= (Sisinfinite dimensional)

dim(S) = co means S cannot be spanned by a finite number of vectors. We have not defined
a basis for § when dim(S) = co. One definition for this is a Hamel basis (Appendix E).
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6.19. Exercises

EXERCISE 6.1.  (Is it a subspace?) Let V be the set of all real-valued functions f(x) defined on
domain x € (0, 00).

a) Let S ¢ V be the set of differentiable functions f(x) that satisfy f'(x) = 3f(x)%. Is S a
subspace?

b) Let S € V be the set of twice differentiable functions f(x) that satisfy f'' (x) = 12f(x) -
f'(x). Is S a subspace?

EXERCISE 6.2. (Are they linearly independent?) Suppose x, y, z are vectors that satisfy
« {x, y} are linearly independent.
« {y,2} are linearly independent.
 {x, z} are linearly independent.
True or false: {x, y, z} are linearly independent. Prove true, or provide a counter-example.

EXERCISE 6.3. Fix[F = R and let V be the vector space of all functions f : R - R. Let SC V be
the set of all functions that satisfy [, f(t)?dt < oo, called square integrable functions.> Show
that S is a subspace of V. Hence, S can itself be viewed as a vector space (over the field R). Hint:
For any functions f,g € V we have (f(t) + g(t))% < 2f(t)% + 2g(t)? for all t € R.

EXERCISE 6.4. Suppose U,V are vector spaces over a field F. Suppose T : U — V is a linear
transformation.

a) Show that Null(T) is a subspace of U.

b) Show that Span(T) is a subspace of V.

EXERCISE 6.5. Suppose U,V are vector spaces over a field F. Let T : U — V be a linear
transformation. Suppose dim(U) = n for some positive integer n and let {x, ..., X, } be a basis
for U. The vector space V is allowed to be infinite dimensional.

a) Show Span{T(x1), T(x3), ..., T(xn)} =V, sodim(Span(T)) < n.

b) Explain why {T(x1), T(x2), ..., T(xn) } are not necessarily a basis for Span(T).

EXERCISE 6.6. Suppose U and V are vector spaces over some field F. Suppose dim(U) = n for
some positive integer n. Let T : U — V be a linear transformation. Fix positive integers r, m and
suppose

* {¥1, ++sy ¥} is a basis for Span(T).
« {x1, ..., xr} arevectors in U such that T(x;) = y; forallie {1,...,r}.

* {21, ...y @m} 15 a basis for Null(T).

3This problem treats square integrable functions over the domain R. Functions with domain [a, b] are said

to be square integrable if |, ab f(t)2dt < oo. Measure theory detail: To be precise, we use the Lebesgue integral.
For the integral to make sense, we implicitly require a square integrable function to be Borel measurable.
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Show that {x, ..., Xr, 21, ..., @m } are linearly independent vectors in U. Hint: Start by writing
the first sentence of the proof.

EXERCISE 6.7.  For the same assumptions as Exercise 6.6, we want to Show {X1, ..., Xr, 21, -, Zm }
span U. Fixu e U.

a) Explain why T(u) = X1_, ¢;y; for some scalars c;.
b) Definex = ! _, ¢;x;. Explain why x € U,u e U, and T(x) = T(u).

¢) Show that u—x € Null(T). Conclude that u is a linear combination of {x1, ..., Xr, 21, ---, Zm } -

EXERCISE 6.8. (Linear independence in the space of functions) Let V be the real vector space of
functions f : R - R.

a) Prove that {cos(t), sin(t), t} are linearly independent.
b) Prove that {t,t + 2, ¢'} are linearly independent.

EXERCISE 6.9. (More linearly independent functions) Let V be the real vector space of functions
f : R - R. Prove the following collections are linearly independent, or provide a specific counter-
example to show they are linearly dependent.

a) {4t2,5t - 3,3t + 4,1 + t*}
b) {t, tet, i—get}
¢) {sin(t)?, % cos(t)?,5}
EXERCISE 6.10. Let V be the vector space of all functions f : R — R. Define the linear operator

T:V->VbyT(f)(t)=sin(t)f(t) forallt e R. That is, T takes a real-valued function f and
forms a new function by multiplying f(t) by sin(t) for allt € R.

a) Show Null(T) is the set of all f € V such that f(t) = 0 whenever t ¢ {mk}> .
b) Show Span(T) is the set of all g € V such that g(t) = 0 whenever t € {mk}>

EXERCISE 6.11. (Sampling a nonlinear function) Consider the following nonlinear function T
from R3 to R3:

X1 x12 +2
TX) =A| x [+| x VX eR®
X3 X2X3

where A is an unknown 3 x 3 matrix and X = (x1, X2, x3). Find A from the following information:
We sample this function at vectors X1, Xo, X3 and find T(%;) = vy, T(X2) = Vo, T(X3) = V3, where:

[a—
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EXERCISE 6.12.  Design a problem similar to the previous one.

EXERCISE 6.13. (Subsets) Let V be a vector space over a field F. Let Sy, So be subspaces of V
that satisfy Sy ¢ Sy and dim(S;) = dim(Sy) < oo. Show that S; = S5

EXERCISE 6.14.  (Ifrank(T) = rank(T?)) Let V be a finite-dimensional vector space over a field.
Suppose T : V — V is a linear transformation that satisfies rank(T) = rank(T?). Prove that
Null(T) = Null(T?).

EXERCISE 6.15.  (If Null(T?) = Null(T)) Suppose T : V - V is a linear transformation that
satisfies Null(T?) = Null(T). Prove that Null(T¥) = Null(T) for all k € {1,2,3,...}.

EXERCISE 6.16.  (Finite and infinite dimensional spaces)

a) Let V be a finite-dimensional vector space over a field F. Let T : V — V be a linear
transformation such that Null(T) = {0}. Show that Span(T) = V.

b) Give an example of a vector space V and a linear transformation T : V — V such that
Null(T) = {0}, but Span(T) is not the full vector space V.

EXERCISE 6.17. (Spanning T(S)) Let U and V be vector spaces over a field F. Suppose

« T:U — Visa linear transformation.
+ Sisasubspace of U.
{81, 82, ..., Sy } are vectors in U that span S.
a) Define the subspace T(S) = {T(s) € V : s € S}. Show that {T(s1), T(s2),..., T(sg)} are

vectors in V that span T(S).

b) Conclude that if dim(U) < oo then dim(T(U)) < oco.
EXERCISE 6.18.  (Linear independence of polynomials) Let V be the real vector space of functions
fiR->R.

a) Use induction to prove that for all positive integers k, the polynomial functions {1, t, t2, ..., £k}
are linearly independent.

b) What is the dimension of the subspace of all polynomials of degree less than or equal to 10?

EXERCISE 6.19. (Linear dependence of functions) Consider three functions f; : R — R defined
as

f(H)=7t-1 VteR
fo(t)=2t+8 VteR
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fa(t)=10t-5 VteR

Show {f1, fo, f3} are linearly dependent by explicitly writing one of the functions as a linear
combination of the other two.

EXERCISE 6.20. (First sentence of linear independence proof) Write the first 2 sentences of the
proof. Use good mathematical words such as “fix,” “suppose,” “for some,” “for all.” Make sure
your second sentence has the form “We want to show...”

a) Prove {xi, ..., x; } are linearly independent.

b) Prove {x, y,z} are linearly independent.

¢) Prove {e',t,1, h(t)} are linearly independent.
EXERCISE 6.21.  (Proving that something satisfies the requirements of a definition) Write the
first 2 sentences of the proof. Use good mathematical words such as “fix,” “suppose,” “for some,”
“for all.” Make sure your second sentence has the form “We want to show...”

a) Prove T : U — V is a linear transformation.

b) Prove S is a subspace.

¢) Prove S c Col(A).

d) Prove S ¢ Span{vy, ..., v }.

e) Prove S ¢ H*.

f) Prove S c Col(A)*.

EXERCISE 6.22.  (True/False) All subspaces considered below are subsets of some common vector
space V. State whether true or false. Explain why.

a) The union of subspaces is a subspace.

b) The intersection of subspaces is a subspace.

¢) The sum of two subspaces (also called a Minkowski set sum) is again a subspace.

d) Adding three vectors in a subspace gives another vector in that subspace.

e) Adding a constant to a vector in a subspace gives another vector in that subspace.

) If {x1, %2, x3, ...} is an infinite sequence of vectorsin a set D ¢ V, then 37°, (1/ Zi)xi isa
linear combination of vectors in D.
EXERCISE 6.23. (Pairwise relationships) Suppose x, y, z are vectors in some vector space V.
Prove the following claim, or provide a counter-example. Claim: If {x, y} are linearly indepen-

dent, and {y, z} are linearly independent, and {x, z} are linearly independent, then {x, y, 2}
are linearly independent.

EXERCISE 6.24. (Shifted sets) Let V be a vector space. Let S be a subset of V. Fix w € V. Define

the shifted set
w+S={w+s:seS}

In the special case when S is a subspace, the shifted set w + S is called an affine set.
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a) Show that if S is a subspace and w € S, then w + S = S.

b) Give an example when the subspace S € R? and w € S. Draw the picture of S and w + S.

¢) For your same subspace of part (b), now give an example with w ¢ S. Draw the picture of S
andw + S.

EXERCISE 6.25. (Affine sets) Let V be a vector space over a field F. A set X ¢ V is said to be
affine if X = w + S for some w € V and some subspace Sc V.

a) Prove that a set X ¢ V is affine if and only if it is nonempty and ¥.I" | a;x; € X for all
positive integers n, all xi, ..., xn € X, and all scalars ay, ..., an such that Y7 a; = 1.

b) Show that X is affine if and only ifax + (1-a)y € X for all x, y € X and all scalars a.

EXERCISE 6.26. (Multiple choice) Let S be a subspace. What are the possible values of dim(S)?

a){1,2,3,...}

) {0,1,2,3,...}

¢) {0} uU{0,1,2,3,...}

d){0,1,2,3,..} u{-1,-2,-3,...}

e) {-oo} u{5,42}
EXERCISE 6.27. (Rank-nullity for infinite-dimensional domain) Let U and V be vector spaces
over a field F. Let T : U — V be a linear transformation. Suppose dim(U) = oo. Section
6.6 ensures there is an infinite sequence {xi, X2, X3, ...} of vectors in U such that every finite
subcollection of these vectors is linearly independent. For n € N define

Up = Span{xy, ...,xn}

and define T, : Up — V by Tp(x) = T(x) for all x € Uy,.
a) Show that Ty, is a linear transformation on a finite dimensional domain and so (by
Theorem 6.2):
rank(Tp) + dim Null(Tp) =n VneN

b) Show that for all n e N we have

Null(Ty) € Null(T)
rank(Tp) < rank(T)

¢) Show that either rank(T) = oo or dim Null(T) = oo (and so rank(T) + dim Null(T) = o).

EXERCISE 6.28. (Example linear transformations with infinite domain)

a) Give a specific example of a linear transformation T : U — V with rank(T) < oo and
dim Null(T) = oo.

b) Give a specific example of a linear transformation T : U — V with rank(T) = oo and
dim Null(T) < co.
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¢) Give a specific example of a linear transformation T : U — V with rank(T) = oo and
dim Null(T) = co.

EXERCISE 6.29. (A subspace S that is not closed) Let V be the vector space of continuous
functions f : [0,1] - R. Let C be the infinite sequence of functions

2 .3
C={Lt,tt,..}

Let S be the subspace of all linear combinations of functions in C.

a) Show that, because a linear combination is required to be a finite sum, the set S consists
precisely of all polynomial functions f(t) = ag + ayt +--- + aktk for some integer k > 0 and some
real numbers ag, ..., aj.

b) For each n € N, define gn : [0,1] —» R by
n .
gn(t) =) (1/2)'t" vte[0,1]
i=1

Then g, € S for each n € N. Use the geometric sum formula to get a closed form expression for g,.

¢) Consider the function g : [0,1] — R defined by
g(t) = 3 (1/2)i Vte[0,1]
i=1

For each t € [0,1], it can be shown that Z?ZI(I/Z)iti converges to a real number asn — oo, S0
the above function g is well defined. In particular

g(1) = lim gn(t) Vte[0,1]

The function g is defined by an infinite sum, while linear combinations of functions in C are
required to be finite sums, so g is not necessarily in S. It is only in S if the infinite sum happens to
converge to a polynomial. Take the limit of functions in part (b) as n — oo to obtain a closed form
expression for g. Show that g is not a polynomial, hence, g ¢ S. [V is a real inner product space
(defined in Chapter 8). Using the standard inner product norm, it can be shown ||gn — g|| = 0,
so g is a limit point of S but isnot in S, so S is not a closed set. Subspace S is infinite dimensional.

It can be shown that every finite dimensional subspace of V is closed (Exercise 8.30).]

EXERCISE 6.30. (F" cannot be spanned by a mere countably infinite collection of vectors) Let
F be a field. Recall that FN denotes the vector space of all infinite sequences of scalars in F:

FN = {(x1, %, X3, ...) tx;eF VieN}

1t is clear that FN is infinite dimensional, so it cannot be spanned by any finite list of vectors.
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This problem shows that FN cannot even be spanned by any countably infinite list of vectors.
Central to this result is the fact that a linear combination of vectors in a collection C is always a
finite sum.

a) Define a countably infinite collection E = {ey, ey, 3, ...} of vectors in FN according to the
following naive guess of a spanning set:

e1=(1,0,0,0,...)
es = (0,1,0,0,...)
e3=(0,0,1,0,...)
and so on. So for each i € N, e; is a sequence that is all-zero except in entry i (Where it is 1). Define

S as the subspace of FN that consists of all linear combinations of vectors in E. Explain why
S = FN. To do this, you should find a vector in FN that is not in S.

b) Suppose C = {by, by, bs, ...} is some countably infinite list of vectors in F'N. Define S as the
subspace of all linear combinations of vectors in C. Then

S=up,Span{by,..., by}
We manufacture a vector w € FN such that w ¢ S. We first make a convenient definition: For
every v = (v1, Vo, V3, ...) € FN and all positive integers i, j with i < j, define v[i, j] as

Vi, 1= (Vg oy vj) € P

For example

3
V= (Vl) V2, V3, V4, Vs, ) — V[Z, 4] = (VZ) V3, V4) el

Observe that for all i, j, k e N with i < j we have
(veSpan{by, ..., by}) = v[i,j] € Span{bi[i, jl, ..., bi[3, j1}

Now construct w = (wy, o, ws, ...) € FN as follows:

« Step 1: Choose (wy, o) € F2 as any vector that is not in Span{b;[1, 2]}. That is, we choose a
vector in F? that is not a scalar multiple of a given vector in [F2.

- Step 2: Choose (w3, wy, ws) € F3 as any vector that is not in Span{b[3,5], b2[3, 5]}. That
is, we choose a vector in 3 that is not in the span of two given vectors in 3.

- Step 3: Choose (wg, w7, wg, wo) € F* as any vector not in Span{b;[6,9], b»[6,9], b3[6,9]}.

And so on. Give the general step k for k € N. Explain why at each step k, the desired vector in
F**1 exists. Then explain why the constructed vector w € FYN satisfies w ¢ S.
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EXERCISE 6.31. (Hamel basis) Let S be a nonempty and possibly infinite dimensional subspace
of some vector space V over a field F. A Hamel basis for S is a collection C of vectors in S such
that: (i) Every finite subcollection of vectors in C forms a linearly independent set; (ii) Every
vector in S can be written as a linear combination of vectors in C. Central to this definition is the
fact that linear combinations of vectors in C are always finite sums. The axiom of choice can
be used to show that every nontrivial subspace has a Hamel basis.

a) Let V be the vector space of polynomial functions f : R — R. Define the following countably
infinite list of vectors in V:
C={1,t,t%1,..}
Show that C is a Hamel basis for V.

b) Let F be a field. Let V = FN be the vector space of all countably infinite sequences of
scalars in F. Explain why the result of Exercise 6.30 implies that any Hamel basis for FN must be
uncountably infinite.

¢) Define V as the real vector space of continuous functions f : R — R. The result of Exercise
6.30 implies that RN cannot be spanned by a countable list of vectors. Use this to show that any
Hamel basis of V is uncountably infinite.

EXERCISE 6.32.  (Proof from vector space axioms) Prove Lemma 6.1.

EXERCISE 6.33. Prove Lemma 6.7. Hint: For part (a), reuse the proof technique in Lemma 6.6.
For part (c), consider a basis for each S; and use part (D).

EXERCISE 6.34. (A vector space of matrices) Let [F be a field. Let V be the vector space of 2 x 2
matrices with entries in .

a) Let Sy € V be the set of all 2 x 2 invertible matrices. Is S1 a subspace of V?
b) Let Sy € V be the set of all 2 x 2 upper triangular matrices. Is Sy a subspace of V?
c) Let S3 € V be the set of all 2 x 2 matrices A with rank(A) < 1. Is S3 a subspace of V?

EXERCISE 6.35. (A subspace of F™™) Let F be a field. Let F™™ be the vector space of allm x n
matrices with entries in F. Fix m,n € N. Fix B € F'*™ and define

S={AecF™™":AB=0}

where 0 is the all-zero matrix of size m x n.
a) Show that S is a subspace of F™™,
b) In terms of m and n, what is the dimension of F™*™?
¢) In terms of m and n, find the largest-possible and smallest-possible dimension of S. [Consider

different possibilities for the square matrix B.]

EXERCISE 6.36. (Random variables with finite second moments) Let (Q, &, P) be a probability
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space. Let V be the real vector space of random variables X : Q — R. Define

S1={XeV:X(w)>0 VweQ}
SZ:{XEV:[E[XZ]<00}

a) Prove that S is a subspace, or find a counter-example.

b) Prove that S, is a subspace, or find a counter-example.

EXERCISE 6.37. (Two flips of a coin) Consider a probability experiment consisting of two flips
of a fair coin. Let Q = {(H,H), (H,T), (T,H), (T, T)} be the sample space. Let F be the set of all
subsets of Q. Let P : F — [0, 1] be the probability measure that makes all four outcomes equally
likely, so P[A] = |A|/4 for all A < Q), where |A| denotes the number of outcomes in set A. Define V
as the set of all random variables on this probability space: V = {functions X : Q — R}. Define

S1={XeV:X(HT)=X(T,H)}
So={XeV:X(T,T) >0}
S3={XeV:P[X<72]>1/2}
S4={XeV:E[X]=0}

a) Is Sy a subspace?
b) Is Sy a subspace?
¢) Is S3 a subspace?
d) Give two examples of random variables in S4. Is S4 a subspace?

EXERCISE 6.38. (Expectations and equally likely outcomes) Define Q) = {red, blue, green}.
Define J as the set of all subsets of Q). Let P : § — [0, 1] be the probability measure that makes all
three outcomes equally likely, so P[A] = |A|/3 for all A ¢ Q, where |A| is the size of set A. Define
V as the real vector space of all random variables X : QO — R. DefineY,Z ¢ V by

Y(red) =0, Y(blue)=1, Y(green)=-1
Z(red) =0, Z(blue) =2, Z(green)=4

Define the following subsets of V':

S1={XeV:E[X]=0}
Sy={XeV:X(red) =0}
Ss = {X e v:10E [x] = 3E[x?]}

a)IsY € S1?2IsZ € §1? Is Sy a subspace?
b)IsY € Sy?IsZ € S»? Is Sy a subspace?

255



c)IsY € S37Is Z € S3? Is S3 a subspace?
d) Give an example random variable W € V such that W ¢ S; and W ¢ Sy, but W € S; + Ss.
[Here, the sum of sets uses the Minkowski set sum definition: Sy + Sy = {s1+ 2 : 51 € S1, 82 € Sa}.]

EXERCISE 6.39. Let V be a vector space over a field F. Let S be a subspace. Find S + S. [Here,
the sum of sets uses the Minkowski set sum definition: S+ S = {s; + Sy : 51 € S, 89 € S}.]

EXERCISE 6.40. (Direct sum for R®) Let S be a 2-dimensional subspace of R3. Fix y € R3 such
that y ¢ S.

a) Show that R3 = S ® Span{y}.

b) Give an example of this situation.

EXERCISE 6.41. (Symmetry and skew symmetry) Let [ be a field. Define 2 = 1+ 1. [Examples of
fields for which 2 + 0 and 2 = 0 are given in Appendix C.2.] Fix n € N. Let V be the vector space
of all n x n matrices with entries in . Define

S1={BeV:B'=B} (symmetric)
Sy={BeV:B"=-B} (skew symmetric)

a) Show S and Sy are subspaces.

b) For every A € V, show that A + AT € Sy.

¢) Forevery A eV, showthat A- A" € S,.

d) Suppose F is such that 2 # 0. Find S1 + S».

e) Suppose [ is such that 2 = 0. Find Sy + S».

f) For F = R and n = 3, give an example of a nonzero matrix in S1, and another nonzero
matrix in Sy.

EXERCISE 6.42. Prove Lemma 6.3 using the independent-set-spanning-set comparison theorem
(Theorem 6.1).

EXERCISE 6.43. Prove Lemma 6.4 using the independent-set-spanning-set comparison theorem
(Theorem 6.1).

EXERCISE 6.44. Give an example of a vector space V over the field R and a subspace S € V such
that dim(S) = dim(V), but S # V. Explain why this does not contradict Lemma 6.4.

EXERCISE 6.45. (Basis for symmetric 2 x 2 matrices) Let V be the real vector space of 2 x 2
matrices with entries in R. Let S be the subspace of V consisting of 2 x 2 symmetric matrices.
a) Show that dim(V') = 4 by finding a basis of size 4.
b) Find a basis for S. What is dim(S)?

EXERCISE 6.46. (Basis for 3 x 3 and n x n symmetric matrices) Let R3*3 be the real vector space
of 3 x 3 matrices with real entries. It holds that dim(R3*3) = 9.
a) Find a basis for the subspace of all 3 x 3 symmetric matrices. What is the dimension?
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b) Suppose we consider the vector space R™™ of n x n matrices. Make a guess about the
dimension of the subspace of n x n symmetric matrices. Explain your reasoning.

EXERCISE 6.47. Let V be the real vector space of functions f : R - R.
a) Show that {1, t(t - 1), t(t — 1)?} are linearly independent in V.
b) Show the vectors in (a) are a basis for {f e V': f(0) = f(1)}.

EXERCISE 6.48. (linear independence by discontinuity) Let V be the real vector space of func-
tions f : R - R. Let f € V be a discontinuous function. Let g € V be a continuous function that
is not the always-zero function. Show that { f, g} are linearly independent.

EXERCISE 6.49. (Linear difference equation) Let RN be the set of infinite real-valued sequences
(%1, X2, X3, ...). Define S < RN by

N
S={(x1,x0,%3,...) R 1 xp 0 + %31 —6x, =0 VkeN}

a) Show that S is a subspace.

b) Show that there is a unique sequence (u) € S such that (uy, u) = (1,0). Show thereisa
unique sequence (v) € S such that (vy,v2) = (0,1). Argue that S = Span{(uy), (v¢)}.

¢) Show that {(uy), (vi)} are linearly independent. Conclude dim(S) = 2.

d) Find two linearly independent sequences in S by searching for solutions to the linear
difference equation of the form x; = ok for k € N, for some scalar 6.

e) Use part (d) to find an explicit form for (uy) and (vy).

EXERCISE 6.50. (Linear difference equations with [F) Let [ be a field. Consider the vector space
FN of infinite sequences (x1, X2, X3, ...) with x; € F for alli € N. Fix m e N. Define S c FN by

S= {(xl,xz,xg, ) ey P Xpem mZIaikari =0 Vke I\I}
=0
where ay, ..., am,_1 are given scalars in [.

a) Show S is a subspace.

b) Using arguments similar to those in Section 6.8.6, argue that for each (A1, ..., Am) € F™,
there is a unique sequence (x;) € S such that (xy, ..., Xm) = (A1, ..., Am). In particular, the only
sequence in S that has m leading zeros is the always-zero sequence.

c) Let r be a positive integer. Show that sequences {(x,(:) )y eeey (xl(:) )} arelinearly independent
in S if and only if{(x{l), ey x,(,%) )y eee (xfr), veey x,(nr))} are linearly independent in F™.

d) Conclude that dim(S) = m.

EXERCISE 6.51.  (Left-shift by one) Let F be a field and let FN be the set of all infinite sequences
(%1, %2, X3, ...) of scalars in F. Define the linear operator T : FN — FN by

T((x1, %2, %3, ...)) = (X2, X3, X4, ...) VX€ F
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a) Prove that Span(T) = FV.
b) Find Null(T). What is dim Null(T)?

EXERCISE 6.52. (Equivalent condition for direct sum) Let V be a vector space over a field F.
LetS, Sy, ..., S be subspaces. Prove that S =S @ So @ - @ Sy if and only if S = Zi-‘:l S; and the
following property holds

k
(Z v;=0,v;€S; Vie{l,.., k}) = (v;=0 Vie{l,..,k})
i=1

For the reverse direction, assume the uniqueness property fails, so there is a vector x € S such that
x= Zi-il S; = Zile w; for s;, w; € S; fori e {1, ..., k}, but there is at least one i for which s; + w;
(then reach a contradiction).

EXERCISE 6.53. (A function satisfying the second property of linear transformation, but not
the first) Consider the real vector space R?. Construct an example function T : R? - R? that
satisfies T(ax) = aT(x) for all x € R?, a € R, but is not a linear transformation because the
property T(u+w) = T(u) + T(w) is violated for some particular u, w € R%,

EXERCISE 6.54. (A function satisfying the first property of linear transformation, but not
the second) Consider the complex field C. Treat C itself as a complex vector space. Consider the
function T : C — C defined by

T(a+ib)=a+2ib Va,beR

a) Show that T(x + y) = T(x) + T(y) forallx, y € C.
b) Show that T(0u) + 0T (u) for some particular® € C, u € C.

EXERCISE 6.55. (Linear transformation with field Q) Let U, V be vector spaces over the field
Q of rational numbers. Let T : U — V be a function that satisfies the first property of a linear
transformation: T(x + y) = T(x) + T(y) for allx, y € U. For this special case with field Q, we
show this is enough to ensure T is a linear transformation.

a) Show that T(0) = 0.

b) Show that T(nx) = nT(x) forallx € U and all n e N.

¢) Show that T(nx) = nT(x) for all x € U and all integers n (positive, negative, or zero).

d) Use part (c) to show that T(%’x) = gT(x) forall x € U and all rational numbers p/q € Q
(so p, q are integers and q + 0).

e) Explain how this idea can be used to show that if U, V are vector spaces over the field
R, and if T : U - V is a function that satisfies T(x + y) = T(x) + T(y) for all x, y € U, then
T(ax) = aT(x) for alla € Q. [This does not imply T is a linear transformation, see Exercise 6.57.]

EXERCISE 6.56. (Removing the scaling property for the prime fields) Fix p as a prime number.
LetFp ={0,1,..., p— 1} be the finite field of size p (using mod p arithmetic). Let U, V be vector
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spaces over fleld Fp. Let T : U — V be a function that satisfies T(x + y) = T(x) + T(y) for all
x, y € U. In this special case, we show this information alone is enough to guarantee that T is a
linear transformation.

a) Show that T(0) = 0.

b) Use the fact that ifa € {1,2,...,p—1}, thena=1+1+--- + 1, to prove that T(ax) = aT(x)
forallxeUandacelFy.

EXERCISE 6.57. (Thecase f(x+y) = f(x)+ f(y)) Let f : R > R be a discontinuous function
that satisfies f (x+y) = f(x)+ f(y) forallx, y € R, but f(cz) # cf(z) for some particular z, c €
R. [Using a set theory axiom called the axiom of choice, it can be shown that such a function f
exists.] Fixn,m € N. Define T : R" - R™ by T(xy, ..., Xn) = f(x1) for allx = (x1, ..., xn) € R™.
Show that T(x + y) = T(x) + T(y) for all x, y € R™, but T(6u) = 0T(u) can fail for some
particular 0 € R, u € R™.

EXERCISE 6.58. (The caseF4) Let F4 = {0,1, a, b} be the finite field of size 4 from Exercise 1.17.
[You will need the complete arithmetic tables for this exercise.] Build a function T : F4 — F4 that
satisfies T(x+ y) = T(x) + T(y) for allx, y € F4, but T(0u) = 0T (u) fails for some 0, u € F4.

EXERCISE 6.59. (Polynomials with different degrees) Let V be the real vector space of functions
f:R—>R. Let {py, py, ..., P} be nonzero polynomial functionsin V, so fori € {1, ..., k}

pi(t) = ai,o + aijlt + e + ai)d[k] td[k] VteR

where the a; ; coefficients are real numbers, d[k] is the degree of polynomial py, and a; gy # 0.
Suppose d[1], ..., d[k] are distinct nonnegative integers. We want to show {py, Py, ..., Pr} 1S
linearly independent.

a) Suppose k = 1, so there is one (nonzero) polynomial p; on the list. Prove the list is linearly
independent.

b) Induction: Suppose that if our list has size k, then the list is linearly independent. (Part (a)
shows this is true for k = 1.) Prove for k + 1. Hint: For simplicity, you can assume d[1] < d[2] <
-+ < d[k] < d[k + 1]. Remember to start your proof: “Suppose that Zi-(jll 0;p; = 0 for some real
numbers 0,;. We want to show...”

¢) To understand why we needed to assume the degrees are distinct, give a simple counter-

example when the degrees are not distinct.

EXERCISE 6.60. (Proving vectors form a basis) Let V be a vector space over a field F. Let S be a
subspace of V. Suppose that k,m e N and xy, ..., x, ¥y, ..., ¥, are vectors that satisfy

« {x1, ..., x¢} is a basis for S.
* {XLy ey Xy Y1y oeey Vi ) 18 @ basis for V.

Let qy, ..., qm be any vectors in S. Show {x1, ..., Xi, Y1 — q1, Y2 = 425 -y Y — qm } 15 a basis for V.
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EXERCISE 6.61. (Matrix of T, G, and T + G) Let V be the real vector space of polynomial
functions f : R — R of degree < 2. Define the functionsT:V - VandG:V -V for f e V by

T(f)(t)=f(t)+f'(t) VteR
G(f)(t) =5f(3t-8)  VteR

Define H = T + G. In the following, we consider matrices of linear transformations from V to V
with respect to the basis {1,t,1%} for V.

a) Show that T is a linear transformation and find Mat(T).

b) Show that G is a linear transformation and find Mat(G).

c¢) Show that H is a linear transformation and find Mat(H).

EXERCISE 6.62. (Matrix of T, G, and G o T) Let V be the real vector space of polynomial
functions f : R — R of degree < 3. Define the functionsT:V - VandG:V -V for f e V by

T(f)(t)=f(t)+f'(t) VteR
G(f)(®)=f(t-1)  VieR

DefineH=GoT, soH(f)=G(T(f)) for f € V. In the following, we consider matrices of linear
transformations from V to V with respect to the basis {1,t,t,t>} for V.
a) Show that T is a linear transformation and find Mat(T).
b) Show that G is a linear transformation and find Mat(G).
¢) Show that H is a linear transformation and find Mat(H). Verify Mat(H) = Mat(G)Mat(T).
d) Do the matrices Mat(G) and Mat(T) commute? Explain.
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CHAPTER 7.

Playing with transposes and the function x'Ay

Suppose we are given a matrix A ~ m x n and a column vector b of size m, both having
entries in some field F. We want to find a column vector x € F" that solves Ax = b. In
general, this can be done by Gaussian elimination. However, Gaussian elimination does
not yield a simple closed form answer. If A is square and invertible then we have a closed
form solution x* = A~1b, and this solution is unique. However, if A is not square then A1
cannot exist. Nevertheless, both AAT and A" A are square, and there is hope that at least
one of these might be invertible.

LEMMA 7.1. Let A be a m x n matrix with entries in some field F. Fix b € F™. Consider the
problem of finding a vector x € F" that solves the equation Ax = b.

a) IfAAT is invertible then one (possibly nonunique) solution to Ax = b is
x*=AT(AAT) b

b) IfATA is invertible, and if Ax = b has at least one solution, then it has only one solution
and that unique solution is
x*=(ATA) AT

PROOF. Each part can be proven in just one or two lines (see Exercises 7.5 and 7.6). [J
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For example, for F = R consider

X1
1 0 -1 8
X2 =
2 2 4 -1
X3
~— ~——
A b
The matrix AAT is
1 2
- 1 0 -1 2 -2
AA = 0 2 |-=
2 2 4 -2 24
-1 4

Since AA" is an invertible 2 x 2 matrix, part (a) of Lemma 7.1 implies that one particular
solutionto Ax = bis

1 2 -1 4.954545454545454...
2 -2 8
x'= 0 2 =] 0.636363636363636...
-2 24 -1
-1 4 —3.045454545454545...

This is not the only solution to Ax = b because Null(A) + {0}. Part (b) of Lemma 7.1 does
not apply because the 3 x 3 matrix ATA is not invertible.!

Lemma 7.1 can be viewed as a precursor to the theory of least squares developed in
Chapter 9. Notes:

+ There are cases when neither ATA nor AAT is invertible (such as when A = 0).

+ AAT can only be invertible if A is square or wide (see Exercise 7.5). If AAT is invertible
and A is wide, the vector x* = AT(AAT)~!b from part (a) is not the only solution to
Ax = b. However, if F = R, so all entries of A are real numbers, the theory of least
squares can be used to show that x* = AT(AAT)!b is the solution that is closest to the

all-zero vector (see Section 9.15). That is, it is the solution with minimum norm.

+ ATA can only be invertible if A is square or tall (see Exercise 7.6). Consider the special
case when A" A is invertible but Ax = b does not have a solution. This can occur when A
is tall (see also Exercise 7.7). Then the vector x* = (ATA)"'ATbin part (b) of Lemma 7.1
is in a state of limbo: It exists, its structural form is the only possible solution to Ax = b,
but it cannot be a solution because no solution exists. It is a phantom solution. We can

If A ~ 2 x 3 then AT A has size 3 x 3 and cannot be invertible. This is because an invertible 3 x 3 matrix must
have a 3-dimensional column space, but Col(ATA) € Col(A™) and Col(A™) has dimension at most 2 because
A" only has two columns.
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define b—Ax* as the error vector. Under the field F = R, it turns out that x* = (ATA)1ATb
is a unique least squares solution to Ax ~ b, meaning that x* ¢ R" minimizes ||b — Ax][*
over all other vectors x € R", where ||b — Ax|| is the Euclidean norm of the error vector.

- If F = R, so the entries of A are real numbers, it can be shown that ATA is invertible
if and only if Null(A) = {0} (see Exercise 7.7). Likewise, AA" is invertible if and only
if Null(AT) = {0}. This condition does not necessarily hold for a general field F. For
example, in the binary field [, = {0,1} define the 2 x 1 matrix A as follows:

a-|! — ATa=[1 1] o PR
1 1

Then Null(A) = {0} but ATA is the 1 x 1 zero matrix, which is not invertible.

71. The functionx™Ay

Given any m x n matrix A = (g;;), we can define a function f : F™ x F* — [ by
flx,y)=x"Ay VxeF™ yelF"

This function is treated in Exercises 7.3, 7.9, 8.5. Notice that x" Ay can be viewed as the
multiplication of three matrices of sizes 1 x m, m x n, n x 1, and hence its scalar output
can be viewed as a 1 x 1 matrix.2 If a is a 1 x 1 matrix (meaning a is a scalar in the field F),
then it is equal to its transpose. That is, a € F implies a = a'. Therefore, given any vectors
x € F™and y € F" we can define the scalar a = x" Ay and we conclude

x'Ay=a=a"=y'A'x

The above equality needs x' Ay to be a scalar; For matrices A, B, C it does not generally
hold that (ABC)" = ABC.

Suppose x = (x1,...,xm) € Fand y = (yy,..., y,) € F". The following follow from the
definition of matrix multiplication:

« Givenie {1,...,m}, the ith row of the column vector Ay is equal to 27:1 a;;yj-

* Given j e {1,..., n}, the jth column of the row vector x' A is equal to 1, a;jx;.

2Caveat: While it is sometimes useful to view a scalar as a 1 x 1 matrix, the operation of multiplying a
scalar by a matrix can be done for a matrix of any size and hence does not follow the rules of multiplication
by a1 x 1 matrix.
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LEMMA 7.2.  Given any m x nmatrix A = (a;;) with entries in some field F, we have

nm
xTAy =) Y xyja;; VxeF", yeF"

j=1i-1
PROOF. See Exercise 7.3. O
For example, take F = R and
2 0
A= -1 1
0 1

Then for x = (x1, X2, %3) € R3, y = (¥, ¥») € R? we have

xTAy = (2)x1y, + (-L)xay; + (0)zy; + (0)x1¥5 + (1)ays + (1)x3Y5

=2x1Y1 — XY + X2 Y9 + X35

7.2. Positive definite and positive semidefinite

Here we consider the field [ = R. This field is useful because any two real numbers x and
y can be compared to determine whether or not x < y.

DEFINITION 7.1. A squaren x nmatrix A = (a; j) with real entries is symmetric and positive
semidefinite if AT = A and
x"Ax>0 VxeR"

DEFINITION 7.2. A square n x nmatrix A = (a;;) with real entries is symmetric and positive
definite if AT = A and
x"Ax>0 VxeR"

with equality if and only if x = 0.

For example, consider

A=
-1 2

It is clear that A is symmetric. To show it is symmetric and positive definite, for all x ¢ R?
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we have

2 2 2

xTsz[ X] X ] =2x12—2x1x2+2x§=(xl—x2)2+x1+x2 > X +x§20

-1 2 X2

This shows that A is symmetric and positive semidefinite. However, the equality xlz + x% =0

holds if and only if x; = x, = 0. So A is in fact symmetric and positive definite.

Related facts:

1. When A is a real and symmetric 2 x 2 matrix with the general form:

a b
b d

- (A is positive semidefinite) < (a>0,d > 0,ad > b?) [See Exercise 7.10]
- (Ais positive definite) <= (a>0,d>0,ad > b*) [See Exercise 7.11]

2. Itis possible for an asymmetric real n x n matrix A to satisfy x"Ax > 0 for all x € R" (see
Exercise 7.12).

3. If H is any real m x n matrix, Exercise 7.15 shows:
+ H'H is a symmetric and positive semidefinite n x n matrix.
- (H"H is positive definite) < (Null(H) = {0}) < (H'H is invertible)
4. Suppose A is a real n x n matrix. Then:
- (A is symmetric and pos. semidefinite) < (A = H' H for some matrix H)
* (A is symmetric and pos. definite) <= (A = H' H for some invertible matrix H)

The forward directions use the Spectral Theorem of Chapter 15. The reverse directions
follow by the previous fact.

7.3. Exercises
EXERCISE 7.1. Let A be a square matrix. Show that A + A" is symmetric. Give two specific
examples.

EXERCISE 7.2. FixF = R. Give a specific example of a matrix A with at least two linearly
independent columns. Compute A" A. Is AT A invertible?

EXERCISE 7.3. (Expressing x" Ay) This exercise proves Lemma 7.2. Let A = (ajj) ~ mx nwith
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entries in some field F. Fix x € F™ and y € F"*. We want to show that
xTAy =T L, %y ja;j

a) Definew = Ay. Show that w is a column vector of size m. Give a summation expression
forw; foreachie{l,...,m}.

b) Use part (a) to prove the desired result.

EXERCISE 74. (AT A is symmetric and positive semidefinite) Suppose A is a m x n matrix with
entries in some field [F.

a) Show that A" A is a symmetric n x n matrix.

b) Suppose F = R. Show that AT A is a symmetric and positive semidefinite matrix. Hint: For
a given x € R", define w = Ax and consider w"w, which is the standard inner product of w with
itself.

¢) Explain why (a) and (b) imply that if F = R, then AA" is a symmetric and positive
semidefinite matrix of size m x m.

EXERCISE 7.5. (Proof of Lemma 7.1a) Fix A ~ m x n with entries in some field F. Fixbasa
m x 1 column vector. We explore solutions to Ax = b.

a) Suppose AAT is invertible. Show that one solution to Ax = bisx* = AT(AAT)"1b.

b) Show that AA" cannot be invertible if A is tall. (Hint: Every wide matrix has a nontrivial
null space.)

¢) Give a specific example of a wide matrix A for which AA" is invertible. Then find a b for
which Ax = b has more than one solution (including the solution proposed in part (a)).

EXERCISE 7.6. (Proof of Lemma 7.1b) Fix A ~ m x n with entries in some field F. Fix b as a
m x 1 column vector. We explore solutions to Ax = b.

a) Suppose AT A is invertible. Suppose Ax = b has a solution. Show the one and only solution
isx*=(ATA)1ATD.

b) Show that AT A cannot be invertible if A is wide. (Hint: Every wide matrix has a nontrivial
null space.)

¢) Give a specific example of a tall matrix A for which AT A is invertible. Find a vector b for
which Ax = b has a solution. Then, find another vector b for which Ax = b has no solution.

EXERCISE 7.7. (Null(A) = Null(ATA)) Consider the field F = R. Let A ~ m x n with entries in
R.

a) Prove Null(A) < Null(ATA).

b) Prove Null(ATA) < Null(A). Hint: Fixx € Null(ATA). Consider x' AT Ax and the standard
inner product for R™.

¢) Show AT A is invertible if and only if Null(A) = {0}. Explain why invertibility of ATA
implies A is square or tall.
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d) Show that Null(A) = Null(A"A) fails in the binary field Fo = {0,1} with1+1 =0 by
considering the matrix

A=
11
EXERCISE 7.8. (Constructing a matrix) This exercise relates to Lemma 7.1b and the discussion
points given just after Lemma 7.1. Consider the field F = R. Construct a 3 x 2 matrix A such that
AT A is invertible. Find a vector b € R3 for which Ax = b has no solution. Compute the vector
x* = (ATA)"LATb from Lemma 71b and show it does not solve Ax = b. Compute the error vector
e=b- Ax™ and its squared norm HeH2 (using the standard Euclidean norm). Compute e' A.

EXERCISE 7.9. (Function f(x,y) = xTAy) Fix A ~ m x n with entries in a field F. Let f :
F™ x F™ — F be the function f(x, y) = x" Ay defined in Section 7.1.
a) Suppose n = m. Show that f(x,y) = f(y,x) for all x, y € F" if and only if A is symmetric.
b) Define the 3 x 2 matrix:
1

—

1
A=10
10

Express f(x, y) for a general x = (x1, X2, x3) € F> and y = (yy, ¥,) € F? in the form of Lemma
7.2. That is, your expression should only involve the variables x1, x2, x3, ¥1, Y-

¢) Consider part (b) in the binary field Fo = {0,1} (so 1+ 1= 0). How large is the domain of
f? Compute f(x, y) forall x, y € {0,1}3 x {0,1}2.

EXERCISE 7.10. (2 x 2 positive semidefinite matrices) Consider the symmetric 2 x 2 matrix

a b
b d

where a,b,d € R. We want to show A is symmetric and positive semidefinite if and only if
a>0,d>0,ad> b

a) Suppose a > 0,d > 0,ad > b. Suppose either a = 0 or d = 0. Show that A is positive
semidefinite.

b) Suppose a > 0 and d > 0 and ad > b%. Show that A is positive semidefinite. Hint: Define
p € R so that pv/ad = b. Then note (x/a + pyVd)? = ax? + 2bxy + p>dy>.

¢) Suppose A is positive semidefinite. Show that a > 0 and d > 0. Hint: Consider x = (1,0).

d) Suppose A is positive semidefinite. Show that b* < ad. Hint: Consider (x, y) = (\/d,/a)
and (x, y) = (Vd,~\/a).

EXERCISE 7.11. (2 x 2 positive definite matrices) Extend the result and/or proof technique of
Exercise 7.10 to show that the 2 x 2 matrix A considered there is symmetric and positive definite
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ifand only ifa > 0,d > 0,ad > b?.

EXERCISE 7.12.  Give an example 2 x 2 matrix A with real entries such that A is not symmetric,
but x" Ax > 0 for all x € R?. Hint: Start with a symmetric positive definite matrix and then
perturb at least one off-diagonal entry.

EXERCISE 7.13. Give a necessary and sufficient condition on the entries a,b,c,d € R of a
(possibly asymmetric) 2 x 2 matrix A for that matrix to satisfy x" Ax > 0 for all x € R2. You can
reuse the proof technique of Exercise 7.10.

EXERCISE 7.14. Let A be a n x n matrix with entries in R. Suppose x" Ax > 0 for all x ¢ R™.
a) Show that x"A"x > 0 for all x € R™.
b) Show that A + AT is symmetric and positive semidefinite.

EXERCISE 7.15. (H'H is positive semidefinite) Let H be a m x n matrix with entries in R. It
is clear that H" H is symmetric. We want to show H' H is positive semidefinite, and is positive
definite if and only if Null(H) = {0}.

a) Fix x € R™. Define w = Hx. Show that x"H' Hx = w'w.

b) Withw = (w1, ..., Wn) € R™, show that w'w > 0.

¢) Show that if Null(H) # 0 then H" H is not positive definite.

d) Show that if Null(H) = {0} then H'" H is positive definite. Hint: From part (a), if x' H' Hx =
0 thenw'w = 0.

EXERCISE 7.16. Give an example real and symmetric 3 x 3 positive definite matrix with all
entries nonzero.

EXERCISE 7.17.  Give an example real and symmetric 3 x 3 positive definite matrix with exactly
two zero entries.
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PART III.

Projections
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CHAPTER 8.

Real inner product space

This chapter considers vector spaces V over the real field R. The following additional
structure is assumed: There is a function f that takes two vectors x, y € V as input, and
outputs a real number f(x, y) in such a way that three axioms of a real inner product are

satisfied. This structure leads to a rich theory of orthogonality and projections.

8.1. Axioms for a real inner product

DEFINITION 8.1. A function f : Vx V — R isa real inner product on V if the following three
properties hold:

1. Nonnegativity: For all x € V we have

f(x,x)>0

Further, f(x,x) =0 ifand only if x = 0.

2. Symmetry: For all x, y € V we have

f(x)y) :f(ny)

3. Linearity in the second slot: For all x, y,z € V and all a € R we have

f(zx+y)=f(zx)+f(2y)
f(z,ax) = af (2, %)
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The above properties are called the three axioms for a real inner product. These prop-
erties are expressed above using standard function notation f(x, y). However, inner
products are usually expressed using notation (x, y). With this change in notation we have

<.9C,_)/> :f(xly) Vx,yeV

Thus, a real inner product satisfies (x, ) € R for all vectors x, y, and
(i) Nonnegativity: (x, x) > 0 for all x € V, with equality if and only if x = 0.
(ii) Symmetry: (x, y) = (y,x) forallx, y e V.
(iii) Linearity in the second slot: For all x, y,z ¢ Vand a € R:

(z,x+y) :(z,x)+(z,y)

<Z) ax) =a <Zl x)
The third property can be equivalently expressed:

(zyax+Dby)=a(z,x)+b(z,y) Vx,y,2eV,Va,beR

8.1.1. A quick note on complex inner products

A related definition of complex inner product is given in Chapter 10. It is worthwhile ex-
plaining the differences now:

- Complex inner products are used for vector spaces V over the field C.

+ The complex inner product (x, y) is allowed to take values in C (rather than always

taking values in R).

+ The complex inner product (x, y) satisfies the same three axioms as a real inner
product, with the exception that the symmetry axiom is replaced by conjugate symmetry:
(x,¥) = (y,x) for all x, y € V (where zZ denotes the complex conjugate of a scalar z € C).

We often just say “inner product” when the context is clear that we are using either a real
vector space (so the inner product is real) or complex vector space (so the inner product
is complex). This chapter considers only real vector spaces and real inner products.

8.1.2. Immediate consequences of the axioms

It is not difficult to show that every real inner product satisfies

(0,x) =(x,0)=0 VxeV
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where 0 inside the inner product denotes the zero vector in V. Indeed, if x € V then
(@)
(0,x) =" (x,0)
(b)

= (x, 0x)

© 0 (x, x)

@,

where (a) uses symmetry of the inner product; (b) uses the fact

0 = 0 x
—— ——
eV cR

Also, (c) uses linearity in the second slot; (d) uses the fact that (x, x) is some real number,
so it becomes 0 when multiplied by 0.

The symmetry property can be used to show that the second slot is not special: Every
real inner product is also linear in the first slot. Indeed, for x, y,z € V and a, b € R we have

(ax +by,2) = (z,ax + by) = a(z,x) + b(z,y) = a(x, z) + b(y,2)

Thus, (x, y) is a bilinear function (it is linear in y when x is fixed; linear in x when y is
fixed). Therefore, for x, y, w,z € Vand a, b, ¢, d €« R we have

(ax,by) = b{ax, y) = ab(x, y)

(x+y,w+z)=(x+y,w)+(x+,2) = (x,w) + (¥, w) + (x,2) + (¥, 2)

From this, it can be shown by induction that if {x), ..., X } and { ¥y, ..., ,,} are any vectors,
and if ay, ..., am and by, ..., by, are any real numbers, then (see Exercise 8.31):

(8.1) <Z a;x;, Z b]_)/]> = Z Z aib]- (xi, y]>
j=1

i=1 i-1j-1

A real vector space V can have many different inner products. For example, suppose
(x, y) is areal inner product on V. Fix a as a positive real number and define f(x, y) =
a(x, y) for all x, y € V. It is not difficult to show f(x, y) satisfies nonnegativity, symmetry,
and linearity in the second slot. So f(x, y) is another real inner product on V.

8.1.3. Terminology

A real vector space V that has a real inner product is called a real inner product space.
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8.2. Cauchy-Schwarz inequality

LEMMA 8.1. (Cauchy-Schwarz) Let (x, y) be a real inner product on a real vector space V. Then

(8.2) [, Y <V x) (v, ) Vx,yeV

Further, the inequality holds with equality if and only if either y = 0 or x = ay for some a € R.

PROOF.  We first prove the inequality (8.2). If y = 0 the inequality reduces to 0 < 0, which
is true. Suppose y # 0. Define

f(t)y=(ty-x,ty—-x) VteR

We have f(t) >0 for all t € R (by the nonnegativity property of an inner product). However

f(0) = (ty-x,ty—x) = 2 (3, 9) = 2t (3, %) + (x,x) VteR

Since y # 0, property 1 of an inner product ensures (¥, y) > 0. So function f(t) is a parabola
and its minimizing point is the t for which f'(t) = 0:

() =2t(y,y)-2(y,x) =0

The minimizing pointis t* = % Then

O L gy

(%)
2
and so % < (x, x). Rearranging terms proves the desired inequality (8.2). Exercise 8.8
proves the necessary and sufficient condition for equality. O

8.3. Inner product norm
Let V be a real vector space. A norm on V is a function ||-|| that maps each element of V to
a real number and satisfies the following three properties:

1. Nonnegativity: ||x|| > 0 for all x € V, with equality if and only if x = 0.

2. Scaling: ||ax|| = |a| - ||x|| for allx € V and a € R.

3. Triangle inequality: ||x + y|| < ||x|| + ||y|| for all x, y € V.

There can be many different norms on the same vector space. For example, scaling a
norm by a positive real number creates a new norm. The next lemma shows that every
inner product naturally creates a norm called the inner product norm.
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LEMMA 8.2. Let (x, y) be a real inner product on a real inner product space V. Define:!
lx|| = V{x,x) VYxeV
Then ||x|| is indeed a norm on V, and it is called the inner product norm.

PROOF. Fixx e V and a € R. We verify ||x|| satisfies the three properties of a norm:

(8.3) €]l = V/{x,x) > 0
(84) lax]] = \/{ax, ax) = \/a* (x, x) = |a] - |||

where (8.3) holds with equality if and only if x = 0 (by the first property of inner products).
Equality (8.4) holds because the scalar a can be pulled out of both the first and second
slots. Finally, Exercise 8.6 uses Cauchy-Schwarz to prove the triangle inequality. O

Unless otherwise stated, when working on a real inner product space with inner
product (x, y), we use ||x|| to denote the inner product norm ||x|| = \/(x, x). With this
notation, the Cauchy-Schwarz inequality is

[ <l -yl Ve, yeV

where equality holds if and only if either x is a scalar multiple of y, or yis a scalar multiple
of x. The next lemma gives further properties of the inner product norm.

LEMMA 8.3.  (Properties of inner product norm) Let V be a real inner product space with inner
product (x, y) and inner product norm ||x|| = \/(x, x). Then

a) Norm-square of sum:
e+ yI* = [lx® + [[yI1* +2(x, y)  Va,yeV
b) Parallelogram law:
e+ I + e = yII* = 2lxl* + 2 [y v,y eV
¢) Polarization identity:

2 2
lloe + YII” = [l — ]
4

(x,y): VnyEV

'This definition ||| = \/{x, x) makes sense because the nonnegativity property of inner products ensures
(x,x) >0 for all x € V, so we can take square roots.
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d) Strongly convex equality: For all t € R we have
e+ (1= )Y = tlldl® + (1= DY - 61 - D) e - A* Vo, y eV
PROOF. Fixx, y € V. Part (a) holds because

2
e+ Y7 = (x + 3,0+ ) = (%, %) + (%, ¥) + (9, %) + (3, ¥)
Each remaining part is proven by the previous parts. Details are left as an exercise. [J

It can be shown that a norm ||-|| on a real vector space V is an inner product norm if
and only if it satisfies the parallelogram law (Exercise 8.41). For example, the functions

n
el = 2o bl Ve R
i=1
1%l oo = max{fxi], ..., [xnl} VxeR"

can be shown to be valid norms on R" because they satisfy the nonnegativity, scaling,
and triangle inequality properties. The first is called the L; norm, the second is the Lo,
norm. However, for n > 2, they both fail the parallelogram law, so neither is an inner
product norm (consider x = e; and y = ey). The strongly convex equality is a generalization
of the parallelogram law: It reduces to the parallelogram law for ¢ = 1/2. While it holds
for all t € R, in optimization theory it is typically used for ¢ € [0, 1] to conclude that the

norm-square function satisfies a certain definition of a strongly convex function.?

8.4. Examplesin R"
Fix n as a positive integer. Define the operation
(t,y)=x"y Vx,yeR"

It can be shown this is an inner product on R™. This is called the standard inner product on

R™. The corresponding inner product norm is

| = VT =\ /ST %2 VxeR?

This is the standard norm on R", called the Euclidean norm, also called the L, norm. Unless
otherwise stated, when working in the vector space R" we implicitly use the standard inner
product x" y and its corresponding Euclidean norm. Using the standard inner product for

2Given ¢ > 0, a function f : V — R is said to be c-strongly convex with respect to norm ||-|| if f(tx+ (1-1)y) <
tf(x) + (1= 1) f () - LD |l - y|* for all x, y € V, t € [0, 1].
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R™, the Cauchy-Schwarz inequality becomes
eyl < flell- Iyl ¥, y e R™

Equivalently,

(8.5) !ZL x| < \/ZL xiz\/zlfl:l yl? Vx, y e R

8.4.1. Allinner products on R"

LEMMA 84. A function f : R" x R" — R is a real inner product on R" if and only if

flx,y)=x"Ay Vx,yeR"

for some real n x n symmetric and positive definite matrix A. [Definition of “positive definite” is
in Chapter 7.2.] The special case A = I corresponds to the standard inner product on R™.

PROOF. See Exercise 8.5 for a proof of the reverse direction. To show the forward
direction, suppose f(x, y) is a real inner product on R". A Gram-Schmidt orthogonalization
result (Theorem 8.1 in Section 8.9) implies existence of a basis {x, ..., xn } for R that is
orthonormal with respect to inner product f, meaning that

(8.6) f(xi) x]) = 1{i:j} Vi,jedl,...,n}

where 1;;_;, is the indicator function that is 1if i = j, and 0 else. Let X be the n x n matrix
with columns consisting of the column vectors {x, ..., x5 }. Since columns of X are linearly
independent, matrix X is invertible. Define

A - (X_I)TX_I

Exercise 8.37 shows that A is symmetric and positive definite. It remains to show f(u,v) =
u'Av for all u,v e R™.
Let {ey, ..., en} be the standard basis for R™. Observe that

(X_lX = I) — X_l X1 Xo - Xn |=| e ey - ep
] | ]
Hence, for all i € {1,...,n} we have X 1x; = e;. Thus, for each i, j € {1,...,n}

xlTAx] (g) iT(X_l)TX_lx]' = (X_lxi)T(X_IXj) (2) eiTe]- (g) l{i:j}
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where (a) substitutes the definition of A; (b) uses X‘lxi = ¢; for all i; (c) uses eiTei =1 for
ie{l,...,n},and el.Te]- =0 for i # j. In view of (8.6), this means

(8.7) x] Axj = f(x;,x;) Vi, je{l,..,n}

Now fix u, v € R™. Let (ay, ..., an), (b1, ..., bp) be the unique coefficients such that

Then

-
Il
—
—

where (a) uses the fact that f is a real inner product, hence, it is a bilinear function; (b)
substitutes (8.7). O

8.4.2. Consequences for real matrices

LEMMA 8.5. IfA is a m x n matrix with real entries then:

a) ATA is a symmetric and positive semidefinite n x n matrix. [Definition of “positive
semidefinite” is in Chapter 7.2.]

b) Null(ATA) = Null(A) and

rank(ATA) = rank(A) = rank(A") = rank(AA")
PROOF. Notethat (ATA)" = ATA, so ATA is symmetric. For any x € R" we have

xTATAx = (Ax)T (Ax) = ||Ax||* > 0
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where we use the Euclidean norm. So AT A is symmetric and positive semidefinite.
To prove (b), if x € Null(A) then Ax = 0 and so ATAx = 0, so x € Null(ATA). Conversely,
if x € Null(ATA) then
0=A"Ax

Multiplying the above by x' gives
0=x"ATAx = (Ax)T(Ax) = ||Ax]|]*

Since ||Ax|| = 0 we know Ax = 0, so x € Null(A). This completes the proof that Null(ATA) =
Null(A). Since A and AT A both have n columns, the rank-nullity theorem implies

(8.8) rank(A) + dim Null(A) =n
(8.9) rank(ATA) + dim Null(A"A) = n

Since Null(A) = Null(ATA), they have the same dimension, so (8.8)-(8.9) imply
rank(A) = rank(ATA)
This is true for any matrix with real entries, so it is true for the matrix AT, which means
rank(A") = rank((AT)TAT) = rank(AA")

We already know rank(A) = rank(A") by Lemma 5.4, which completes the chain of equal-
ities for part (b). ]

It is important to emphasize that Lemma 8.5 holds for real matrices A because u"v is a
real inner product for vectors u, v € R™, which ensures:

((Ax)"(Ax) = 0) — (Ax=0)

The result of Lemma 8.5 can fail if entries of A are in the binary field F, = {0,1} because
u'vis not an inner product for F? (there is no inner product for F7}). Specifically,

11 0 0
[In field F» = {0,1}]: A= — ATA= , rank(A)=1, rank(ATA)=0
11 0 0

See also Exercise 8.28 for a related example. Of course, Lemma 8.5 holds if we treat the

279



same matrix A in the real field:

11 2 2
[InfieldR]: A= — ATA= , rank(A)=rank(A'A) =1
2 2

The result of Lemma 8.5 can also fail in the complex field C because (using i* = —1):
i 0 . loo .
[InfieldC]: B= — B B= , rank(B)=1, rank(B'B)=0
00

On the other hand, Chapter 10 defines a complex inner product on C™, from which a variation

on Lemma 8.5 holds when AT is replaced by A (where A™ is the complex conjugate transpose

of A): Null(A) = Null(AHA) and rank(A) = rank(AHA). For example,

0 g | i 1| io 2 0 u

B= — B"B= = , rank(B)=rank(B"B) =1
10 0 0 10 0 0

8.5. Examples in the space of square summable sequences

Let RN be the real vector space of infinite sequences of real numbers. So x ¢ RY if and
only if
x = (%1, %2, %3, ...) for some x; e Rforie N

Define the following set V ¢ RN of infinite real-valued sequences that are square summable:

[o/e]
V={xe|R€N:zxi2<oo}

i=1

It can be shown that V is a subspace of RN, Therefore, V is itself a real vector space. The
standard inner product on V is

(X,J/) = inyi V.X‘,_)/E 14
i=1

The reason that we have restricted attention to the set V of square summable sequences,
rather than all real-valued sequences, is that the infinite sum }.7°; x;y; can be shown to be
a real number whenever x, y € V. [To show this, use —x7 - y7 < 2x;y; < x7 + y7 for all i.] In contrast,

the infinite sum may not be well defined when x and/or y is not square summable.

We now show that (x, y) is indeed an inner product:
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1. Nonnegativity: For all x € V we have
o0
(x,x) = > a7 >0
i=1

Equality holds if and only if x; = 0 for all i ¢ N because:
« If x; = 0 for all i e N then ijlxiz =Y2,0=0.

o If Z;?:Ixiz =0then for each j € {1,2,3,...} we have 0 < sz < Z;’:lxiz =0,s0x;=0.

2. Symmetry: For all x, y € V we have
(x,y) = 2%y = 3 yixi = (¥, %)
i=1 i=1
3. Linearity in the second slot: For x, y,z € V and a, b € R we have

(z ax +by) =3 zi(ax; + by;) =a ) zpx; + b)Y %y = a(z,x) + b(z, y)
l:l lzl l:1

Thus, (x, y) = X7, x;¥; is avalid inner product for V. With respect to this inner product,

< fo\‘Zylz Vx,yeV
i=1 i=1

There are other inner products on V. Fix it = (uy, u, ...) € RV as any sequence of

the Cauchy-Schwarz inequality is

(8.10)

oo
Z XiYi
=1

positive and bounded real numbers, so there is a value pmqay € R such that 0 < p; < pmax
for all i € N. It can be shown that the following is also an inner product on V:

(8.11) (,y) =D wxiy; Yx,yeV
=1

The Cauchy-Schwarz inequality for this inner product is

(8.12) <y DS uixiz > uiylz Vx,yeV
=1 i=1

D WX Yi
1=1

Of course, (8.12) also follows directly from (8.10) by defining x = (\/H1X1, \/H2%X2, ...) and

¥ = (VMY /12Ys, ...) and observing (x,y € V) == (x,y € V), which is true more
generally whenever 0 < 1; < pmqy for all i € N. So if p; = 0 for one or more indices i € N

then (8.12) is still true, but (8.11) fails to be an inner producton V.
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8.6. Examples in the space of square integrable functions

Fix a, b ¢ R with a < b. Define V as the set of all functions f : [a, b] - R that satisfy

[abf(t)zdt< oo

These are called square integrable functions.> The set V is a vector space over the field R
(see related Exercise 6.3). The standard inner product on this space is

b
(813) (f,8)= [ fgat vfgev

Actually, this fails to be an inner product for a subtle reason described below, but we shall
fix it!

First note that (f, g) indeed maps two square integrable functions f, g € V to a real
number because

IO (t>2

; < fgn <15

f( n*, (;)2 Vtela,b]

and so ;
oo < /a F()g(t)dt < oo

It can further be shown that (f, g) satisfies the second and third properties required for
an inner product (symmetry and linearity in the second slot). Finally, it satisfies the first
part of the nonnegativity property: For any f € V we have

9= [ oo

since the integral of a nonnegative function is nonnegative. Unfortunately, equality does not
hold if and only if f(t) is the all-zero function. Indeed, define the following function z € V:

o(t) = 42 ift=(a+D)/2

0 else

This function is not the all-zero function because z((a + b)/2) = 42 # 0. However, the
function differs from the all-zero function only at one point, and that single point does

3strictly speaking, one would also have to specify the integral used (Riemann, Lebesgue, etc.) and the mild
additional assumptions on the function f to ensure it can be integrated. To be precise, as part of the square
integrable definition we implicitly assume f is Borel measurable and the integral is the Lebesgue integral. All
continuous functions are Borel measurable, as are all functions with at most finitely many discontinuities.
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not affect the value of any integral. So
b2
(z,2) = f 2(t)%dt=0 (butz +0)
a

Strictly speaking, this means that (f, g) = [, ab f(t)g(t)dtis not areal inner product on V.

We now fix it: We turn ( f, g) into a real inner product through a standard technique of
defining equivalence classes over the functions in V: Two functions f, g € V are said to be
equivalent, written f = g, if

b
[ (@ -ge)?at=0

It follows that the z(¢) function defined above is equivalent to the always-zero function. It
can be shown thatif f = f and g = g then

b b.
[ fwemat= [ Fogwa

It can be shown that two functions in V that differ only on a finite or countably infinite
number of points in [a, b] are equivalent.* If we redefine the vectors in V according to
the equivalence classes, so all equivalent functions are treated as the same vector, then
fab f(t)g(t)dtis an inner product on V. It satisfies (f, f) = 0 if and only if f = 0 because

b b
(ff1=0 = [f(02at=0 = [ (f(1)-0)%dt=0 < f=0

The inner product norm for this inner product is

b
Ifll=\/ [ feyae vfev

With respect to this inner product, the Cauchy-Schwarz inequality is

S\/fabf(t)zdt\/fabg(t)zdt Vf,geV

The concept of equivalence class is a technical detail that readers should not obsess

b
INCTEE

over. It is common to refer to (8.13) as the standard inner product for real-valued square
integrable functions (the equivalence class concept is often unstated but is used implicitly).

*From a measure theory perspective, if f : [a, b] » Rand g : [a, b] - R are Borel measurable functions
then: (i) {t € [a,b] : f(t) # g(t)} is a Borel measurable subset of [a, b]; (ii) fab(f(t) - g(1))%dt = 0 if and only
if {te[a,b]: f(t)+g(t)}isasubsetof [a, b] that has measure zero.
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Another real inner product on V (using the same definition of equivalence class) is

b b
(f.8)= [ eFDgtdn, IfI=VIF =\ [ efo2ar

Indeed, this can be shown to be finite whenever f, g € V, and it can be shown to satisfy
the nonnegativity, symmetry, and linearity in the second slot properties.

A useful workaround: To avoid equivalence classes, it is often useful to work in the real
vector space V of all continuous functions f : [a, b] - R. The only continuous function that
is equivalent to 0 is the always-zero function. So, two continuous functions are equivalent
if and only if they are always-equal. Also, when we use a closed and bounded interval
[a, b] for the domain, all continuous functions f : [a,b] — R are automatically square
integrable. This is because: (i) Continuous functions are Borel measurable; (ii) If f(?) is
continuous over [a, b] then so is f()2, and the extreme value theorem ensures there is a
real number 3 such that

Ft)2<p Vte[a,b]
and so
b
f F(1)2dt < p(a—-Db) < oo
a
8.7. Example in the space of random variables with finite second moments

Let (Q, F, P) be a probability space, so Q) is a nonempty set (called the sample space); F is a
sigma algebra on Q) (called the set of events); P : F — [0,1] is a probability measure. Define
V as the real vector space of random variables X : Q — R with finite second moment, so

E[x?] < o0

Define two random variables X, Y € V to be equivalent, denoted X =Y, if P[X =Y] = 1. So
two random variables are equivalent if they are almost surely equal. Equivalent random
variables are treated as the same vector in V. Using this idea of equivalence, it can be
shown that the following is a real inner product on V:°

(X,Y)=E[XY] VX,YeV
With this inner product, the Cauchy-Schwarz inequality becomes

(8.14) [E[XY]|<\/E[X?]E[Y?] VX,YeV

°If X and Y are random variables then (P[X = Y] = 1) <= E[(X - Y)*]=0.SoE[(X -0)*] = 0if and only
if X = 0. Let U ~ Unif[0,1] and assume {U = 0.7} is nonempty. Define W = Ul(y.7y. Then W = Ubut W # U.
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For X, Y € V define the covariance, variance, and correlation coefficient by

Cov(X,Y)=E[(X-E[X])(Y-E[Y])]
var(X) = E[ (X - E[X])?]
Cov(X,Y)
Var(X)Var(Y)

PX,Y =

where py y is only defined when Var(X) > 0 and Var(Y) > 0. By defining X =X-E[X]and
Y = Y - E[Y] and observing that X, Y ¢ V, we obtain

(X,7)

(X, %)

Therefore, applying the Cauchy-Schwarz inequality (8.14) to X, Y gives

?

=

[E[~17] =Cov(X,Y)

S

E[X?] = var(x)

|Cov(X,Y)| </ Var(X)Var(Y) VX,YeV
and so, assuming Var(X) > 0 and Var(Y) > 0, we obtain
-1<pxy<1

The covariance Cov(X, Y) is itself a function from V x V to R that satisfies symmetry
and linearity in the second slot (hence, also linearity in the first slot). Also, Cov(X, X) > 0
for all X € V. However, it does not satisfy the nonnegativity property of an inner product
because, considering the constant random variable Y(w) = 5 for all w € Q, we have
Cov(Y,Y) =0 (and Y is not equivalent to 0).

8.8. Orthogonal vectors

Let V be a real inner product space with inner product (x, y).
DEFINITION 8.2. Two vectors x, y € V are said to be orthogonal if
{6,y)=0

If x and y are orthogonal, then any scalar multiples of x and y are also orthogonal.
Also, it is not difficult to show that the zero vector in V is orthogonal to all other vectors in
V, thatis, (0,x) =0forallxe V.

LEMMA 8.6. LetV be a real inner product space.
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a) If x, y € V are orthogonal then

2 2 2
[l + Y™ = [l + [

b) If x1, ..., xn, are vectors in V that are pairwise orthogonal, so that (xi, x]-> =0foralli+j,
then

2 2
1y il = 2y el
PROOF. To prove part (a), fix x, y € V. If x and y are orthogonal then

e+ 1% = Jxl® + 1% + 2, )
N——
0

To prove part (b), suppose {xy, ..., X, } are pairwise orthogonal. Then

n 2 n n
> x; —<in,2x]>
i-1 -1 j=1
n
= E: §:<}a)xﬁ>
1=1j=1

O]

LEMMA 8.7. Ifvectors {xi, ..., Xn } are pairwise orthogonal, and if none are zero, then they are
linearly independent.

PROOF.  Suppose
n
E a;x; = 0
i=1

for some scalars a; € R. We want to show a; = 0 for all i. Fix j € {1, ..., n}. Taking an inner
product of both sides of the above equation with x; gives

n
(Z aixi, x]> =0
i=1

Using the property of linearity in the first slot gives

M

a; (xi, X]> =0

1=1
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tf,(1) f(t)  fy(t)

> 1

1
3/4 M

= =0

A= A==

FIGURE 8.1. An illustration of the orthonormal functions {f;, f», f3}.

Since (xi, x) =0 for all i # j, the above reduces to
a]' <x]~, JC]) =0

and so a; Hx]Hz = 0. Since xj#0 (hence Hx] |2 +0), we know a;=0. O

8.8.1. Example of orthogonal functions

Let V be the real vector space of square-integrable functions f : [0,1] - R. Define
fl) f2} f3 eV by (See Flg 8.1):

fit)=1 vee[o,1]
1 ifo<t<1/2

f2(2) {

-1 if1/2<t<1

1 ifte[0,1/4) U[1/2,3/4)

f5(t) = { -1 ifte[1/4,1/2) u[3/4,1]

These functions are defined to have unit energy (norm-squared) and to be pairwise or-

thogonal:

||f1||2=folfl(t)zdt:folldtzl
Ifall = [ fat02a= [Tra=1
Hf3\|2=folfs(t)zdt=/011dt:1
/

(Fufa= [ fOf@d= [T [ -0

1 1/4 1/2 3/4 1
(fl)f?)):fo fl(t)fg(t)dt:fo 1dt—f1/4 1dt+f1/2 1dt—f3/41dt:0
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/ / /
(fz;f?,):folfz(t)fS(t)dt:/(;l41dt—/1-lzldt—f341dt+ 3/141dt:0

/4 1/2

Fix aj, ay, a3 € R. The energyin a; f; + axf» + azf3 is

lanfy+ arfs +asfll = [ (@ufylt) + asfa(e) + asfs(t))at

Since f, f,, f3 are pairwise orthogonal, a; f1, as f5, a3 f 3 are also pairwise orthogonal, so

Lemma 8.6 implies

llavf, + asfy +asfs||” = larfall® + lasfal + ||asfs|

= |If 12 + a3 Fal? + a2 |||

_ 2 2 2
=ay +a,; +as

Lemma 8.7 implies the functions { f, f», f3} are linearly independent.

8.8.2. Example of orthogonal vectors in R>

Let x; = (0,1/7/2,1/v/2) and x, = (1/1/5,+/2/5, —/2/5). These are vectors in R? that have

norm 1 and are orthogonal (using the standard inner product on R3):
oct][* =02 +1/2+1/2=1

lloca|[> = 1/5 +2/5+2/5 =1

x5 = (0V/1/5+ (V2)\/2/5 - (1/v/2)y/2]5 = 0

Exercise: Find as many additional norm-1 vectors {xs, ..., x;} as possible such that

{x1, ..., %} are pairwise orthogonal.

Solution: If {x, ..., x; } are pairwise orthogonal in R3, and none are zero, they must
be linearly independent (Lemma 8.7). Since we cannot have a collection of more than
three linearly independent vectors in R3, at most we can find one more vector x3. Let us
construct x3 = (a, b, ¢) using the fact that we need x| x3 = 0 and x, x3 = 0:

0o 1/V2 1/V2 Z 0
VI 25 /2[5 0
c

A
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By Gaussian elimination we have

o i i | [Vis vas v | |1 va va
VI V25 /25 o Yz ya| |o 1 1

(1] o -2v2
R
| 0 1

There is one free variable (variable c¢):

a-(2V2)c=0 = a=(2V2)c

b+c=0 = b=-c
Thus, all possible solutions are
Null(A) = {((2v/2)¢, ¢, ¢) e R3 : ce R}
We need to choose ¢ to make ((2v/2)c, —¢, ¢) have norm 1:
1=/(a,b,0)|* = ((2v/2)c)? + % + ¢ = 106

There are two possibilities: ¢ = 1/1/10 and ¢ = —1/1/10. Let us choose the first. Then

x3 = (a,b,¢) = (2/\/§J _l/m: l/m)

We should verify this is correct:

llocs|[> = 4/5+1/10 + 1/10 = 1
x1 %3 = (0)(2/V/5) + (1/vV/2)(-1/V10) + (1/v/2)(1/v/10) = 0
xyx3 = \/1/5(2/V/5) +\/2/5(~1/V/10) - \/2/5(1/v/10) = 0

8.9. Gram-Schmidt procedure
Let V be a real inner product space. A collection of vectors {v, ..., v} in V is said to be
orthonormal if

+ They are pairwise orthogonal, so <Vi: v]-> =0foralli+j.

¢ They are normal, so ||v;|| =1forallie {1,...,n}.

Orthonormal vectors are orthogonal and nonzero, so they must be linearly independent.
If they form a basis for some subspace S of V, they are called an orthonormal basis.
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THEOREM 8.1. (Gram-Schmidt) If V is a real inner product space and S is a nontrivial and
finite-dimensional subspace of V, then S has an orthonormal basis.

The proof of this theorem is constructive: Given any basis {vy, ..., v, } for S we construct
an orthonormal basis for S according to the following Gram-Schmidt procedure:

+ Step 1: We know v; # 0 because it is part of the basis. Define

V1

(8.15) Q=
vl

Then ||q1|| = 1 (¢1 is the normalized version of v;). Note that

(8.16) Span{q:} = Span{vi}

- Step 2: Define

(8.17) Q=v2— (v, q1) Q1
_ Q@
(8.18) q2 = TN

This avoids division by zero because Q, # 0; that is because {v;, v, } are linearly inde-
pendent and so

vo ¢ Span{v,} = Span{q: }

which uses (8.16). So ||g2|| = 1. Notice that Q, is orthogonal to g;:

(Q2,q1) = (va — (v2, q1) 91, 91) = (v2, q1) — (v2, q1) (1, q1) = O

—
1

Thus, g, is also orthogonal to q;. So {q1, g2 } are orthonormal. We now claim:

(8.19) Span{q, 42} = Span{vy, v}

To prove (8.19), we show for each i € {1,2} that g; € Span{vy, v»} and v; € Span{qi, g2 }.
Equation (8.16) already implies

q1 € Span{v1} € Span{vi,vo}
v € Span{q1} € Span{qi, q2}
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It remains only to prove v, € Span{qi, ¢»} and g, € Span{vy,v»}. From (8.17) we obtain

(8.20) Vo= Q2+ (2, q1) 1 (@ 1Q2l g2 + (v, q1) 41
S~—— ~——
scalar scalar

where equality (a) holds by substituting (8.18). Thus vy € Span{qy, g2 }. Also, rearranging
equation (8.20) gives

1 (vo,q1) (a) 1 (vo,q1) 1
q2 = Vo — q = Vo — V1
11Q2|| 1Q2|| [1Q2l| 1Q2l [l
N~—— ~—
scalar scalar

where (a) holds by (8.15). Thus, g» € Span{vy, v, }, completing the proof of (8.19).

General step k € {3, ..., n}: Assume from previous steps that we have manufactured

orthonormal vectors {q, ..., g;_; } such that

(8.21) Span{qy, ..., qx_1} = Span{vy, ..., vi_1 }

(This is indeed true for k = 3 by (8.19).) Define

k-1
(8.22) Q=vk- 2, (Vo ai
1=1
_ Qe
(8.23) TN

This avoids division by zero since Q; # 0; that is because {vy, ..., v; } are linearly inde-
pendent so

Vi ¢ Span{vl) o0y Vk—l} = Span{ql) x3) qk—l}
which uses (8.21). Qy. is orthogonal to g1, qo, ..., g;_; because for each j € {1, ...,k - 1}:
k-1 k-1
(Qwa)) = (Vk -2 v ai) g q]'> = (v q) - > (@i (a695) = (v 4j) - (viogj) = 0
i=1 i=1 N ,

Liiejy

which uses the fact (qi, q]-> = 14;-jy, which is an indicator function that is 1if i = j, and
0if i # j. Thus, {qy, ..., §k_1, gx } are orthonormal. We now claim:

(8.24) Span{qy, ..., qx} = Span{vy, ..., vi }

To prove (8.24), we want to show for each i € {1, ..., k} that ¢; € Span{vy, ..., v} and
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v; € Span{qj, ..., qi }. We already know (8.21), so it suffices to prove v; € Span{qy, ..., q;}
and g; € Span{vy, ..., v }. From (8.22) we obtain

k-1
V= Qe+ Y, (Ve di) g HQkH‘Zk + Z Vi i) G
=1 =1

where equality (a) uses (8.23). Thus, v; € Span{qy, ..., ¢ }. Finally, by (8.22)-(8.23)

k-1
Vi (Vi, ;)
(8.25) 9k = - qi
SN Zl Qi ™
and

gi)
Z Hg 74 Span(ay, - g1} = Span{n, - va)

which uses (8.21). Hence, (8.25) implies g; € Span{vi, ..., v} }. O

8.9.1. Relation to projection theory

In the language of projection theory (Chapter 9), the general step (8.22) of the Gram-
Schmidt procedure can be understood as follows: Define

Z Vs ql

Then p is the projection of vector v, onto the subspace Span{qy, ..., qx_1}. The projection
theorem of Chapter 9 ensures the error vector v, — p is orthogonal to every vector in
Span{q, ..., qx_1 }. So we define Qj = v} — p as this error vector.

8.9.2. Example: Gram-Schmidt for vectors in R*
Problem: Define the following three dimensional subspace of R*:
S= Span{(l, L0, 0)} (1) 2,3, 0)) (1) L1, 1)}

Use the Gram-Schmidt procedure to construct an orthonormal basis for S (using the
standard inner product for R%).

Solution: Define

(]‘) 1) 0) 0) — (1) 1) 0) 0)
1(1,1,0,0) V2

q1 =
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Define

QZ = (1; 2,3, 0) - ((1} 2,3, 0)) ql) q1
(]‘J 1)0;0) (]‘J]')O)O)

=(1,2,3,0)-((1,2,3,0), /2 ¥

3
= (]‘J 2,3, 0) - 5(1) L0, 0)

= (_1/2; 1/2) 3, 0)

_ @ _ (-1/2,1/2,3,0) _(-1/2,1/2,3,0)
lIQall  NI(-1/2,1/2,3,0)]] 19/2

q2

As a preliminary check for errors, we have:

lgil* =1/2+1/2=1
lgal* = (1/4)/(19/2) + (1/4)/(19/2) +9/(19/2) = 1
(-1/2+1/2) =0

I ——
1 /2/19/2

Proceeding with the Gram-Schmidt procedure gives

Q3 = (1) L1, 1) - <(1) L1, 1)) q1> q1— <(1) L1, 1)) q2> q2
1
= (1)1;1)1)_5
1
- ﬁ <(]‘) 11 1} 1): (_1/2) 1/2) 31 0)> (_1/21 1/2) 3) 0)
(1; 1) 1) 1) - (1) 1) O) O) - (6/19)(_1/21 1/2) 3) 0)

= (3/19,-3/19,1/19,1)

((]‘J 1} 1) 1)) (1) 1) 0) 0)> (1) 1) O) O)

B Q3 B (3/19,—3/19,1/19,1) _(3/19,—3/19,1/19,1)
B0sll T NG9, -319,1191) ~ \/20/19

We now check for errors:

_(3/19)* + (3/19)* + (1/19)* +1 _ .

2
lasl| 30/

(3/19-3/19) = 0

1
T

WB =72 /2010

T —
21 /19/2,/20/19

Thus, {q1, 92, q3} is an orthonormal basis for S.

((=1/2)(3/19) + (1/2)(-3/19) + (3)(1/19)) = 0
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We could also use a computer to crunch the numbers. Enclosed is a MATLAB imple-
mentation that uses finite decimal precision to produce the following output, which is
consistent with the above calculations:

q1 = (0.707106781186547, 0.707106781186547, 0, 0)
qs = (-0.162221421130762, 0.162221421130763, 0.973328526784575, 0)
q3 = (0.153896752812773, —0.153896752812773, 0.051298917604258, 0.974679434480897)

Listing 8.1. MATLAB for Gram-Schmidt

format long;

vi=[1;1;0;0];
v2=[1;2;3;0];
v3=[1;1;1;1];

V=[vl v2 v3];
g=zeros(size(V));

for i=1:3
vaV(i,1);
val = 0;
for j=1:1i-1
aj = a(:,3);
val = val +(v'*qj)*qj;
end

Qi=v-val;
gi=Qi/norm(Qi);
a(:,1)=qi;

end

ql=q(:,1)
92=q(:,2)
g3=q(:,3)

8.9.3. Example: Gram-Schmidt for polynomial functions

Problem: Let V be the real vector space of square integrable functions f : [0,1] — R.
Consider the standard inner product (f,g) = folf(t)g(t)dt for f,g € V. Use the Gram-
Schmidt procedure to find an orthonormal basis for the subspace S of all polynomials of
degree less than or equal to 2.
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Solution: We know S = Span{1, t,t*}. We use v; = 1, v, = t, v3 = t%. Define

1

Q=77 =
11|

where we use ||1||* = fol 12dt = 1. Define

Q=vo—(vo,q1)q1 =t—(t,1)-1=t-1/2

where we use )
<t,1>:/0 t-1dt=1/2
Then

Q _  t-1/2  t-1/2
[1Q2ll VIde-12)2de V112

g2 =

We can verify correctness of calculations so far:

1
laal = [ 1%de=1

2
laol? - f) e

t—1/2
(0= [ 1 N

Define

Q3=v3—(v3,q1) q1 - (v3,92) 92

2 (2 |2 t-1/2\t-1/2
-2 - (1)1 <t, _1/12> o

=t2 - (1/3) - (t-1/2)
=t>—t+1/6

where we use

(1) = foltz-ldt: 1/3

(tz - 1/2>=\/ﬁf01t2(t—1/2)dt:\/ﬁ

1/12

1
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So

Q t2-t+1/6 30

- (t> -t +1/6)
1Qs]] \/fol(tz—t+1/6)2dt V5

qs =

So {41, 92, g3} is an orthonormal basis for S. We can verify correctness:

2 r1
lasl? = %5 [ (-t 1/6)%de =1
(q1,43) = f[ (2~ t+1/6)dt =0

(g2, q3) = ﬁ/ F-1/2)- (- t+1/6)dt =0

8.10. Existence results

8.10.1. Every basis for R" can be an orthonormal basis

Let {ey, ..., en} be the standard basis for R", so ¢; is the ith column of the n x n identity
matrix. Under the standard inner product for R", {ey, ..., e;} is an orthonormal basis:

1 ifi=j
(8.26) ele = J
0 ifi+j
Here is a surprising result.

THEOREM 8.2. Let {xy,...,Xn} be any basis for R"™. Then, there exists an inner product on
R™ under which {x, ..., xn } is an orthonormal basis for R™. Specifically, let X be the realn x n
matrix with columns {xy, ..., xn } and define

A — (X71 ) TX*].
Then A is symmetric and positive definite, and {xi, ..., Xn } are orthonormal under inner product
(x,v) =x"Ay for x, y e R".

PROOF. The square matrix X is invertible because it has linearly independent columns,
so the definition of A makes sense. Exercise 8.37 shows that A is symmetric and positive
definite. Observe that

(X_lX:I) @X_l X1 X9 - Xnp |=| e ey - ep
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and so
(8.27) X lx;=e Vie{l,..,n}
Fixi,je{l,...,n}. Then

T A Tryv-INTy—1,
x; Axj=x; (X77) X7x;
= (X)) (X))

—_olp.
—eie]

where the final equality holds by (8.27). The result follows by (8.26). O

COROLLARY 8.1.  If{xy,...,x;} arevectorsin R", then {xy, ..., X } are linearly independent if
and only if there exists an inner product on R™ under which they are orthonormal.

PROOF. The reverse direction follows by Lemma 8.7 (orthonormal implies linear in-
dependence). For the forward direction, suppose {xj, ..., x;} are linearly independent.
Extend these to a basis for R"” by adding vectors {xj,1, ..., Xn}. Then use Theorem 8.2 to
create an inner product under which {x, ..., x;} are orthonormal. O

8.10.2. Every real vector space has a real inner product

Let V be a real vector space with dim(V') = n for some n € N. Let {vy, ..., v, } be a basis for
V. Define the function T : V — R" by mapping each v € V to the vector x = (xy, ..., x) € R™,
where (xi, ..., X,) are the unique coefficients that satisfy

n
(8.28) V=Y XV
i=1

It can be shown that T is an invertible linear transformation. Now let A be any real n x n
symmetric and positive definite matrix (such as A = I). Exercise 8.38 shows that the

following is an inner product on V:
(8.29) (vyw)=T(v)'AT(w) Vv,weV

Thus, V has an inner product. (Exercise 8.39 shows that all inner products on V have the
form (8.29) for some real n x n symmetric and positive definite matrix A.)

What about the trivial vector space V = {0}? Well, that is trivial (define the inner
product (0, 0) = 0). What about infinite dimensional spaces? Appendix E uses the concept
of Hamel basis to show existence of an inner product for any infinite dimensional real
vector space. However, this uses a set theory axiom called the axiom of choice which
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does not tell how to find the inner product. For example, the real vector space of all
functions f : [0,1] - R technically has an inner product, but nobody can compute it since
nobody knows what the Hamel basis looks like. It is much nicer to restrict attention to
the subspace of square integrable functions, for which there is a natural inner product
(f,8) = Jo F(t)g(t)dt.

The following is a corollary to Theorem 8.2. The corollary treats finite dimensional
vector spaces, so its proof does not need a Hamel basis.

COROLLARY 8.2. IfV is a real vector space with dim(V') = n for some n € N, then every basis
for V is an orthonormal basis under some inner product for V. Further, if {xy, ..., X} } are vectors
in 'V, then {x, ..., x;} are linearly independent if and only if there is an inner product on V
under which they are orthonormal.

PROOF. Let {vy,...,vs} be a basis for V. Define the invertible linear transformation
T : V — R™ that maps each v € V to the vector T(v) = (xy, ..., Xn) € R of unique coefficients
that satisfy (8.28). Since T : V — R" is an invertible linear transformation, it follows that
{T(w),..., T(vy)} is a basis for R". Theorem 8.2 ensures there is a real positive definite
matrix A such that T(vi)TAT(v]-) = 1;;_j), where 1;;_j, is the indicator function that is 1
if i = j, and 0 else. Define (u,v) = T(u)"AT(v) for all u,v € V. Then (u,v) is a real inner
product on V under which {v, ..., v, } are orthonormal.

The necessary and sufficient condition for linear independence of vectors {x, ..., x; }

follows by an argument similar to Corollary 8.1. O

8.11. Perpendicular spaces

)

Let S be a subspace of a real inner product space V. Define the set S*, pronounced “S-perp,
as the set of all vectors in V that are orthogonal to all vectors in S

St={weV:(w,s)=0 VseS}

The set St is nonempty because 0 € St. The set S* is called the orthogonal complement
of subspace S. The next lemma shows that S* is itself a subspace. It is often called the
subspace that is perpendicular to S.

LEMMA 8.8. Let S be a subspace of a real inner product space V. Then
a)IfseSandw e St, then (s,w) = 0.
b) S* is a subspace of V.
¢)SnSt={0}.
d)Sc(Sh)*L.

PROOF. Parts (a)-(c) are in Exercise 8.17. To show part (d), fix s € S. We want to show s is
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orthogonal to all vectors in S*. Let w be a vector in S*. It suffices to show s is orthogonal

to w. Since w € S, we know w is orthogonal to all vectors in S, including s. O

The next lemma provides a simple characterization of S* in the case when S can be
described as the span of a collection C of vectors: Instead of establishing w € S* by showing
w is orthogonal to all vectors in S, it is enough to show w is orthogonal to all vectors in C.

LEMMA 8.9. Let S be a subspace of a real inner product space V.

a) If S = Span{vy, ..., vn} for some vectors v; then
St={weV:(w,v;)=0 Vie{l,..,n}}

b) If C is a (possibly infinite) collection of vectors in V and S = Span(C), where Span(C)
denotes the set of all linear combinations of vectors in C, then S* = {we V: (w,v)=0 VveC}.

PROOF. The proof of part (a) is in Exercise 8.20. The proof of part (b) is similar. O

The next lemma gives extra results that hold when dim(S) < oco. It uses the concept of
direct sum defined in Chapter 6.16.

LEMMA 8.10. Let S be a finite dimensional subspace of a real inner product space V. (The
space V can be infinite dimensional.) Then

a) Every v € V can be uniquely written v = s + w for some s € S and w € S*.

b) V is the direct sum V = S& S*.

¢) dim(S) + dim(S*) = dim(V).  [So (dim(§*) = ) < (dim(V) = o0)]

d) (St)* =s.

PROOF. To prove (a), first consider uniqueness: Fix v € V and suppose
(8.30) V=8 +W =S+ Wy

for some s7, 5o € Sand wy, wp € S*. Then

(8.31) S1—Sp=wy —wp eSnSt={0}

which uses the fact that S and S* are subspaces so

(s1,80€8) = (s1-$52€9)

(wi, wp € S*) = (wy —wy € St)

The final equality in (8.31) is due to the fact that the only vector in both S and S* is 0. So
(8.31) implies s1 = s, and w; = wy. The decomposition in (8.30) is unique.
To complete the proof of (a), fix v € V. We want to show v = s + w for some s € S and
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w € St. The result is trivial if S = {0} (since then S* = V and v = 0 + v). Suppose S is
nontrivial. Since dim(S) < oo, the Gram-Schmidt theorem (Theorem 8.1) ensures S has an
orthonormal basis {qy, ..., gn }, where n = dim(S). Define

szi(";‘]i)%

i=1

~

w

1l
<

)

The reader can verify that: (i) v = s + w; (ii) s € S; (iii) w € S*. [To show w € S*, it is enough
to show (w, qj) =0forall je{1,...,n}.] This completes the proof of part (a).

Part (b) is a direct consequence of (a). The proof of part (c) uses (a) with Lemma 6.7.
To show part (d), observe that Lemma 8.8(d) ensures S ¢ (S1)L. It suffices to show the
reverse inclusion (S*)* c S. Fix v e (S*)*. We want to show v € S. Part (b) implies v =s+w
for some s € S and w € S*. It suffices to show w = 0. Since w € S* and v € (S*)* we know

(w,v)=0

Substituting v = s + w gives
(w,s+w)=0

Thus
0= (w,s+w)=(w,s)+ (w,w) =0+]|w|

where the final equality uses (w, s) = 0 since s € S and w € S*. Thus HWH2 =0,sow=0. O

8.11.1. Examples of perpendicular spaces

1. (Finding S* when dim(S) = 1) Consider R? with the standard inner product

(t,¥)=x"y =11 + 22y, Vx,yeR?

Define S = Span{(3,7)}. What is S*? Lemma 8.9(a) gives
L 2 T 3 2
St={weR:w =0 ={(wp,wy) eR”: 3wy + 7wy = 0}
7

Observe that (-7,3) € S*. So S* is a nontrivial subspace, but is not all of R?, so
({0} ¢Stg Rz) = (0<dim(S*) <2)

It follows that dim(S*) = 1and S* = Span{(-7,3)}. Of course, we could have concluded
dim(S*) = 1 directly from Lemma 8.10(c).
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2. (Finding Col(A)"') Consider the real vector space R* with the standard inner product
x"y for all x, y € R*. Define

>~ = O

2
3
0
L 4 _
Since Col(A) = Span{(2,3,0,4),(0,1,4,1)}, by Lemma 8.9(a) we know

Col(A)' ={weR*: w' =0and w'

A O w N
L =)

Thus,

01 41

| —
AT

K [2 30 4] [0] g
(weCol(A)") — w= <~ (weNull(A"))

So Col(A)* = Null(AT). Lemma 8.10(c) ensures

dim(Col(A)) +dim(Col(A)*) = 4
2

which means dim(Col(A)') = 2, which can be verified by finding dim Null(AT).

3. (St with functions) Let V be the real vector space of square integrable functions
f:[0,1] - R. Use the standard inner product (f, g) = /01 f(t)g(t)dt for f,g € V. Define

S = Span{t,e'}
By Lemma 8.9(a) we have
1 1
L . _ 1 P
S —{feV./o f(t)tdt-Oand/O f(t)edt—O}

It is not surprising that dim(S*) = oo, which is guaranteed by Lemma 8.10(c). Exercise
8.43 manufactures a wide collection of example functions f € S*.
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4. (Odd and even functions) Let V be the real vector space of continuous functions
f :[-1,1] - R. Consider the standard inner product (f, g) = f_ll f(t)g(t)dt for f,geV.
[We have restricted attention to the continuous functions because it removes the need
for equivalence classes: Any two functions that are continuous and equivalent must be
the same function.] Now let Seyen, and S, ;4 be the subspaces of even and odd functions:

Seven={f eV:f(-t)=f(t) Vie[-11]}
Soqa ={feV:f(-t)=-f(t) Vte[-1,1]}

The functions {1, 12, 141, ...} are all in Seyepn, SO dim(Seyen) = o0. Since Lemma 8.10(d)
requires dim(S) < oo, we cannot immediately conclude that (S%,,;,)* = Seven. However,

it turns out to be true in this case. Indeed, it can be shown that

L L
Seven = Sodd > Sodd = Seven

Further, it holds that V = Seyen @ S, 34. The steps to show these things are as follows:
Exercise 9.42 shows that every f € V can be uniquely written f = f ., + f 44, Where
feven € Seven and f 44 € S, 44 are defined as the even part and odd part of f:

Seven(t) = w Vie[-1,1]

NRGRIE)
2

foaa(t Vte[-1,1]

Also, Exercise 943 shows that if f € Seyen and g € S5 then (f, g) = 0. We now use these
facts to prove Seyen = S(i) 1"
Claim 1: Sgyep, € S; ad Fix f € Seven. We want to show f is orthogonal to all functions in
Sodq- We already know this from the above discussion, so we are done.

Claim 2: S;ye, 2 Sédd' Let f be any function in Sédd' We want to show f € Seyen. From
the above discussion, we know f = f ., + f 44 for some f .., € Seven and f 4, € Sp44-
But f € S_, ., so f is orthogonal to all functions in S,44, so f is orthogonal to f 44

(f) fodd) =0 = (feven + foda> fodd) =0 = (feven: fodd) + (fodd) fodd) =0

° 1ol

2
So HfoddH =0, hence f ;;=0and f = f,,,, € Seven. We are done.
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8.11.2. AcasewhenS ¢ (SH)*

It is possible to have S ¢ (S*)*. This can only happen when dim(S) = co. An example is
when V is the real inner product space of square integrable functions from [0, 1] to R:

V:{f:[O,l]—>IR:folf(t)zdt<oo}

Let S ¢ V be the (infinite dimensional) subspace of polynomial functions. Consider e € V,
where e! represents the exponential function defined over t € [0, 1]. We know e’ ¢ S since
¢! is not polynomial. We now show e’ € (S*)*. To show ¢’ is orthogonal to everything in

S*, fix z € S*. It suffices to show (e, z) = 0. Define polynomials p,, for n € N by

pa(t)=> a Vte[0,1]
k=0 ™*
It can be shown that
(8.32) lim || - p,|| =0

n—oo

Fix n € N. Since p,, € S and z € S* we know (p,;, z) = 0. Then

<etJ Z) = (et ~—Pnt Pn z)
= <et — P Z) + <pn: Z)
(Czl) <

¢~ ppy2)+0

<le" = pal| - Izl

where (a) uses (p,,, z) = 0; the final inequality holds by Cauchy-Schwarz. This holds for all
n € N. Taking n - co and using (8.32) gives

(ef,2) <0

t t t

A similar argument that computes (e’, —z) can show (¢, z) > 0, so we must have (¢/, z) = 0.

See Exercise 8.29 for another example.

The example situation of the previous paragraph is possible because the function

t t

e' cannot be written in the form e’ = s + w for some s € S and w ¢ S*. Thus, that same
example shows how part (a) of Lemma 8.10 can fail if S is infinite dimensional. If S is
infinite dimensional but has the property that every v € V can be written v = s + w for

some s € S and w € S*, then the proof of Lemma 8.10(d) can be repeated to show (S+)* = S.
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8.11.3. Perpendicular spaces for matrices

Consider the standard inner product x" y in R™ and R".

LEMMA 8.11. IfA is a m x n matrix with real entries, then

(8.33) Col(A)* = Null(A™)
(8.34) Null(A)* = Col(AT)

Further, Col(A) = Null(AT)* and Null(A) = Col(AT)*.

We give two different proofs of Lemma 8.11: One that proves (8.33); another that
proves (8.34). Note that proving either (8.33) or (8.34) immediately yields the remaining
three equalities of the lemma. This is because the null or column space of a matrix is
finite dimensional, so we can use the general fact (S*)* = S for subspaces S that satisfy
dim(S) < oo. For example, suppose we can prove that (8.33) is true. Taking the perp of
both sides of (8.33) yields

Col(A) = Null(A")*

and since this equality holds for any matrix A, it also holds for matrix A", so
Col(A") = Null(A)*

and taking the perp of both sides gives
Col(AT)* = Null(A)

which establishes all four equalities of the lemma, assuming (8.33) holds. The same could
be done if we assume (8.34) holds.

Proof 1 of Lemma 8.11: To prove (8.33), let {cy,...,cn} be the columns of A. Then
Col(A) = Span{cy, ..., cn} and Lemma 8.9(a) implies

Col(A) ={w:w'c;=0 Vie{l,..,n}}

Thus, w € Col(A)* if and only if w satisfies the matrix equation

_ T _
G

— T —
)
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In particular, w € Col(A)* if and only if w € Null(AT), that is,
(8.35) Col(A)* = Null(A™)

This proves (8.33), from which the remaining three equalities of the lemma follow. O

Proof 2 of Lemma 8.11: To prove (8.34), we first show Col(A") ¢ Null(A)*. Fix w ¢
Col(AT). We want to show w is orthogonal to all vectors in Null(A). Let z be a vector in
Null(A). It suffices to show w'z = 0. Since w € Col(AT) we know

w=A"y
for some vector y. Taking transposes gives
w=yTA
Multiplying both sides by z gives
wiz=y Az=0

where we have used Az = 0 (since z € Null(A)).

To complete the proof of (8.34), it remains to show there are no other points in Null(A)*
that are notalready in Col(AT). We use a dimensionality argument: Since the two subspaces
satisfy Col(A") c Null(A)*, if they have the same dimension they must be the same
subspace (recall Lemma 6.4). Lemma 8.10(c) gives

dim(Null(A)) + dim(Null(A)*) =n
Thus

dim(Null(A)*) = n— dim(Null(A))
=rank(A) [rank-nullity theorem]
=rank(A") [Lemma 54]
= dim Col(A")

This establishes (8.34), from which the remaining three equalities of the lemma follow. O

8.12. Gram matrix

Let {vy, ..., vs} be vectors in a real inner product space V.

DEFINITION 8.3. The Gram matrix associated with the vectors {vi, ..., vy} is defined as the
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n x n matrix of pairwise inner products:

o ()

so the (i, j) entry of G is g;; = (Vi: v]-).
Inner products between linear combinations of vectors in {vy, ..., v;} can be obtained

easily from the Gram matrix, as shown in the following lemma.

LEMMA 8.12. Let G be the Gram matrix for {vi, ...,vn}. Then
a) Foranya=(ay,...,an) eR"and b = (by, ..., by) € R" we have

n n
<Z aivi, Z b]V]> = aTGb
i=1 j=1

b) For any a = (ay, ..., an) € R™ we have

ISF am]* = a"Ga

¢) The Gram matrix G is symmetric and positive semidefinite.
PROOF.  Let G = (g;;). To prove (a), from (8.1) we have
n n nn -
<Z a;vi, Z b]V]> = 2 Z aib]- (Vi, V]> =a'Gb
-1 g i-1j-1 . ,

8ij

where the final equality uses Lemma 7.2. This proves (a). Part (b) follows immediately
from (a). Part (c) follows easily from part (b). O

LEMMA 8.13. Let G be the Gram matrix for {vy, ..., vn}. Then
(G is invertible) <= ({vy, ..., Vn} is linearly independent)

PROOF. First suppose {vy, ..., Vs } are linearly independent. To show G is invertible, it
suffices to show Null(G) = {0}. Fix a = (ay, ..., an) € R™" and suppose Ga = 0. We want to
show a = 0. Since Ga = 0 we know a'Ga = 0 and the previous lemma implies

0=a7Ga= 5ty am

Since |2, aivin = 0, we know
n

i-1 CLiVi =0

and so g; = 0 for all i since {vy, ..., v, } are linearly independent. This completes the proof
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that G is invertible.
Now suppose G is invertible. To show {vy, ..., v, } are linearly independent, suppose

n A =
ijla]v]-O

for some scalars aj, ..., ap. We want to show a; = 0 for all . Fix i € {1, ..., n}. Taking inner
products of the above with v; gives

(Vi, Z;-l:l a]-v]-) =0

and so
(8.36) ¥ a; (v, v) =0
Leta = (ay,...,an). By rules of matrix multiplication we have for each i € {1, ..., n}

(ith row of Ga) = Z}lzl a;gij = Z?:l a; (Vi, V]> =0
where the final equality holds by (8.36). So every row of Ga is zero. That is, Ga = 0, and
multiplying both sides by G~! proves that a = 0. O

8.12.1. Discussion

Lemma 8.13 demonstrates the power of an inner product. The n x n Gram matrix for
vectors {vi, ..., Vs } is computed by only considering pairwise relationships between the
vectors. It is remarkable that the pairwise inner product information for {vy, ..., v} is
enough to establish whether or not {vy, ..., v, } is linearly independent.

This is particularly surprising in view of the fact thatlinear independence of {vy, ..., vn }
is a property of the entire collection of vectors: Pairwise linear independence is not enough
to prove the entire collection is linearly independent. For example, the following five
vectors are all pairwise linearly independent in R? because all vectors are nonzero and no
vector is a scalar multiple of any other:

(8°37) ) ) ) )

Of course, the entire collection of five vectors cannot be linearly independent because we
cannot have a list of five linearly independent vectors in the 2-dimensional space R?.
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8.12.2. Two important cases

- In the special case when vectors {vy, ..., v, } are orthonormal, the Gram matrix is the
n x n identity matrix. Thatis, G = I.

+ Suppose {1, ..., vy } are vectors in R™. Let A be the m x n matrix with n columns given
by {v1, ..., vn }. Assuming the standard inner product x" y is used for vectors in R™, the
Gram matrix for {vy, ..., v} is the n x n matrix ATA. That is, G = AT A. For example, the

5 x 5 Gram matrix for the five vectors in R? from (8.37) is

10 1111 1

11 123 4 5
11111

G=|1 2 =135 7 9

012 3 4

1 3 1 4 7 10 13

1 4 A 159 13 17

————

AT

and, of course, this matrix G is not invertible.

8.13. Exercises

EXERCISE 8.1.  (Useful inequalities) Show that for all x, y € R and 6 > 0:

a) (x+ y)? < 2x? +2y?

b) xy| < 3% + 53

O eyl < §22 + 2

d) (x+y)? < (1+0)x?+ (1+5) ¥?

e) Use one or more of the above to show that if V is the set of functions f : [0,1] - R such
that [} f(t)?dt < oo, then f, g € V implies f +g € V and [y f(t)g(t)dt € R,

EXERCISE 8.2. (Orthogonal to everything) Let V be a real inner product space. Suppose z € V
and z is orthogonal to all vectors in V, so that (z,x) = 0 for all x € V. What can be said about z?

EXERCISE 8.3.  (Example of orthogonal) Using the standard inner product in R, find a vector
w e R3 that is orthogonal to both (1,1,2) and (-1,0,7) and that satisfies |w|| = 1. Is your vector
w orthogonal to everything in Span{(1,1,2), (-1,0,7)}?

EXERCISE 8.4. (Orthogonal functions) Let V be the real inner product space of square integrable

functions f : [0,1] - R with the standard inner product (f, g) = fol f(t)g(t)dt. Find a real
number a € R such that t and e* — at are orthogonal.

EXERCISE 8.5. (The inner product x" Ay on R") Fix n as a positive integer. Let A ~ n x n be
symmetric and positive definite. Define the function f : R" x R" - R by f(x, y) = x"Ay. This is
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the same function as in Section 7.1, but in the special case when A is square and has real entries.

a) Prove that f(x, y) is an inner product on R" by showing it satisfies the nonnegativity,
symmetry, and linearity properties.

b) Give an example 2 x 2 matrix A that is not the identity matrix, and is not the [2 — 1; -12]
matrix used as the example in Section 7.2, but that is symmetric and positive definite. Numerically
compute f(x, y) for this example for four different choices of x, y, where at least one of your
choices hasx =y # 0.

EXERCISE 8.6. (Cauchy-Schwarz — Triangle inequality) Let (x, y) be an inner product on
a vector space V. Define ||x|| = \/(x, x) for all x € V. By computing ||x + y||2, use the Cauchy-
Schwarz inequality to prove the triangle inequality:

e+ Yl < llell + [yl Ve, y eV

EXERCISE 8.7. (Strengthened Cauchy-Schwarz for random variables) Consider a particular
probability space and let V be the set of all random variables on this space that have finite second
moments.

a) Showthat X e V. — |X|e V.

b) Use part (a) to strengthen the inequality (8.14) to E[|XY|] < \/E[X2]E[Y2] VX,YeV.

EXERCISE 8.8. (Equality in Cauchy-Schwarz) Let V be a real inner product space. Let x, y
be vectors in V. Show the Cauchy-Schwarz inequality | (x, y) | < ||x]| - ||| holds with equality if
and only if either y = 0 or x = ay for some a € R. Hint: One direction is easy. For the other
direction, you may need to look back on the proof of the Cauchy-Schwarz inequality.

EXERCISE 8.9. (Different inner products) If two vectors in a real vector space are orthogonal
under one inner product, must they also be orthogonal in another inner product? Prove true, or
give a counter-example.

EXERCISE 8.10. (Orthogonal subspaces) If M and N are two subspaces of a real inner product
space, prove:
McN = N cM*

EXERCISE 8.11.  (Basis for orthogonal complement) Find a basis for the orthogonal complement
of M, where
M= Span{(l, 2,0, 3); (2) 4,1, 6)}

EXERCISE 8.12.  Find a solution x to the following system of equations that satisfies||x|| = v/300:

X1

3 3 2 4
X2 =

2 -5 2 1
X3
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where we use field R and the standard inner product norm on R3.

EXERCISE 8.13.  Find a basis for Col(A)* when A is the following matrix with real entries:

3 1
A=10 -1
2 2

EXERCISE 8.14.  (Multiple choice) Suppose we know y € Span{vy, vo, v3}. What do we know
about y?

a) Nothing.

b)y-= Zil a;v; for some scalars a;.

¢) {v1, Vv, v3} are linearly independent.

d) {y,v1,v2, v3} span the vector space.

EXERCISE 8.15. (Multiple choice) Suppose we have vectors {xy, ..., X} } in a vector space U and
{y1, .-, Y} in a vector space V. We know {yy, ..., y} are linearly independent. We also know
T(x;) = y; forallie {1,..., k} for some particular linear transformation T : U — V. We want to
prove {xy, ..., xi } are linearly independent. What is the first line of the proof?

a) Suppose Zle a;x; = 0 for some scalars a;.

b) Suppose sk

i1 4;Y; = 0 for some scalars a;.

¢) Suppose T(x;) = 0 for all i.
d) Suppose Null(T) is not trivial.

EXERCISE 8.16. (Multiple choice 3) Suppose {xi, ..., X} are nonzero vectors that are pairwise
orthogonal. We know

a) {x1, ..., x;} are linearly independent.

b) <xi,x-> =0foralli,je{l,...,k} suchthati+ ].

2 2

O |2k, x| = 2k, =

d) All of the above
EXERCISE 8.17. (S* is a subspace) Let V be a real inner product space. Let S be a subspace of V.

a) Show that S* is a subspace of V.

b) Show that if s € S and w € S*, then (s, w) = 0. Explain why S n S* = {0}.

EXERCISE 8.18. (Finding S*) Let V be the real inner product space of polynomial functions
f:[0,1] - R, using the standard inner product (f,g) = [01 f(t)g(t)dt forall f,geV. Let S be
the subspace of all polynomials of degree 2 or less.

a) Find S*.

b) Find a particular nonzero polynomial in S*.

EXERCISE 8.19. (Again finding S*) Let V be the real vector space of square integrable functions
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f:[0,2n] > R, using the standard inner product (f,g) = 02” f(t)g(t)dt forall f,geV. Let
S = Span{cos(t),t}.

a) Find S*.

b) Find a particular nonzero function in S*.

¢) Issin(t) € St?

EXERCISE 8.20. Let {vy, ..., v} } bevectors in a real inner product space V. Fix w € V. Show that
w is orthogonal to all vectors in Span{vy, ..., vi} if and only if (w,v;) = 0 forall i € {1, ..., k}.

EXERCISE 8.21. Let V be a real inner product space. Assume {vy, ..., vy} are orthonormal
vectors in V. Assume £< > 3.

a) Find HZi'il viH .

2

b) Find |2k ivi||".

¢) Find ||8vy — vo + 4V3||2.
EXERCISE 8.22. (Orthonormal matrix) Suppose A is a real m x n matrix with orthonormal
columns.

a) Find the size of ATA. Show that ATA = 1.

b) Show that ||Ax||2 = ||x||2 for all x € R", where we use the standard norm in R"™ and R™.

¢) Fix 0 € R. Show that the following rotation matrix has orthonormal columns:

cos(0) —sin(0)
sin(0) cos(0)

Using 0 = 7t/4, plot x and Ax for three choices of x € R? such that ||x|| = 1.

EXERCISE 8.23. (Rank I matrix) Let m, n be positive integers. Consider field R. Fix u € R™
and v e R™. Assume u # 0 and v # 0. Define the matrix A = uv'.

a) What is the size of A?

b) Prove that rank(A) = 1.

EXERCISE 8.24. Let A be a real 10 x 20 matrix and suppose that
A =5uv] +4upvy

where {uy, 1y} are orthonormal vectors in R'%, {vi, v} are orthonormal vectors in R?°.
a) Compute Avy and Avy.
b) Compute ATA. Compute ATAvy and AT Av,.
¢) Compute rank(A).

EXERCISE 8.25. (Singular values)® Fix positive integers m and n. Let {vy, ..., v} be an or-

®Every real and nonzero m x n matrix A has such a singular value decomposition A = Yi GiuiviT , where
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thonormal basis for R™. Let r be an integer such that 1 < r < min{m, n}. Let {uy, ..., ur} be
orthonormal vectors in R™. Fix o; as real numbers that satisfy

012022--20r>0

Define them x n matrix A = ¥} oju;v!.
a) Compute Avy for allk € {1, ..., n}.
b) Find a basis for Null(A).
¢) Find rank(A).
d) For real numbers 04, ..., 0, compute ||[A(X]_ Bkvk)Hz.
e) Show that ||Ax|| < o1 ||x|| for all x e R™. Hint: x e R = x € Span{vy, ..., v }.
f) Suppose x € Span{vy, ..., vr}. Show that |Ax|| > o7 ||x||.

EXERCISE 8.26. (Gram-Schmidt) Use the Gram-Schmidt procedure to turn vectors {vi, v, v3}
into orthonormal vectors {qi, g2, g3} with the same span. Use the standard inner product on R*.

V1= y V2 = y V3=

= = = O

S O N O
w o =

EXERCISE 8.27. (Gram-Schmidt for functions) Let V be the real inner product space of square
integrable functions f : [0,27] - R. Consider inner product (f,g) = 02” f(t)g(t)dt for all
f,g €V. Carry out the Gram-Schmidt procedure for:

a) {1,¢'}

b) {cos(t), sin(t), t}

o) {1,12,t%}

EXERCISE 8.28.  This problem plays with assumptions in Lemmas 8.5 and 5.4. Define

111
110

A:

a) Treat entries of A in the real field. Find ATA and AAT and verify that
rank(A) = rank(A") = rank(ATA) = rank(AAT)

b) Treat entries of A in field F» = {0,1}. Find ATA and AAT. Which results of part (a) fail?

r =rank(A), {w, ..., vr} are orthonormal in R", {uy, ..., iy } are orthonormal in R™. The positive real numbers
o1, ..., 0y are called the singular values of matrix A.
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EXERCISE 8.29. (S # (S*)*) Define V as the set of all infinite sequences of real numbers that
are square summable:
V = {(xl,XQ,Xg, -..) € [RN . lez < oo}
=1

Define the real inner product (x, y) = ¥.:°, x;y; for all x, y € V. Define
S ={(x1,x2,x3,...) € V: x; = 0 for all but finitely many i}

a) Show that S is a subspace of V.

b) Show that S* = {0}, where0 = (0,0,0,...) is the zero vector in V. Conclude that (S*)* =V
andS+St ¢ V.

¢) Find a vector w such that w e (S*)! but w ¢ S.

d) For your vector w from part (c), show there is no projection of w onto S. That is, for any
vector in S, there is another vector in S that is closer to w.

EXERCISE 8.30. (Finite dimensional subspaces of a real inner product space are closed, and
complete) Let V be a real inner product space. Let ||| denote the inner product norm. Let S be a
finite dimensional subspace of V with orthonormal basis {vi, ..., vy } for some n € N.

a) Let x € V be a limit point of S, so there is a sequence of points {s[k]} ;2 in S such that
limy_, . |[s[k] — x|| = 0. Suppose x ¢ S. Reach a contradiction by projecting x onto S. Thus, Sisa
closed subset of V.

b) Suppose y,z € S. Let y = Y1 a;v; and z = 3.1 | b;v; be the unique way of writing y, z
as linear combinations of {vq, ..., vn}. Define a,be R* by a = (ay, ..., an) and b = (by, ..., by).
Compute the standard Euclidean distance between a and b in terms of ||y — 2||.

¢) Use the fact that every Cauchy sequence in R™ converges to a point in R to show that
every Cauchy sequence in S converges to a point in S. Thus, S is complete. [A sequence {x[k]} 7,
is a Cauchy sequence if for all € > 0 there is an integer ke such that the distance between x[k]
and x[r] is less than or equal to € whenever k,r € N and k > ke, r > ke.] [Note: For subsets of V,
completeness implies closedness, so part (c) is also an alternative proof of closedness.]

EXERCISE 8.31. Suppose V is a real inner product space.

a) Show that (ax,by) = ab(x, y) foralla,be R, x, y € V.

b) Fix n € N. Use induction to show that (x, 2?21 yj> = 2?21 (x, y]->for allx, y1, .., Yy € V.
_ m

¢) Fix m e N. Use part (b) to show( X y) =Y (%, y) forallxy, ..., xm, y € V.
d) Fix m,n € N. Use (b) and (c) to show

m n m n
<in) Z.y]>zzz<xvy]> VX1, ey Xmy Y1y oo Yn €V

| i=1j=1

e) Combine parts (d) and (a) to prove (8.1).
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EXERCISE 8.32.  (Comparing ||x||;, |x], ||%]|s0) For R", the L1, Ly, and Lo, norms are defined:

n
lxelly = Dl Ve R
i=1
[xlly = /28, %7 VxeR"

[[%lloo = max{|xl, ..., [} Vx e R

[Note that L, and Lo, are not inner product norms.]

a) Use $1 |x;| = X1, || - 1 with the Cauchy-Schwarz inequality for R™ (see (8.5)) to prove

lxlly < llxlly < Vallxlly Ve R"

b) Show that ||x]| o, < ||xll> < /7 |x]|s for all x € R™.

¢) Give nontrivial examples where the upper bounds in (a) and (b) hold with equality.

EXERCISE 8.33. (Triangle inequality) Let V be a real vector space. Let ||-|| denote a norm on
V, not necessarily an inner product norm. [A general norm is defined in Section 8.3.] Use the
triangle inequality and induction to prove that for alln e N and all xy, ..., xn € V we have

n
in
1=1

n
< 2 il
i=1

EXERCISE 8.34. (Bounded linear maps and continuity) Let U, V be real inner product spaces.
Using the inner product norms on U and V, we say that a linear transformation T : U - V is
bounded if there is a real-valued constant (3 > 0 such that

IT(w)||<B|lul|] VueU

where ||u|| denotes the inner product norm on U, and ||T(u)|| uses the inner product normon V.
We say that a function T : U — V is continuous if for everyu € U and € > 0, thereisa d > 0
such that

(lu-wl|<8) = |IT(u) -T(w)|<e

a) Prove that all bounded linear transformations T : U — V are continuous.

b) Prove that if dim(U) < oo then every linear transformation T : U — V is bounded. Hint:
The case U = {0} is trivial. Assume dim(U) = n for some n € N and consider an orthonormal
basis {uy, ..., un} for U. You are free to use the bounds given in Exercises 8.32 and 8.33.

EXERCISE 8.35. (A bounded linear transformation) Let U be the vector space of real-valued
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square-summable sequences (x1, X2, ...). Define the function T : U - R by

31
T(x1, X2, X3, .00) = % VxeU
i=1
a) Verify that T(x) € R for all x € U by using (8.10) and the fact 37°, llz < oo,
b) Show T is a linear transformation.

¢) Show T is a bounded linear transformation, where “bounded” is defined in Exercise 8.34.

EXERCISE 8.36. (An unbounded linear transformation) Let U be the set of all sequences
(%1, %2, 3, ...) € RN such that x; € R for all i € N, and x; = 0 for all but finitely many i € N.
Define
(x,¥)=2 %y; Vx,yeU
i=1

a) Show that U is a subspace of RN. [Thus, U is a real vector space.]

b) Show that (x, y) satisfies the requirements of a real inner product.

¢)DefineT: U - R by

o
T(x1,%0,X3,...) = » ix; VxeU
i=1
where Y27, ix; € R because only a finite number of terms in the sum are nonzero. Show that T is
a linear transformation.

d) Show the linear transformation T is unbounded, where “bounded” is defined in Exercise
8.34.

EXERCISE 8.37. (Every basis for R" is an orthonormal basis) Let A be the real n x n matrix
from the proof of Theorem 8.2.

a) Show that A is symmetric and positive semidefinite.

b) Show that A is positive definite. In view of part (a), this amounts to proving that if x is a
vector in R™ that satisfies x" Ax = 0, then x = 0.

EXERCISE 8.38. (Existence of inner product) Verify that the function (v, w) = T(v)TAT(w)
defined in Section 8.10.2 is a valid real inner product on V.

EXERCISE 8.39. (Allinner products on V) Let V be a real vector space with dim(V) = n € N.
Let (v, w) be a real inner product on V. We want to show this inner product has the form (8.29).
Following the development of Section 8.10.2, let {vy, ..., Vn} be a basis of V. Let T : V - R" be
the invertible linear transformation that maps each v € V to the unique vector (xy, ..., xn) € R™
that satisfies 7' | x;v; = v. Define the function f : R" x R" - R by

fy) = (T7@), () vx, yeR”
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a) Show that f is an inner product on R™. You may want to use properties of invertible linear
transformations in Chapter 6.13.

b) Use Lemma 8.4 to conclude that f(x,y) = x'Ay for all x, y € R", where A is some real
symmetric and positive definite matrix of size n x n.

¢) Conclude that (v, w) = T(v)TAT(w) for allv,we V.

EXERCISE 8.40. LetV be a real inner product space. Let R and S be subspaces such that R c S.
Show that R+ 2 S*.

EXERCISE 8.41. (Parallelogram law implies inner product norm) Let V be a real vector space.
Suppose ||-|| is a norm on V that satisfies the parallelogram law. Define f : VxV - R by

2 2
X+ = |jx =
Flx,y) = A= le= A

7] Vx,yeV

We want to show f is an inner product on V, and ||| is the inner product norm with respect to
this inner product. [The structure of function f is motivated by the polarization identity, which
is the only possible form that the inner product can take if |||| is in fact an inner product norm.]

a) Nonnegativity: Show that f(x,x) = ||xH2 for all x € V. Conclude that f satisfies the
nonnegativity property of inner products.

b) Symmetry: Show that f(x, y) = f(y,x) forallx, y € V.
¢) Fixx, y,z € V. Use the fact that ||-|| satisfies the parallelogram law to prove

2 2 2 2
e+ ¥+ 2% = 2]l + 2]|° + 2||y[|” = |]x + 2 - ¥l
2 2 2 2
llxx + ¥ = 2l|” = 2[jx = 2| + 2||y[|” = []x — 2 - ¥|
Conclude that

2 2
lx -2z -yl" —[lx+2 -y
4

fx+y,2) =2f(x2) +

d) By switching roles of x and y, argue that

2 2
ly -z - x| -y +z -]
4

flx+y,2)=2f(y,2) +

Add the two equalities for f (x+y, z) in (c) and (d) to conclude f (x+y,z) = f(x,2)+ f(y,2). By
symmetry, conclude that f(z,x+y) = f(2,%x)+ f(2,¥), so f satisfies the summation property in
the second slot. [Note: While not part of this exercise, we briefly show how to conclude f is linear
in the second slot. Exercise 6.55 shows this summation property implies f(x,ay) = af(x, y) for
all x, y € V and all rational numbers a € Q. Also, for each fixed x € V, f(x, y) is a continuous
function of y € V (see Exercise 8.42), so f(x,ay) =af(x,y) forallacRand yeV.]

EXERCISE 8.42. (Continuity of norm) Let V be a real vector space. Let ||-|| be a norm on V.
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a) Use the triangle inequality to show that for all x, y € V we have

e[l = {111 < floe + AT < loel] + 1y

[If a hint is desired, it is in a famous bullet of Lemma 6.1.]
b) Suppose {x, hy, hy, hs, ...} are vectors in V and limy.« ||hn|| = 0. Show that

lim |l + hnl| = x|
n—»oo

[This implies for any continuous function g : R — R we have limp, oo g(||x + hn||) = g(|x]|)-]

EXERCISE 8.43. (Manufacturing functions in S*) Let V be the real vector space of square
integrable functions f : [0,1] - R. Use the standard inner product (f, g) = fol f(t)g(t)dt for
f,g € V. DefineS = Span{t, e'}. Lemma 8.9(a) ensures

1 1
St = {f eV fo F(t)tdt = 0 and fo F(t)eldt = 0}
We construct some example functions f € S*. Let g be any function in V. Define f : [0,1] — R by

- { &) re(01/2)
a+bt ifte[l/2,1]

where a, b are some constants in R.
a) Show that for alla,b e R we have f € V.
b) Design a, b such that f € S*.
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CHAPTER 9.

Projections

Let V be a real inner product space with inner product (x, y). Let ||x|| = \/(x, x) be the
inner product norm. The norm can be used to define a distance between two vectors in V:

distance(x, y) = |[x - y|| Vx,yeV
Then ||x]|| is the distance between x and the zero vector:
[[x[[ = [l = O]

The value ||x||2 is often associated with the energy in vector x. Depending on the structure
of V, a vector x € V might be a n-tuple, a function, a random variable, and so on.

Let S be a subspace of V. For a given y € V, we want to find a vector in S that is closest
to y (if such a closest point exists). That is, we want to find p that solves

Minimize: ||y - p||
Subjectto: peS

Minimizing ||y — p|| is the same as minimizing ||y — p||2, so an equivalent problem is

(9.1) Minimize: ||y - p||2
(9.2) Subjectto: peS
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If y € S then clearly the unique answer is p = y. If y ¢ S, we want a vector p € S that
minimizes the squared error ||y — p||2.

For example, suppose V is the real vector space of functions f : [0,1] — R that are
square integrable. Use the standard inner product on this space. Let S = Span{e’,t - 1}.
Given y € V, the problem (9.1)-(9.2) becomes

Minimize: fo Yyt - p(t)2dt

Subjectto: pe Span{e,t-1}

Does a solution p exist? Is it unique? If so, how can a solution be found? Problems of this
type are related to function approximation and Fourier series.

For another example, suppose we have a real m x n matrix A and a vector y € R™. We
want to find x € R" such that y ~ Ax. To make the approximation goal precise, consider
the problem of finding x to solve

(9.3) Minimize: ||y - Ax]| |2
(94) Subjectto: x e R"

where we use the standard Euclidean norm. If there exists a vector x that satisfies y = Ax
with exact equality, then x solves (9.3)-(9.4). However, it is often impossible to solve y = Ax
exactly, so we settle for a vector x that minimizes the squared error ||y — Ax]| \2. The problem
(9.3)-(94) is equivalent to

Minimize: ||y - p||2
Subjectto: pe Col(A)
which has the form (9.1)-(9.2) with V = R™ and S = Col(A). Problems of this type are called
least squares or linear regression problems. They are often used to build models that best fit
a collection of data.
This chapter shows that if the general problem (9.1)-(9.2) has a solution, then: (i) the

solution is unique; (ii) it can be found by taking the orthogonal projection of y onto subspace
S. Further, problem (9.1)-(9.2) is guaranteed to have a solution when dim(S) < oo.

9.1. Closest point counter-examples

Consider the problem of finding a point in a given subset S ¢ R? that is closest to a given
¥ = (¥1,¥,) € R?. A closest point is a vector p = (p;, p,) € S that satisfies

2 2
ly=plI"<lly=sl" VseS
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FIGURE 9.1. (a) The circle S for Example 1; (b) The open box S for Example 2.

where we use the standard inner product norm for R?. Equivalently

(1= P)*+ (o= P2)? < (1 —51)% + (a - 52)* V(51,8) €S

In the following examples, the set S is not a subspace, which is why existence and unique-
ness can fail.

- Example1: y = (0,0) and S = {(x, %) e R?: xf + x% =1} (see Fig. 9.1a). The set Sis a
circle of radius 1 about the origin. Is there a closest point in S to y? Yes: Every point in
Sis a distance 1 from y. There are infinitely many closest points. The closest points are
not unique.

- Example 2: y = (2,0) and S = {(x1, %) € R? : -1 < x; < 1,-1 < x» < 1} (see Fig. 9.1b).
The set S is an open box. Is there a closest point in S to y? No. [Note that (1,0) is on

the boundary of S, but is not in S itself.] For any (x;,x,) € S, the reader can verify that

(XIT“, 0) is also in S, and is closer to y. So (x1, x») fails to be a closest point. A closest

point does not exist.

9.2. Uniqueness of closest point in a subspace

THEOREM 9.1. LetV be a real inner product space. Define distances by the inner product norm.
Let S be a subspace of V. Fix y € V. Suppose there exists a point p that is closest in S to the point
y. That is:

1. peS
2. ly-pll <lly-sllforallsesS.

Then p is the unique closest point in S to y and is called the orthogonal projection of y onto
the set S. In particular, if se S and s # p, then ||y - p|| < ||y - s]|-

PROOF. Suppose p and s are two distinct closest points in S to y (we reach a contradic-
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tion). We know s # p and

(9.5) ly = pll = lly = s

We reach a contradiction by constructing a point in S that is closer to y than p is. We use
the strong convexity equality of inner product norms (Lemma 8.3). For all ¢ € R we have

[t(y-s)+(1-t)(y-p)IF =tly-sl>+Q-t)lly-pl* - t@-t) (¥ -5) - (y- p)IP

Simplifying the above equality and using t = 1/2 gives

2
S 2| R IV S TH YR S TS
lr=S2|[ =3y -st+ Sy = pi - 5 e
(a) 1 2 1 2
< Slly=slP+ 31y i
i, o 1, 2
= Sy =plI"+ 1y - £l

=y - pIP

where the strict inequality (a) follows because s # p, so ||p - s||2 > 0; equality (b) holds
by (9.5). Notice that % € S because it is a linear combination of the vectors s, p € S. We
conclude that # is a vector in S that is strictly closer to y than p is, which contradicts our
assumption that pis a closest point in S to y. O

9.3. Existence of closest point in a finite dimensional subspace

THEOREM 9.2. Let V be a real inner product space. Define distances by the inner product norm.
Let S be a subspace of V. Suppose dim(S) < oco. Then for every y € V, there is a point p € S that is
the closestin S to y.

PROOF. Ifdim(S) =0then S = {0} and the result is trivial. Suppose dim(S) = n for some
n e N. Then S has an orthonormal basis {vy, ..., v }. Fix y € V. Define f : R" - R by

F@) =|ly-xr 0" veer

The problem of finding a point p € S that is closest to y is equivalent to finding 0 € R" to
minimize f. The function f can be written:

£0) D I+ |, 0wil* - 2 (3, 2T, 0%;)

B 124 302 o3
= A7+ 2207 - 2220 (3, vi)
i=1 i=1
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P+ 3 [02 203 (3 vy

i=1
(96) =I5 = 30 (i) + 20005 = (v, )P
1=1 1=1

where (a) uses |ja + b||2 = ||a||2 + ||b||2 +2(a, b); (b) uses orthonormality of {v, ..., v} and
Lemma 8.6b. The only term on the right-hand-side of (9.6) that depends on 0 is the last
one. Clearly f has minimizer 6* = (67, ..., 0;;) where

0; =(y,v;) Vie{l,..,n}
In particular, the closest point in S to y is the point p= 31, (y,v;) v;. O

This proof of the existence theorem shows that an explicit closest point can be com-
puted when S has finite dimension and a known orthonormal basis. When the existence
and uniqueness theorems are taken together, they show that if V is any (possibly infinite-
dimensional) real inner product space, and if S is any finite-dimensional subspace of V,
then every y € V has a unique closest point in the subspace S. We can use the notation
p = Projg(y) to mean that p is the orthogonal projection of vector y onto the subspace S.

9.3.1. Terminology

Throughout this chapter, we use the term projection to mean the orthogonal projection,
where distances and orthogonality are with respect to the particular inner product of
interest. Section 9.16 presents a more general definition of projection operator, then shows
every projection operator on a real vector space is an orthogonal projection onto some
subspace and under some inner product.

9.3.2. An infinite dimensional counter-example

If subspace S is infinite dimensional then existence of a closest point can fail. For example,
suppose V is the inner product space of square integrable functions f : [0,1] — R. Let S be
the subspace of polynomial functions (of any degree). This is a subspace because the sum
of two polynomials is again a polynomial, as is a scalar multiple of a polynomial. We have
dim(S) = oo because for any positive integer k, the functions {1, t, t%, ..., t*} are linearly
Indeed, for any particular polynomial function p, there is another polynomial function g

independent in S. The function ¢’ = 1+ ¥ is in V but there is no closest point in S.

that is closer to ¢!, that is
0<|lg—e'l| <[lp- €'

See the related Exercise 6.29.

323



9.4. Orthogonal projection theorem

The following theorem holds for any (possibly infinite-dimensional) real inner product
space V and any (possibly infinite-dimensional) subspace S ¢ V. It does not require the
existence theorem (Theorem 9.2) because it concerns a particular situation.

THEOREM 9.3.  (Orthogonal projection theorem) Suppose V is a real inner product space. Define
distances by the inner product norm. Let S be a subspace of V. Fix y € V. A vector p is the closest
pointin S to y if and only if p € S and the following orthogonality conditions hold:

(9.7) (y-p,s)=0 VseS

(The condition (9.7) means y— p € S*.) In particular, if S = Span(C) for some collection of vectors
C c V, then p is the closest pointin S to y ifand only if pe Sand (y — p,v) =0 for allv € C.

PROOF. First suppose that p € S and the orthogonality conditions hold. We want to
show that pis the closest point in S to y. Fix s € S. It suffices to show ||y — s||2 > ||y - p||2.
We have

ly-sl*=1(y-p)+ (p- 9
=ly-plP+llp-sl*+2(y-p,p-s)

(a)
=y -plP+llp-slP
> |ly - pll?

where (a) uses the factthat (y — p, p - s) = 0 (since p-s € S and the orthogonality conditions
hold). This completes the proof of the reverse direction.

To prove the forward direction, suppose p € S and p is the closest point in S to y. We
want to show the orthogonality conditions hold. Fix s € S. It suffices to show (y — p, s) = 0.
Fix € ¢ R. Since p e Sand s € S we know p + €s € S (recall that S is a subspace). Since pis
the closest point in S to y we know

Iy -2l <lly-(p+es)l®
Expanding the right-hand-side gives
ly - (p+es)* =1I(y-p) - esl® = lly - plI* + € [Isl]* - 2¢ (y - p, )
Substituting this into the previous inequality and simplifying gives

(9.8) 0<e[fs|* -2¢(y - p,s)
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The inequality (9.8) holds for all € € R. Suppose € > 0. Dividing both sides of (9.8) by 2e
gives
€ 1112
0< [l - (y-p,s) Ve>0

Taking e \ 0 gives
(9.9) 0<—(y-p,s)
Now suppose € < 0. Dividing both sides of (9.8) by 2¢ gives
€ 1112
0> [lslI”~(y~pys) VYe<O

where the inequality has been flipped since we have divided both sides by a negative
number. Taking € ~ 0 gives

0>-(y-p,s)

Combining this with (9.9) gives (y — p, s) = 0. This proves the main result. The special case
when S = Span(C) holds by Lemma 8.9(b). O

9.5. Projecting onto a 1-dimensional subspace

Let V be a real inner product space. Fix v as a nonzero vector in V and define S = Span{v}.
Let y be another vector in V. We want to project y onto Span{v}. The projection exists and
is unique because Span{v} is a finite-dimensional subspace of V (it has only 1 dimension).
Let p be the projection of y onto Span{v}. The orthogonality condition is

(y-p,s)=0 VseSpan{v}
and since v € S, this implies (y — p, v) = 0. Thus
(9.10) (v,v) =(p,v)
Since p € Span{v} we know p = av for some a € R. Substituting p = av into (9.10) gives
(,v) = (av,v) = a |y

Since v # 0, we conclude

(y,v)
(9.11) a= 7
v
(y,v)v
(9.12) p=
I[v][>
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It is sometimes useful to define g as a normalized version of v:
v
(T [so lql| = 1]

Then S = Span{v} = Span{q}. Using (9.12), we can equivalently express p in terms of g:

v [ v v
e (’I|v||> %44

il

The value (y, q) is a real number that can be viewed as the component of y that is in the
direction of q (the direction of g is the same as v). The orthogonality condition ensures that
y — pis orthogonal to everything in the direction of ¢. In particular, y — pis orthogonal to
p (see also Exercise 9.15).

We obtained the projection p from the orthogonality condition. Of course, p can also
be obtained by noting p = 0v for some 0 € R, then finding a value 0 € R to solve

Minimize: ||y - 8v|*

Subjectto: 0eR
The minimization objective is
2 2 2
1y - 0vII* = (y - 0v, y = 8v) = |[y||* + 0% |[v||* - 20 (y, v)

and since ||v|\2 > 0, this is a convex parabola in 0. The optimal 0* is found by setting the
derivative to 0:

_d 2 A2 (12 _ 2
0= = [ + 0% vI[* - 20 (3, %) | = 20 [v][* ~2{y, )

which yields 6 = ) and p=07%v, so the optimal 0* is the same as the value a in (9.11).

2
vl

9.6. Approximating ¢!

Define V as the vector space of square integrable functions f : [0,1] - R. We use inner
product

1
(f8)= [ fgt)d vf,gev

and the concept of equivalence classes, so f = g if and only if fol(f(t) —g(t))%dt=0. Let S
be the subspace of polynomial functions of degree less than or equal to 2. Subspace S has
basis {1,t,t2}. We want to project the function e’ onto S. Equivalently, we want the best
approximation of e of the form ag + a;t + apt?, where “best” means that we choose real
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numbers ag, aj, a, to minimize
2 .
e~ Y att
=0

One quadratic approximation of e is given by the Taylor expansion about t = 0:

2

1 2 \?
=/ (et—zait‘) dt
0 i=0

2
elnlt+—
2

Of course, this Taylor expansion does not necessarily minimize the squared integral of
the error across [0, 1]. It is interesting to compare the optimal projection to the Taylor
expansion. We first find the projection.

Since S is a 3-dimensional subspace of V, we know a projection exists and is unique.
Let p(t) € S be the projection. By the projection theorem, we know p(t) satisfies the
orthogonality condition:

(et—p,s):O VseS

Since {1, t,t?} is a basis for S, we know that

(f-p1)=0
(- pt)=0
(et—p,t2>:0

Since p(t) € S, it has the form p(t) = ag + ait + ayt? for some real numbers a;, and so

(et —ag - ait — apt?, 1) =0 = (e, 1) =ap(L1)+a(t,1) +ap (tz, 1)
(et —ag - ajt - art?, t) =0 —> (e}, t) =ag (1, 1) + a1 (t,t) + ap <t2, t)
<et —ag - ajt — ast?, t2> -0 — <et, t2> - qp (1, t2> raq <t, t2> +ay <t2, t2>

By symmetry of the inner product we know (t,1) = (1, ¢) and so on, so the above system of
equations can be equally written

(et, 1) =ap(L 1)+ a1 (L, t) +an (1, t2>
(ef,t) =ag (t,1) + a1 (t,t) + a <t, tz)

(et, t2) = ap (tz, 1) ta (tz, t) +ay (tz, t2)
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which has the matrix form

(ef,1) (L1 (1,8 (L2?) a
(ehe) [=| (1) (o) (7%) || @
(e, 1%) (t2,1) (A1) (5¢%) || a

h G a

so h = Ga, where G = (Gij) is the Gram matrix for {1,t,t%}, and h = (hy, hy, h3) is the vector

of inner products between e’ and {1, t, t*}:

b = (ef,1) = [ edt=e-1

hy = (e, 1) = / te'dt =1

=<e’f,1r2 f 2eldt = e -
G11:(1,1)=/0 1dt = 1
Gia = (1, =[1tdt=1/2
Gis = (1 f £2dt = 1/3
Gy = (t, t :f t?2dt =1/3
ng_ tt [ £3dt = 1/4
G33— f t*dt=1/5

The h = Ga equation becomes

e-1 1 1/2 1/3 || ao
1 |=|12 113 1/4 || &
e-2 1/3 1/4 1/5 || ap

Gram matrix G is invertible because {1, t, t*} is linearly independent (Lemma 8.13). Then
a=G'hand

ap = 1.012991309902759
ay = 0.851125052846271
as = 0.839183976399454
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FIGURE 9.2. Function e’ over domain [0,1] compared with its projection p(t) = ag + ayt +
ayt? onto the space of polynomials of degree < 2, and the Taylor expansion p(t) = 1+t+1%/2.
The projection p(t) is more accurate over the full interval [0, 1].

Thus, the projection is p(t) = ag + ait + a»t> with numerical values of a; given above. For
comparison, the Taylor expansion p(t) = 1+t + t?/2 uses weights ag = 1, a; = 1, ap = 1/2.
So the optimal projection p(t) weights the constant term slightly more in comparison to
Taylor, the linear term less, and the quadratic term more. Note that Taylor is exact at t = 0
because p(t) =1 = ¢, while the projection is inexact at t = 0 because

p(0) = ag = 1.012991309902759

Fig. 9.2 compares e’ with its projection p(t) = ag + a;t + a»t> (using the numerical coeffi-
cients given above) and with its Taylor expansion 1 + t + t2/2. While the Taylor expansion
is accurate for t near 0, it is significantly less accurate over the full interval [0, 1] in com-
parison to the projection p(t).

If we wanted to improve accuracy for small values of ¢ in the interval [0, 1] we could

use an inner product that weights those values more heavily, such as

1
(f.8)= [ & f(Dg(t)dr vfgev
which can be shown to be another inner product on V. To project e’ onto S using this inner

product, we use p(t) = ag + a1t + axt*> with a = (ag, a1, a) again found by solving & = Ga,
but the Gram matrix G is different (as is the h vector). See also Exercise 9.13.
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9.7. Projecting onto Col(A)

Let A be a m x n matrix with entries in R. Fix y ¢ R™. Suppose we want to find a vector
x € R™ that satisfies

y~Ax

Specifically, we want to find an x that solves

Minimize: |[y- Ax||2

Subjectto: xeR"

which uses the standard inner product (u,v) = u"v and the corresponding norm ||u|| =
\/ (1, u). This is closely related to the problem of projecting y onto Col(A):

Minimize: ||y - p||2
Subjectto: pe Col(A)

Since Col(A) is finite-dimensional, we know a unique solution to this problem exists. Let
p”* € Col(A) be the unique solution, being the unique vector in Col(A) that is closest to
y. Then any point x € R" that satisfies Ax = p* is a solution to the first problem. Since
p* € Col(A), we know there is at least one particular x* € R™ that satisfies Ax* = p*. Whether
or not x* is unique depends on how many vectors Null(A) contains.

LEMMA 9.1. Let A be a real m x n matrix and fix y € R™. Then

a) The following equation has at least one solution x € R™:
(9.13) ATAx=A"y

Further, if x; and x5 are any two solutions to this equation, then Ax; = Axy.

b) If x* is any particular solution to AT Ax = A" y, then the following vector p* is the unique
projection of y onto Col(A):
p>(- — Ax*

¢) If Null(A) = {0} (which requires A to be square or tall) then AT A is invertible and the
equation of part (a) has one unique solution. In particular:*

(9.14) x*=(ATA) ATy
(9.15) pr=AATA) ATy

IFor a general real matrix A of size m x n, it holds that Null(A) = Null(ATA) and so the square matrix ATA
is invertible if and only if Null(A) = {0}.
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PROOF. To prove (a), let us project y onto Col(A). Since Col(A) has finite dimension,
we know there exists a unique projection p € Col(A). The projection must satisfy the
orthogonality conditions:

(y-p)'s=0 VseCol(A)

Since p € Col(A) we know p = Ax for some x € R". The above conditions become:
(y—Ax)'s=0 VseCol(A)

Since s € Col(A) if and only if s = Aw for some w, we know
(y-Ax)"Aw=0 VYweR"

Taking transposes gives
wAT(y-Ax)=0 VYweR"

Then vector AT (y — Ax) is orthogonal to all vectors in R", which means it is orthogonal to
itself, so it must be zero:
AT(y-Ax)=0

This means ATy = ATAx, proving that (9.13) has a solution. Now let x; and x, be two
solutions to ATAx = ATy. Then x; — xp € Null(ATA) = Null(A) (recall Lemma 8.5). So
A(x1 — x2) = 0, meaning that Ax; = Ax.

The proof of (a) has essentially also proven (b): We know a projection p* € Col(A)
exists and satisfies p* = Ax* for some x* € R" that satisfies the orthogonality equations,
so part (a) implies ATAx* = AT y. But part (a) also shows that any solution xto ATAx = ATy
yields Ax = Ax™ = p*.

To prove (c), let x* be any particular solution to ATAx = ATy. So

ATAx* =ATy

We know Null(A) = Null(ATA) (recall Lemma 8.5). If Null(A) = {0} then the square matrix
AT A has a trivial null space, so it is invertible. Multiplying the above by (ATA)™! gives the
expression for x* and shows x* is unique. O

9.7.1. Projection matrix

Notice that ATA is the Gram matrix for the vectors {1, ..., v, } formed by the columns of A.
This is another reason that AT A is invertible if and only if the columns of A are linearly
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independent (recall Lemma 8.13). If A has linearly independent columns then the matrix
A(ATA) AT

is called the projection matrix (for projecting y onto Col(A)). This is because the following
linear function P(y), defined for all y € R™, projects y onto Col(A):

(9.16) P(y)=AATA) ATy VyeR™

In particular, if p; is the projection of y; onto Col(A), and p, is the projection of y, onto
Col(A), then p; + p, is the projection of y; + y, onto Col(A). More generally, using the
orthogonality conditions, the projection operation can be proven to be a linear function
of y even if A has linearly dependent columns (see Exercise 9.5). The reader is invited to
show [A(ATA)1AT]2 = [A(ATA)'AT], and the function (9.16) satisfies

(yeCol(A)) = (P(y)=y)

P(P(y))=P(y) VYyeR™

9.7.2. Example

For a simple example, suppose

(9.17) A=

N =

(oe] N o =
|
—

The matrix A has linearly independent columns so AT A is invertible. To find x € R" that

satisfies, y ~ Ax we have

[ 0.604651162790698 | 2
.- 0.581395348837210 . 0 2
x"=(ATA)" ATy = , Ax* = ~
0.023255813953488 0.627906976744186 -1
| 0.767441860465116 | | 1 |

One might object by noticing that:
+ 01is not approximately 2.

+ 0.627906976744186 is not approximately —1.
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However, this is the best we can do if we want to minimize the sum of squared error in each
component. If we want to improve accuracy in any particular component then we can use
a different inner product (similar to the weighted least squares of Section 9.9). Of course,
since both columns of A have a 0 in row 2, any linear combination of those columns must
produce a 0 in row 2. Therefore, even weighted least squares cannot improve accuracy
in the second row. It is possible to choose x € R? so that Ax has perfect accuracy in rows 1
and 3 (while sacrificing accuracy in row 4), but the result has a considerably higher sum
squared error than the solution x* given above (see Exercise 9.16). Indeed, since x* is
optimal, we know
Hy—Ax*Hz <|ly-Ax|® VxeR?

This example uses a real matrix A with linearly independent columns, so ATA is
invertible. If A had linearly dependent columns, we could either throw away the redundant
columns to produce a thinner matrix (without changing the column space), or we could
find any particular solutionto ATAx = ATy.

9.8. Leastsquares

Suppose we have a system that takes a vector input (u,v) € R? and produces a real-valued
output y. Specifically, we can use the system repeatedly, and on the ith usage, the input
(u;,v;) € R? yields the following output:

(9.18) = ¢+ CLU; + CoV; + C3U;V; + N;
Yi="Co T iy + Vi + 3UV; i

where ¢y, ¢, ¢, c3 are unknown real-valued coefficients, and N; is an unknown random
disturbance. The random disturbance is assumed to be “centered about 0” in some way,

such as independent random noise with zero mean (so E[N;] = 0 for all 7).

To estimate the unknown coefficients cy, ¢, ¢2, c3 we take m measurements to obtain
triplets (u;,v;, y;) for i € {1,...,m}. The triplets can be viewed as known data. Using
this data, we build coefficients (ay, a1, ay, az) that are estimates of the true coefficients
(co, c1, €2, c3). How can we do this? One reasonable goal is to find (ag, a1, ap, a3) € R* that
satisfies

Vi ™ ag+ aqu; + apVv; + agw;v; Vie{l,...,m}
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This can be viewed as a matrix equation

- - 1 vy v 175041 - .

N o
1 Uy Vv UusVvo
Y2 a1
~11 uz v usvs
az
| Vm | | 43 ]
|1 um vm Umvm |
y x
A

This is in the form y ~ Ax. Assuming the matrix A has linearly independent columns,
we know AT A is invertible and we have solution

* * % k% -1
X = (aO:al)aZ)aS) = (ATA) ATy

which is called the least squares solution, also called the least squares fit. Strictly speaking,
this uses the sum of squared error as a minimization objective: It minimizes ||y — Atz
over all x € R*. The A matrix is more likely to have linearly independent columns when it
is tall, meaning the number of data points m is much larger than the number of columns.
Furthermore, accuracy of the approximation tends to improve as we get more data. If A
does not have linearly independent columns then the equation A" y = A" Ax has infinitely
many solutions x € R* and any solution can be used to produce the least squares fit.

For this problem, since x* = (a5, a, a5, a; ) satisfies ATy = (ATA)x* (which specifies
four linear equations), it can be seen (from the first of the four equations) that the optimal
coefficients a; must satisfy

! in:y a*+a*(1 iu)+a*(1 in:v)+a*(1 iuv)
o i~ % 117, i 21 -, i 3| ., hd}
mia mia mia mia

In particular, the least squares coefficients exactly fit the empirical averages of the data.
This is a property of least squares that holds more broadly for other problems (see Exer-
cises 9.32 and 9.34). It is also related to the unbiased property described in Section 9.13 for

solutions to minimum mean square error estimation problems.

Why is it a good idea to find coefficients x = (ag, aj, as, az) to minimize ||y —Ax||2?
Intuitively, this can be understood as choosing a coefficient vector that best explains the
data. To understand this, imagine that the true coefficients are exactly the (ag, a;, ap, a3)
values. Then

¥v; - (ap + aqu; + apv; + agu;v;) = N;  Vie{l,...,m}
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where we have used (9.18) with the assumption a; = ¢; for j € {0,1,2,3}. So

m
(9.19) y-Ax=(Ny,..,Nm) , |ly-Ax]*=3 N
i1

Then, the coefficients (ag, a;, a, a3) that “best explain” the data can be viewed as the ones
that make the corresponding noise sequence have a minimized sum of squares. This is a
standard approach that works well in many contexts.

9.8.1. Gaussian noise

In the case when {N;}!", is an independent and identically distributed (i.i.d.) sequence of
Gaussian random variables with mean 0 and unknown variance o2 > 0, the least-squares
vector x* = (ay, ay, a;, a3 ) is the max-likelihood estimate of the true (co, c1, 2, c3) values.
This is because it maximizes the joint PDF of noise when this joint PDF is evaluated at
vector ¥y — Ax, which by (9.19) is the vector of noise values that match the data under the
assumed coefficients x. Indeed, given y and A, we have

xelR4

1 ~|ly - Ax||®
-Ax)} =
arggcréaf{le,...,Nm(J’ x)} elrgmax{(27wz)m/2 exP( 552
_ . _ 2\ _ %
—Mggﬁﬂw AxH}—x

Notice that the variance parameter o2 does not need to be known. The technique works just
as well when the Gaussian noise {N;}", isi.i.d. with unknown mean p # 0 and unknown
variance o2 (so N; ~ N(, 02)). This is because we can define Ni =N;—-pand ¢y = cp+ L, SO
the model (9.18) becomes

_)/i =Co+ clui + szl' + c3uivi + Ni

so the unknown coefficient ¢y is replaced by another unknown coefficient ¢y. In other
words, without loss of generality, the noise can be assumed to have zero mean. For example,
a model that has (co, c1, ¢2, c3) = (1,-3,0.3,0.9), N; ~ N(3.2, 02) is equivalent to a model
that has (cg, c1, ¢2, ¢3) = (4.2, -3,0.3,0.9), N; ~ N(0, 02).

What if we do not know whether or not the noise is Gaussian? The good news is that
the least squares solution can still be applied. This is because it is data driven and does
not rely on a specific probability model. It is known to work well for Gaussian noise, but
also works well in other practical scenarios. One reason is that the true noise is typically a
sum of many independent random disturbances, so the central limit theorem suggests
(under a suitable scaling) that the noise has a near-Gaussian distribution.
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9.8.2. General noise

What if we know the noise sequence {N;}°, isi.i.d. with a known PDF f () that is not
necessarily Gaussian? In that case, we could use a max-likelihood approach that chooses
a coefficient vector x* = (ay, ai, as, az) to maximize the new joint PDF:

(9.20) x" =arg m%gf{le,...,Nm(J’ -~ Ax)}
= argm%}{HfN(J’i - (Ax)i)}
xe i=1

where (Ax); denotes the ith coordinate of vector Ax, for i € {1,...,m}. Doing this can
bring performance gains in comparison to the standard least squares. There are two main
disadvantages of this approach:

1. It requires the noise PDF fy/(-) to be known.

2. Tt is not always easy to perform the maximization (9.20). Indeed, for general PDFs
fn(), the above maximization problem can be nonconvex and difficult to solve. In
contrast, the Gaussian distribution yields a closed form solution to (9.20) that does not

depend on the variance parameter o2.

Because of these disadvantages, one may still choose to use the easy-to-calculate least
squares solution x* = (ATA)"!ATy. When the noise is not Gaussian, the least squares
solution is no longer guaranteed to be the max-likelihood solution. However, it may still

work well in practice.

9.9. Weighted least squares

Consider the same problem y ~ Ax of the previous section. Define the error vector
e=y-Ax

The standard least squares solution of the previous section seeks to minimize

2
el * = S e

which puts equal weight on each of the m data samples. In some cases we may believe

that certain data points are more important than others, so we seek to minimize

(9.21) m wi2 el.2

2

where w; are given nonnegative weights.
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More generally, given any m x m matrix W we can minimize
|We||? = e” W We

This is the same as (9.21) when W is a pure diagonal matrix:

[ w, 0 0 - 0 |
0 wyo 0 -~ 0
(9.22) W=
[ 0 0 0 - wy |

To minimize ||We||2 , multiply y ~ Ax by W to obtain Wy ~» WAx. Now define

Then
Wy~ WAX < ¥~ Ax

and the latter is a least squares problem with solution

(9.23) x = (ATA) ATy = (ATWTWA) ATW Wy

which assumes A has linearly independent columns (so that ATA is invertible). This x*
. e s 52
solves the problem of finding x to minimize ||y - Ax||”, where

- ~ 2 - ~ - ~
|7 - Ax||” = (7 - Ax)" (¥ - Ax) = (y - Ax) W W(y - Ax) = |We||®

and e = y— Ax. The diagonal form of W in (9.22) ensures the solution x* in (9.23) minimizes
(9.21). See also Exercise 9.16. The solution (9.23) is more general than anticipated: It mini-
mizes ||W(y - Ax)||2 for any real m x m matrix W (assuming WA has linearly independent
columns). This is useful for Section 9.9.1.

If the m x m matrix W is invertible, then A has linearly independent columns if and
only if A has linearly independent columns (see Exercise 5.9). If A does not have linearly
independent columns, the weighted least squares problem y ~ Ax is still solved by finding
any solution x to ATAx = ATy, which is guaranteed to have at least one solution.

The weighted least squares solution can often be interpreted as a solution under a
modified inner product. Specifically, if W is invertible it can be shown that

(i, V) =u"W'Wv Vu,veR™
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is a valid inner product on R™. Then, the weighted least squares solution x* in (9.23) corre-
sponds to the minimizer of (y — Ax, y — Ax) over all x. Then, x* satisfies the orthogonality
equations with respect to this new inner product:

({(y-Ax*,s)=0 VseCol(A)) — ((y—Ax*)TWTij =0 for all columns v; ofA)

9.9.1. Jointly Gaussian noise

The weighted least squares solution has a surprising connection to estimation in the
context of non-i.i.d. noise. Suppose we have a system with input vector ¢t € RK (for some
k € N) and real output y that can be repeatedly used, so

n
yi=co+ ), cigi(t) +N; Vie{l,2,3,...}
j=1

where n € Nj cg, ¢y, ..., cn are unknown real coefficients; g; : R - R are known functions;
N; is unknown noise. For example, we might have k = 1, n = 2, g1(t) = t, g2(t) = t%. We take

m measurements and obtain data (t;, ¥;) for i € {1,...,m}. Then

[ ] [1 att) o) - gt [[o] [ M ]
ya |_| 1 gi(t2) go(t2) - gn(tr) a |, N,

| Ym ] LY &1(tm) &(tm) - gn(tm) [l ¢n | | Nm |

— —— Ne———
y A x N

Let N = (Ny, ..., Nm) be the noise vector. Assume that N is jointly Gaussian with zero

mean and a known invertible covariance matrix A, so
E[N]=(0,0,..,0) , A=E[NNT]

[If the noise has known nonzero mean y; for i € {1, ..., m}, just reduce to the zero mean
case by defining output y; = y; — i;.] In particular, the noise is not necessarily i.i.d., so the
covariance between N; and N; is given by the (3, j) entry of matrix A. It can be shown that
every invertible covariance matrix A is symmetric and positive definite. By eigenvalue and
eigenvector properties of symmetric and positive definite matrices developed in Chapter
15, it turns out that A and its inverse have the following decomposition

A=85ST , Al=szlgT

where I is a diagonal matrix with positive diagonal entries, S is a square matrix that
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satisfies STS = I (called a unitary matrix). Let 512 and £-Y2 be the diagonal matrices with
all diagonal entries of * taken to the power 1/2 and —1/2, respectively. For example, for
m = 3 we have

di 0 0 & 0 o a0 o

L= 0 dyp O ) 21/2 = 0 dé/zz 0 ) 271/2 - 0 d;zl/z 0
1/2 -1/2

0 0 di 0 0 dj 0 0 dg

Then
A=S51/2 §Tg x12sT ATlog51/2 gTg x-1/2gT
—— ——
I I

Define
(9.24) W =Sz Y/2g7

The matrix W is an invertible and symmetric square root of matrix A™1:
(9.25) W2=Ww=A"1

The joint Gaussian PDF f, . (z) for the zero mean case is (see also Chapter 11.12):

1 Z2TA Ly
P (2) = ( SN

_ m
(2" det(A) 12 exp 5 ) VzeR

where det(A) is the determinant as defined in Chapter 11.

In this case, the max-likelihood estimator for the coefficient vector x = (ag, ay, ..., an) €
R™! is the vector x* given by

X" =arg max {fy, . (y-Ax)}

xeRn+1
- TA-L(y—
= arg max{ = exp(—(y Ax) Ay Ax))}
xeRn+1 (Zﬂ)m/zdet(/\)l/z 2
_ : AT AL,
—argxgﬁlﬁl{(y Ax) A (y Ax)}

@ arg min {(y-Ax) "W W(y-Ax)}

XER”+1

_ : B 2
= arg min, [W(y - Ax)||

where (a) uses (9.25). Therefore, x* is precisely the solution to the weighted least squares
problem (9.23). In this case, the weight matrix W is the m x m matrix in (9.24).

For intuition, suppose the random noise variables {N;}!", are mutually independent
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with zero mean and different variances cr%, cr%, ...,0%. Then E [NiN]-] = 0ifi # j, and
E[N?] = 07.So

2

* Aisamxmdiagonal matrix with diagonal entries o7 .

+ W is a m x m diagonal matrix with diagonal entries 1/0;.

This makes sense: For each i € {1, ..., m}, the weight matrix W prioritizes the data point
(t;, y;) with weight 1/0;. Data with smaller noise variances have higher weight. Define

e = y — Ax. Then this approach chooses x € R® to minimize Zzl(l/cf)eiz.

9.9.2. Fitting a model to an unknown system

The least squares technique has the following interpretation. Suppose we have m data
points (t;, y;) € R about an unknown system. We can use this data to build a model of the
system of the form
n
y;=ag+ Zlajgj(ti) +N; Vie{l,..,m}
j=
where g;(t), ..., gn(t) are some collection of functions that we think will be a good fit for
the actual system, and for coefficients ag, a, ..., a, that we can tweak to make the fit as
good as possible. It is useful to make the model as simple as possible, so often we use
n=1andg(t) =t,or n=2andgi(t) = t,g(t) = t2. Such models can be used to predict the
output y; when a future input ¢; is used.
For example, suppose m = 10 and we have the 10 data points (¢;, y;) plotted in Fig. 9.3.
It is reasonable to explain this data using a linear fit: Draw a line through the data that has

Data: m=10
2"+ pas] - ’
15 :
10 .
50 i
o . .
> -5 & R
-10 | . :
A5 . i
20 . e i
o5 i
30 | ‘ ‘ ‘ ‘ ‘ ‘ .
8 6 4 2 0 2 4 6

FIGURE 9.3. Ten data points (t;, ¥;). A linear model looks reasonable.
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Least squares linear fit: m=10

¢ Data
True line (Unknown)
Linear fit

20 f “ ]

25 1

-10 -5 0 5 10
t

FIGURE 94. We have m = 10 data points. The true model was linear (red) with measure-
ment noise. The least squares linear fit (gold) is a good fit.

the least sum squared error with the data points. So we build the following model:

Y;=ap+at;+N; Vie{l,..,m}

_ - 1 f
441
1 b
Y2 ap
~ 1 13
a
N —
- Im x
\—\(__/ | m §
y \—W—‘-/
A

Assume that A has linearly independent columns, which holds whenever there are indices
1, j such that ¢; # t;. Then the coefficient vector x = (ag, a1) that minimizes ||y - Ax||2 is

x* = afz =(ATA) ATy

a4
This is a good engineering solution and produces a close fit to the original data, called
a least squares linear fit. Fig. 9.4 plots the resulting linear fit as a gold line that roughly
matches the data. In this particular example, the actual data was produced using a linear
rule. Specifically, each ¢; was chosen independently and uniformly over [-10,10]. Then, we

define y; = ag true + a1, truet; + N; for some particular coefficients ag trye, a1 true used to gen-
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erate the red line in Fig. 94, and {N;}!", are independent and identically distributed (i.i.d.)
Gaussian noise with distribution N(0,1) (mean zero and variance 1). The least squares
coefficients aj, a; are calculated only from the data points (¢;, y;), without knowledge
of this true model. They can also be used to accurately predict the output y when a new
input t is used for the system: y ~ aj + aj't.

9.10. The dangers of overfitting

In general, we may tempted to explain data using a more complicated system model, such
as a degree 9 polynomial model:

(9.26) Yi=ap+ait; + agtiz Fot agti9 +N; Vie{l,..,m}

One motivation for doing this is that, since we do not know the true system, the degree
9 polynomial model allows for a broader class potential systems. Indeed, this degree 9
polynomial allows the possibility that as = ag = ... = ag = 0, so it includes a linear model as
a special case. This system can be solved via least squares as follows:

- 11 a B g | a
N
1t &2 - & ||«
Y2
vl 1ot 2 || e
| V10 2 9
— L1 fo fo o T [[ a0 ]
y N————’
A X

so, assuming A has linearly independent columns, the coefficient vectoris x* = (ay, ..., ag) =
(ATA)71ATy. We now show that using this complicated degree 9 structure can produce a
more accurate fit to the data, but may not result in a better model of the system. This is
related to the following lemma (see also Exercise 9.25).

LEMMA 9.2. (Interpolating data points) Fix m as a positive integer. Let ti, ..., t; be distinct
real numbers. Let yq, ..., ¥, be any (possibly repeated) real numbers. There is a polynomial
function p(t) of degree less than or equal to m — 1 that exactly interpolates the points (t;, y;) for
allie{1,...,m}. That is

p(t;)=y; Vie{l,..,m}

PROOF. Define the following polynomial function:

mo A Mjeqa,..,mp iy (E = 5) )
t)= i — VteR
p(t) ;yl(nje{l,---:m}\{i}(ti—t]')
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This avoids division by zero because t; # t; when i # j. Each term i € {1,...,m} in the
summation definition of p(t) has degree either 0 (if y; = 0) or m — 1 (if y; # 0). Thus, p(t)
has degree at most m — 1. By construction we have p(t;) = y; for all ke {1,...,m}. Indeed,
if ke {1,...,m}, then we have foralli € {1, ..., m}:

Hje{l,...,m}\{i}(tk B tf)
Hje{l,...,m}\{i}(ti - tf)
Hje{l,...,m}\{i}(tk B tj) -1 ifi=k
Mjeq,...,my~ (i) (6~ )

=0 ifi+k

O]

The above lemma ensures that for the 10 data points of Figs. 9.3 and 9.4, there is a degree
9 polynomial that exactly interpolates the data. Least squares finds an exact interpolation
whenever one exists (zero error is certainly least). The degree 9 least squares fit is shown
in Fig. 9.5. Unfortunately, the exact fit to the data produces an unusually complicated
polynomial model, often called an overfit. The purple curve in Fig. 9.5 interpolates the data
exactly, but is a wild degree 9 polynomial that wiggles randomly and attains points too
large to be plotted in the figure. The simple linear fit (shown in gold) is a more accurate
approximation of the true model (shown in red).

Fortunately, we can obtain accurate results even with a degree 9 polynomial model by

Linear fit and degree m-1 overfit: m=10

e Data
15 - === True line (Unknown) -
Linear least squares

10+ = QOverfit / J

t

FIGURE9.5. Purple curve is a least squares fit to polynomials of degree < 9. It interpolates
the data exactly, but is an overfit (overly complicated model).
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using more data. Suppose we use m > 10 data points (t;, y;) to produce coefficients for a
least squares fit to the degree 9 polynomial model:

9
yin ) aktlk Vie{l,..,m}
k=0
Fig. 9.6 shows the results for m = 50 (purple), together with the true line (red), and with the
linear least squares fit (gold, calculated for m = 50 data points). The gold linear fit is almost
an exact match to the true red line. The purple curve is the degree 9 polynomial, which
now is a good fit in most of the interval t € [-10,10] (although the error at the endpoints is
apparent). Fig. 9.7 shows results for the case m = 200, where the degree 9 polynomial fit
is almost the same as the linear fit. The 200 data points allow least squares to “learn” to

make the coefficients a; ~ 0 for the nonlinear terms k€ {2, ...,9}.

Rules of thumb:

« Plotting the data (t;, y;) for i € {1,..., m} helps build intuition for an accurate model.

- The number of data points should be significantly larger than the number of coeffi-
cients a; in the model. Minimally, this means A should be a tall matrix. The taller the
better: More data gives better results.

Linear fit and polynomial degree <=9 fit, m=numdata=50

30r ® Data i

=== True line (Unknown)
Linear least squares
20 | Degree <= 9 polynomial fit

-10 -5 0 5 10
t

FIGURE 9.6. Now we have more data (m = 50). Least squares “learns” to fit the degree 9
polynomial to a near-linear model in the interval of interest.
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Linear fit and polynomial degree <=9 fit, m=numdata=200

30 o Data

== True line (Unknown)
Linear least squares L

20 [ | e Degree <= 9 polynomial fit

-10 -5 0 5 10
t

FIGURE 9.7. Now we have much more data (m = 200). Least squares fit to model y ~
2220 0,tX “learns” to set 8 ~ 0 for k > 2.

9.11. Projecting with a general Gram matrix

Suppose V is a general real inner product space and S is a finite dimensional subspace

(with dimension at least 1) such that
S =Span{vy, ..., v}

for some vectors vy, ..., v, that are not necessarily linearly independent. Then 1 < dim(S) <
k. Fix y € V. We want to project y onto S.

Let p € S be the projection (it exists and is unique). It must satisfy the orthogonality
equations:
(y-p,s)=0 VseS

Since v; € Sfor all i € {1, ..., k} we obtain

(y-p,v;)=0 Vie{l,.. k}

Thatis, (y,v;) = (p,v;) forall i e {1, ..., k}. By symmetry of the inner product

(y,Vi)= (Vi)p> Vie {11"'; k}
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Since p € S, we have p = Z’;zl 6,v; for some scalars 6; ¢ R and so

k k
(y,vi) = <Vi; > ijj) =>.0; (vi, vj> Vie{l,...,k}
j=1 j=1

These equations can be expressed in matrix form:

(¥, 1) (vibv) (v,v2) - (v, || 61
(yova) | _| (v2ov) (v, v2) - {va,wi) || 62
| (y,Vk> ) | (Vk)V1> <Vk) V2> (Vk)vk> 1L ek )
h G 0

so h = GO, where G is the Gram matrix for {vy, ..., v, } and h is the column vector of inner
products between y and {vj, ..., v }. Note that G depends only on {vy, ..., v}, so it can be
precomputed even before y is known. If we want to project many vectors y € V onto S, we
can reuse the same G matrix (we only need to recompute vector h for each new y).

Existence of the projection ensures the equation k = GO has at least one solution 0 € R¥.
Every particular solution 0 yields the same (unique) projection:

_ vk *
p= Z]:lejv]

By Lemma 8.13, we know that if {vy, ..., v } are linearly independent then G is invertible,
so the equation h = GO has a unique solution 8* = G h. If S = Col(A), where A is a real mx k
matrix with columns {vy, ..., v; }, the Gram matrix is G = ATA and the solution 8* = G'h
reduces to the famous formula 8% = (ATA) AT y from Section 9.7.

If {v1, ..., ¢} is an orthonormal basis for S then G = I and so 0% = G 1h = h:

(9.27) 0 =(y,v;) Vie{l,..,k}

This is the same result obtained in the proof of the existence theorem (Theorem 9.2). This

motivates Fourier series in the next section.

9.12. Fourier series

Fix T > 0. Let V be the real vector space of square integrable functions f : [-T/2, T/2] - R.
Use the inner product:

T/2
(F.8)= [, fs0)dt fgev
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Use the standard equivalence concept f = g «— fT/2 (f(t) - g(t))%dt = 0. For every
positive integer n it can be shown that the following 2n + 1 functions are orthonormal:

(9.28) {% { %COS(ZT[TH)};’ {\/gSin(ZWTM)};}

This can be shown using the following three trig formulas that hold for all x, y € R:

cos(x)cos(y) = %(cos(x— y)+cos(x+Y))
cos(x)sin(y) = %(—sin(x— y)+sin(x+y))
sin(x) sin(y) = %(cos(x— y) —cos(x+y))

So the Gram matrix for the 2n + 1 orthonormal functions in (9.28) isthe (2n+1) x (2n+1)
identity matrix I. Let S, be the subspace of all linear combinations of the 2n + 1 functions
in (9.28). Then any function f(t) € V has a projection onto S, given by the Fourier series:

1 n 2 2 kt L sin 2 kt —T T

where, by (9.27), we have

(9.30) ap = <f (1), —>

(9.31) _ <f(t),\/jc 3(2”7”» vke{l,...,n)
(9.32) by = <f(t), \/gsin(z%kt)) Vke{l,...,n}

If f(t) is an even function (so f(-t) = f(t) for all ¢) it can be shown that b; = 0 for all
ke{l,...,n};if f(t)is an odd function (so f(—t) = - f(t) for all t) it can be shown that a; = 0
forallke {0,1,...,n}.

For example, consider T = 1 and the discontinuous even function f € V of Fig. 9.8.
Its projection onto S3, which uses only a linear combination of a constant function and
the 3 lowest-frequency cosines, is also shown in Fig. 9.8. Its projection onto Sy, S50, and
S200 (again only using a constant and cosines) are shown in Figs. 9.9, 9.10, 9.11. Higher
frequency cosines are needed to capture more detail in the original f(¢) function.

Since f €V, it can be shown that the total energy in the error goes to zero as n — oo:

(9.33) lim ||f - p,|* = lim [ a0 = Pa(1))*dt =0

n—oo
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Case n=3
0.5 T

0.45 -
0.4

0.35 -

m—— Original function \
0.2 - / == = Projection \ 4

0.05 - i

FIGURE 9.8. Solid: An even function f(t) that resembles Hogwarts castle. Dashed: Pro-
jecting f(t) onto S3 (the case n = 3).

Case n=10
0.5 T
= Original function
== == Projection
0.4 - bl
0.3 - bl
= I \
=
S o2l | |
<
0.1 I Il )
| |
1 |
o [
I \
v \
-0.1 -
-0.5 0 0.5

FIGURE 9.9. Projecting f(t) onto Sy (the case n = 10).
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The equality (9.33) is a version of the Riesz-Fischer theorem. The theorem ensures that
if f:[-T/2,T/2] - Ris square integrable, and if p, denotes the projection of f onto the
subspace Sy, for each n € {1,2,3, ...}, then (9.33) holds. This demonstrates a remarkable
property of sines and cosines at the integer frequencies 27tk/T for k € {1,2,3,...}. One
related resultis this: If z : [-T/2, T/2] — Ris a square integrable function that is orthogonal
to all integer-frequency sine and cosine functions, and also orthogonal to the constant
function 1, then z = 0. The equation (9.33) can be viewed as a type of convergence of the p,
functions to the function f. The type of convergence in (9.33) is called Ly convergence (it
does not imply pointwise convergence). Figs. 9.10 and 9.11 show a well known Gibbs overshoot
phenomenon at points of discontinuity of f. The width of the overshoot “wiggle” goes to
zero as n — oo, as does its resulting squared integral contribution to the error. However,
the height of the overshoot is persistent and is known to be about 9% of the discontinuous
jump. Fig. 9.11 suggests the jump is less than 9% only because it samples the function at
gridpoints along the horizontal axis that do not necessarily include the peak overshoot.

THEOREM 94. (Parseval’s identity) If f € V then ||f Hz < oo, where |||| uses the standard inner
product norm, and

2 2 2
A7 =11f = pall” + llpall® ¥neN

where p,, is the orthogonal projection of f onto the subspace Sy spanned by the 2n + 1 functions

Case n=50
0.45 T

0.4 - b
0.35 - b

0.3 - 4
v
0.25 - b

= Original function
== == Projection

f(t) and p, (1)

0.15 - b

0.1 4

0.05 - b

-0.05 !
-0.5 0 0.5

FIGURE 9.10. Projecting f(t) onto Ssq (the case n = 50).
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Case n=200
0.45 T

0.4 *

0.35 - i

0.3 *

0.25 - i

= Original function

== == Projection
0.2 - i

f(t) and p, (t)

0.1 4

0.05 - i

-0.05 '
-0.5 0 0.5

FIGURE 9.11. Projecting f(t) onto Syqg (the case n = 200).

in (9.28). Also
2 = 2 w2
IF1I7 =3 ai+ > by
k=0 k=1
where a;, and by, are given in (9.30)-(9.32).

PROOF. By definition of f € V we have ||f||2 <oo.ThenforallneN

A% = If = P+ Pall®
= |If = all® + 1Pall® + 2{f ~ Pps Pn)

———
0

=|1f — pall® + | PalP

which uses the fact that p,, is the projection of f onto subspace S, and so the orthogonality
conditions ensure f — p, is orthogonal to everything in Sy, including p, € S,. Taking
n — oo and using (9.33) gives

IF1* = Lim [|pl*
On the other hand, orthonormality of the component functions of p,, in (9.29) gives (by
Lemma 8.6)

n n
2 2 2
lpall®=> ag+> by VneN
k=0 k=1
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9.12.1. Any interval of size T

Fix T > 0 and d € R. The same treatment can be used for the real vector space V of square
integrable functions f : [d,d + T] —» R with inner product

d+T
(f8)= [ fgar vigev

The same functions in (9.28) can be shown to be orthonormal over this new interval
[d,d + T]. Then, the projection p,, of a function f € V onto the subspace Sy, the subspace
spanned by the 2n + 1 orthonormal functions in (9.28), has the same form as (9.29), with
the exception of being defined over t € [d, d + T] instead of t € [-T/2, T/2]. The coefficients
ay and by, still satisfy (9.30)-(9.32) with the exception that the inner product is now defined
by integration over the interval [d, d + T]. While p,,(¢) is formally defined only over the
interval t € [d, d + T}, it repeats T-periodically when extended to t € R. This is because the
sin(27tkt/T) and cos(27tkt/T) functions that are used are T-periodic for all k € N. If this
extended p,,(t) function is even, which can be assessed by its behavior over the interval
[-T/2,T/2], then it uses only cos(-) functions.

9.13. Minimum mean square error estimation

A classic problem in probability theory is estimating an unknown random variable X given
a collection of (known) observations (Y3, ..., Y;). The assumption is that each random
variable Y; may have some dependency on X. Therefore, each Y; can help to construct a
good estimate for X. Suppose we form an estimate X as some function of the observations:

X = f(Y1,Ys,...Yn)

where f : R" - R maps the measurement vector to a real number.2 There is no randomness
in the function f. However, evaluating f at the random input vector (Y7, ..., Y5) produces a
random variable output X. The goal is to find a function f that minimizes the mean square
error (MSE):

Aﬁﬂ:EkX—Xf]

To ensure MSE is well defined, it is assumed that E [Xz] <ooandE [Xz] < 00,
It is difficult to minimize MSE over all possible functions because the solution requires

2Formally, we should add the mild assumption that the function f : R" — R is Borel measurable, so
f(Y,...,Yn) is a valid random variable. The set of Borel measurable functions contains all functions of
practical interest, including all continuous functions (hence all linear and affine functions).
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knowledge of the joint distribution for (X, Yy, ..., ¥5).? Instead, we consider minimizing
MSE over the restricted set of all functions of the form

n
fW e Yn) =00+>.6;y; VyeR!
=1

for some coefficients ;. Strictly speaking, such functions f are affine (linear plus a con-
stant). However, this is called linear estimation because it considers linear combinations
of {1, Yy,..., Yy }. We seek 0 = (0, 01, ...,0,) to solve

(9.34) Minimize: E [(X - X)z]
n
(9.35) Subjectto: X =0¢+ . 0;Y;
i=1
(9.36) (80, 01, ..., 0p) € R™*L

If X, Y1, ..., Yn all have finite second moments, then E[(X - X)?] is finite for all choices of
80,01, ..., On.

The problem (9.34)-(9.36) can be equivalently posed as a projection problem: Let V be
the vector space of random variables (on the probability space of interest) that have finite
second moment. We assume X, Y7, ..., Y, € V. Use the standard inner product (X,Y) =
E[XY]forallX,Y e V, with the standard equivalence concept X = Yifand onlyif P[X = Y] =
1. Let X be the projection of the unknown random variable X onto Span{1, Yy, ..., Y, }. Then
X is a linear combination of {1, Yy, ..., Y, } that minimizes |X — X|?, which is equivalent to
minimizing MSE because

X - X||" = {x - X, X - X) = E[ (X - %)?]
Our known solution from Section 9.11 is

n
X = 90 + Z eiYi
i=1

where 0 = (09, 01, ..., 05) is a vector that solves the equation h = GO, where G is the Gram

3In probability theory, it is well known that the (possibly nonlinear) estimator that minimizes MSE is
X = E[X|Y1, ..., Yn], which, by definition of conditional expectation, is indeed a (Borel measurable) function of
(Y3, ..., Yn). The conditional expectation can be difficult to calculate and generally requires knowledge of the
full joint distribution of (X, Y3, ..., Y»). A standard result in probability theory is that, when (X, Y3, ..., ¥») have
a jointly Gaussian distribution, the optimal estimator has the linear form X = 0, + i, 6;Y; with coefficients
0; that solve (9.37).
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matrix for {1, Yy, ..., Y, } and h is the vector of inner products between X and {1, Yy, ..., Y }:

E[X] 1 E[Y1]  E[Y2] E[Yr] 9o

E[XYi] E(vi] E[Y7] E[WYs] — EMWYs] || 6

(9.37) E[XY,] |=| E[Y2] E[Y2Y;] E[¥Z] E[Y.Y,] || 02
| E[XYn] | | E[Ya] E[YaTi] E[YyYo] E[v7] || On |

h G 0

The solution depends only on the statistical information E [X], E[Y;], E[XY;] and E [Yin]

foralli,je{1,...,n}. Assuming G is invertible, the unique optimal coefficients are 6 =
G 'h.
The first row of the matrix equality (9.37) is:

n
E[X] =00+ 0;E[Y;]

1=1
which means that, if the optimal coefficients 6, 61, ..., 0, are used, then the mean of X
matches the mean of the optimal linear estimator X = 6 + >, 6;Y;. The optimal linear
estimator is said to be unbiased because E[X] = E [X’]

A classic scenario is when each Y; is an attenuated version of X plus independent

noise:

(9.38) Y;=p;X+N; Vie{l,..,n}

where py, ..., py are known real numbers; N; is a noise variable with mean zero and finite
variance 0'1-2 foreachie {1,...,n}; {X,Ny,..., N, } are mutually independent. This scenario
holds when different sensing devices are used to sense X, each device i having a different
attenuation coefficient p; and independent noise. Assume X has mean my and variance 0%.
The Gram matrix G and the corresponding h vector can be easily computed as functions
of my, ox, p;, G?. For example, (9.38) implies

E[Yi] = [El:piX-i-Ni] = pi[E [X] + [E[Nl] =pimx Vie {1, .. .,n}
E[XY;] = E[p;X” + XN;] = o;E | X | + E[X]E[N;] = p;(0% + m}) Vie{l,...,n}

where the last equality uses the fact that X and N; are independent to ensure E[XN;] =
E[X]E[N;] = 0. Computation of E[;Y;] for all i, j ¢ {1,...,n} is similar and is left as
Exercise 9.52 (make sure to treat the cases i = j and i # j separately). Since {X, Ny, ..., Ny}
are mutually independent, hence pairwise uncorrelated, it can be shown that if each
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noise variable N; has a positive variance G?, then none of the random variables in the list
{1, Yy,..., Y} isequivalent to alinear combination of the others. This means {1, Yy, ..., Y, } is
linearly independent (as vectors in the vector space V) and the corresponding (n+1) x(n+1)
Gram matrix G is invertible (see related Exercise 9.63).

While the specific model Y; = p;X + N; of the previous paragraph is useful, one reason
that equation (9.37) is so powerful is that it holds for any probability model between the
unknown X and the observation vector (Yy, ..., Y;), provided that the random variables
X, Y3, ..., Y, have finite second moments. This includes unknown probability models. The sta-
tistical information E [X],E[Y;], E[XY;] and E [Yin] can be estimated by m independent
measurements, called ground-truth data (X[u], Y1[u],..., Ya[u]) forue {1,...,m}:

(9.39) E[X] ~ nll urzj:lX[u]
(9:40) E[Y;]~ % ui: Y;lu]
(9.41) E[XY;] = % uil X[u]Y[u]
(9:42) E[vy]= DRACRAL)

i
I,

which, by the law of large numbers (LLN), is accurate when the number of measurements
m is large.

Remarkably, substituting the LLN estimates (9.39)-(9.42) into (9.37) is exactly the same
as directly using the m data points
(X[u]) Yl[u]);YTl[u]) Vue {11"') m}

in a linear least squares estimation to solve X[u] ~ 09 + X1, 6;Y;[u] for u € {1,...,m}.
Indeed, as described in Section 9.8, we can set up the least squares problem directly from
the data:

X[1] 1 7i[1] Yo[l] -~ Ya[l] 0,

(043) X(2) | |1 nRl R e | e
| x(m] | [ 1 nim] Yfm] - Ya[m] |[ e |

* A Ry
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With A, 0, x as defined in the above underbraces, we have
ATA=mG

ATx =mh

where G and h are LLN approximations of G and h from (9.37) that are formed by substi-
tuting the LLN estimates (9.39)-(9.42). Thus

(9.44) ATx=ATAQ < h=Go

Finally, if A has linearly independent columns then both ATA and G are invertible and the
0 vector from (9.44) satisfies
0=(ATA)'ATx=G1h

In other words, obtaining 0 from the least squares problem (9.43) is the same as obtaining
6 from the MSE problem (9.37) by approximating G and  with the LLN estimates G and h.

9.14. Projecting onto Null(A)

LEMMA 9.3. (Projecting w onto Null(A)) Let A be a real m x n matrix. Fix w € R™. Then

a) The following equation has at least one solution r € R™:
(9.45) AATr = Aw

Further, if r; and ro are two solutions, then A'ry = A'r,.

b) If r* is any particular solution to (9.45) then the following vector p* is the unique projection
of w onto Null(A):
pr=w-ATr*

¢) IfNull(AT) = {0} (Which requires A to be either square or wide) then AAT is invertible
and the equation of part (a) has one unique solution. In particular

r* = (AAT) lAw
(9.46) pr=[I-AT(AAT)1A]w

where I is the n x n identity matrix. The matrix [I - AT(AAT) A] is the projection matrix

associated with projecting a vector w € R™ onto Null(A).

PROOF. To prove (a), note that since Null(A) is finite dimensional, there is a unique
projection of w onto Null(A). Let p € Null(A) be the unique projection. The orthogonality
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equations give
(w-p)'s=0 VseNull(A)

Thus, w — pis orthogonal to everything in Null(A), so
w— peNull(A)* = Col(A")
which means
(947) w-p=A'r
for some vector r € R™. Since p € Null(A), multiplying both sides of the above by A gives
Aw=AATr

which proves existence of an r that solves (9.45). Further, if r; and r, are two solutions then
AAT(rp-1) =0andsor; -7 € Null(AA") = Null(A") (recall Lemma 8.5),s0 A" (r;—15) =0
and ATr; = A'ro.

To prove (b), let 7* be a particular solution to (9.45). Define p* = w - A'r*. We know
the projection p satisfies (9.47), so p=w - A'r. Then

p-p =(W-ATr) - (w-ATr*)=AT(r" -1)

However, both r and r* are solutions to (9.45) and so the end of part (a) implies ATr* = ATr.
Then the right-hand-side of the above equality is 0, meaning p = p*. So p* is the unique
projection. The proof of (c) is an exercise [use parts (a) and (b)]. O

The reader is invited to verify that the projection matrix [I - AT(AAT) 1A] satisfies
[[-AT(AAT)'Alwe Null(A) VYweR"

[I-AT(AAT) A2 =[I-AT(AAT)!4]

9.15. Projecting onto an affine set

Let V be a vector space over a general field . A set A ¢ V is affine if it is either empty or
has the form
A=S+apg={s+apeV:seS}

for some ag € V and some subspace S ¢ V. (This uses the Minkowski set sum notation.)
Details about affine sets are given in Appendix C. Some facts:

+ An affine set A is a subspace if and only if 0 € A.
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« If we are given a matrix M € F™*™ and a vector b € ™", Theorem 4.1 ensures the set of
all solutions to Mx = b1is an affine subset of F".

« For the real field, it can be shown that a set A ¢ Vis affineif and onlyif ta+ (1-t)be A
forallt e Rand all a, b € A. [A generalization of this fact is proven in Appendix C for
any field [ for which 1+ 1 # 0.]

For real inner product spaces, projecting onto an affine set is similar to projecting
onto a subspace. First consider projecting a point y € R™ onto the affine set v + Col(A),
where v is a given vector in R™ and A is a given real m x n matrix. The projection, call it
g* ¢ R™ hasthe form g* = v + Ax™ for some optimally chosen x* € R". So we solve:

Minimize: |[y—-(v+ Ax)||2

Subjectto: x e R"
Of course, the above problem is the same as

Minimize: |[(y-v) —AxH2
Subjectto: x e R"

which is the problem of projecting (y — v) onto Col(A). Assuming A has linearly indepen-
dent columns, the matrix AT A is invertible and the optimally chosen x* is

X = (ATA) AT (y - v)

so the corresponding (unique) projection of y onto v+ Col(A) is g* = v + Ax*, that is

g =[I-AATA) AT v+ A(ATA) ATy

where [ is the identity matrix with the same number of rows as A. If v = 0, this solution
reduces to the standard projection of y onto Col(A). Note that: (i) g* is linear in the
parameter vector (v, y); (ii) ATg* = ATy.

Now consider the problem of projecting a point w € R" onto the affine set {x : Ax = b},
where A is a given m x n matrix and b € R™. Assume there is at least one particular solution
Xp to Ax = b (so the set of interest is nonempty). Then, by Theorem 4.1,

(9.48) {x:Ax =b} = xp+ Null(A)

where the Minkowski set sum is again used. Thus, the set of solutions to Ax = bis indeed
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an affine set. Our problem seeks an x € R" to solve

(949) Minimize: |jw- tz

(9.50) Subjectto: Ax=b,xeR"
By (9.48), we know our solution x* has the form
X =xp+ 2"
for some z* € Null(A). Thus, the problem can be expressed as finding z € R to solve

Minimize: HW = (xp+ Z)Hz

Subjectto: Az=0, zeR"

which is the same as finding a z* € Null(A) that is the projection of (w - xp) onto Null(A).
From the theory of projecting onto the null space given in Section 9.14, we know the
following: If Null(A") = {0} (which holds when A has linearly independent rows), the
unique solution z* is

25 = [I-AT(AAT)A](w - xp)

and so

X" =xp+2"
=xp+ [I-AT(AAT)TA) (W - xp)
=w-AT(AAT) TAw + AT(AAT) T Ax,
=[I-AT(AAT)1Alw+AT(AAT) 1

which uses the fact Axp = b.

In summary, if A has linearly independent rows the unique solution to (9.49)-(9.50) is

(9.51) x* =[I-AT(AAT) 1Alw+ AT(AAT) 1

One can directly verify (9.51) gives Ax* = b (regardless of w). The problem (9.49)-(9.50) has
the meaningful interpretation of finding a solution to Ax = b that is closest to a given point
w e R™. It is interesting that the solution x* in (9.51) is linear in the parameter vector (w, b).
If w = 0 then we seek a solution to Ax = b that is closest to the origin and the solution (9.51)
reduces to

x*=AT(AAT) 1

which coincides with the particular solution suggested in Lemma 7.1a.
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9.16. The projection operator

9.16.1. Properties of the closest point function

Let V be a real inner product space (possibly infinite dimensional). Let (x, y) denote the
inner product. Let S be a (possibly infinite dimensional) subspace of V. Suppose that for
each y € V, there is a closest point in S to y, where distance is defined by the inner product
norm. Theorem 9.1 ensures the closest point is unique. Define P : V — V as the function
that maps each y € V to its unique closest point in S. It can be shown that:

1. P:V - Visalinear operator. [Prove this via the orthogonality conditions.]

2. P(s) =sforall seS.[Clearly s is the closest point in S to itself.]

w

. §=Span(P). [A consequence of bullet 2 and the fact P(y) €S Vye V]

N

. P(P(y)) =P(y) forall y € V. [A consequence of bullet 2 and the fact P(y) €S Vye V]
5. (P(x),y) ={x,P(y)) for all x, y € V. [See Exercise 9.58.]

The function P : V — V is called the projection operator associated with projecting vectors
in V onto the given subspace S and using the given inner product. (Recall that an “operator”
is just a linear transformation from a vector space to itself.)

9.16.2. A generalized theory of projections

DEFINITION 9.1. Let V be a vector space over some field F. A function P:V — Visacalled a
projection operator if it is a linear transformation that satisfies P(P(y)) = P(y) forall y e V.

DEFINITION 9.2. Let V be a real inner product space. A function P : V — V is called an
orthogonal projection operator if it is a projection operator that satisfies

(P(x),y) = {x,P(y)) Vx,yeV

This definition of projection operator is general and does not require existence of an
inner product. From bullets 1, 4, and 5 in the previous subsection, the closest point function
defined there is both a projection operator and an orthogonal projection operator. We now
show that when V is a vector space over field R: (i) Every orthogonal projection operator
P:V - Visafunction that maps each y € V to its closest point in the subspace Span(P),
where distances are defined by the inner product norm,; (ii) Every projection operator is
an orthogonal projection operator with respect to some inner product.

LEMMA94. LetP:V — V bea projection operator. DefineS = Span(P). Then P(s) =s VseS.

PROOF. See Exercise 9.60. O
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LEMMA9.5. Suppose V is a real inner product space. Let P : V — V be an orthogonal projection
operator. Define S = Span(P). Then for each y € V, the vector P(y) is the unique closest point in
S to y (using the inner product norm to define distances).

PROOF. Fix y € V. By Theorem 9.3, it suffices to prove the orthogonality condition:
(y—P(y),s)=0 VseS
For this, fix s € S. We have

(¥ =P(y),s) = (y,8) = (P(¥),s)

@ (3,5 - (3, P(5))

O (5,5 - (3,5 =0

where (a) uses the fact that P is an orthogonal projection operator; (b) uses Lemma 94. [

LEMMA 9.6. Suppose V is a finite dimensional real vector space. Let P : V — V be a projection
operator. Then there is an inner product on V under which P is an orthogonal projection operator.

PROOF. Define S = Span(P). We show there is an inner product under which P is the
function that maps each y € V to its closest point in S. The result is trivial if dim(S) = 0.
Suppose dim(S) is a positive integer. Let {vy, ..., v} } be a basis for S. Let {yy, ..., ¥,,,} be
additional vectors such that {vy, ..., v}, ¥, ..., ¥,,,} is a basis for V. Exercise 9.59 shows that
vy e vib Y1 -P(31), -y Ym — P(¥;,) } is linearly independent. Then, Corollary 8.2 ensures
there exists an inner product on V under which {vi, ..., vy, y; = P(¥1), .-, Y — P(¥,,) } are
orthonormal. Thus, for each i € {1,...,m}, we know y; — P(y;) is orthogonal to all basis
vectors of S, so it is orthogonal to all s € S. So P(y;) satisfies the orthogonality conditions
of Theorem 9.3, meaning that P(y;) is the unique closest pointin S to y;.

Also, since P is a projection operator, for all j € {1, ..., k} Lemma 94 ensures P(v;) = v;.
Therefore, P maps each basis vector in {vy, ..., v, ¥y, ..., ¥, } to its unique closest point
in S. By linearity of the closest point function, it follows that for each y € V, P(y) is the
unique closest point in S to y. Then, bullet 5 of Section 9.16.1 ensures P is an orthogonal
projection operator. O]

The result of Lemma 9.6 can be extended to the case when V is an infinite dimensional
real vector space using the concept of Hamel basis (discussed in Chapter 8.10.2).

9.17. Exercises

EXERCISE9.l. (Basic projections) Using the standard Euclidean inner product, project (1,4,5) €
R3 onto:

360



a) Span{(l, _1) 2)}
b) Span{(l, _ly 2); (1) 1) 1)}

EXERCISE 9.2. (Multiple choice for projections) Let V be a real inner product space. Let S be a
subspace of V. Fix y € V. Suppose there exists a projection point p = Proj¢(y). Then

a)pes

Dly-pl<ly-sll VseS

A){(y-p,s)=0 VseS

d) p is the unique closest point in S to y

e) All of the above.

EXERCISE 9.3. (Multiple choice for existence of projection) Let V be a real inner product space.
Let S be a subspace of V. Fix y € V. Which of the following is the least restrictive assumption
that ensures a projection p = Proj(y) exists? Note that least restrictive means most general.

a) dim(V) < oo

b) dim(S) < o0

c) V=R"for someneN

d) S = Span{vy, vo,v3}

e)S={0}

EXERCISE 94. (Multiple choice for square integrable functions) Let V be the real inner product
space of square integrable functions f : [-1/2,1/2] - R. Let S be a subspace of V. Fix y € V. Fix
n as an integer larger than 3. Which is always true?

a) There exists a projection p = Projs(y).

b) {1,\/2cos(2nt), /2 cos(4mt), ..., /2 cos(2nnt)} are orthonormal vectors in V.

¢) The function f : [-1/2,1/2] - Risin V, where

0 ift<0
1/t if0<t<1

f(t) =

d) S contains only continuous functions
e) S contains only bounded functions

EXERCISE 9.5. (Projection operation is linear) Let V be a real inner product space. Let S be a
finite dimensional subspace of V. Define the function T : V - V by

T(y) = Projg(y) VYyeV

a) Suppose y € S. Whatis T(y)?

b) Suppose y € V. What is T(T(y))? What is T(T(T(y)))?

c¢) Show that T is a linear function. Hint: Use the orthogonality conditions from Theorem
9.3.
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EXERCISE 9.6. (Project onto a line) Project (8, -1, 3) onto Span{(1,1,1)}. Find orthogonal
vectors w, p such that p € Span{(1,1,1)} and (8,-1,3) = w + p.

EXERCISE 9.7. (Project onto another line) Project (4,-4,1,1) onto Span{(1,1,1,2)}. Find
orthogonal vectors w, p such that p € Span{(1,1,1,2)} and (4,-4,1,1) =w + p.

EXERCISE 9.8. (Projection onto a plane) Project (8, -1, 3) onto Span{(1,1,1), (1,0,-1)}. Find
orthogonal vectors w, p such that p € Span{(1,1,1), (1,0,-1)} and (8,-1,3) = w + p.

EXERCISE99. (Projecting onto a volume) Project (8, -1, 3) onto Span{(1,1,1), (1,0,-1),(2,2,5)}.
Find orthogonal vectors w, p such that p € Span{(1,1,1),(1,0,-1),(2,2,5)} and (8,-1,3) =
p+w.

EXERCISE 9.10. (Least squares with invertible ATA) Consider y and A defined below

5 1 -1 1
0 3 0 2
A: 3 y:
2 2 2 3
| 4 18 -1 | | 4 |

a) Show A has linearly independent columns. Find a vector x* € R3 that solves the least
squares problem y ~ Ax.

b) Compare y with Ax*. Is y € Col(A)? Show that y — Ax™ is orthogonal to all columns of A.

¢) Find ||y - Ax*||2. Test two other vectors x € R® and compare their ||y - Ax||2 values to
ly - x|
EXERCISE 9.11.  (Least squares with noninvertible AT A) Consider y and A defined below

_ o w O
_ O W o

(92 BN, BN BN |

S 0 W &
_ o =N
_= O =N

a) Show rank(A) = 3. Find a vector x* € R® that solves the least squares problem y ~ Ax.

b) Compare y with Ax*. Show that y — Ax™ is orthogonal to all columns of A.

¢) Find a different vector X € R® that solves the least squares problem y ~ Ax. Compare Ax
and Ax*.

d)IsyeCol(A)?

EXERCISE 9.12. Design and solve your own least squares Ax ~ y problem.
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EXERCISE 9.13. Let V be the vector space of square integrable functions f : [0,1] — R. The
inner product is (f, g) = fol f(t)g(t)dt forall f,g e V. Given f € V, we want to find a function
g € V that satisfies:

- g(t) e Span{1,t,t?}
- 8(0) = f(0)
- g(t) ~ f(t) forallte[0,1]
For this, we defineg(t) = f(0)+ p(t) where p(t) is the projection of f(t)— f(0) onto Span{t, t*}.
a) Show how to find optimal coefficients ay, ay for p(t) = ait + apt>.

b) Find ay, ay for the case when f(t) = e. Plot to compare f(t) and g(t).
¢) Find ay, a; for the case when f(t) = cos(t). Plot to compare f(t) and g(t).

EXERCISE 9.14.  (Projecting functions) Let V be the real inner product space of square integrable
functions f : [0,1] - R. Let (f, g) = fol f(t)g(t)dt. Project t> onto Span{t, t3} (treating t, t2, t°
as functions in V).

EXERCISE 9.15. Let V be a real inner product space. Let S be a finite dimensional subspace of
V. Show that every vector y € V can be uniquely written y = p + 2 where p € S and z € S*. Hint:
Project y onto S.

EXERCISE 9.16. (Improving accuracy of Ax ~ y in some components) Consider A, y in (9.17).

a) Explain why Ax has a zero in row 2 for every x € R?.

b) Find v € R? so that Av matches y perfectly in rows 1 and 3. Compare ||Av - y||2 to
||Ax* - y||2 where x* is the least squares solution given just below equation (9.17).

¢) Use weighted least squares to find z € R? that minimizes 4(y; — p;)? + (¥o - Pp)? +4(y3 -
P3)% + (V4 — pa)?, where p = Az = (py, Py, P3, Pa)- Compare to parts (a) and (b).

EXERCISE 9.17. (Function approximation) We want to approximate cos(t) over the interval
[0, 7t/2] using polynomials of degree less than or equal to 2. Define

V = {square integrable functions f : [0,71/2] - R}
Define the subspace S ¢ V by
S = {polynomial functions f : [0,7/2] - R of degree < 2} = Span{1,t, t*}

a) Find a function p(t) € S that minimizes foﬂ/ 2(cos(t) - p(t))?dt.

b) Use MATLAB (or some other computing software) to plot the original function cos(t)
over the interval [0, 7t/2], together with your function p(t) from part (a), and with the Taylor
expansion cos(t) ~ 1+ 0t + _711‘2.

¢) Explain why approximating using polynomial functions of degree less than or equal to 3
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FIGURE 9.12. For Exercise 9.19: Approximating cos(t) over t € [0, t] by the projection
p(t) € Span{1, t, t*} and the Taylor expansion cos(t) ~ 1 - t?/2 € Span{1,t,t*}.

would give accuracy at least as good or better than the case of polynomial functions of degree less
than or equal to 2.

EXERCISE 9.18. (Function approximation 2) Repeat the previous problem 9.17, but approxi-
mating cos(t) over the interval [0, 7t] using polynomials of degree less than or equal to 2. Find
the function p(t) and compare cos(t), p(t), and the Taylor expansion for t € [0, 7t].

EXERCISE 9.19. (Function approximation 3) In the previous problems we approximated cos(t)
over the interval [0, 7] using polynomials of degree less than or equal to 2. We considered
projections p(t) onto Span{1,t,t?}, so p(t) = a + bt + ct?. Due to the change in curvature
of cos(t) over t € [0, ], the best projection is linear (so ¢* = 0). Fig. 9.12 shows the cos(t)
function, the projection p(t) = a* + b*t + c*t?, and the Taylor expansion cos(t) ~ 1 - t?/2.
While the projection p(t) fits the cosine function over the entire interval better than the Taylor
expansion, it still has significant error. Indeed, a linear approximation to a cosine function is
inherently inaccurate! To get a better approximation, we need to approximate the true curvature
of cos(t) by adding a t3 term. This term t° itself changes its curvature, so hopefully it can help
to approximate the change in curvature of cos(t) over the interval [0, 7t].

The Taylor expansion does not change when allowing t3 terms: The Taylor expansion remains
cos(t) ~ 1—t2/2. However, the projection p(t) will change in comparison to before. This problem
is designed to see how much better the projection p(t) € Span{1,t,t2, t3} will do in comparison
to using p(t) € Span{1,t,t*}.

Formally, define V as the real vector space of square integrable functions f : [0, 7t] - R with
inner product (f,g) = [y f(¢)g(t)dt for all f,g € V. Define subspace S = Span{l, t, 2,131

364



Consider the function cos(t) € V. We want the projection of cos(t) onto the subspace S. The
projection function p(t) has the form p(t) = a + bt + ct? + dt°.

a) Curvature change: Show that g—; cos(t) <0ift e [0,7/2], and greater than or equal to
zero if t € [m/2, m].

b) Curvature change: Show that
zero if t € [m/2, ).

¢) Show that (t — 71/2)3 € Span{1,t, t?, t3}.

d) Use the orthogonality equations to solve for the best a*,b*, c*,d*.

d2

(- 71/2)2 < 0 if t € [0,71/2] and greater than or equal to

e) On a graph, plot cos(t), your projection p(t), and the Taylor expansion 1 — t%/2 over
t € [0,7t]. Discuss why the resulting accuracy for the new p(t) function is much better in
comparison to Fig. 9.12.

EXERCISE 9.20. (Orthogonal functions) Let V be the real inner product space of square in-
tegrable functions f : [0,1] - R with inner product (f,g) = [01 f(t)g(t)dt. Find a nonzero
function f € V that is orthogonal to both t> and e”".

EXERCISE 9.21.  (More orthogonal functions) Let V be the space of square integrable functions
f:[0,2m] > R with real inner product (f,g) = 027T f(t)g(t)dt. Find a nonzero function f e V
that is orthogonal to both cos(t) and é’.

EXERCISE 9.22. Let V be a real inner product space. We have vectors {vy, ..., v;} € V. Suppose
yeVand(y,v;)=0forallie{l,...,k}. Show that y e (Span{vy, ..., v })*.

EXERCISE 9.23. (Optimization with column space constraint) Let A be a real m x n matrix.
Let C be a n x k matrix. Fix b € R™. We want to find a vector x that solves

Minimize: ||Ax - b|*
Subject to:  x € Col(C)
a) Find an optimal x* in terms of A, C, b. Hint: Convert to a least squares problem Hz ~ y

for some H, y. For simplicity, you can assume A and C both have linearly independent columns.
b) Find a numerical value of x* € R* for the special case

(7 0 -3 1 | [ 8 2] [ 5 ]

0 4 3 3 3 0 10
A- , C= , b=

8 1 -5 -7 3 3 5

00 9 0 | | 1 9| | 10

Make sure to verify that x* € Col(C). What is the optimal objective value |Ax* — b||2?

EXERCISE 9.24. (Optimization with linear equality constraints) Let A be a real m x n matrix.
Let C be a k x n matrix with rank(C) = r (assume r < n). Fix b ¢ R™ and d € RX. We want to find
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an x € R™ that solves the following optimization problem:

Minimize: ||Ax - b||2

Subjectto: Cx=d

a) Let w be a particular vector that satisfies Cw = d. Let M be a matrix with columns that
consist of a basis for Null(C) (so M has n—r columns). Show that Cx = d ifand only if x = w+ Mz
for some z e R,

b) Use w and M to find an x that solves the desired optimization problem. Hint: Reduce to a
least squares problem Hz ~ y for some matrix H and some vector y. If it helps, you can assume
the matrix AM has linearly independent columns.

c) Solve the optimization problem to find the optimal x* for the case when

(4 .1 0 7 5 ] [ 1]

01 0 1 -1 414 1 9 1 55
A: B C: b: B d:

2 2 2 0 1 00 2 -1 1 1 1

0 3 -1 -1 0 | 1]

You can use w = (1,2,0,4,5), but you will need to find a basis for Null(C). Make sure to verify
that your x* satisfies Cx* = d. What is the optimal objective value ||Ax* - b||2?

EXERCISE 9.25. (Interpolation and overfit) Suppose we have 20 data samples (1, y;), (2, ¥5),
oy (20, yo) for values y; € R.

a) Fix v € R as an unusually large constant (such as v = 101°%0). Use Lemma 9.2 to show
there is a degree-20 polynomial p(t) that satisfies p(i) = y; forallie {1, ...,20}, and p(1.5) = v.
This interpolates the data but has unusually large function values in between the data points.

b) For these 20 data samples, suppose we use a polynomial model with degree less than or
equal to 19, so y; ~ p(i) fori € {1,...,20} where p(t) = Zio ektk. We use the least squares
technique y ~ A to solve for the coefficients © = (0, ..., 019) that minimize Zfzol (y; - p(i))>2.
Find the matrix A and the vector y. What is the size of A? Explain how we know the solution
0% = (ATA) ATy yields a polynomial p*(t) = Zgo Gztk that satisfies Z?:Ol(yi -p*(i))?=0.
Explain why this zero-error result is not necessarily good.

EXERCISE 9.26. (Nonlinear fit) We have data samples (1,11, Y1), -+ (tm, Tm, ¥, ), Where
(t;,1i,¥;) €R3 forallie {1,...,m}.

a) Find coefficients 0; that form a least squares fit to the following nonlinear model:

¥; » 09 + 01 cos(t;) + 0 cos(2t;) + 03 cos(3t;) + 041; Vie {l,...,m}

b) How big is your A matrix? What condition on m makes A tall (more rows than columns)?
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EXERCISE 9.27.  (Least squares fit for a nonlinear function of two variables) Consider a system
that takes two variables (t, r) and ouputs a single variable y (with some noise):

y =a+ bt + cr+ dtr + Noise

for unknown coefficients a, b, c, d. Assume we have m data points (t;,r;, y;) forie {1,...,m}.
We want to do a standard least squares fit by choosing coefficients so that

y;ma+btp+crp+dyr; Vie{l,..,m}

Describe the form of the A matrix and the y and 0 vectors for this least squares y ~ A problem,
assuming a general collection of data (t;,1;, ¥;) fori € {1, ..., m}. What is the size of A? What
size of m makes A a tall matrix? Assuming A has linearly independent columns, what is the
optimal (a*, b*, c*,d*)? What is the first equation of the system of equations ATAQ* = AT y?

EXERCISE 9.28.  (Least squares linear fit) We have m data samples {(r;, t;, y;)}1,. Wefittoa
linear (affine) model
Y~ 00+01r; +021; Vie{l,...,m}

Find 6" = (03,0;,05) € R3 to minimize > (i = f(r, t;))? where f(r,t) = 69 + 017 + 05t.

What is the corresponding y vector and A matrix for the equation y ~ A0? How many samples
m are needed to ensure matrix A is tall?

EXERCISE 9.29.  (Least squares with sines and cosines) We have m data samples {(;, t;, ¥;) }1",.
We fit to a model
y; ~ 09 +01sin(r;) + 0 cos(t;) Vie{l,..,m}

Find 0" = (63,07,05) € R3 to minimize > (yi— f(ri, t;))? where f(r,t) = 8¢ + 01 sin(r) +
0, cos(t). What is the corresponding y vector and A matrix for the equation y ~ A0? How many
samples m are needed to ensure matrix A is tall?

EXERCISE 9.30. (Another least squares) We have m data samples {(r;, t;, y;) }*,- Wefit toa
model
yiw91+92tieri Vie {1,..., m}

Find (0],05) € R? to minimize > (i - f(r, t;))? where f(r,t) = 0, + 0yte”. What is the
corresponding y vector and A matrix for the equation y ~ A0? How many samples m are needed
to ensure matrix A is tall?
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EXERCISE 9.31.  (Projections with pesky dependencies) Consider

1 2 2 1
0 -1 -1 1
A: 3 y:
2 2 2 1
| 4 0 O | | 1 ]

a) Project y onto Col(A). Then complete the paragraph: In general, suppose we want to
project a vector y € R™ onto the column space of a real m x n matrix A. If A does not have linearly
independent columns then we can always...

b) Complete the paragraph: In a general real inner product space V, suppose we want to
project a vector y € V onto Span{vy, ..., Vi }. If the Gram matrix G is not invertible then we can
always...

EXERCISE 9.32. (Least squares linear fit) Suppose we have m data points (t;, y;) for i €
{1, ..., m}. We want to find optimal coefficients a, b to fit the data to the following linear model
(this is often called linear regression):

y;~vat;+b Vie{l,..,m}

a) Write this as a y ~ Ax problem for some column vectors y = (yy;...; ¥,) and x = (a; b),
and some m x 2 matrix A.

b) Show that

m ;2 m m
ata-| Taf Tl | | i
)

m m
2t m Y1 Vi

¢) Define empirical averages 7,7, Ty, t2 by

2 2
ti.yi) te = ti

Mz
NSE
Mz
NSE

V=~ Yy, F==Yh, - :
= — i’ = — i’ = — —_—
mi3 m; m; m;

1 1

1

Show that the least squares matrix equation ATAx = A"y is equivalent to two linear equations
with two unknowns a and b and with coefficients y, t, ty, 2. From your equations, verify that
the optimal a and b must satisfy y = at + b.
EXERCISE 9.33.  (Least squares with vector output) We have m data samples {(r;, t;, ¥;,2;) } 1"
We fit to a model

Vi a b r;

~ Vie{l,...,m}
Z; c d t:

368



Using the standard Euclidean norm for R?, find (a, b, ¢, d) € R* to minimize

2
i”: Vi a bl r
i=1 Z; c d t;

EXERCISE 9.34. (Least squares with vertical translation) Suppose we have data (Z;, y;) for
i€{1,...,m}, wherez; e R" and y; € R for all i. We have a candidate function f : R* - R such
that

yi~ f(Z) Vie {1,...,m}
which has error

error = (i~ f(2))°
=1

Suppose that % Y f(E) # % > Vi, so the empirical average of the y; data is not the same
as the empirical average of f(2;). Show that we can strictly reduce error by using a new function
f : R™ > R defined by

f(z) = f(z)+ay VYzeR"

for some ag € R such that the new function satisfies % > f(z) =
error reduced?

1
m

> ¥;. How much is the

EXERCISE 9.35. (Computer fit to quadratic model) Consider the following input-output system
model:
y=a+bt+ct?+N , te[-18,18]

where t is the input, N is zero-mean Gaussian noise, and y is the output. The true coefficients
a, b, ¢ are unknown. The variance o of the noise is also unknown. We want to learn a, b, ¢ from
m data points (t;, y;) for i€ {1,...,m}, so that

yi=a+ bti+c7fi2 +N; Vie{l,..,m}

where {Ny, ..., Nm} are i.i.d. Gaussian with mean zero and variance o2.

a) Explain how to compute best-fit coefficients ay,, by, ¢y, based on the m data points (t;, y;)
forie{l,...,m}

b) Write a computer program to generate m data points under the assumptions:

Atrue = 1.37

birue = —2.92

Cirue = 4.63
0% = 25.0
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You should choose t; independently and uniformly over [-1.8,1.8] for i € {1, ..., m}. This obtains
the (t;, y;) data. Now, find the best-fit approximations a,, by,, ¢y, for: (i) m = 10 data points;
(ii) m = 20 data points; (iii)) m = 200 data points. Are the approximations getting closer to
(atrue, btrue, Ctrue)?

¢) Plot your curves to show the true model; the data; the Fit-10 approximation; the Fit-20
approximation; the Fit-200 approximation.

d) Try using more data points m > 200 to get more accuracy between (an,, by, cr,) and

(atrue; btrue, Ctrue) .

EXERCISE 9.36. (Weighted least squares) Define y = (1,2, 3,4).

a) Find p = (py, P9, P3, P4) € Span{(1,1,1,1)} to minimize Z;}:l(yi ~ p;)?. Does the
orthogonality condition hold?

b) Find g = (41,42, 43 4s) € Span{(1,1,1,1)} to minimize 16(y, - 41)* + X3 ,(¥; - 4:)%
Compare to part (a). Show that the orthogonality condition no longer holds if the standard inner
product is used, but the orthogonality condition holds if a new inner product is used.

EXERCISE 9.37. (Weighted least squares design) Design and solve your own weighted least
squares problem. You should compare weighted and unweighted solutions.

EXERCISE 9.38.  (Finding a matrix) Using the standard inner product for R3, find a matrix A
such that the projection of (1, 3, 3) onto Col(A) is (-1, 1, 3).

EXERCISE 9.39. (Information from projections) We have a real matrix A. Using standard
inner products in R, we find that projecting (33,15, 0) onto Col(A) gives (1, -1, 4). Projecting
(56, 30,1) onto Col(A) gives (0,2, 8).

a) What is the projection of (89, 45, 1) onto Col(A)?

b) What is the projection of (53,15, -2) onto Col(A)?

¢) What is the projection of (-21,-37,7) onto Col(A)?

d) Show that rank(A) = 2.

e) Find a matrix A with these properties.

EXERCISE 940. (Fourier series: Three cosines and a constant) Let V be the real vector space
of square integrable functions f : [-1/2,1/2] — R. Use the standard inner product (f, g) =

f_ll//zz f(t)g(t)dt for f,g € V. Define function y(t) € V by

y(t) =min{1,4[t|} Vte[-1/2,1/2]

The function y(t) is illustrated in Fig. 9.13. It has three sharp points where it is not differentiable.
We want to project y(t) onto Span{1,/2 cos(2mt), /2 cos(4mt), /2 cos(6mt)}. We know the
projection function p € V has the form

p(t) = a+bv/2cos(2mt) + cv/2 cos(4mt) + dv/2cos(6mt)  Vte[-1/2,1/2]
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FIGURE 9.13. The function y(¢) = min{1, 4|t|} over the interval [-1/2,1/2] for Exercise
9.40.

for some real numbers a, b, ¢, d. Of course, p(t) is differentiable everywhere. This problem shows
what happens when we approximate a nonsmooth function using a linear combination of smooth
functions.

a) Find a, b, c,d.

b) Using a computer (such as MATLAB), plot y(t) and the projection p(t) overt € [-1/2,1/2].

c) Prove that y(t) is an even function, meaning that y(-t) = y(t) forall t € [-1/2,1/2].

EXERCISE 941. (Two cosines, two sines, and a constant) Let V be the same real inner product

space of Exercise 940. Define y(t) € V by y(t) = max{0, t} fort € [-1/2,1/2].
a) Find the projection of y(t) onto S pan{1, /2 cos(2nt), /2 cos(4mnt), /2 sin(2nt), /2 sin(4mt)}.
b) Plot y(t) and its projection over the interval t € [-1/2,1/2].

EXERCISE 942. (0dd and even functions) A function f : R - R is defined to be even if
f(-t) = f(t) VteR. The function is odd if f(-t) = —f(t) Vt e R. For example, given a
constant © # 0, the function cos(0t) is even, while sin(0t) is odd.

a) Show that every function f : R — R can be written as the sum of an even function and an
odd function by

£(0) = (EOf D) 4 (FOFEDY vrem

Specifically, show the first component is even (called the even part of the function), and the other
is odd (called the odd part).

b) Show the decomposition in part (a) is unique: Suppose f is a function that satisfies
f(t) = h(t) + g(t) for all t € R, where h is even and g is odd. Show that we must have h(t) =

3(f@) + f(=1) and g(1) = 3(f (1) - f(-1)).
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EXERCISE 943. (Integral of odd and even functions) Show that if f, g are square integrable
functions and f is even, g is odd, then for any a > 0 we have [ f(t)g(t)dt = 0. Hint: use
%= LOa + [o" and for one of the integrals use a change of variable u = ~t.

EXERCISE 9.44. (Fourier series) Let V be the real vector space of square integrable functions
f :[-1/2,1/2] - R with inner product (f,g) = f_ll//zz f(t)g(t)dt forall f,geV.Letnbea
positive integer. Define the subspaces S, €V and G, € V by

Sn = Span{\/isin(27tl<t)}’kl:1
Gn = Span{1, {\/2 cos(2mkt) Yee1s {V/2sin(2mtkt) Iy

a) Let h € V be an even function. Find the projection of h onto the subspace Sy.

b) Let h € V be an even function. Let p,, € V denote the projection of h onto the subspace Gp.
Show

pn(t) = ag + X} a2 cos(2mkt) + X7 _; by/2 sin(27tkt)

whereag = (h, 1) and ai. = (h, /2 cos(27kt)), by, = (h,\/2sin(27tkt)) fork € {1, ..., n}. Compute
the numerical by values.

EXERCISE 9.45. (Energy) Consider the inner product space V of the previous problem. Fix
h(t) € V and let p,(t) be its projection onto the subspace Gy. The definition of p,, and G, arein
Exercise 9.44. Define the error function en(t) = h(t) — p,,(t). Define ||h||2 = f_ll//zz h(t)%dt and
note that, since h € V, we know ||h||2 < o0.

a) Show that ||B|* = || pu||* + el

b) Give an expression for ||en||2 in terms of Hh||2 and the coefficients ay, ay, ..., an, by, ..., by.

EXERCISE 9.46. (Dumbledore at Hogwarts) Professor Dumbledore was playing around with
magical theory and decided to mix a standard summoning spell with a remembrall. There was
a mistake in his calculations and, quite accidentally, he ended up magically adding two more
chimneys onto the rooftop of Hogwarts castle (compare the old Hogwarts in Fig. 9.8 with the new
one in Fig. 9.14).* While Hogwarts formerly had only 2 chimneys, the new 4-chimney Hogwarts

*Dumbledore’s mistake was noticed in a parallel universe by Mr. Norrell, who declared it to be a poor
example of English Magic that would never have happened if Dumbledore were a more practical magician.
Meanwhile, Jonathan Strange excitedly observed that the new Hogwarts was an exact replica of the long-lost
home of the Raven King.
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FIGURE 9.14. The new 4-chimney Hogwarts castle for Exercise 9.46.

is the following even function h : [-1/2,1/2] — R defined (using b = 30, ¢ = 75) by

h(t) =

a) Using numerical integration, find ||h||2 =/

b) Make plots of: (i) The h(t) function with p5(t); (i1) The h(t) function with p,o(t); (ii1)
The h(t) function with ps,(t); (iv) The h(t) function with p,q,(t). Here, p,(t) is defined as in

Exercise 9.44.

¢) Find ||63||2, ||e10||2, ||e50||2, ||e200||2 using the energy result of the previous problem. You
will need to use decimal precision of at least four or five decimal places. Here, ey, is defined as in

Exercise 9.45.

EXERCISE 947.

three times. Define random variable X to be the number of heads. Define random variables Y, Z

0

45

¢ —100t|
40

~(2/100)b? + ¢ — b + 200t
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if|t| > 045
if |t| € (0.35,0.4)

if|t| € (.3,.35] U4, 45]
if|t| € (.1,.15)

else

h(t)?dt, the energy of the new Hogwarts.

(Gram matrix for random variables) Suppose we independently flip a fair coin



by
1 ifflip 1is heads . 1 ifflip 2 is heads

0 else 0 else

Thus, X € {0,1,2,3},Y,Z € {0,1}. Let V be the real inner product space of random variables
with finite second moments. We use the inner product (R, S) = E[RS] for all R, S € V. Note that
X,Y,Z€V.

a) Find the 3x 3 Gram matrix G for {X, Y, Z}. Hint: Observe X = Y +Z+W for some Bernoulli
random variable W.

b) Verify that {X,Y,Z} are linearly independent by showing G is invertible. What is G™1?

EXERCISE 948. (Projections for random variables) Consider the random variables X,Y,Z in
Exercise 947. Using the standard inner product (R, S) = E [RS] for random variables R, S with
finite second moments, do:
a) Project X onto Span{1,Y, Z}. Is the resulting projection X unbiased, so that E [X ]=E[x]?
b) Project X onto Span{Y, Z}. Is the resulting projection X unbiased? Compare with part (a).
¢) Project Y onto Span{X, Z}. Then, project Z onto Span{X,Y}.

EXERCISE 949. (Gram-Schmidt for random variables) Let X, Y, Z be the random variables of
Exercise 947. Treat these as vectors in the vector space V of random variables with finite second
moments. Use inner product (R, S) = E[RS] for all R, S € V. Use the Gram-Schmidt procedure on
{X,Y,Z} to get orthonormal random variables {Ry, Ry, R3} with the same span as {X,Y,Z}.

EXERCISE 9.50. (Decorrelating) Consider a probability space (Q,F, P). Let V be the vector
space of random variables on this probability space that have zero mean and finite second
moments. Use inner product (X,Y) = E[XY] for all X,Y € V. Let X,Y,Z be three random
variablesin'V and let G be the corresponding 3x3 Gram matrix. We know G is positive semidefinite,
and is positive definite if and only if {X, Y, Z} are linearly independent when treated as vectors
in V. Assume G is positive definite (hence invertible) and let GY/2 denote a 3 x 3 matrix that

satisfies GY2GY2 = G. Such a matrix GM? can be viewed as a “square root” matrix.”

a) Argue that GY2 is invertible and let G2 denote its inverse. Argue that G Y2612 = g1,
b) Define random variables Q, R, S by

0 X
R =61y
S z

>It can be shown that such a “square root” exists for any symmetric and positive semidefinite matrix G. It

can be computed via a singular value decomposition of G. In particular, G = UAU" and G2 = UA? UT, where
U'U =I and A is purely diagonal with nonnegative diagonal entries. The square root is invertible if and only
if G is invertible. Also, G is invertible if and only if all diagonal entries of A are positive.
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Show that Q, R, S are pairwise uncorrelated, and each has second moment 1, by computing the
Gram matrix of {Q, R, S}, which is the expectation of the following random 3 x 3 matrix:®

Q
R|[Q R s]
S

EXERCISE 9.51. (MMSE) Use (9.37) to show that if E[X] = 0 and E[Y;] = 0 for all i, then
09 = 0. In this case, if n = 3, show that the solution is X = Z?:l 0,Y; where (01, 62, 03) solves

Cov(X, Y1) Var(Y1)  Cov(Yy,Ys) Cov(Yy,Y3) 01
Cov(X,Yy) [=]| Cov(Y,Ys) Var(Yp)  Cov(Yo,Y3) 0,
COV(X, Yg) COV(Yl, Y3) COV(Yz, Y3) VCLr(Yg) 93

Argue that the 3 x 3 matrix in the above equality is the Gram matrix for {Yy, Yo, Y3} and is not
invertible if and only if either Y, = 0, Yy is equivalent to a vector in Span(Yy), or Y3 is equivalent
to a vector in Span{Yy, Y5 }.

EXERCISE 9.52. (Another MMSE) Find the optimal ©; coefficients for the linear estimator
X=0p+ Z?zl 0,;Y; when observations Y; are given by the model of (9.38). Here, py, ..., pn are

known real numbers. Also, for each i€ {1,...,n}, N; is independent noise that is known to have

2
-

zero mean and nongzero variance o
EXERCISE 9.53.  (Projections shrink distances) Let V be a real inner product space. Suppose S is
a finite dimensional subspace of V.

a) Fix y e V. Let p = Projg(y). Show that ||y|| > ||p||. Hint: Use the orthogonality conditions
withy=p+(y- p).

b) Fix yy, y, € V. Define p; = Projs(y;) for i€ {1,2}. Show that ||y, — ¥»|| > |lp1 — Poll-

¢) The results of (a) and (b) only assume dim(S) < oo to ensure existence of the projections.
Explain why the results still hold when dim(S) = oo if we assume the projections exist.

EXERCISE 9.54. (Cosines with noninteger frequencies) Let V be the inner product space of
Exercise 9.40. As in that problem, let y(t) = min{1, 4|t|} for t € [-1/2,1/2].
a) Project y(t) onto

Span{1,V/2 cos(2nt), V2 cos(4mt), /2 cos(6mt), /2 cos(8mt), cos(2.5mt) }

Note that these functions are no longer orthonormal, so you will need to use the 6 x 6 Gram matrix
G. Make sure to specify the Gram matrix G. Also, plot the results. Compare to the projection

From a probability theory perspective, it can be shown that if (X, Y, Z) are jointly Gaussian then the
decorrelated random variables (Q, R, S) are jointly Gaussian and mutually independent.
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without the cos(2.57t) and make a conjecture about what is happening.

b) Replace the cos(2.57tt) function with cos(10.57tt) and repeat. Make sure to specify the
new 6 x 6 Gram matrix.

EXERCISE 9.55. (Projecting onto Null(A)) Consider

1
23 -10
1
A={0o 1 0 2| , w=
1
30 2 1
1_

a) Show that w ¢ Null(A).

b) Define p as the projection of w onto Null(A). Find p using (9.46). Verify p € Null(A).

¢) Use Gaussian elimination to find another point in Null(A) and compare its distance to w
with ||w - p||.

d) What is the projection of (42,1, 3) onto Null(AT)?
EXERCISE 9.56. (Another projecting onto Null(A)) Design your own problem related to pro-
jecting onto Null(A).

EXERCISE 9.57.  (Projecting on an affine set) We want a vector x € R® to solve

Minimize: Zle(xi ~1)?

Subjectto: Ax=10

3 -1 3 4 0 -10
A=[2 2 2 0 2 , b=] 22
1 -1 1 -1 1 -3

a) Find any particular vector xp € R® that solves Ax = b. You can use either Gaussian
elimination or Lemma 7.1.

b) Show how the optimization problem of interest is equivalent to projecting a particular
point ¢ € R> onto Null(A). In terms of your Xp vector, what is the vector c?

¢) Using part (b) with the formula (9.46), find a vector x* that solves the optimization problem
of interest. Verify it is the same as the answer obtained by formula (9.51) using w = (1,2, 3,4, 5).

EXERCISE 9.58. (Properties of projection function) Let V be a real inner product space. Let S
be a finite dimensional subspace of V. Suppose each y € V has a closest point in S (Theorem 9.1
ensures this closest point is unique). Let P : V — V be the linear operator that maps each point
y €V toits unique closest point in S. We want to show (P(x), y) = (x, P(y)) forallx, y € V.

a) Argue that (x — P(x),s) =0 forallx e V,s e S.
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b) Use part (a) to show (x, P(y)) = (P(x),P(y)) forallx, y e V.
¢) Explain why (y, P(x)) = (P(¥), P(x)) for all x, y € V. Use this to prove the desired result.

EXERCISE 9.59. (Projection operator) This exercise relates to Lemma 9.6. Suppose V is a real
inner product space and dim(V) is a positive integer. Let P : V — V be a projection operator.
Define S = Span(P). Let {vy, ..., vi} be a basis for S. Let {yy, ..., ¥, } be additional vectors such
that {v1, ..., Vi, Y15 eo0s Y } 18 @ basis for V. Show {vi, ..., vi, ¥1 = P(¥1), eo0» Y = P(¥pm) } 1S
linearly independent.

EXERCISE 9.60. (Property of projection operator) Let V be a vector space over a field F. Suppose
P :V - Visa projection operator (defined in Section 9.16.2). Define S = Span(P). Show that
seSifandonly if P(s) = .

EXERCISE 9.61. (Projecting onto an infinite dimensional space) Let V be the real vector space
of square summable sequences (x1, Xy, X3, ...) € RN. Use the standard inner product (x, y) =
Yo xiyiforx,y € V. Define S = {(x1, x2,...) € Vi x1 = 0}.

a) Prove S is a subspace. Then, prove dim(S) = oo.

b) For each y = (¥1, Y2, ¥3, ---) € V, find the projection of y onto S. Explain why.

EXERCISE 9.62. (Projecting onto the even functions) Let V be the real vector space of functions
f :[-1,1] - R that are continuous (such functions are square integrable and have the property
(f=g) — (f =g), seefinal paragraph of Chapter 8.6). Use the standard inner product
(f,g) = f_ll f(t)g(t)dt. Define the subsets of even and odd functions:

Seven ={f eV:f(-t)= f(t) Vte[-1,1]}
Soda ={feV:f(-t)=-f(t) Vte[-11]}

From Exercise 9.43 we know that if f € Seyen and g € S, 44 then (f,g) = 0.
a) Show that Seven and S, ;4 are subspaces.
b) Show that dim(Seven) = oo and dim(S,z4) = .
c¢) Define Teven : V-V and T,;, : V - V by mapping each f € V as follows:

Toen(£)(5)= T ED vy

t)-f(-t
Toaa(F)(1) = TOTED ey
Show that for each f € V, Teven(f) is the projection of f onto Severn.-

EXERCISE 9.63. Suppose {X, Ny, ..., N} are random variables with zero mean and finite
variances. Suppose they are pairwise uncorrelated (so E[XN;] = 0 for all i, and E [NiN j] =0 for
i # j). Thus, when treated as vectors in the real inner product space V of random variables with
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finite second moments, {X, Ny, ..., N} are pairwise orthogonal. Define
Yi = piX+ Ni Vie {]., coey Tl}

Let 02 = E[N?] forie {1,...,n}. Suppose 02 > 0 for all i € {1,...,n}.
a) Show Y] is not equivalent to 0, meaning that E [le] > 0.

b)Fixie {2,...,n}. Letcy, ..., ¢;_; beany real-valued constants. Show that Y; is not equivalent
to Z;-j ¢;Y;. Specifically, show E [(Yi - Z};} ch]-)z] > 0.

¢) Conclude that {Yy, ..., Y} is linearly independent (as vectors in the vector space V) and so
the n x n Gram matrix G = (E [YiY]-]) is invertible. [Note here that “linearly independent in the

vector space” is not the same as “mutually independent in the probability space.”]
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CHAPTER 10.

Complex inner product space

This is a brief chapter that treats Hermitians and complex inner product spaces. Through-
out this chapter we use the field of complex numbers. So F = C. Complex numbers are
useful for the theory of eigenvalues (Chapter 12). They are also used for Fourier series and
Fourier transforms. They are extensively used in applications of signal processing, data
communications, and quantum physics.

10.1. Complex conjugate

Every complex number z € C has the form z = a + bi for a, b € R. The real number a is
called the real part of z; the real number b is called the imaginary part of z. We define the
complex conjugate of z, written z, as a — bi:

Zz=a+bi

Z=a-bi

For simplicity, the complex conjugate of z is often called the conjugate of z. Observe that
z =z if and only if z € R. Also

Z+2Z=2a (purelyreal)

z -2z =2bi (purely imaginary)
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Note that 2z is purely real, and is nonnegative, because

2z = (a - bi)(a+ bi)
= a® - p*{?

=a?+ 1?

where the last equality uses i> = —1. We define the magnitude of z, written |z|, as the square

root of zz:

|z| = Vzz
For each z € C, the magnitude |z| is real, nonnegative, and is zero if and only if z = 0.

Two important properties of complex conjugates are: (i) The conjugate of a sum of
complex numbers is the sum of conjugates; (ii) The conjugate of a product is a product of
conjugates. Indeed, if 21, 29, ..., 2} € C then

2]+t ..t R =21+ +...+ 2

BB = BB B

It follows that if 2, ..., 2; and wy, ..., w} are complex numbers then

k k
(10.1) Z Z]W] = Z E]W]

10.2. Hermitian: The conjugate transpose

Let A be a m x n matrix with entries in C. Define A as the matrix formed by taking complex
conjugates of every entry of A. For example:

(3+4i)) i 0 _ | 3-4) -i o
= :)A:

1 (2-i) 5i -1 (2+i) -5i

Using (10.1), it can be shown that the complex conjugate of a product of matrices is the

product of their complex conjugates:

(10.2) AjAy--Ay = AjAy--Ay

Let A be a m x n matrix with entries in C. Define AH, read “A Hermitian,” as the
conjugate transpose of A. It does not matter if we take the transpose first, then take
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complex conjugates, or the other way round:

AH - -aT
For example
(3-4i) -1
(3+41) i 0 o
= | = A= -1 2+1
-1 2-1 51 )
0 =51

From (10.2), it is an easy exercise to show that the Hermitian of a multiplication of matrices
is the multiplication of their Hermitians in reverse order:

H H,H H,H
A matrix A is said to be Hermitian if it is equal to its conjugate transpose:
Ais Hermitian < A7 =4

In other words, a matrix is Hermitian if it has conjugate symmetry. Clearly every Hermitian
matrix is square. In the world of complex numbers, conjugate symmetry is often more
important than basic symmetry. Theoretical results that hold for real-valued symmetric
matrices typically can be extended to complex-valued Hermitian matrices.

10.3. Complex inner product

Let V be a vector space over the field C. A function that maps two vectors x, y € Vto a
complex number (x, y) € C is said to be a complex inner product if the following three
axioms hold:!

1. Nonnegativity: For all x € V we have (x, x) € R and
{(x,x) >0

Further, (x,x) = 0 if and only if x = 0.
2. Conjugate symmetry: For all x, y € V we have

(¥, %) = (x, y)

LConventions differ in different communities. Some texts define Axiom 3 of a complex inner product to be
linear in the first slot (not the second), which means the “standard” inner product on C" must be changed to

(x, ¥) = yx instead of (x, y) = xy.
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3. Linearity in the second slot: For all x, y, z € V and all scalars a, b ¢ C we have
(z,ax+Dby) = a(z,x) + b(z,y)

The main difference between the three axioms of a real inner product and a complex
inner product is that the symmetry axiom is changed to conjugate symmetry. Unfortu-
nately, complex inner products are no longer linear in the first slot. Instead, it holds that
(ax+by,z) =a(x,z) + b(y,z) forall x, y,z ¢ V and all scalars a, b ¢ C.

A vector space over the field C that has a complex inner product is called a complex
inner product space. Results that hold for real inner product spaces, including the theory
of projections and orthogonality, typically extend to complex inner product spaces with
minor adjustments.

The inner product norm on a complex inner product space V is defined
lx|| = V{x,x) VYxeV

It can be shown that the inner product norm is always real, nonnegative, and satisfies the
three properties of a norm (nonnegativity, scaling, triangle inequality, see Section 8.3).
We have

e+ 2% = llell® + 191° + 2Re (3, 5)) - Y,y €V

where Re(z) denotes the real part of z € C.
Two vectors x, y € V are said to be orthogonal if (x, y) = 0. If {xy, ..., x; } are vectors in V
that are pairwise orthogonal then

2 2
k e — sk .
=5 xi]|” = =

If {vy,..., vy} are vectors in a complex inner product space V, we define the Gram

matrix as the k x k matrix of inner products:
H
G-= ((vi, v]->) , GH=G

Unlike real inner product spaces, the Gram matrix is not necessarily symmetric. However,
it is easy to see that the Gram matrix is always Hermitian: GH = G. It can be shown that
{v1, ..., v} arelinearly independent if and only if their Gram matrix G is invertible. Vectors
{v1, ..., v} are orthonormal if and only if G = I.

10.3.1. Gram-Schmidt

The Gram-Schmidt procedure is the same as before. In particular, every nontrivial and

finite dimensional complex inner product space has an orthonormal basis.
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10.3.2. Cauchy-Schwarz inequality

The Cauchy-Schwarz inequality can be shown to be the same as before: If V is a complex
inner product space then

[ <Xyl Ve, yeV

with equality if and only if either y =0 or x = ayy for some a € C.

10.3.3. Projection theorem

Projection results for complex inner product spaces are the same as before: Suppose V is
a complex inner product space. Let S be a subspace of V. Fix y € V. Define distances by
the inner product norm. Then

- If a closest point in S to y exists, it must be unique.
« If dim(S) < oo then a closest point in S to y exists.

« For either case dim(S) < oo or dim(S) = co: A vector p is the closest point in S to y if
and only if p € S and the following orthogonality conditions hold:

(y-p,s)=0 VseS

10.4. Example: The complex inner product space C"

Consider the complex vector space of n-tuples of complex numbers:
C"={(21,.-y2n) 12j€C Vje{l,..,n}}
The standard inner product on this space is the complex inner product defined by
(x,y)=xty vx,yeC"

As an exercise, the reader can find an example where xy + yHx. The reader can also
verify that the three axioms for a complex inner product hold. For example, xHx > 0 for
all x e C", with equality if and only if x = 0.

A complex-valued matrix A ~ m x n has n columns that are themselves vectors in C™.
The theory of projections can be extended to this complex world: Suppose we want to
project a vector y € C™ onto the column space of some m x n matrix A that has complex
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entries. This projection vector p* is defined as a solution to the following problem:

Minimize: ||y - p||
Subjectto: pe Col(A)

As in the theory of projections for real inner product spaces, the projection p* can be
shown to exist and to be unique. The above problem is equivalent to finding an x € C" to
minimize ||y — Ax||. Let x* € C" be a solution (such an x* exists but may not be unique).
Then p* = Ax™. Also, if some other minimizer x of || y — Ax|| is found, we must have p* = Ax.
So x minimizes ||y — Ax|| if and only if x € x* + Null(A).

The formula for projecting y onto Col(A) can be derived using orthogonality principles
similar to those for real inner product spaces: If we want to find x € C™ to minimize ||y — Ax]|
then

x* = (AHA) 1Aty

p*=Ax* = A(AHA)1AHy

assuming A A is invertible. These formulas are the same as their real counterparts in
(9.14)-(9.15), with the exception that A" is changed to AH Note that A” A is the Gram matrix
for the columns of A. It can be shown that A# A is invertible if and only if the columns of
A are linearly independent.

10.5. Example: Complex inner product space of square integrable functions

Fix a, b as real numbers that satisfy a < b. Consider the complex vector space V of complex-
valued functions f : [a, b] — C that are square integrable, so

/ab|f(t)|2dt< 00

where |f(t)| denotes the magnitude of the complex number f(t). The standard inner
product on this space is

b
(f8) = [ FOear vigev

which is the integral of the complex conjugate of f(t) multiplied by g(¢). This is a valid
complex inner product under the following definition of equivalence:

b
fzg = [ If®-g®Pdt-0
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This ensures the first axiom of inner products holds:

b
(f,f)=0 — [a FOf(t)dt=0
— ["lroPat=o
b
— [1f(@-ofd-0

<~ =0

To project a function f(¢) € V onto Span{gi(t), ..., 8x(t)}, where g;(t) € V for j ¢
{1, ...k}, we find the coefficients 8; € C for the projection function p(t) = Z;?:l 6;g;(t). The
projection function satisfies the orthogonality conditions:

<f_p)gi> =0 Vie {1:"'1 k}

Since the inner product is no longer linear in the first slot, it is convenient to write these
orthogonality conditions in the following equivalent form:

<gi)f_p> =0 Vie {1,---, k}

So foreachie{l,...,k}

k k
<gi:f>:<gi:P>=(gi:Zejgj>= >0, (g g))
J=1 j=1
That is ) o - )
(g1, f) (g1,81) (g1,82) - (gL.8&) || 61
(g2, f) | _| (82,81) (g2,82) - (g2,8¢) || O2
L (gk:f> ) | <gk)g1> (gk1g2> <nggk> 1L ek j
h G 0

so h = GO, where G is the k x k (complex-valued) Gram matrix for {gy,...,g;} and h =
(hyy ..., hy) € Ck is the vector with components h; = (g;, f). Since the projection exists,
there is always a © € Ck that solves h = GO. Also, any such solution 6 yields the unique
projection p(t) = Z?:l 0,g;(t). If {g1, ..., 8x} are linearly independent then G is invertible
and there is one unique 8 solution, namely, 8 = G™'A.

If {g1(t),...,8x(t)} are orthonormal then G = I and 0 = h, so

(10.3) Gi = <gi) f) Vie {1, ceey k}

385



10.6. Fourier series via complex exponentials

Fix T > 0. Let V be the complex vector space of functions f : [-T/2,T/2] — C that are
square integrable. For each n € N, the following 2n + 1 functions are orthonormal in V:

1 Zm'kt/T}n
10.4 1
( ) { \/Te k=-n

since, with Z being the set of integers,

T/2

(m, ke Z, m+ k) —_ (ezﬂl’mt/T} eZﬂikt/T> _ fT/z e—2T[imt/TeZ7Tikt/Tdt -0

T/2

1 onike/T 1 omike/T) _ —omikt/T 2mikt/T 7, _
(keZ):><\/Te \/_ T_/T/Z e dt=1
1

2mikt/T

As time t increases, the functions e spiral counter-clockwise in the unit circle of

the complex plane when k > 0 (positive frequencies), and clockwise when k < 0 (negative
frequencies).

Define S; as the span of these 2n + 1 functions:

1 Zm'kt/T}n
10.5 Sp=Span{ —e
( ) n p {ﬁ fee
The projection of a function f € V onto Sy, is

ekat /T

L 1
(10.6) pu(t) = kZ Ckﬁ

for some complex-valued coefficients c_p, ..., ¢g, €1, .., ¢y From (10.3) we have

(10.7) ck:< \/TZW’“/T, f(t )) 7 f " e 7T f(Ydt Vke{-n,...,n}

The estimation of f gets better and better as n increases: The Riesz-Fischer theorem
ensures that if f € V then, letting p, be the projection of f onto S;, we have

(10.8) Tim ||f - pall® = lim 1

If(t) pa(t)?dt =0

THEOREM 10.1.  (Parseval’s identity for complex exponentials) If f € V then ||f ||2 < oo, wWhere
||-|| uses the standard inner product norm, and

2 2 2
A7 =1f = pull” +llpall™ VneN
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where p,, is the projection of f onto the subspace Sy, in (10.5). Also
2_ 2
IFI17= 2 led
k=—oo

where the complex scalars ¢, are defined in (10.7), and |c| denotes the magnitude of cy.
PROOF. By definition of f being in V, we know ||f||* < co. Then for each n ¢ N
2 2
A7 =11f = P+ pall

=1If = pallP +1PallP + (f = Py Pa) +{Prs £ — Pr)

0 0

= |If - pall® +1Pal

which uses the fact that, since p,, is the orthogonal projection of f onto the subspace Sy,
we know f — p,, is orthogonal to every function in Sy, including p,, € Sy. Taking n — co and
using (10.8) gives

2 : 2
I£1I7 = lim [|py|
On the other hand, orthonormality of the complex exponentials implies

2 n
= Y | f* VneN
k=—n

n2mikt/T

e

k:z—:n * \/T

2
1Pall” =

10.6.1. Any interval of size T

For fixed interval size T > 0, the functions in (10.4) are also orthonormal when viewed as
functions over any interval of size T. Specifically, fix a ¢ R and define V as the complex
inner product space of square integrable functions f : [a,a + T] — C, with inner product

a+T
(f8)= [ Fewar vfgev

Then the functions (10.4) are orthonormal and any f € V has the projection onto the span

) . 2mikt/T
of these functions given by p,(t) = ¥;__, CkeT with
p2mikt/T
= , f(t vk
v

While p,(t) is defined over t € [a, a+T], if it is extended to all t € R it repeats T-periodically.
This is because its complex exponentials are T-periodic functions over all t € R.

387



Comparing e' and pn(t) for n=5 and n=20
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FIGURE 10.1. A comparison of ¢’ with its projection p, (t) for n = 5 and n = 20. The blue

dashed curve is €.

10.6.2. Example with real f(t)

Consider T = 1and f(t) = ¢! (a purely real-valued function). Then by (10.7)

12 . i _i
- f / 2kt gy Zsmh(l/? ink) VkeZ
-1/2 1-2imk

and the projection of ¢! onto Sy, is given by p, (¢) in (10.6) (see Fig. 10.1). In general, when
f(t) is purely real then p, (t) will be purely real (cy € R, and for k € N the imaginary parts
of the contribution of frequencies k and —k cancel). In fact, when f(t) is purely real, the
p,(t) function is identical to the Fourier representation with cos(-) and sin(-) functions
described in Chapter 9.

10.7. Are dimensions doubled?

Each vector z € C™ has the form z = x + iy for some x, y € R™. Thus, it takes 2n real numbers

to specify z. So does C" have dimension 1, or dimension 2n? Specifically, define
e1=(1,0,0,0,...,0) , e =(0,1,0,0,...,0) , e5=(0,0,1,0,...,0)

and so on. Which one of the following is a basis for C™?
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¢ Choice 1: {eq, ey, ..., en}.
+ Choice 2: {ey, e, ..., en, i€1, i€, ..., 1€ }.

The answer is choice 1: {ey, ..., e, } is still the standard basis for C". So dim(C") = n.
Intuitively, this is because each scalar 0 € C is a 2-parameter object 0 = a + bi for a, b € R.
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PART IV.

Eigenvalues, singular values, and
their applications
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CHAPTER11.

Determinants

This chapter describes algebraic properties of the determinant of a matrix. It considers a
general field . Section 11.12 considers geometric properties when [ = R.
Let n be a positive integer. Define

F™" = {n x n matrices with entries in F}

Given a matrix A € F™", we use row;(A) to denote the row vector formed by row i of
matrix A. For example

N

Il
N w (]
=
(@] N —

rowy(A) = [ 0

—
—
e

rowz(A):[ 3 0 2 ]

rows(A) = [ 2

—
o
[EE—

11.1. Axioms of determinants

There is a determinant function det : F'**" — F that maps each matrix A € F"™*" to a scalar
det(A) € F. The determinant function satisfies the following three axioms:
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1. Axiom 1: det(I) = 1 (where I is the n x n identity matrix). For example:

1 0O
det 010 =1

0 01

2. Axiom 2:If A has a repeated row (so row;(A) = row;(A) for some i # j) then det(A) = 0.
For example

11 2 3 31

det|{| 0 1 0 [||=0 , det|| -5 3 7 0

1 1 2 -5 3 7
3. Axiom 3: The determinant is linear in every row of a matrix. Specifically, given any
row r € {1,...,n} and any scalars «, 3 € F, we have

det(C) = awdet(A) + 3 det(B)

whenever A, B, C are matrices in F*™ that have identical rows i for all i # r, and that
satisfy

rowr(C) = arow,(A) + prow;(B)

For example

1 0 9
det xa; + Bb; «xax+Pby wasz+ Pbs
3 9 -2
1 0 9 1 0 9

3 9 -2 3 9 2

A special case of linearity in each row is that a scalar can be pulled out of any row:

1 0 9 1 0 9
det a b C =0det a b ¢ VO el
0 -40 -20 1 -4 -2
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11.2. Existence and uniqueness

It is not obvious that there exists a function that satisfies the three axioms above. It can be
proven that for any field F and any n € N, such a determinant function det : F*" — F exists.
The main sections of this chapter assume existence and then develop properties of the
determinant to show it is unique. That is, there is one and only one function f : F**" — F
that satisfies the three axioms, and we call that function f(A) = det(A). The question of
existence is treated later (Section 11.11).

To help understand the issues of existence and uniqueness, here we construct two
distinct functions that satisfy only the first two axioms. Assume n > 2. Define f : F*" — F
and g : F'™" - F by
1 ifA=1
f(A) =1 0 if Ahasarepeated row

0 else

1 ifA=1
g(A) =1 0 if Ahasarepeated row

1 else

The functions f and g are well defined because if A = I then A does not have a repeated
row. Both functions map each matrix in F*" to either 0 or 1, and 0 and 1 are indeed scalars
in F. The functions f and g are distinct because if we let P be the n x n permutation matrix
formed by swapping rows 1 and 2 of I then

f(P)=0 , g(P)=1

It is easy to see that both f and g satisfy the first two axioms of determinants. Thus, those
two axioms are inclusive enough to allow existence (the axioms are not contradictory).
However, they are not stringent enough to ensure uniqueness (Axiom 3 provides this).
Neither f nor g is the true determinant function because neither satisfies Axiom 3.

11.3. Basic consequences

Assume throughout that det(+) satisfies the three axioms of determinants.

LEMMA 11.1.  If a square matrix A has a row of all zeros, then det(A) = 0.
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PROOF. The scalar 0 € [F can be pulled out of the all-zero row. For example:

a b c a b c a b ¢
det 0 0 O = det 0-0 0-0 0-0 =0-det 0 0 O
d e f d e f d e f

LEMMA 11.2.  The determinant of a purely diagonal square matrix is the product of its diagonal
elements.

PROOF. The diagonal entries can be pulled out row-by-row. For example:

a 0 0 1 00
det 0 b o0 = abc - det 010 = abc

0 0 ¢ 0 01
O

LEMMA 11.3. Multiplying one row of a square matrix by a scalar © and adding the result into
another row does not change the determinant.

PROOF. This uses linearity in each row (Axiom 3). For simplicity we demonstrate the

proof for a 3 x 3 matrix where we multiply row 2 by 6 and add the result into row 3:

a b c a b c
det d e f = det d e f
g+0d h+0e i+0f 1-g+06d 1-h+0e 1-i+0f
a b c a b c
=1l-det|| d e f [|+0-det|| d e f
g h i d e f
0
a b c
= det d e f
g h i
where the term with the underbrace is 0 because it has a repeated row. O
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LEMMA 114. Swapping two rows of a square matrix multiplies the determinant by —1.

PROOF. The previous lemma shows that performing an important row operation on a
matrix does not change the determinant. We can swap rows by performing a sequence of
these row operations. For simplicity we demonstrate the idea on a 3 x 3 matrix and swap
rows 2 and 3. Define:

b ¢ a b c

A= e f , A=|g n i

g h i d e f

We have
a b c a b c a b c a b ¢
b
ie 19 ¢ ¢ |9 ¢ v i |9 n o
g h i g-d h-e i-f g-d h-e i-f -d -e -f
[ ——
A B

where (a) multiplies row 2 by -1 and adds into row 3; (b) adds row 3 into row 2; (c) multiplies
row 2 by -1 and adds into row 3. The previous lemma ensures the determinant is unchanged
by these operations. Define B as the matrix in the final underbrace. Then det(A) = det(B)
and so

det(A) = det(B) = —det(A)

where the final equality uses linearity by pulling the scalar -1 out of row 3 of B. O

Caveat: Our three axioms of determinants are useful for matrices in a general field
F. Lemma 11.4 shows these axioms imply that swapping any two rows multiplies the
determinant by —1. In other texts, such as Strang (2023), determinants are treated in the
special case F = R or F = C. In that case, Axiom 2 can be equivalently replaced by an
axiom, call it Axiom 2’, that simply assumes that swapping any two rows multiplies the
determinant by -1. For the fields R or C, Axiom 2’ can be used to immediately prove the
determinant of a matrix with a repeated row is zero (so the missing Axiom 2 is recovered).
Indeed, if A has a repeated row then swapping those two identical rows yields A again, so
Axiom 2’ implies

det(A) = —det(A)

which, in any field for which -1 # 1, we obtain det(A) = 0. Of course, the equation
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det(A) = —det(A) does not imply det(A) = 0 if we are using the binary field F, = {0,1}.

11.4. Elementary row operations

Recall that Gaussian elimination uses three types of elementary row operations. Each type
corresponds to left-multiplication by an elementary matrix of that type.

1. Type 1: Swap two rows of a matrix:

1 00 a b c a b c
Exy=10 0 1|=—E|de f|=|g h i
010 g h i d e f

Note that a type-1 elementary matrix E, can be obtained by swapping the same two
rows of the identity matrix of the same size, so Lemma 11.4 implies

det(Ey) =-det(I)=-1+0

Since Lemma 11.4 ensures that swapping two rows of a matrix multiplies the determi-
nant by -1, we have for any type-1 elementary matrix and any matrix A of the same
size:

det(EyA) = —det(A) = det(E,) det(A)

Also, it is easy to see that all type-1 elementary matrices are invertible.

2. Type 2: Multiply row i of a matrix by a scalar 6 # 0:

1 00 a b ¢ a b ¢
Ey={0 06 0| = E|d e f |=|0d 0e Of
0 01 g h i g h i

Note that a type-2 elementary matrix E; can be obtained by performing that row
operation on the identity matrix I of the same size as E;. So E; = E;I. Since 0 # 0, it
is easy to see that every type-2 elementary matrix is invertible. Since every type-2
elementary matrix is purely diagonal with 6 on a single entry and 1 on all other entries,
Lemma 11.2 ensures

det(E;)=0+0

Further, since multiplying a row of a matrix by 0 scales the determinant by that amount
(by linearity of determinants in that row), we have for any type-2 elementary matrix
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and any square matrix A of the same size

det(E;A) = 0det(A) = det(E;) det(A)

3. Type 3: Multiply row i by a scalar 6 and add the result into another row j # i

1 00 a b c a b c
E3=10 10 |=E|d e f|=| d e f
0 0 1 g h 1 g+0a h+0b i+06c

Lemma 11.3 ensures a type-3 row operation does not change the determinant of a
matrix A. So for any type-3 elementary matrix E3 and any matrix A of the same size we
have

det(E3A) = det(A)

Since E3 = E3I we obtain
det(E3) = det(E3I) =det(I)=1+0
and furthermore
det(E3A) = det(A) =1-det(A) = det(E3) det(A)
Also, it is easy to see that all type-3 matrices are invertible.
In summary, if E is an elementary matrix then it is one of three types. Regardless of

the type, E must be invertible, E must have nonzero determinant, and for any matrix A of
the same size we must have

|det(EA) = det(E) det(A) |

Furthermore,

0 if Eistype-2 (with parameter 6 + 0)
det(E) =1 -1 ifEis type-1
1 if Eistype-3 (with parameter 0)

This means that determinants can be computed by Gaussian elimination: If a square
matrix A can be row-reduced to another matrix U by a sequence of elementary matrices,
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so that
EpEoE1A=U

then we immediately obtain
det(Ey) det(E;_;)---det(E;) det(A) = det(U)
and since elementary matrices have nonzero determinants, we obtain
det(A) = det(E) ' det(E,_;) - det(E;) " det(U)

Thus, if U has an easy-to-compute determinant, this allows a simple way to compute
det(A).

11.5. Deeper consequences

Assume all matrices in the lemmas below are square and have entries in some field [F.

LEMMA 11.5. A isinvertible if and only if det(A) # 0.

PROOF.  Suppose A is invertible. Then it can be row-reduced to the identity matrix I by
a sequence of elementary row operations:

E Ep ~EA=1
and so
det(Ey) det(Ej_;)---det(E;) det(A) =det(I) =1

It follows that det(A) # 0.
Now suppose A is not invertible. Then it can be row-reduced to a matrix U with an
all-zero row:
EyEp_EiA=U

and so
det(E;) det(E;_p)---det(E;) det(A) = det(U) =0

where det(U) = 0 because U has an all-zero row (recall Lemma 11.1). Since det(E;) # 0 for
allie{1,...,k}, we must have det(A) = 0. O
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LEMMA 11.6. If A and B are two square matrices of the same size then
det(AB) = det(A) det(B)
Likewise, if Ay, ..., Ay are square matrices of the same size then
det(A;---Ay) = det(Ap)---det(Ay)

PROOF. If Aisinvertible then A = E;---E; for some positive integer k and some elemen-
tary matrices E;, so

det(AB) = det(Ej---E1B) = det(Ey)--- det(E;) det(B) = det(E---E;) det(B) = det(A) det(B)

On the other hand, if A is not invertible then AB is not invertible and det(A) = 0 and
det(AB) = 0. O

LEMMA 11.7.  (Uniqueness) FixF as a field. If det(A) is a function that maps a matrix A € F'™*"
to a scalar det(A) € [ that satisfies Axioms 1, 2, 3 for determinants, then it is the unique such
function.

PROOF. Assume the det(-) function satisfies the three axioms of determinants. Fix
A e F'™7 We show there is one and only one possible value of det(A). If A is not invertible,
the previous lemma shows that det(A) = 0. On the other hand, if A is invertible then it
can be row-reduced to the identity matrix by some particular elementary matrices, so

EyEp FiA=1

and therefore
det(Ey) det(Ej_;)---det(Ej) det(A) =det(I) =1

and so
det(A) = det(E;) "t det(E;_;) - det(E;)

LEMMA 11.8.  (Upper triangular matrix) If U is a square upper-triangular matrix then det(U)
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is the product of the diagonal elements of U. For example

a b c
det|| 0 d e ||=adf
00 f

PROOF. If U has at least one diagonal entry that is zero then it is not invertible and so
its determinant is zero (which is indeed the product of its diagonal entries). If U has all
nonzero diagonal entries then it can be row-reduced to a purely diagonal matrix (with those
same diagonal entries) using only type-3 operations, which do not change the determinant.
The determinant of that purely diagonal matrix is the product of its diagonal entries (by
Lemma 11.2). O

LEMMA 11.9. IfA is a square matrix then det(A) = det(A").

PROOF. Recall that A is invertible if and only if AT is invertible. If A is not invertible
then det(A) = 0 and so det(A") = 0. It remains to consider the case when A is invertible.
In this case, A is the product of elementary matrices:

A =EEy---E, = det(A) = det(E;) det(Ey)--- det(Ek)
A" =EJE, --E,E] — det(A") = det(E;) det(E; ,)--det(E;)det(E|)

and it is left as an exercise to show that det(E) = det(E") for any elementary matrix E
(hint: consider the three types separately). O

LEMMA 11.10. The determinant of a lower-triangular matrix is the product of its diagonal

entries.

PROOF. The transpose of a lower triangular matrix is an upper triangular matrix. [

LEMMA 11.11.  The determinant is a linear function of every column. Also, swapping any two
columns multiplies the determinant by —1.

PROOF. Axiom 3 implies the determinant is a linear function of each row of A. We also
know that swapping any two rows multiplies the determinant by —1. The result follows
immediately by the fact that the determinant is unchanged by the transpose operation. [
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11.6. Determinants by Gaussian elimination

We know the determinant of an upper-triangular matrix is the product of its diagonal
entries. One of the best ways to compute det(A) is to perform Gaussian elimination to

row-reduce A to an upper triangular matrix U
E--E1A =U = det(Ey)---det(E;) det(A) = det(U)

Since the determinant of a type-3 elementary matrix is 1, and the determinant of a type-1
elementary matrix is —1, we obtain

(—1)Num row swaps . product of ; values of each type-2) - det(A) = det(U)

11.7. Determinant with block upper triangular structure

Fix [ as a field. Suppose k, m are positive integers, B is a square k x k matrix, D is a square

)

m x m matrix, and we have a square matrix A of the following “block upper triangular’

form
B C

0 D

where C is some k x m matrix; 0 represents the all-zero matrix of size m x k. Thus, A is
n x nwhere n = k + m. It can be shown that

det(A) = det(B) det(D)

A similar result holds when A has a lower triangular block structure.

The proof is as follows: If either B or D is not invertible, then it can be shown that A
has a nontrivial null space (exercise), so det(A) = 0 and det(B) det(D) = 0, so the result
is true. Now suppose both B and D are invertible. Then they can be row reduced to the
identity matrix by a sequence of elementary matrices:

(11.1) Ey---E1B =1 (of size k x k)
(11.2) Fg---F1D = I (of size m x m)
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for some positive integers r, s. Thus

E, E Fq R A det=1

The matrix on the right-hand-side has determinant 1 because it is upper triangular with
all diagonals 1. Then

(det(E;)--det(Ey)) - (det(Fs)--det(Fp)) - det(A) =1

Notice that each matrix E; is elementary with the same type and same determinant as E;.
Similar for F ;- Thus

det(E;) = det(E;) Vie{l,...,r}
det(Fj) =det(F;) Vje{l,..,s}

Thus
(det(E;)---det(Eq)) - (det(Fs)---det(Fp)) -det(A) =1

The result follows by observing (11.1)-(11.2) imply

det(E;)---det(E;) =1/det(B) , det(Fs)---det(F;)=1/det(D)

11.8. Determinant of 2 x 2

Fix F as a field and let

BN
I

o

[ a]-[c o][o a]

Since the determinant is linear in row 2 we obtain

o2 2+ 2)
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©

= —bc+ad

where (a) uses linearity in row 2; (b) uses the fact that swapping the rows multiplies the
determinant by -1; (c) observes that we have a lower-triangular and an upper-triangular
matrix. This yields the famous formula

u 1

The 2 x 2 matrix A is invertible if and only if ad + bc. It is easy to verify that if A is invertible

then
d -b
A7l = (ad- bc)l[ ]

—-C a

where (ad - bc) ™! is the multiplicative inverse of the nonzero scalar ad - bc in the field F
of interest. This can be shown by multiplying the above matrix by A to obtain the 2 x 2
identity matrix.

11.9. Determinantof3 x3andnxn

Consider the following 3 x 3 matrix:

a b c
A=|ld e f
g h 1

For the first row, we have
la b cl=a[1 0 0]+b[0 1 0]+c[0 0 1]
Then

10 0 010 00 1
11.3)  det(d) Padet|| 4 e F ||+bdet|| d ¢ f [|+cdet|| a ¢ f
g h i g h 1 g h 1
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[1 0 0 10 0 10 0
(11.4) Dadet|| a ¢ £ ||-vdet|| e a £ ||+cdet]| £ a e
g h 1 h g i i g h
[ d d
(11.5) © qaet|] ¢ 7 |- pdet P cdet ¢
h i g i g h

where (a) holds by linearity in the first row; (b) holds because: For the second matrix we
have moved the second column all the way to the left by a single column swap, for the
third matrix we have moved the third column all the way to the left by two column swaps;
(c) holds because of the lower block triangular structure (and the fact that the determinant
of the 1 x 1 identity matrix is 1).

By the same reasoning, the determinant of a n x n matrix A = (aij) can be computed
similarly. Using linearity in the first row and the fact that it takes an odd number of column
swaps to move an even-indexed column all the way to the left, and an even number of

column swaps to move an odd-indexed column all the way to the left, we have

(11.6) det(A) = i ay;(-1)" det(4,)
j=1

where A,; is the (n - 1) x (n - 1) matrix formed by removing row 1 and column j from
matrix A.

Linearity holds in any row i (not just row 1), so the same technique can be done using
linearity in row i and the fact that it takes i + j — 2 row or column swaps to move the (i, j)
entry all the way to the upper left:

(11.7) det(A) = i a;;(-1)" det(A;;) Vie{l,..,n}
j=1

where A;; is the (n - 1) x (n - 1) matrix formed by removing row i and column j from

matrix A. The same can be done using linearity in a given column ;:

(11.8) det(A) = iaij(—n”f det(4;;) Vje{l,...,n}
i=1

The formulas (11.7) and (11.8) are called Laplace expansion formulas, also called cofactor
expansion formulas (see next section). For simplicity of calculation, it is often a good idea
to determine which row or column to use by using the one with the largest number of
Zeros.
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11.10. Cofactor formulas for det(A) and A1
Let [F be a field. Let A be a n x n matrix. For each pair (i, j) we define the cofactor
cij=(-D)™ det(4;;) Vi,je{l,..,n}

With this definition, the cofactor expansion formulas (11.7)-(11.8) become

n

(11.9) det(A) = > ajjc;; Vie{l,..,n}
j=1
n

(11.10) det(A) = Y ajjci; Vje{l,..,n}
=1

Let C = (c;;) be the n x n matrix of cofactors, called the cofactor matrix of A (also written
Cofactor(A)):
C = Cofactor(A) = (¢;)

Define the adjugate of matrix A, written adj(A), as the transpose of C:
adj(A) =C'

Thus, C and adj(A) are both n x n matrices. Also, the (i, j) entry of adj(A) is the (j, i) entry
of C:

(11.11) (adJ(A))l] = Cji Vi, ] € {1, ceey T‘L}

11.10.1. Cofactor formula for A~!
LEMMA 11.12.  Let [ be a field. Let A be a n x n matrix and assume det(A) # 0. Then

_ 1 .
= de@y 9
1

PROOF. Define B = madj(A). By Theorem 5.4 it suffices to prove that AB = I. That

is, we want to show for all i, j € {1, ..., n} that

1 ifi-j
B2 o iris

By definition of B together with (11.11), the (i, j) entry of Bis

Cji

—— Vi je{l,...
det(A) l}]e{ ) )n}

(11.12) (B);j =
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Fix i, j € {1, ..., n}. By the matrix multiplication definition (2.5) we have

AB)I] Z azu(B

1 n

(11.13) = det@) ugl Ay Ciy

where the final equality uses (11.12).

+ Case i = j: If i = j the equation (11.13) becomes

n

(AB);; = det(A) & aiyCiy

(a0 1 B
= det(A) det(A) =1

where (a) uses equation (11.9).

« Case i+ j.If i # j, define the n x n matrix D by replacing row j of A with row i of A.
Since D has two repeated rows, we know det(D) = 0. On the other hand, since rows i

and j of D are identical to row i of A, we have
(11.14) diu = d]u =ajy, Vue {1, cosy TL}

Also, along row j, the cofactor matrix for D (which depends only on entries of D that

are not on row j) is the same as that of A:
(11.15) (Cofactor(D))j, =c¢j, Vue{l,..,n}

Thus, starting from (11.13), we have

n
Z AiuCiy

u=1
n

(AB)ij = 5 A)

(@ 1
det(4) & Z 4juCju

® 1
det(A) Z dj,(Cofactor(D)) j,

(©
d A det(D) =0

where (a) holds by substituting (11.14); (b) holds by substituting (11.15); (c) holds by the
cofactor expansion formula (11.9); the final equality uses det(D) = 0.
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11.10.2. Exponential complexity of the cofactor formula for determinants

The cofactor formula for det(A) is useful for computing determinants of 3 x 3 or 4 x 4
matrices. For large matrices, Gaussian elimination is preferred. Indeed, a computer can
use Gaussian elimination to easily compute the determinant of a 70 x 70 matrix, while the
cofactor formula would require more computational steps than the current estimate of
the number of atoms in the universe. To see why, let f(n) be the worst-case computational
complexity of computing the determinant of a n x n matrix using the cofactor formula on
row 1. Here we measure complexity by the number of lookup-multiply-add operations. Let
f(1) =1 (we look up the value of the only entry of a 1x 1 matrix, and that is its determinant).
So computing det(A;;) for a given j € {1, ..., n} requires f(n - 1) complexity. By formula
(11.6), we do this n times, then add up the weighted sum of results, so

f(n)>nf(n-1) Vne{2,34,...}
which means f(n) >n!forallne {1,2,3,...}. Thus

£(70) > 70! > 10%

Of course, determinants are easy to calculate if the matrix is upper triangular or lower
triangular. Also, the computation of a determinant can be greatly reduced if the matrix
has a block upper triangular or block lower triangular form.

11.11. Existence of the determinant function

Up to now, we have assumed existence of a function f : F*™ — [ that satisfies the three
axioms of determinants. We know that if such a determinant function exists, it must be
unique and must satisfy the various lemmas developed above. Here we prove existence
for a general n x n matrix. Let S, denote the set of all n! permutations of the ordered list
(1,...,n). Let A = (a;;) be a n x n matrix. Define the function f : F"*" — [ by

n
(11.16) f(A) = Z szgn((f) H ai)G(i)
0€Sn i=1
where (i) denotes the ith entry in the permuted list o, and sign(o) = 1 if the permutation
o is obtained from (1, ..., n) by an even number of swaps, and -1 if it is obtained by an odd
number of swaps. This function certainly exists. Further, it can be shown that it satisfies
the three axioms of determinants (see Exercise 11.8). This proves existence. Further, by
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uniqueness of the determinant, it must be that f(A) = det(A), thatis

n
det(4) = Y sign(o) [T a; ;)
=1

O-ESn

This formula involves a sum over n! terms, so it is often too complicated to use for com-
puting det(A). However, it provides an immediate proof of the following.

LEMMA 11.13. Consider the real field F = R. If all entries of a square matrix A are integers,
then det(A) is also an integer.

PROOF. We know det(A) = f(A) where f(A) is given in (11.16). For each permutation
0, we have sign(o) € {1, -1} and g; 4(;) € Z. So f(A) is a sum of integer terms. O

For example, with

A= a4
dz1 a2
we have
S2={(1,2),(2,1)} , sign((1,2))=1 , sign((2,1))=-1
and

f(A) =ay1a05 + (-1)ay pan

which is indeed the formula for the determinant of a 2 x 2 matrix.

11.12. Geometric properties for [F = R

Suppose F = R. Consider the 2 x 2 matrix

2 1
A=
1 3
This matrix A is invertible and has
det(A) =5

Note that A maps the standard basis vectors e; = (1,0) and e; = (0,1) to the vectors
y1 = (2,1) and y, = (1, 3), respectively. This is shown in Fig. 11.1 with ey, y; in red and
ey, ¥, in blue. Moreover, A maps each point in the unit square [0,1]? to a unique point in
the shaded parallelogram (Fig. 11.1). One can use basic geometry to show that the area of
the parallelogram in Fig. 11.1 is 5, which is exactly det(A).
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Input space for x Output space for Ax

12¢

e te, 4

Y1tYa

35
08} 3
06" 25

0.4

0.2

0 05 { 0 i 2 3
FIGURE 11.1. Mapping the unit square to a parallelogram of area 5 via matrix A (with
|det(A)| = 5). The edges satisfy y; = Ae; and y, = Aey.

Now consider the matrix B formed by swapping the columns of A:

Swapping the columns multiplies the determinant by -1, and so det(B) = —5. The corre-
sponding map of the unit square through the matrix B results in a parallelogram. It is
the same parallelogram as before, with the only difference that the orientation is flipped:
The basis vector e; now maps to y,; the basis vector e; now maps to y;. The area of the
parallelogram is still 5, which is the absolute value of det(B).

This turns out to be true in general: A 2 x 2 real matrix A maps the unit square [0, 1]?
to a parallelogram in R? with area exactly equal to |det(A)|. [Remarkably, if A has all
integer entries, the area of the corresponding parallelogram is an integer, since det(A) is
an integer.] The two edges of the parallelogram are Ae; and Ae,, which are the same as
the two columns of A. The 2-dimensional parallelogram degenerates into a 1-dimensional
line segment (with zero area) if and only if one of the columns is a multiple of the other,
which is precisely when the determinant is zero.

This has an important consequence: Take any 2-dimensional blob-like subset S ¢ R?
that has a well defined and finite area (Fig. 11.2). Define AS as the set of points that each

point in S maps to:
AS={Ax:x€S}

Then
area(AS) = area(S) - |det(A)|
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Input space for x Output space for Ax
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0 025 05 075 1 o ] ” s

FIGURE 11.2. Mapping a Blob to a Blob with 5 times the area via matrix A with |det(A)| = 5.

That is, the matrix A scales area by | det(A)|. This is because R? can be decomposed into
tiny disjoint squares, each of which uniquely maps to a tiny parallelogram. Each tiny
parallelogram has area equal to the area of the tiny square multiplied by | det(A)|. Our
subset S can be approximated by a union of the tiny squares, so its output AS can be
approximated by the union of the tiny parallelograms (Fig. 11.2). The approximation
becomes exact in the limit as the square size goes to zero. This argument holds for any
subset S that can be approximated by tiny squares. Such subsets of R? are Borel measurable
subsets.

This property holds for n > 2: Let A be a real n x n matrix. Let S ¢ R" be a Borel
measurable subset with finite multi-dimensional volume, denoted Vol(S). Then AS is also
Borel measurable and has volume scaled by |det(A)|:

Vol(AS) = Vol(S) - |det(A)]

This volume-scaling property is used to calculate probability density functions in
probability theory: Suppose A is a real n x n invertible matrix. Let X = (X3, ...,X,) be a
random vector with probability density function (PDF) fx(x) for x € R". Fix b ¢ R" and
define Y = AX + b. Then the PDF of Y is

fx(A(y-b)
| det(4)]

fy(y) = VyeR"

This is used to establish the joint Gaussian PDF: Let X = (Xy, ..., X;;) be independent and
identically distributed Gaussian random variables, each with mean 0 and variance 1. The
joint PDF of (X, ..., Xp) is just the product of the marginal (Gaussian) PDFs:

Fol) = IE[ exp(—%xiz) _exp (-3x"x)

= Vx e R"
-1 V27 (2m)"/2
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With A a real and invertible n x n matrix, we define Y = AX + b and obtain for all y € R™:

_fx(a N (y-b)
fy(y) = X |det(A)]
exp(-3(A7N(y-1b))"A (y- D))
(2m0)"/2| det(A)|
_exp(-3(y-b)T(AH)TA(y- D))
) (27)"/2| det(A))|

(11.17)

This formula is often written in terms of the covariance matrix A = AAT, so

det(A) = det(A) det(AT) = det(A)?
A—l _ (AAT)—I _ (AT)—IA—I _ (A—l)TA—l

Substituting these identities into (11.17) gives

_exp(-3(y-b)AH(y-b))

fY(y) = (Zﬂ)n/zdet(/\)l/z VyeIRn

which is the PDF for a jointly Gaussian random vector Y with mean E [Y] = band covariance
A=E [( Y-b)(Y- b)T] , assuming A is invertible. The most natural way to simulate jointly
Gaussian random variables (Y3, ..., Y;;) with a given mean and covariance b and A is to find
any invertible matrix A that satisfies A = AAT, then define Y = AX + bwhere X = (Xj, ..., X)
are nindependent and identically distributed Gaussian random variables with mean 0 and
variance 1. Note that every covariance matrix A is symmetric and positive semidefinite.
It turns out that every real, symmetric, and positive semidefinite matrix A indeed has a
matrix A such that A = AAT. The matrix A can be viewed as a type of “square root” for A.
Such a square root matrix A can be found using the theory of eigenvalues and eigenvectors
(treated in the next chapters). Specifically, we can diagonalize the (symmetric) matrix A
by finding a basis of (orthonormal) eigenvectors, let S be the matrix with columns equal
to these eigenvectors, then A = SZST where I is a diagonal matrix with all nonnegative
entries. Then we can choose A = SX1/2, where £1/2 is the diagonal matrix formed by taking
square roots of all diagonal entries of £. Alternatively, by observing S'S = I, we can use
the symmetric square root A = ST1/28T (s0 A2 = AAT = A).

11.13. Determinant of linear operator

Let V be a vector space over a field F. Assume dim(V) =nforsomeneN.LetT:V -V
be a linear operator. Let {vy, ..., v, } and {qy, ..., qn} be two different bases for V. Let M;
be the matrix Mat(T) under basis {vi, ..., v, }; let M) be the matrix Mat(T) under basis
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{q1, .., qn }. It can be shown that M, = PM; P! for some invertible matrix P, and

det(M;) = det(M;)
trace(M;) = trace(My)

Thus, the matrix of linear operator T has the same determinant and trace regardless of
the basis used to form the matrix. We define the determinant of linear operator T and the
trace of linear operator T as the determinant and trace of Mat(T) under any basis for V.

11.14. Exercises

EXERCISE 11.1.  (Determinants of structured matrices) Using F = R, use the structure of A to

compute det(A) for:
a)
(3 8 1 1 ]
A 0 -1 4 80
0 0 2 -100
[0 0 0 1 |
b)
A 4 -2
1 2
¢)
(3 2 47 9]
8§ 8 8 7 8§
A= 0 0 2 4 0
0 0 0 7 1
_0 0 0 O —2_
d)
-5 1 0 1 1 7 9-
91 -1 45 3 0 2
00 3 -2 73 0 O
A=[0 0 0 -10 9 0 O
0 0 O 0 1 0 0
o001 -2 9 2 5
_0 o 7 -2 9 -8 7_
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EXERCISE 11.2.  (Determinant by Gaussian elimination) For F = R, use Gaussian elimination
to compute det(A) when

1 1
2 1
01 0 2
_3 ]'_

EXERCISE 11.3. (Determinant by Gaussian elimination in binary field) Use Gaussian elim-
ination in the binary field F» = {0,1} (with mod 2 arithmetic) to compute det(A) € {0,1}

for

a)
10 1
A=|0 1 1
110
b)
[1 11 1]
RS
1001
110 0|
)
(11001 0]
011101
L |roto1n
100111
001001
10100 1|

EXERCISE 11.4. (Determinant of integer matrix) Consider F = R. Show that if A is a square
matrix and all entries are integers, then det(A) is an integer.

EXERCISE 11.5.  Fix p as a prime. Suppose A is a n x n matrix with all entries in {0, 1, ..., p—1}.
Let x = det(A) be taken when [F = R. We know from the previous problem that x is an integer. Let
y =det(A) whenF = Fp = {0,1,..., p— 1} with mod p arithmetic. Argue that y = mod (x, p).
Conclude that if A is invertible under field [ p, it must also be invertible under field R.

EXERCISE 11.6.  Give a specific example of a 3 x 3 matrix A that has all entries either 0 or 1,
such that det(A) # 0 when F = R, but det(A) = 0 whenF =[F, = {0,1}.
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EXERCISE 11.7.  (Row 2 cofactor expansion for determinant of 3 x 3) Fix [ as a field and let

a b ¢
A=l d e f
g h 1

a) Repeat a derivation similar to (11.3)-(11.5), but for an expansion on row 2. Your first line
should use linearity in row 2 to obtain

a b c a b c a b c
det(A)=ddet|| 1 0 0 |[|+edet|| 0 1 0 ||+ fdet]|[ 0 0 1
g h i g h i g h i

= Expression 2

= Expression 3

Your Expression 2 should swap the first and second rows of each matrix; your Expression 3 should
move each corresponding column to the very left.

b) Use your expression, as well as the resulting expression of (11.3)-(11.5), to show they give
the same answer when F = R and

1 2 3
A=| 4 4 4
111

EXERCISE 11.8.  (Existence of a determinant) Fix [ as a field. Fix n a positive integer (assume
n > 2). Consider the function f : F’™"* — [ defined by

n
f(A) =% sign(o) [ a; o)
0€Sn i=1
where the set Sy, is defined in Section 11.11. We want to show f satisfies the three axioms of

determinants (and so f(A) = det(A)).

a) Show Axiom 1 holds: f(I) = 1. Hint: If o + (1,2, 3, ...,n) then H?:l Ag(i,i = 0.

b) Show Axiom 3 holds for row 1 (the same argument can be shown for any row i, but this
exercise considers only row 1 for simplicity).

¢) Defineg : F'”™ — [ by
. n
g(A) = ) sign(o) [Tag,i
0€Sn i=1

Explain why g(A) = f(A) for all n x n matrices A. Hint: Observe that for each permutation

416



0 € S, we have HL 4 o(i) = H}l:l ag-1(j),i where 01 € S,, is the inverse permutation, meaning
that o~ 1(j) is the unique indexi € {1, ..., n} for which o(i) = j.

d) Show that if A has a repeated row, then g(A) = 0, hence f(A) = 0. Hint: Fix distinct rows
r,s€{l,...,n}. Observe that S, = Y, UZ, where Yy, is the set of permutations o € Sy, for whichr is
listed before s, Zy, is the set of permutations for which s is listed before r. Each permutation o € Yy,
corresponds to a permutation G € Zy, that preserves all orderings of o, except for the ordering of r
and s, and of course sign(6) = —sign(o).

EXERCISE 11.9. (Quadratic equations with finite fields) Let [ be a finite field (so it has a finite
number of scalars). This exercise shows there are quadratic equations of the form x? + bx + ¢ = 0
that have no solution. We separately treat the cases when the field satisfies 1 # -1, and when it
satisfies1 = —1.

a) Show that if a function f : F — [ is surjective (meaning for all s € [ there is an x € F such
that f(x) = s), then it is also injective (meaning it is one-to-one, that is, if scalars x, y satisfy
f(x) = f(y) then we must have x = y).

b) Suppose the field satisfies 1 + —1. Consider the function f : F — F defined by f(x) = x*
for all x € F. Show that f is not surjective. Use this to create a quadratic equation of the form
x? + bx + ¢ = 0 that has no root.

¢) Now suppose the field satisfies 1 = —1. Define g : F — F by g(x) = x? + x for all x ¢ F. Show
g is not surjective. Use this to find a quadratic equation of the form x? + bx + ¢ = 0 with no root.

d) Give one example of a finite field that satisfies 1 = —1 (there are many such fields).
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CHAPTER 12,

Eigenvalues

Let F be a field. Let A be a square matrix with entries in F. We want to know if there is a
scalar A € F and a nonzero vector v € " such that

Av =Av

This question is only interesting if v # 0, since the equation is trivially true if v = 0. On the
other hand, the question is still interesting when A = 0 (in that case the question reduces
to asking whether or not A is invertible). Observe that if I is the identity matrix of the
same size as A then

(Av=Av) < (A-AN)v=0

DEFINITION 12.1. A scalar A € F is an eigenvalue of a n x n matrix A if there is a nonzero
vector v € F" such that
Av=Av

The nonzero vector v is called an eigenvector of A. (Note that an eigenvector v must be nonzero,
but an eigenvalue A is allowed to be zero.) The pair (A, v) is called an eigenpair of A.

For example, consider

A= y V1= , Vo= , Vo=
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Then

2 2 1 1

=2 [so 2 is an eigenvalue of A with eigenvector v;]
0o 7 0 0
2 2 2 2 . . . .

=7 [so 7 is an eigenvalue of A with eigenvector ;]
0o 7 5 5

So (2,v1) and (7,v,) are eigenpairs of A. Notice that (7,v,) is another eigenpair of A. In
general, multiplying an eigenvector by a nonzero scalar creates another eigenvector.

12.0.1. Repeated multiplication by A

Observe that if A is an eigenvalue of A with eigenvector v then
(12.1) Av=2Av

Multiplying both sides of (12.1) on the left by A gives

A%y = A(Av)
= AAv

=A%y
where the final equality substitutes (12.1). Thus
A%y =A%y
Multiplying both sides of this on the left by A gives

Ay =A%)
= A4y

= A3y
where the final equality substitutes (12.1). In this way, we have
(12.2) A=Ay vke{1,2,3,...}

If k = 0 we define A? = I and A° = 1, which makes formula (12.2) work for k = 0. [If A is
invertible we can define A~X as (A~1)¥ for k ¢ N. With this definition, the reader is invited
to show that if A is invertible then formula (12.2) extends to all integers k.]
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12.0.2. Basic consequences

LEMMA 12.1. Let (A, v) be an eigenpair of a matrix A. Then for each © € F such that 6 # 0,
(A, 0v) is also an eigenpair of A.

PROOF. If (A,v) is an eigenpair then v # 0 and Av = Av. Multiplying this by 0 gives
A(0v) = A(0v), where 0v = 0 since 6 # 0. O

LEMMA 12.2. Let A be a square matrix A. Then
(A is invertible) <— (Null(A) ={0}) <= (0 is not an eigenvalue of A)

(A is not invertible) < (Null(A) + {0}) < (0 isan eigenvalue of A)

PROOF. See Exercise 12.2. O

12.1. Necessary and sufficient condition

LEMMA 12.3. Let A be a n x n matrix with entries in some field .

a) A scalar A € F is an eigenvalue of A if and only if det (A — AI) = 0.

b) Suppose A is an eigenvalue of A. Then v is an eigenvector of A (with eigenvalue \) if and
onlyifv+0andve Null(A-AI).

PROOF. To prove (a), suppose A is an eigenvalue of A. Then there is a nonzero vector v
such that Av = Av. Then (A - AI)v = 0 and so

v e Null(A - AI)

which means A—Al is a square matrix with a nontrivial null space. So A—AI is not invertible
and det(A - AI) = 0. Conversely, suppose A satisfies det(A — AI) = 0. Then the square matrix
A — Al is not invertible. So it has a nonzero vector v in its null space, meaning (A —AI)v = 0.
So Av = Av and A is an eigenvalue. This proves part (a).

To prove (b), suppose A is an eigenvalue of A. If v is a corresponding eigenvector then
v+ 0and Av = Av. So (A-AI)v = 0, meaning v is a nonzero vector in Null(A—AI). Conversely,
if vis a nonzero vector in Null(A — AI), then (A — AI)v = 0 and so Av = AV, meaning v is an

eigenvector of A corresponding to eigenvalue A. O

LEMMA 12.4. Let A be a square matrix. Let A be a scalar. Then
(A is an eigenvalue of A) <= (A is an eigenvalue of A™)

PROOF. This follows directly from the previous lemma (see Exercise 12.12). O
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12.1.1. Examples

1. Problem: Consider field R and

2 2 0 ?
A: O _7 0 B} A:_7 B} V= ?
0 1 3 ?

It can be shown that -7 is an eigenvalue of A. Find an eigenvector v corresponding to

eigenvalue 7.

Solution: Using A = -7, we have

9 2 0
A-(-DI=0 0 o
01 10

Using Gaussian elimination to find a vector v = (x, y, 2) to solve (A — (=7)I)v = 0 gives

9 2 0 1 2/9 0 1 2/9 0 0 -20/9
(a) (b (c)

000 ]|=>]0 0 o0f=|l0o 1 10]|=>]o0 10

01 10 0 1 10 0 0 0 0 0 0

where step (a) multiplies row 1 by 1/9; step (b) swaps rows 2 and 3; step (c) multiplies
row 2 by -2/9 and adds into row 1. There is one free variable (variable z). All solutions

v = (x, ¥, ) satisfy

x+(-20/9)z=0

y+10z=0
and so
x (20/9)=z (20/9)
Yy |= -10z =z| -10
z 1
SO

Null(A - (-7)I) = Span{(20/9,-10,1)}

It follows that there are infinitely many valid eigenvectors v we can choose. All of them
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are nonzero scalar multiples of (20/9, -10,1). We only need one. Lets choose

v =(20/9,-10,1) |

(Alternatively, if we wanted an all-integer eigenvector, we could choose (20, -90,9).)
We can test this by showing it satisfies Av = (-7)v:

2 2 0 20/9 -140/9 20/9
0 -7 0 -10 |= 70 =(-7)| -10
0 1 3 1 -7 1
N— ——— N———
A v v

. Problem: Consider field 5 = {0,1} with mod 2 arithmetic and
A =

Find all eigenvalues of A. For each eigenvalue, find a corresponding eigenvector.

Solution: There are only two scalars in this field, and hence only two candidates for
eigenvalues. To find all eigenvalues A € {0, 1}, we consider

det(A—M):det( ):(1—7\)2—1=—2)\+7\2=7\2=7\

1-A
where we have used 2 = 0 and A = A in the binary field. So
(det(A-AI)=0) < (A=0)

So A = 0 is the only eigenvalue. Using A = 0 we have
A-(0)=A=

11

Using Gaussian elimination to find Null(A) gives
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It is clear that

Null(A) = {(x,y) €F3:x+y =0} = {(x,) € F5 : x = y} = Span{(1,1)}

The only possible eigenvector is (1,1). That is

A=0,v=(1,1)]

It is easy to verify that Av = Ov.

. Problem: Consider field R. Find the polynomial det(A — AI) and find all eigenvalues of

A for
1 11

A=[2 1 0
3 0 5

Solution: We have

3 0 S5-A

Using the cofactor formula for determinants by expanding on the second row gives

det(A - AI) =2(=1)[(5-2A) = 0] + (1= A)(D)[(1-A)(5-A) = 3] +0
=-A+7A2-61-8

So we obtain a degree 3 polynomial:

det(A-AI)=-A3+7A\%2-6A-8

To find the roots A1, Ay, A3, we can either factor by hand (if we notice that 2 is a root)

Oor we can use a computer:

det(A—)\I):—()\_2)(>\_S+2\/ﬁ)(7\_5—@)

2

AL=2
5+ /41

Ao = +2 _ 5.701562118716424
5 /41

Az = — _0.701562118716424
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The displayed numerical values are finite precision representations of a real number.
We can verify that we have made no mistakes by using a computer. In MATLAB:

» eig(A)

ans =

5.701562118716424 -0.701562118716425 2.000000000000000

. Problem: With field R, find all eigenvalues of the following matrix. For each eigenvalue,
find a corresponding eigenvector.

2 2 3 5 8
0 -3 11 2
A={0 0 5 1 1
0O 0 0 2 2
-0 0 0 4 4_
Solution: We have
(oA 2 3| 5 8 ]
0 -3-A 1 1 2
(12.3) A-A=| o 0 5-A| 1 1
0 0 0 2-A 2
i 0 0 0 4 4—%_

det(A — AI) = det 0 -3-)2 1 det
0 0 5-A
= (2-A)(-3-A)(5-N)[(2-A)(4-7) - 8]
= (2-A)(-3-N)(5-N)(A-0)(A-6)

so there are exactly five eigenvalues:
A =2,A=-3A3=5A=0,A5=6

For the first three eigenvalues, the block matrix structure suggests we can search for
eigenvectors of the form (x, y, 2,0,0). On the other hand, eigenvectors for A4 and A
will not necessarily have the form (0,0, 0, x, ¥). In other words, we use a simplifying
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technique that holds only for the upper left block of our block triangular structure. For
A1, A2, A3 we search for nonzero (x, y, z) € R® in the null space of

(12.4) 0 -3-A

+ A1 = 2. Itis easy to see that v; = (1,0,0,0,0) is an eigenvector for A; = 2.

- Ay = —3. We search for nonzero (x, y, z) € R in the null space of the matrix in (12.4)

given by substituting A; = —3. By Gaussian elimination

5 2 3 5 2 3
0 01 |—=]001
0 0 8 0 00

So we need (x, y,2) # (0,0,0) to satisfy

Sx+2y+3z2=0

z=0

There is one free variable (y). To ensure our solution is not all-zero, we can set y = 1
to obtain (x, y, 2) = (-2/5,1,0). If we want, we can scale this by 5 to get an all-integer
solution (which is not required, but may look nicer). So we use (x, y,2) = (-2,5,0)
and so our eigenvector for A, is

Vo = (_2) 50,0, 0)

* A3 = 5. Substituting A; = 5 into (12.4) gives

-3 2 3
0 -8 1
0 0 O

We search for nonzero (x, y, z) € R? in the null space of this matrix. We need

-3x+2y+3z2=0
-8y+z=0

We can choose z = 1 and then (x, y, 2) = (13/12,1/8,1). If we want, we can scale this
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by 24 to obtain the integer solution (which looks nicer): (x, y, z) = (26, 3,24). So
our eigenvector for A3 is
vs = (26,3,24,0,0)

+ A4 = 0. We need any nonzero vector v4 = (X1, X2, X3, X4, X5) € Null(A). By Gaussian

elimination i o -
2 2 3 5 8 2 2 3 5 8
0 -3 11 2 0 -3 11 2
0 0 51 1(=f0 0 511
0 0 022 0 0 0 2 2
|0 0 04 4] [0 0 00 O]

We have one free variable xs. Choose x5 = 1. Then

x5=1

2%4+2%5=0 = x4 =-1
SX3+X4+x5=0 = x3=0

—3xp +X3+X4+2X5=0 = xp =1/3

251 + 2x9 + 3x3 + 5x4 + 8x5 =0 — x; =-11/6

We can scale by 6 to obtain v4 = (-11,2,0, -6, 6).

* As = 6. Substituting A = 6 into (12.3) gives

[ 4 2 3 5 3§ |
0 -9 1 1 2
A-6l=| 0 0 -1 1 1
0 0 0 -4 2

[0 0 0 4 -2

[ -4 2 3 5 8 11 -4 2 3 5 8 ]
0o -9 1 1 2 0 -9 1 1 2
0 0 -1 1 1 (=)0 0 -1 1 1
0O 0 0 -4 2 0 0 0 -4 2

| 0 0 0 4 21 [0 O 0O 0 O]
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Let the free variable be x5 = 1. Then

—4x4+2x5=0 = x4 =1/2
—X3+X4+Xx5=0 = x3=3/2
—9x) + X3+ X4 +2x5=0 = xp =4/9

—4x1 + 2xp + 3x3 + 5x4 + 8x5 =0 = x7 = 143/36

Scaling by 36 (only for convenience) gives vs = (143, 16, 54, 18, 36).

It is standard to organize this information as follows: Collect all eigenvalues into a
diagonal matrix A, and the corresponding eigenvectors as columns in a matrix S:

[2 0 00 0] (1 2 26 -1 143
0 -3 00 0 T 05 3 2 16
A=[0 0 5 0 01[,S=] vy v» v3 v4 v5s |[=| 0 0 24 0 54
0 0 000 T 00 0 -6 18
-0 0 006_ -0 0 0 6 36_

We should now test that our computations are correct:

Av; =\;v; [correctforallie {1,2,3,4,5}]
An equivalent and clever way to check our work is to verify
(12.5) AS =SA [correct]

In this case we have 5 distinct eigenvalues for our 5 x 5 matrix A. It turns out that
the corresponding eigenvectors {v;, Vo, v3, v4, V5 } are linearly independent (see next
section). So the matrix S must be invertible. Multiplying (12.5) on the right by S~! gives
A = SAS7!, which can be verified by computer.

12.2. Linear independence property

THEOREM 12.1. Let A be a square matrix with entries in some field [.
a) Suppose Ay, ..., A are distinct eigenvalues of A. Let vy, ..., vy be corresponding eigenvectors
(so Av; = \v; forallie {1,...,k}). Then {vy, ..., v} are linearly independent.

b) If A has size n x n, then it can have at most n distinct eigenvalues.

PROOF. To prove (a), we proceed by induction. It trivially holds for k = 1 because
eigenvectors are nonzero. Suppose it holds for some positive integer k > 1. We show
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it holds for k + 1. Let Ay, ..., Ai,; be distinct eigenvalues of A. Let {vy,...,v;,;} be the
corresponding eigenvectors, so Av; = A\;v; for i € {1, ..., k + 1}. Suppose that

k+1
(12.6) > a;v;=0
i=1

for some scalars ay, ..., a;.;. We want to show a; = 0 forall i € {1, ..., k + 1}. From (12.6) we
have

k
(12.7) >4V = =1 Vi
i=1

Multiplying both sides of (12.7) by A gives
k
> AAY; = =01y 1M1 Vke1
i=1
On the other hand, multiplying both sides of (12.7) by A;,; gives
k
2 AN 1Yi = A1 k1 Vel
i=1
Equating the above two equalities gives
k
>~ ai(A; = A1)V =0
i=1

Since Ay, ..., A are distinct eigenvalues, we know by the induction assumption that {vy, ..., v; }
are linearly independent, and so the above equation immediately implies

di(?\i - }\k+l) =0 Vie {1, ceey k}
Since A; # A\, forie {1,...,k}, we know a; =0 forallie {1,...,k}. Thus, (12.6) becomes

Ap1Vk+1 = 0

and since v, ; # 0, we must have a;,; = 0, completing the proof of part (a).
Part (b) follows immediately from the fact that we cannot have more than n linearly
independent vectors in F". O
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12.3. Eigenvalues of upper triangular matrices

Suppose U is a n x n upper-triangular matrix with entries in F. Let dy, ..., d;, be the diagonal
entries:

dp * % %
0 dp * - =
U= 0 0 d3 - =
*
| 0 O dn ]
For each A € F we have
[ L -A « w e
0 dy-A * *
det(U - AI) = det 0 0 d3—-A - = (d1=A)(d2 = A)-+(dn—A)
*
|0 0 o dp =N

which uses the fact that the determinant of an upper triangular matrix is the product of its
diagonal entries. It follows that a scalar A is an eigenvalue of U if and only if [T} ; (d;-A) = 0.
That is, A is an eigenvalue of U if and only if A € {d;, d», ..., d, }. So all diagonal entries of
U are eigenvalues, and U has no other eigenvalues. The same holds for lower triangular
matrices. In summary:

- If U is a square upper triangular matrix, then its eigenvalues are its diagonal entries.

- If Lis a square lower triangular matrix, then its eigenvalues are its diagonal entries.

For example, the n x n identity matrix I is upper triangular and has only 1s on its
diagonal, and so its only eigenvalue is 1.

12.4. Computing eigenvectors

Finding the eigenvalues of a n x n matrix A involves solving det(A — AI) = 0. It turns out
that this is always a degree n polynomial equation in A. Once eigenvalues are known, it is
easy to find the corresponding eigenvectors by Gaussian elimination.
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1. Suppose F =R and

1 2 2
A=10 0 4
0 0 -8

Since A is upper-triangular, we know the eigenvalues are A; = 1, Ay = 0,A3 = —8. These
are distinct and hence their corresponding eigenvectors must be linearly independent.
Since the eigenvalue 1 appears in the upper left corner of the upper triangular matrix
A, is easy to see that a corresponding eigenvector is

S =

)\1=1, V1 =

o

and one can verify that Av; = v;. The other eigenvectors are not as easy to find. Consider
Ao =0. To find v5 # 0 that satisfies Avy = 0- vy, we find v» = (a, b, ¢) # 0 to solve

1 2 2 a 0
0 0 4 b [=|0
0 0 -8 c 0

It is easy to see that a nonzero solution is (a, b, ¢) = (2,-1,0) and so we have

One can verify that Av, = 0 - vy. Finally, consider A3 = —8. We must find v3 to solve
(A +8I)v3 =0, sowe find (a, b, ¢) + 0 to solve

9 2 2 a 0
0 8 4 b [=|0
0 00 c 0

There is one free variable c. To ensure the solution is nonzero, choose ¢ = 1:

8b+4=0 => b=-1/2

-2-2(-1/2)

9a+2b+2=0 = a-= 9 =-1/9
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Thus
-1/9

A3=-8, wv3= —1/2
1

and one can verify Avs = (-8)vs. It is useful to collect this information in two square
matrices A and S

(A, 0 0 10 0
A=l 0o A o0 ]=]l00 o
0 0 A 00 -8
N 1 2 -1/9
S={vw v v3 =] 0 -1 -1/2
R 0 0 1

Since Av; = A\v; for i € {1,2,3}, the rules of matrix multiplication give AS = SA,
and since § is invertible we obtain A = SAS™! which, as shown in Section 12.7, is a
diagonalizable form for the matrix A that holds whenever A has a basis of eigenvectors.

2. Consider F =R and
9 1

-2 5

A:

We first find the eigenvalues by solving det(A — AI) = 0, which means
(O-MGE-M)-1)(-2)=0
and so A2 — 14A + 47 = 0, which has exactly two roots:

)\1=7+\/§
A =7-2

It remains to find the corresponding eigenvectors vi, vo. We can save time by solving
for them both at the same time. Let A be an eigenvalue (either A = A; or A = Ay). We
want to find a vector v in the null space of A — AI, where

Since we already know the null space is nontrivial (since A is an eigenvalue), the second
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equation is linearly dependent. Equivalently, since we know 9 — A # 0, we can perform

Gaussian elimination:
9-A 1 9-A 1

-2 5-A 0 0

It suffices to find any nonzero vector (a, b) that satisfies
(9-AN)a+b=0

Letting a = 1 and then b=\ - 9, so we have

1
A=— v=
A-9
So we have
1
7\1=7+\/§ —— V1 =
A -9
1
7\227—\/5 —— V9 =
A2 -9

and one can verify Av; = A;v; for i € {1,2}. As before, we can collect the eigenpair
information into matrices A and S:

7+V2 0 1 1
/\: S:

o 7-v2 |’ 242 -2-2

and we indeed have the diagonalizable form A = SAS™L.

12.5. Spectrum of a matrix

The spectrum of a square matrix A, written A(A), is defined as the set of eigenvalues of A
(this set is possibly empty). For example, consider the following matrices with [ = R:

7 90
2 9 0 -1
A= , B=10 7 1 , C=
0 -4 L0
0 05
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Then

A(A) ={2,-4}
A(B) = {7, 5}
A(C)=¢ (the empty set)

The matrix C rotates all vectors in R? by 90 degrees, so there are no eigenvectors in the
real field. The equation det(C — AI) = 0is A? + 1 = 0, which indeed has no real solutions.
However, the equation A2 + 1 = 0 has two complex solutions A; = i and Ay = —i. Therefore,
if we use the complex field F = C we get A(C) = {i, —i}.

12.6. Eigenvalues of a 2 x 2 matrix
Fix [F as a field and consider the general 2 x 2 matrix

a b
c d

A:

We know A € [ is an eigenvalue of A if and only if det(A — AI) = 0, which holds if and only
if (a=A)(d-A) - bc =0, which holds if and only if

A —(a+d)A+ad-bc=0

For simplicity, suppose our field [ satisfies 1+ 1 + 0. Define 2 = 1+ 1. Since we assume 2 # 0,
we know 27! exists and the quadratic formula gives all roots of this equation (if they exist):

N (a+d)++/(a-d)?+4bc
1:
2
N (a+d)-+/(a-d)?%+4bc
2:
2

These expressions for A;, Ap make no sense if 2 = 0 (such as in the binary field). However,
even though our field is assumed to satisfy 2 # 0, a problem arises if (a — d)? + 4bc is not
the square of any scalar. We have three possible situations:

1. No roots: If there is no scalar s € F for which s> = (a — d)? + 4bc, then there are no
eigenvalues of A.

2. One (repeated) root: Suppose (a — d)? + 4bc = 0. Then there is one root, often called a
“repeated root”:

AL=Ag =

2
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3. Two roots: Suppose there is a scalar s # 0 such that s? = (a - d)? + 4bc. Then we have
two distinct roots:

A= (a+d)+s
2

Ap = (a+d)-s
2

Notice that if we have at least one root (so A, Ay exist) then we have:

A1 +Ag =a+d=trace(A)
MAo =ad - be = det(A)

So the sum of eigenvalues is the trace of the matrix, and the product of eigenvalues is the
determinant. It can be shown this is true more generally for n x n matrices in the field
F = C and when eigenvalues are counted according to their algebraic multiplicity with
respect to the polynomial equation det(A — AI) = 0 (see Section 12.8.3). The complex field
has the nice property that all scalars are squares of some other scalar, which means every
quadratic equation has at least one root. There are no finite fields for which all quadratic
equations have at least one root (see Exercise 11.9).

For example, consider the field F = R and the matrix A that corresponds to rotation by
90 degrees:

A:
1 0

Intuitively, we know this has no eigenvectors because every input vector is rotated. The

eigenvalue equation gives

Ao (a+d)i\/(a—d)2+4bc:)\: 2+v-4
2

2

which has no solution because, in the real field, -4 has no square root. However, if we
consider this same matrix A in the complex field F = C then we have two distinct eigenvalues

which means that the corresponding eigenvectors vy, v are linearly independent. We can
solve for the eigenvectors simultaneously: Let A be an eigenvalue (either A = A; or A = Ay).
We find a nontrivial vector in the null space of A — AI. By Gaussian elimination we have:

-A -1 1 -A 1 -A
1 -A -A -1 0 0
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where the last elimination step holds because we already know the second row is a scalar
multiple of the first row (since A is an eigenvalue so the null space must be nontrivial). So
we have a general eigenvector (a, b) with a—Ab=0.Solet b=1and a = A. Then

eigenvalue A has eigenvector v =(A,1)

and so A; = i has eigenvector v; = (i,1); A» = —i has eigenvector v, = (-i,1). We can collect
this information into matrices A and S:

A= , S=

and one can verify that A has the diagonalizable form A = SAS™L.

As another example, consider [ = F; = {0, 1,2, 3,4, 5, 6} with mod 7 arithmetic. This
field has 1 # -1 (since -1 = 6), but not all scalars have square roots in this field. As an exercise,
one can find scalars a, b, ¢, d € F7 such that the matrix

a b
c d

has (i) No eigenvalues; (ii) Exactly one eigenvalue; (iii) Two distinct eigenvalues.

12.7. Diagonalizable matrices

Let A be a n x n matrix with entries in some field F. We say that A is diagonalizable if there
are square matrices S, A of the same size as A, where S is invertible and A is diagonal,
such that A = SAS™L. We can write S and A as

—7\1 0 - 0 | | |
0 Ay 0
A= , S=l v ow Vn
I T
0 0 - A

where Ay, ..., A are the diagonal entries of A, and vy, ..., v, are the columns of S.

If A is diagonalizable, so A = SAS™!, we claim that: (i) {vy, ..., v} is a basis for F";
(ii) For each i€ {1,...,n}, v; is an eigenvector of A with corresponding eigenvalue A;. To
see this, first note that S is invertible so its columns must be linearly independent. Thus,
{v1, ..., v} are linearly independent vectors, there are n of them, so they are a basis for
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F". It follows that v; # 0 for all i (a requirement of an eigenvector). Also

-1 —1 .
S vi Vo o v |=| eg e - ey <~ (S Vi=¢€; VlE{l,...,n})

S I

Thus, for each i € {1, ..., n} we have

b
AVi (g) S/\S_lvi (=) S/\ei = S(?\iei) = ?\ivi
where (a) substitutes A = SAS™!; (b) substitutes S‘lvi = ¢;; the final two equalities use the
fact that Ae; and Se; is the ith column of A and S, respectively. So v; is an eigenvector of A
with eigenvalue A;.

Conversely, suppose we are given vectors {vy, ..., Vs } that are a basis for F"* and that are
eigenvectors of A with eigenvalues A;. Then, we can define S as the matrix with columns
{v1,...,vn} (so S is invertible), we can define A as the diagonal matrix of eigenvalues
Aly .esy A, and

(Av; =\v; Vi) <= (AS=SA)

Since S is invertible, the equation AS = SA immediately implies A = SAS™1, so A is diago-
nalizable. These findings are summarized in the following lemma.

LEMMA 12.5. A n x n matrix A is diagonalizable if and only if it has eigenvectors {vy, ..., Vo }
that are a basis for F". (The corresponding eigenvalues Ay, ..., A, are possibly repeated.)

To diagonalize a matrix means to find a basis of eigenvectors (if one exists), collect
them into a matrix S (which is necessarily invertible), collect the corresponding (possibly
repeated) eigenvalues into a matrix A, and then we immediately have A = SAS™L.

12.7.1. Are there any more eigenvalues of A?

If a . x n matrix A is diagonalizable, so A = SAS™!, we know {A;, ..., A} is a list of (possibly
repeated) eigenvalues of A. Are there any other eigenvalues of A? The answer is “no,” but
this is not obvious. If the list {Aq, ..., A} contains n distinct scalars then there can be no
more eigenvalues, since we already know A has at most n eigenvalues. What if our list
{A1, ..., An} has some repetitions? This leaves open the possibility that there is some other
scalar A ¢ {Aq,..., Ay} that is an eigenvalue of A. Exercise 12.39 shows this is impossible.
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12.7.2. Powers of a diagonalizable matrix
It is easy to compute powers of a diagonalizable matrix: If A = SAS™! then

A? = (SASTH)(SASY) = SA(STIS)AS L = sA2s 7!
A3 = (A%)A = SASTISAS T = sA3s7!

Ak = spks
If A is n x n, then for any positive integer k, we have

[k
A 00

0
0 A5 o 0
A=l 0 0 Ak 0
0 0 0 0

0 0 o A |

12.7.3. A nondiagonalizable matrix

The simplest example of a matrix that is not diagonalizable is (using any field [F):
A =

The eigenvalues are A\; = Ay = 1 (a repeated root). While (1, 0) is clearly an eigenvector,
there are no other eigenvectors that are not multiples of (1,0). We cannot find a basis of
eigenvectors, so A is not diagonalizable. (See related Exercises 12.31 and 12.32.)

12.7.4. Examples: Diagonalizing a matrix

1. (Diagonalizing a matrix with real eigenvalues) Consider the real matrix
(12.8) A=
The eigenvalue equation is

det(A-AI) = (3-A)(1-A)-6=0
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Solving gives
(12.9) M=2+V7 , M=2-7

To find the eigenvector for A (where A = A; or A = A\y) we look for vectors in Null(A — AI).
We already know this null space is nontrivial. By Gaussian elimination

3-A 3 3-A 3
2 1-A 0 O

where the Gaussian elimination step multiplies row 1 by -2(3 - A)~! and adds it into
row 2. (We already know 3 — A # 0, and also we already know row 2 must be a multiple
of row 1, else it would introduce another pivot and the null space would be trivial.) So
for eigenvector (x, y) we get

(3-AN)x+3y=0

Consider the form (x, ¥) = (1, ¥). Then y = (1/3)A - 1. So we obtain eigenvectors

1 ) 1
-1 0| apng-1

Collecting this info gives

A — A0 ) 2+7 0
| 0 A2 0 2-7
S= — 1 1 |t 1
| (/3N -1 (1/3)A2 -1 SERVE e P

We can verify the diagonalization: A = SAS™! is correct.

. (Diagonalizing a matrix with complex eigenvalues) Consider the real matrix

-1 -5
3 2

(12.10) A=

The eigenvalue equation is
det(A-AI)=(-1-A)(2-A)+15=0

There are no roots over the field R. For these problems with real matrices, unless stated
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otherwise, we will always allow ourselves to expand into the complex field. We treat A as a
complex-valued matrix using field F = C and we obtain two distinct eigenvalues:

_LeiVAl L 1-iV5l

(12.11) A > , Ay )

To find the eigenvector for A (where A = A; or A = Ay) we look for vectors in Null(A - AI).
We already know this null space is nontrivial. By Gaussian elimination

-1-A -5 -1-A -5
3 2-A 0 0

where the Gaussian elimination step multiplies row 1 by -3(-1-A)~! and adds it into
row 2. (We already know -1-A # 0, and also we already know row 2 must be a multiple
of row 1, else it would introduce another pivot and the null space would be trivial.) So
for eigenvector (x, y) we get

(-1-AN)x-5y=0

Consider the form (x, ¥) = (1, ¥). Then y = (-1/5)(A + 1). So we obtain eigenvectors

1 1
V1= y V2=
(-1/5)(A1+1) (-1/5)(A2 +1)
Collecting this info gives

/\ _ )\1 0 _ 1+l§/ﬁ 0

|0 N 0 LSl
S 1 1 1 1

| (YD) (1S | | S B

We verify the diagonalization (say, by computer): A = SAS~! is correct.

. (Diagonalizing a matrix with field Fs) Consider F5 = {0, 1, 2, 3, 4} with mod 5 arithmetic.
Define the following matrix with entries in this field

A:

The matrix is upper triangular so its eigenvalues are 1 and 2. Solving for vectors (x, y)
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in Null(A - AI), for A =1or A = 2, gives

(1-A)x+4y=0
(2-AN)y=0

For A =1 we must have y = 0 (so choose x = 1); for A = 2 we can choose y =1 and x = 4.
Then

M=1v= 5 M=2,vy=
0 1
Collecting this info
10 1 4
A= , S=
0 2 01

We can compute S~! using the formula for a 2 x 2:

it 1
0 1 01

We can verify the diagonalization: A = SAS™! is correct.

12.8. Similar matrices
Fix [F as a field. Let n be a positive integer. Two n x n matrices A, B are said to be similar if
A=PBp!

for some invertible n x n matrix P. It is easy to show that if A, B are similar, then B, A are

also similar. We can use notation A ~ B to mean that matrices A and B are similar.

12.8.1. Consequences of similarity

1. A square matrix A is diagonalizable if and only if it is similar to a diagonal matrix.
2. Similar matrices have the same determinant.
3. Similar matrices have the same trace.

4. Similar matrices have the same eigenvalues.

A quick test to see if two matrices are similar is to compute their traces: If they have
different traces, they cannot be similar. If they have the same trace, the test is inconclusive.
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For example, in the real field:

1 7 4 1
A: ) B:
2 2 -1 4

Since trace(A) = 3 and trace(B) = 8, matrices A and B are not similar.

Proof of Claim 1: Suppose A is diagonalizable. Then A = SAS~! where A is a diagonal
matrix of eigenvalues. So A is similar to the diagonal matrix A. Conversely, suppose A
is similar to a diagonal matrix D. Then A = PDP~! for some invertible matrix P, which
means A is diagonalizable (the diagonal entries of D are the eigenvalues of A, the
columns of P are the corresponding eigenvectors).

.

Proof of Claim 2: Suppose A = PBP~L. By properties of determinants:

det(A) = det(P) det(B) det(P™!) = det(B) det(P) det(P!) = det(B) det(PP ) = det(B)
det(I)

Proof of Claim 3: Suppose A = PBP~1. Then
trace(A) = trace(PBP 1) = trace(P(BP1)) @ trace((BP1)P) = trace(BI) = trace(B)

where equality (a) uses the property of trace given in (2.16).

« Proof of Claim 4: Suppose A = PBP~L. Let A be an eigenvalue of A.We now show that A
is also an eigenvalue of B. Since A is an eigenvalue of A, there is a vector v # 0 such
that Av = Av. Thus

(PBP Y v=Av| = B(Plv) =A(P1)
~——
A

where the implication follows by multiplying both sides by P~1. Since the vector P~1v
is nonzero (why?), it follows that A is an eigenvalue of B with eigenvector P~1v. This
argument shows that any eigenvalue of A is also an eigenvalue of B. Swapping the roles
of A and B implies that any eigenvalue of B is also an eigenvalue of A.

12.8.2. Similarity and change of basis

If A and B are similar, they represent matrices for the same linear transformation under
different bases. Specifically, let A be a square matrix with entries in F. Define the linear
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transformation T : F"* — F" by
T(x)=Ax VxelF"

Let {ey, ..., en} be the standard basis for F". Then every input x = (xy, ..., X5 ) € F"* and every

output y = (¥y, ..., ¥,) = Ax can be uniquely expressed in terms of this basis:

Every input coefficient vector x € F" has output coefficient vector y = Ax. Therefore, the
matrix Mat(T) associated with the linear transformation T under the basis {ey, ..., ex}
(used for both input and output space) is just A itself:

Mat(T)=A

Now let P be an invertible matrix. Consider the following alternative basis for F™:
{Pey, Pey, ..., Pe, }

That is, the columns of P form a basis for F". Every input x = (x1, ..., Xp) € F" and every
output ¥ = (yy, ..., ¥,,) € F" can be uniquely expressed as linear combinations of these
new basis vectors using some scalar coefficients u; and v;, respectively:

uiPei

&
I}
= IMe

Y= viPe
=1

-
1l

The above equations are the same as matrix multiplication:

x=Pu

y=Pv

where u = (uy, ..., up) and v = (vq, ..., vp). In particular, given any u € F" we can obtain x
via x = Pu; given any x € F” we can obtain u via u = P~1x. Similarly, we can switch between
y and v by multiplying by either P or P71,

Let B denote Mat(T) under this new basis {Pey, ..., Pe, }. Then B represents the linear
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relationship between the input coefficients u and the output coefficients v:
v=Bu

We can explicitly solve for B as follows: Using v = P~1y and u = P~1x in the above equality
gives
ply=Bply

Multiplying both sides by P gives
y=PBP lx

This holds for all x € F". In particular, we have

y=PBP lx vxeF"
y=Ax VxeF"

Therefore, A and PBP~! must be the same matrices:
A=PBp!

which means B = P"1AP. The matrices A and B are similar. The matrix A expresses the
linear transformation T(x) = Ax under the standard basis, and the matrix B expresses this
same linear transformation under a new basis.

12.8.3. Similarity to an upper triangular matrix

Consider the complex field C. Since every real number can be viewed as a special case
of a complex number, every real matrix can be viewed as a special case of a matrix with
complex-valued entries. The complex field admits the following result.

THEOREM 12.2. Let A be a square matrix with entries in C. Then

a) Matrix A has an eigenvalue A € C.

b) Matrix A is similar to an upper triangular matrix U. That is, there are matrices U and P
of the same size as A (and with entries in C), where U is upper triangular and P is invertible,
such that A = PUP™L.

¢) For every decomposition A = PUP~! where U is upper triangular and P is invertible, the
diagonal entries of U are exactly the eigenvalues of A. Also, regardless of which P and U matrices
are used in the decomposition A = PUP™L, each distinct eigenvalue of A is always repeated the
same number of times on the diagonal of U. The number of times an eigenvalue of A is repeated
on the diagonal of U is called the algebraic multiplicity of that eigenvalue.

The proof of (a) uses the fundamental theorem of algebra to ensure there is a A € C such
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that det(A — AI) = 0 (see Chapter 13). Chapter 13 also relates this definition of algebraic
multiplicity to the multiplicity of roots for the equation det(A — AI) = 0. The proof of (b)
and (c) uses a deep theory of invariant subspaces that is discussed in Chapter 13.

Theorem 12.2 guarantees that, using the complex field C, every n x n matrix A has k
distinct eigenvalues Ay, ..., A, € C, where 1 < k < n. Let m; be the algebraic multiplicity of
eigenvalue A;. Since U has n diagonal entries, and each eigenvalue of A appears on the
diagonal of U a number of times equal to its algebraic multiplicity, we have

m+my+..+mg =1

It is common to relabel the list of k eigenvalues to a list {Ay, ..., Ap} that always has exactly
n eigenvalues, each repeated according to algebraic multiplicity.

COROLLARY 12.1. Let A be a n x n matrix with real or complex entries. Using field C, let
{A1, ---, An} be the list of n (possibly complex) eigenvalues of A (each distinct eigenvalue being
redundantly listed a number of times equal to its algebraic multiplicity). Then

a) det(A) =TT, A;-

b) trace(A) = X1 A;.

PROOF. By Theorem 12.2, we know A = PUP~! for some invertible P and some upper
triangular U. Since A and U are similar, we know det(A) = det(U) and trace(A) = trace(U).
Also, the diagonal entries of the upper triangular matrix U are {Aq, ..., Ay} and so

n
det(U) = H )\i
i=1

n
trace(U) = X A
i=1

Notes:

- If a n x n matrix A has purely real entries, its trace and determinant must both be real.
However, one or more of its eigenvalues {Ay, ..., Ay} might be complex. Therefore, the
eigenvalues (repeated according to multiplicity) must have a structure that ensures
their sum and product are both purely real. For example, the integer matrix A in (12.10)
has eigenvalues A; = (1+iv/51)/2 and A, = (1 - i\/51)/2 (as computed in (12.11)), and
we have A; + Ay = 1and A\A, = 13.

« If a n x n matrix A has all integer entries, its trace and determinant must be integers,
even though its eigenvalues {Ay, ..., A} are not necessarily integer. Thus, the (possibly
noninteger) eigenvalues must have an integer sum and an integer product. For example,
the integer matrix A in (12.8) has eigenvalues A; = 2 ++/7 and A, = 2 - /7 (as computed
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in (12.9)), and we have A; + Ay =4 and M Ay = -3.

- If we compute n — 1 eigenvalues of a n x n matrix (with real or complex entries), we

can use the trace formula as an easy way to get the final eigenvalue.

+ Corollary 12.1 holds more generally for square matrices A with entries in a general field
[, provided that A is similar to an upper triangular matrix U. Then, the determinant
is the product of eigenvalues of A (being the diagonal entries of U, with multiplicity
defined by the number of repetitions on this diagonal); the trace is the sum of eigen-
values. Of course, with a general field F, we cannot guarantee that A is similar to an
upper triangular matrix. On the other hand, any matrix A that is diagonalizable is
similar to a diagonal matrix, and diagonal matrices are upper triangular. Also, for any
field F, a n x n matrix with n distinct eigenvalues must be diagonalizable (since the
corresponding n eigenvectors are linearly independent and hence are a basis for F"),

so the sum and product of these n distinct eigenvalues is the trace and determinant.

12.9. Eigenvalues for linear operators

Let V be a general vector space over a field . The concept of eigenvalue and eigenvector
can be extended to linear transformations T : V — V. Recall that a linear transformation
from a vector space to that same vector space is also called a linear operator. A scalar A € F
is defined to be an eigenvalue of T if

T(v)=Av

for some nonzero vector v € V. The vector v is called an eigenvector of T. The pair (A, v) is
called an eigenpair of T.

The result of Theorem 12.1 can be extended to this context: If A, ..., A, are distinct
eigenvalues of a linear operator T : V — V, then the corresponding eigenvectors {vy, ..., v} }
are linearly independent. It follows that the number of eigenvalues is less than or equal
to dim(V). In the trivial case dim(V) = 0, then V = {0} and there are no eigenvectors
because V has no nonzero vectors. If dim(V') = n for some positive integer n, then T has
at most n eigenvalues. If dim(V) = oo, then T can have an infinite number of eigenvalues.

For example, let V be the real vector space of infinitely differentiable functions f : R -
R. This vector space has infinite dimension because it contains all polynomial functions.
Define the linear operator T : V — V for all f ¢ V by the derivative map: T(f) = f'(t) for
all t € R. Remarkably, each A € R is an eigenvalue of T. This is because, given A € R, we can
define a function f, € V by
frt) =€ vteR
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and we observe that f, is an eigenvector with eigenvalue A because

T(fx) = fa(t) VteR
=AM VteR

=Afa

In this vector space of functions, the eigenvector f is often called an eigenfunction because
itis a function of ¢.

As an exercise, the reader is invited to consider the real vector space V of all functions
f : R - R. Define the linear operator T: V — V for all f € V by

T(f)=cos(t)f(t) VteR

(a) Show thatif A ¢ [-1,1] then A is not an eigenvalue of T. Here, [-1,1] denotes the
interval {x e R: -1<x<1}.

(b) Show that every A € [-1,1] is an eigenvalue of T. What are the corresponding

eigenfunctions f,?

(c) Define the subspace S ¢ V as the set of all continuous functionsin V. Let G: S — S be
the linear operator that restricts T to S. That is, for each f € S define G(f) = cos(t) f(t) for
all ¢t € R. Show that G has no eigenvalues.

The spectrum of a linear operator T : V — V, in the special case dim(V) < oo, is defined
as the set of eigenvalues of T. This is denoted A(T) and is a finite and possibly empty set.
When dim(V') = oo, the definition of spectrum is often loaded with additional requirements.
In this text, we do not define the term spectrum in the infinite-dimensional context.

12.10. Exercises

EXERCISE 12.1.  Suppose A is a square matrix with eigenpair (A, v). Find an eigenpair of A2.
EXERCISE 12.2.  Prove a square matrix A is invertible if and only if 0 is not an eigenvalue of A.

EXERCISE 12.3.  Find all eigenvalues of the following real matrix:

555 5|
22 2 2
1111

111 1|
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EXERCISE 12.4.  Find all eigenvalues of the following real matrix:

1 2 3 45
1 2 3 45
A=|11 2 3 4 5
1 2 3 45
_12345_

EXERCISE 12.5. Define the following real matrix:

a) Find two eigenvalues A1, Ay and the corresponding eigenvectors vy, vs.
b) Use a computer to verify A = SAS™! for S = [ v v ] and

A0
0 A

/\_:

EXERCISE 12.6.  Define the following real matrix

A:

a) Find all eigenvalues of A.
b) Find all eigenvalues of A'.

EXERCISE 12.7.  Define the following real matrix

a) Find all eigenvalues of A.
b) Find all eigenvalues of AT.

EXERCISE 12.8. Define the following real matrix

A=
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a) Find all eigenvalues of A.
b) Find all eigenvalues of AT.

EXERCISE 12.9. Define the following real matrix

A=

a) Find all eigenvalues of A.
b) Find all eigenvalues of AT.

EXERCISE 12.10.  Define the following real matrix

a) Find all eigenvalues of A.
b) Find all eigenvalues of A'.

EXERCISE 12.11.  Define the following real matrix

a) Find all eigenvalues of A.
b) Find all eigenvalues of AT.

EXERCISE 12.12.  (Eigenvalue of A") Let A be a square matrix with entries in some field F.
Suppose A has an eigenvalue A € F. Use the fact det(M) = det(M") to prove that A is also an
eigenvalue of AT.

EXERCISE 12.13. Diagonalize the following real matrix A:

EXERCISE 12.14.  (Matrix with complex eigenvalues) Diagonalize the following real matrix A:

2 4
-1 3
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EXERCISE 12.15. (Matrix with complex eigenvalues) Diagonalize the following real matrix A:

10 -5
30 10

EXERCISE 12.16. Diagonalize this real matrix A

1 2 3
A=10 4 0
0 01
EXERCISE 12.17. Diagonalize this real matrix A
7 -1 0
A=10 1 1
0 0 1
EXERCISE 12.18.  Diagonalize this real matrix A
10 0 O
A=l 0 5 1
0 21

EXERCISE 12.19. (Field F3) Diagonalize A using F3 = {0, 1,2} and mod 3 arithmetic:

EXERCISE 12.20. (Field F3) Diagonalize A using F5 = {0,1,2} and mod 3 arithmetic:

2 11
A=10 0 2
0 01

EXERCISE 12.21.  (Field o) Does the following matrix have any eigenvalues in Fo = {0, 1} with
mod 2 arithmetic?
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EXERCISE 12.22.  (Field F3) Consider matrix A with 3 = {0, 1,2} with mod 3 arithmetic:

a) Write the polynomial f(A) = det(A — AI) = 0.
b) Does f (M) have any solutions A € {0,1,2}?

EXERCISE 12.23. Consider the real matrix A:
A =

a) Find the degree 2 polynomial f(A) = det(A — AI). Solve to find A, M.
b) Find Y7 | \; and [12, A;
¢) Find all eigenvalues of 100A.

EXERCISE 12.24. Consider the real matrix A:

1 01
A= 2 0 3
0 41
a) Find the degree 3 polynomial f(\) = det(A — AI).

b) Numerically solve to find A1, Ay, A3.
¢) Find Z?Il A;and 1'1;?’:1 A;

EXERCISE 12.25. Consider the real matrix A:

3 10
A=121 2
0 4 4
a) Find the degree 3 polynomial f(\) = det(A — AI).

b) Numerically solve to find A1, Ay, A3.
¢) Find Z?:l A;and 1'1;?’:1 A;

EXERCISE 12.26. Consider the real matrix A:

w
—
\O

o
N
N

451



a) Find the degree 3 polynomial f(A) = det(A — AI).
b) Numerically solve to find A1, Ao, A3.
¢) Find Z?:l A;and 1'[?:1 A

EXERCISE 12.27. Consider the real matrix A:

2 2 2
A=l 4 0 2
-1 0 0

a) Find the degree 3 polynomial f(\) = det(A — AI).
b) Numerically solve to find A1, Ay, A3.
¢) Find Zil A;and 1'[?21 A

EXERCISE 12.28.  (Complex eigenvalues) Consider the real matrix A:

2 -2 -1
A=l 4 0 2
-1 0 O

a) Find the degree 3 polynomial f(A) = det(A — AI).
b) Numerically solve to find A1, Ao, A3.
¢) Find Z?:l A;and 1'[13:1 A

EXERCISE 12.29.  (Repeating a column) Consider the real matrix A:

1 1 2
A= 4 4 2
-1 -1 0

a) Find the degree 3 polynomial f(A) = det(A — AI).
b) Numerically solve to find A1, Ay, A3. Find Z?:l A; and Hf’:1 A
¢) Find all eigenvalues of -7A.

EXERCISE 12.30. (Repeating a row) Consider the real matrix A:

b
I
w O O
O O
o &~

a) Find the degree 3 polynomial f(A) = det(A — AI).
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b) Numerically solve to find Ay, Az, As. Find ¥ | A; and T3, \;
¢) Find all eigenvalues of 4A.

EXERCISE 12.31.  (Cannot be diagonalized) Show this real matrix cannot be diagonalized:

A:

EXERCISE 12.32.  (Diagonalizable depending on c) Show that the following real matrix can be
diagonalized if and only if ¢ = 0:

A:
0 3

EXERCISE 12.33. Consider F = R. Let P be a 2 x 2 invertible matrix. Define the real matrix

10 -1
2 2

a) Find all eigenvalues of PAP~! in terms of P.
b) Diagonalize PAP™! in terms of P.

EXERCISE 12.34. Consider F = R. Let P be a 2 x 2 invertible matrix. Define the real matrix

1 4
8 2

A:

a) Find all eigenvalues of PAP™! in terms of P.
b) Diagonalize PAP~! in terms of P.

EXERCISE 12.35. Consider F = R. Let P be a 3 x 3 invertible matrix. Define the real matrix

110
A=13 3 0
0 09

a) Find all eigenvalues of PAP™ in terms of P.
b) Diagonalize PAP™! in terms of P.

EXERCISE 12.36. (Similar or not?) Are these two real matrices A and B similar?
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1 4 3 -3/4
A: ’ =
2 4 0 2
b)
1 9 2 5 8 4
A=10 4 3 |,B=10 1 9
0 0 5 0 0 3
c) ) i
4 0 31
A= ,B=
0 3 0 4

EXERCISE 12.37.  (Similar or not?) Are these two real matrices A and B similar?

a)

1 4 39
A= ,B=
0 1 1 2
b)
1 3 1 21 0
A=|5 -4 5 (,B=] 0 1 -4
7 8 7| [0 0 3
c) ) i
8 0 3 5
A= ,B=
0 2 1 7

EXERCISE 12.38. Give your own example of a 2 x 2 matrix A in the real field that is not
symmetric and that has two distinct eigenvalues. Compute the eigenvalues and corresponding
eigenvectors for both A and A". You should find the eigenvalues are the same, but the their
corresponding eigenvectors cannot be the same.

EXERCISE 12.39. (Are there any other eigenvalues?) Let A be a diagonalizable n x n matrix, so
A = SAS™! for some invertible S and some diagonal A. Let {\y, ..., An} be the diagonal elements
of A\ (with possible repetitions) and let {vy,...,vn} be the columns of S. Suppose there is an
eigenvalue A of A such that A ¢ {Ay, ..., A\n}. We reach a contradiction.

a) Let v be the corresponding eigenvector for . Explain why v = I | a;v; for some scalars a;.

b) Multiply both sides of the equation v = 1! ; a;v; by A.

¢) Multiply both sides of the equation v = 31" | a;v; by A. Reach a contradiction.
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CHAPTER 13.

Polynomials, roots, and eigenvalues over C

This chapter presents a factoring result that holds for polynomials over the field of complex
numbers. The result implies that every square matrix with real or complex coefficients
has a (possibly complex-valued) eigenvalue. It also relates the algebraic multiplicity of
roots of a polynomial equation to the algebraic multiplicity of eigenvalues of a square
matrix. The last part of this chapter defines an invariant subspace and shows that if A
is a complex-valued square matrix with a nontrivial invariant subspace S, then there is
an eigenvector of A in S. This fact is crucial for proving the spectral theorem for real and
symmetric matrices (developed in Chapter 15).

13.1. Polynomials over the real field

A polynomial p: R - R is a function of the type

2

p(x) =ag + ax + arx” + ---akxk VxeR

where k is a given nonnegative integer and ay, a, ..., a; are given real numbers, called the
coefficients of the polynomial. If k is a positive integer and a;, # 0, the polynomial is said to
have degree k. A constant polynomial is a polynomial of the type

p(x)=ay VYxeR
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for some coefficient ay € R. Constant polynomials are said to have degree zero. A polyno-
mial is nonconstant if it is not a constant polynomial. It can be shown that nonconstant
polynomials take an infinite number of different p(x) values as x sweeps over the real
number line. A polynomial is uniquely determined by its degree k and its coefficients
ag, ..., a;. Two polynomial functions are the same function if and only if they have the
same degree and the same coefficients. A value r € R is called a root of a polynomial p if
p(r) =0.

The quadratic polynomial p : R — R defined by p(x) = x? + 1 for all x € R clearly has
no roots r € R. Now consider the polynomial g : R — R defined by

g(x)=x>+2x*-88x+4 VxeR

Limiting behavior can be understood by looking at the dominant term x°:
Jim ) =

Jim_ )= -

Since q is a continuous function, the intermediate value theorem implies there must be a
root r € R such that ¢(r) = 0. By the same reasoning, every polynomial p : R - R with odd
degree must have at least one root in the real number line. On the other hand, a polynomial
p : R — R with even degree may or may not have a root in the real number line (consider,
for example, the polynomial p(x) = x2¥ + 1 for k € {1,2,3, ...}).

13.2. Polynomials over the complex field
A polynomial p: C — C is a function of the type

p(x) =ag+ayx + apx? + ---akxk VxeC

where k is a given nonnegative integer and ay, a1, ..., a; are given complex numbers called
coefficients. The terminology of degree, constant polynomial, nonconstant polynomial is the
same as for the case R. A value r € C is called a root if p(r) = 0.

Suppose p is a nonconstant polynomial. If k is a positive integerand p: C - Cis a
degree-k polynomial with root r, it can be shown that

(13.1) p(x)=(x-r)q(x) VxeC

for some degree-(k — 1) polynomial q : C — C. Solving for the decomposition (13.1) when a
root r is known is called factoring out the term (x —r).
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THEOREM 13.1.  (Polynomials with field C) Let p : C - C be a polynomial.
a) If p is a nonconstant polynomial, then there is at least one r € C that satisfies p(r) = 0.

b) If p is a nonconstant polynomial with degree k, so that
- k k-1
p(x) =aqpx" +ap_1x° " +..+ax+ayg VxeC
for some coefficients ay, ..., a; € C (with a; # 0), then it can be factored as
p(x) =ap(x—r)(x-rp)(x-1) VxeC

for some (possibly repeated) roots r1,...,1; € C. In particular, p(z) = 0 if and only if z €
{ry, ro, ey 11}

c) If all coefficients of p are real (so a; € R for all i € {0, ..., k}) then all roots come in complex
conjugate pairs [complex conjugates are discussed in Chapter 10.1]:

p(z) =0 < p(z)=0

PROOF. Part (a) is the fundamental theorem of algebra (we omit a proof). Part (b) follows
from part (a) together with the factoring result stated in (13.1). To prove part (c), suppose
k is a positive integer. Let p : C - C be a degree-k polynomial of the form

p(x) = akxk + ak_lxk_l o+t a1x+ay
for some real coefficients ay, a;_y, ..., ag. Fix z € C and suppose z is a root, so

0= p(2)

Taking complex conjugates of both sides and using the fact 0 = 0 gives

0= p(2)
=q2k+ a2l v apz+a

(a)

=gk rap 2Kl v+ @z ag

(b —

= ak-2k+ak_1-2 +..+a1-2+ag

© -k ke _
= a2 tag_1-%2 +..1+d1-2+ Q)

= p(2)

where (a) holds because the conjugate of a sum is the sum of conjugates; (b) holds because
the conjugate of a product is the product of conjugates; (c) holds because all coefficients
a; are real and so a; = a;. O
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The above theorem ensures that, with field F = C, every nonconstant polynomial of
degree k has alist of exactly kroots {ry, ..., 1. }. Some values may be repeated on this list, so
the number of distinct roots is at least 1 and at most k. The number of times a distinct root
is repeated in the list {ry, ..., 7.} is called the algebraic multiplicity of that root. The sum of
the algebraic multiplicity of each distinct root is equal to the degree of the polynomial.
If a polynomial has real coefficients and odd degree, part (c) implies that, since all roots
come in complex conjugate pairs, there must be at least one real root r (since 7 = r). This
is consistent with the limit derivation of this same fact in the previous section.

13.3. Complex eigenvalues

Let A be a n x n matrix with entries in C. Since every real number can be viewed as a
complex number, matrices with all real entries can also be viewed as matrices with entries
in C. A scalar A € C is an eigenvalue of A if and only if

det(A-AI)=0
Using (11.16), it can be shown that det(A — AI) is a degree-n polynomial in A of the form
det(A—AI) = (-1)"A" + 0, A" 14+ +0;A+0p VAeC

for some complex-valued coefficients 6,,_1, ..., 0g. The fundamental theorem of algebra
ensures this polynomial has at least one (possibly complex-valued) root A; (Theorem
13.1(a)). Therefore, every square matrix with complex entries has at least one (possibly complex-
valued) eigenvalue. This proves Theorem 12.2(a).

Theorem 13.1(b) ensures the degree n polynomial det(A — AI) can be factored
det(A-AI) = (-)"(A-r)(A=19)--(A=1) VAeC

where {ry, ..., 7} is the list of exactly n roots, with some roots being repeated according
to algebraic multiplicity. Recall that Theorem 12.2 ensures that A is similar to an upper
triangular matrix U. It can be shown that the eigenvalues of A are on the n diagonal
entries of U, these diagonal entries are precisely the roots {ry, ..., r;} of the polynomial
det(A - AI), repetitions of each distinct eigenvalue r on the diagonal of U is exactly its
algebraic multiplicity in the list of roots {ry, ..., }.
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13.3.1. Examples

1. Consider
12 5
A=|lo0o 1 -2 | , det(A-AI)=(1-A)%4-7)
00 4

Eigenvalues are A\; = 1, Ay = 1, A3 = 4, so the eigenvalue 1 has algebraic multiplicity 2.

2. Consider

0 1
(13.2) A= , det(A-AD)=A%2+1=A-1i)(A+1)
-1 0

Given a vector x € R?, the matrix Ax rotates the vector 90 degrees clockwise. Hence,
the real matrix A has no eigenvectors or eigenvalues if we restrict attention only to the
real numbers. Indeed, the polynomial A% + 1 has no roots A € R. However, there are
two complex roots: A; = i, Ay = —i. The corresponding eigenvectors are any nonzero
vectors in Null(A — AI) are are found by Gaussian elimination (using A € {A;,A2}):

A1 @] -1 A @] -1 -A
-1 -A -A 1 0 0

A-AN=

where step (a) swaps rows; step (b) uses the fact that we already know the rows are
multiples of each other because A makes the matrix A — AI not invertible. We look for

an eigenvector v = (¢, 1). Then
—c-A=0 = c=-A
so we obtain eigenvectors vy, v, by

: -M ~1 : -2 i
}\1 =1 — ’Vl = = B AZ = -1 — “/2 = =
1 1 1 1

One can verify these are indeed eigenvectors:
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It follows that the matrix A is diagonalizable:

13.4. Eigenvalues for linear operators over field C

Recall that if V is a vector space over a field, a scalar A is an eigenvalue of a linear operator
T : V - V if there is a nonzero vector v € V such that T(v) = Av (the nonzero vector v is
called an eigenvector, and (A, v) is an eigenpair).

LEMMA 13.1. Let V be a vector space over field C. Assume dim(V) is a positive integer. Let
T : V — V be a linear transformation. Then T has a (possibly complex-valued) eigenvalue.

PROOF. Letn=dim(V)andlet{vy,...,v;} beabasisfor V.Let A = Mat(T) be the matrix
of T with respect to this basis. So A = (g;;) is a n x n matrix with complex entries a;; that
satisfy

n
(13.3) T(vj) = a;v; Yje{l,...,n}
i=1

We already know A has an eigenvalue A € C. Let x = (xq, ..., X5 ) € C" be the corresponding
eigenvector. Since x is an eigenvector we know x # 0. The equation Ax = Ax implies

n
(134) >oaxj =N Vie{l,...,n}
j=1
We now show A is also an eigenvalue of T. Define the following vector v e V:
n
(13.5) V= le]-vj
J:

Note that v # 0. (Indeed, if v = 0 then linear independence of {v, ..., va} would imply x; = 0
for all j, which is impossible since x # 0.) Then

n
T(V) =T ZX]V]
j=1
n
J=1

a) &

n
Q=EXJZ%W1
j=1 " Li=1
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=1 |j=1
b n
(:) Z Vi [}\xl]
=1
(i) Av

where equality (a) holds by (13.3); equality (b) holds by (13.4); equality (c) holds by definition
of vin (13.5). Thus, v is an eigenvector of T with eigenvalue A. O

13.5. Invariant subspaces

Let V be a complex vector space. Let T : V — V be a linear transformation. A subspace
S ¢ V is said to be invariant under T if

veS = T(v)eS

An invariant subspace is said to be nontrivial if it contains at least one nonzero vector.

THEOREM 13.2. Let V be a complex vector space. Let T : V. — V be a linear transformation.
If S is a nontrivial and finite-dimensional subspace of V that is invariant under T, then T has
an eigenvector in S. In particular, if A is a n x n matrix with complex entriesand Sc C" isa
nontrivial subspace that satisfies

xeS = AxeS

then A has an eigenvector in S.

PROOF. Note that Sis itself a complex vector space with dim(S) being a positive integer.
Define the linear transformation T : S — S by

T(x)=T(x) VxeS

This indeed maps every vector x € S to another vector T(x) € S because S is invariant under
T. By Lemma 13.1, we know T has an eigenvalue A € C. So there is a nonzero vector v e S
such that T(v) = Av. Thus, T(v) = Av, so vis also an eigenvector of T. O

As an example consider the real and symmetric matrix

1 3 -7
(13.6) A=l 3 0 0
7 0 2
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Observe that AT = A, so A is symmetric. It can be shown that A; = 9 is an eigenvalue of A.
Let v; € C3 be the corresponding eigenvector. Define

S = Span{v;}*

That is, S is the 2-dimensional subspace of all vectors orthogonal to v;, where we use
the standard inner product (x, y) = xHy for all x, y € C3. It holds that S is an invariant
subspace because if x € S then

<X, 1/l> = xHVl =0

and so
(Ax,v) = (Ax)Hvy = xHaHy, @ Hav, = xB () = A(xtvy) = 0

where (a) holds because A = A because A is real and symmetric. Thus, if x € Sthen Ax € S
(so Sis indeed invariant). It follows that A has another eigenvector in S. In particular, A
has an eigenvector v, that is orthogonal to our first eigenvector v;. One can then define
the 1-dimensional subspace

U = Span{vy, v }*

and a similar argument shows that U is invariant. So A has an eigenvector v3 € U. In
particular, A has an orthogonal basis of eigenvectors {vi, vo, V3 }.

We can always normalize the eigenvectors:

{w V) V3}
[vall” lIvall” [[vll

so we can say that A has an orthonormal basis of eigenvectors. This fact about an orthonormal

basis of eigenvectors generalizes to any symmetric matrix A with real entries (see Chapter
15). It also holds for skew symmetric matrices such as the example matrix in (13.2).

13.6. Polynomial functions of matrices

Let A be a nx n matrix with complex entries. Suppose (A, v) is an eigenpair of A. Questions:

1. What is an eigenpair of A%?

2. What is an eigenpair of A3?

3. What is an eigenpair of 543 — 342 + A + I?

4. If A is invertible, what is an eigenpair of A~1?

5. If A is invertible, what is an eigenpair of 74 + 3471 + 24722 (where A=2 = (A71)?)

It is easy to see that if Av = Av, then multiplying both sides by A gives A%v = AAv = A%v.

462



This answers the first question: If (A, v) is an eigenpair of A, then (A2, v) is an eigenpair
of A2, In fact, this holds when we use any field F, although let us continue to assume
F = C here. The answers to questions 2 and 3 are similar: The eigenvector v remains an
eigenvector, and the eigenvalue A changes to A3 and 5A% — 3A? + A + 1, respectively. The
fourth question is somewhat different: We start with Av = Av; since we assume A~! exists
for this fourth question we can multiply both sides by A~! to obtain v = AA~1v; we also
know A # 0 (why?) and so we divide both sides by A to conclude A~'v = A1v. So the new
eigenpair is (A\"1, v). Then the fifth question has answer (7A + 3A~1 + 2A72,v). There is a
clear pattern here.

Fix k as a positive integer and let p : C - C be a degree-k polynomial:

(13.7) p(2z) = ckzk + ck_lzk_l ++02+c) VzeC

(where we assume ¢; # 0). Now let A be any n x n matrix with complex entries. We define

p(A) by
p(A) = ckAk + ck_lAk_l +-+ 1A+ ol

where I is the n x n identity matrix. The above discussion suggests that if A is an eigenvalue
of A, then p(A) is an eigenvalue of p(A). (This is true and is proven in Theorem 13.3 given
below.) However, it is not obvious if these are the only eigenvalues of p(A). It turns out
that this is also true, and this is called the spectral mapping theorem (formally stated and
proven below).

An intriguing thing we can do with polynomials applied to matrices is factor them
according to the standard polynomial factorization. We know that all degree k polynomials
can be factored (over the field C) into k factors with roots 2y, ..., 2} (repeated according to
algebraic multiplicity). So the polynomial p(2) in (13.7) can be factored:

p(z) = q(z-21)(2-22)(2-%) VzeC

It follows that for any square matrix A with complex entries, p(A) can be expressed in
this factored form:

p(A) = ckAk + ck_lAk_l ++ A + ol
= Ck(A - ZII)(A - ZQI)(A - zk—lI)(A - ZkI)

Further, since the factorization of p(z) does not depend on the ordering of the factors, the
factorization of p(A) also does not depend on this ordering! For example, we can reverse
the ordering of roots:

P(A) = (A =) (A - 21 I)-(A - 22D) (A - 21])
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This leads to the following lemma.

LEMMA 13.2. Let p: C — C be a polynomial function of degree k > 1. Let A be a n x n matrix
with complex entries. Let w be any nonzero vector in C". If p(A)w = 0 then at least one root of
the polynomial p(z) is an eigenvalue of A.

PROOF.  Suppose w is a nonzero vector in C" such that
p(A)w=0
Since k > 1, the degree-k polynomial has some factorization

p(2) = (2 - 2) (2 - 21) (2 - 21)
for some ¢y, 21, ..., 2; € C (with ¢ # 0). From this we obtain
0= p(A)w = (A - D) (A - 7 1])-(A - 2pI) (A - sy D) w

which means that one of the following k possibilities is true:
* (A-2zI)w=0so wis an eigenvector of A with eigenvalue z;.

« (A-zI)w = 0but (A-2I)(A-2zI)w=0.So (A -z I)wis an eigenvector of A with
eigenvalue 2.

s (A-z)(A-zI)w=0but (A-23I)(A-2I)(A-211)w=0.S0 (A-2I)(A-zI)wis
an eigenvector of A with eigenvalue z3.

* (A-2z1I)(A-2z1_oI)--(A -z I)wis an eigenvector of A with eigenvalue 2.
and so at least one root of p(z) is an eigenvalue of A. O]

Lemma 13.2 can be used as an elegant argument that every square complex matrix A
has a (possibly complex) eigenvalue, and the argument does not require the determinant
concept (see also Axler (2024)): Take any nonzero w € C". Consider the n + 1 vectors

{w, Aw, A%w, A3, ..., A"w}

These are n + 1 vectors in the n-dimensional vector space C", so they cannot be linearly
independent. There must be complex coefficients c; (not all zero) such that

n .
(13.8) Y A'w=0
i=0

where A” is defined as I. Let k € {1, ..., n} be the largest index i for which c; # 0 (we cannot
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have k = 0 since then ¢y # 0 and (13.8) would reduce to cyw = 0, which is impossible since
w # 0). Define the degree-k polynomial

P(2) = o+ C12 + 2% + o + ckzk

Then (13.8) becomes p(A)w = 0, which (by Lemma 13.2) means at least one of the roots of
the degree-k polynomial p(z) is an eigenvalue of A. In particular, A has an eigenvalue!
Lemma 13.2 can also be used to prove the following spectral mapping theorem.

THEOREM 13.3. (Spectral mapping) Fix n, k as positive integers. Let p : C — C be a degree-k
polynomial and let A be a n x n matrix with complex entries. Here we consider the field C (so
eigenvalues can be complex numbers). Then

a) If (A, v) is an eigenpair of A, then (p(A),v) is an eigenpair of p(A).

b) If w is an eigenvalue of p(A), then thereis a A € C such that A is an eigenvalue of A and
p(A) = . Thus, the set of all eigenvalues of p(A) is given by:

A(p(A)) ={p(A) : Ais an eigenvalue of A}

PROOF. To prove part (a), suppose (A, v) is an eigenpair of A. We have
_ k k-1
p(2) =" +c 127 +-+cg+cy VzeC
for some ¢y, ¢y, ..., ¢ € C, so
_ k k-1
P(A) =A™ + A" + -+ A + ¢l

Since Av = Av, we know A/v = Mv forall j € {1,2,3,...}. Therefore

p(A)v = ckAkv + ck,lAk_lv + o+ AV + ¢V
= ck)\kv + ck_l?\k_lv + -+ CIAV + CoV

= p(A\)v

So (p(M), v) is an eigenpair of p(A).
To prove part (b), suppose p is an eigenvalue of p(A). Let v be the corresponding
eigenvector. So p(A)v = uv and

(p(A) —ul)v=0

Define the degree k > 1 polynomial function q(z) = p(z) — u for z € C. The above equality
means
q(A)v=0

so Lemma 13.2 ensures at least one root of g(2) is an eigenvalue of A. Let A € C be a root
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of g(z) that is an eigenvalue of A. Then 0 = g(A) = p(A) — n. That is, A is an eigenvalue of
A and p(A) = p. This proves the first sentence of part (b). The second sentence follows

immediately from this and part (a). O

While every eigenvector of A is also an eigenvector of p(A), the reverse is not neces-

sarily true. For example, consider p(z) = 22 for z € C and

1 O 9
A= 0 ’ p(A):A =

Every nonzero vector in C? is an eigenvector of p(A), but the same is not true of A.

13.7. Exercises

EXERCISE 13.1. Consider the real matrix A:

2 -2
A=
4 -1
a) Find Ay, Ay.
. 2 2
b) Find 3 A; and [15_ 1 A
EXERCISE 13.2. Consider the real matrix A:
-7 1
4 4

a) Find )\1, Ao.
¢) Find Zil A;and le:l A;

EXERCISE 13.3. Consider the real matrix A:

2 -2 0
A=|4 -1 3
1 1 1

a) Find the degree 3 polynomial f(A\) = det(A — AI).
b) Numerically solve to obtain A1, Ay, A3.
¢) Find Z?:l A; and 1'1;?’:1 A;
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EXERCISE 13.4. Consider the real matrix A:

2 2 0
A=] 4 10 3
-5 2 1

a) Find the degree 3 polynomial f(\) = det(A — AI).
b) Numerically solve to obtain Ay, Ag, A3.

; 3 3
o) Find 37 | A;and TT7 | A;
EXERCISE 13.5.  (Repeating a row) Consider the real matrix A:

18 -6
18 -6

a)Fmd )\1, Ao.
b) Find Y7 | A; and [T2 | ;.

¢) Diagonalize A.

EXERCISE 13.6.  (Repeating a column) Consider the real matrix A:

A:

a)Fmd ?\1, Ao.
b) Find Y7 | A; and [12 | ;.

¢) Diagonalize A.
EXERCISE 13.7.  (Repeating a row) Consider the real matrix A:
4 0 5

A=]1 2 3
1 2 3

a) Find the degree 3 polynomial f(\) = det(A — AI).
b) Numerically solve to find A1, Mg, A3.
¢) Find Z?:l A;and 1'1;?’:1 A;
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EXERCISE 13.8.  (Repeating a column) Consider the real matrix A:

4 99
A=11 9 9
1 99

a) Find the degree 3 polynomial f(\) = det(A — AI).

b) Numerically solve to find A1, Ao, A3.

¢) Find Z?:l A; and H?:l Aj
EXERCISE 13.9. Let A be a square matrix with entries in some field F. Let (A, v) be an eigenpair
of A.

a) Find an eigenpair of —A.

b) Find an eigenpair of A2.

¢) Fix c € F. Find an eigenpair of A% + A% + cA.

d) Let S be an invertible matrix of the same size as A. Find an eigenpair of SAS™L.

e) Assume A is invertible. Find an eigenpair of A™1.

EXERCISE 13.10. LetV bea vector space over afieldF. Let T : V — V be a linear transformation.
Suppose that (A, v) is an eigenpair of T, so that A\ e F, ve V, v+ 0, and T(v) = Av.

a) Define G = T?. Thatis, G : V — V is given by G(x) = T(T(x)) for all x € V. Find an
eigenpair of G.

b) Fix cy, c1, ¢2 € F. Define H = col + ¢;T + ¢ T?, so H(x) = cox + c1T(x) + co T?(x) for all
x € V. Find an eigenpair of H.

EXERCISE 13.11.  Suppose A is a n x n matrix with entries in some field F. Fix c, ¢, c3 € . Fix
v € F" such that v + 0. Suppose that

(A-c)(A-c)(A-c3I)v=0

a) Show that A must have an eigenvalue A € {cy, ¢p, c3}.

b) Give an example where c3 is not an eigenvalue of A, but c; is.

EXERCISE 13.12. Let A be a n x n matrix with entries in some field F. Fix cy, ¢; € F. Consider
the quadratic polynomial p : F — [ defined by

p(x)=x?+cx+cy VxeF

Define
p(A) =A% + A + ¢l

where I is the n x n identity matrix.
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a) Suppose (A, v) is an eigenpair of A. Find an eigenpair of p(A).
b) Suppose the polynomial can be factored, so that

p(x) = (x-21)(x~-22) VxelF
for some roots z1, 2 € F. Prove that
p(A) = (A-2zI)(A-2I)

¢) Assume the conditions of part (b). Let v be a nonzero vector such that p(A)v = 0. Show
that either z; or 2y must be an eigenvalue of A.

EXERCISE 13.13. (Consequences of factoring) Let n, k be positive integers. Let Abean xn
matrix with entries in some field F. Let p : F — [F be a degree-k polynomial:
plx) = xK+ ck,lxk_l + ckfzxk_z ++0x+cyg VxelF
Define
p(A) = AR+ ¢ AN g ARk A+ ool

where I is the n x n identity matrix. Suppose the polynomial p can be factored:
p(x) = (x-z)(x-22)(x-2) Vxel

for some roots 2y, ..., 2, € F.

a) Use induction to prove that p(A) = (A — 21I1)(A — 22I)--(A — zI).

b) Suppose there is a nonzero vector v € F" such that p(A)v = 0. Prove that A has an
eigenvalue A € {21, ..., 2 }.

¢) Fix any nonzero vector v € F" and consider the sequence of vectors {v, Av, A%v, ..., Akv}.
Show there must be an integer k € {2, ..., n} such that A%v € Span{v, Av, ..., Ax"1v}.

d) Using the setup of part (c), explain why there are scalar coefficients d; such that

ARy = dov + d1Av + do A%y + ... + dk_lAk_lv
and so q(A)v = 0, where q is the degree-k polynomial
q(x) = xX = (do + dyx + dpx® + ... + dy_1xK1) vxeF

Explain why, if q can be factored into a product of k roots, then at least one of those roots must be
an eigenvalue of A. It can be shown that if F = C then every degree k polynomial can be factored
into a product of k (possibly repeated) roots. Therefore, in the complex field, every square matrix
has at least one eigenvalue, and such an eigenvalue can be found by starting with any nonzero
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vector v € C", considering {v, Av, A%v, ..., AW}, and factoring the corresponding polynomial
as described in previous parts of this problem.

EXERCISE 13.14.  (Commuting operators over the complex field share an eigenvector) Fix n € N.
Let V be a n-dimensional vector space over field Cand letT:V — Vand G:V - V be linear
operators. Suppose that T and G commute, so

T(G(x)) = G(T(x)) VxeV

We want to show there is a vector w € V such that w is an eigenvector for both T and G (with
possibly different eigenvalues). Let (A, v) be an eigenpair of T (we know such an eigenpair exists
because this is a complex vector space of finite dimension n > 1). Define S = Null(T — AI), where
I:V — V is the identity operator I(x) = x for all x € V.

a) Explain why S is nontrivial, and why all nonzero vectors in S are eigenvectors of T.

b) Show that S is an invariant subspace under G (meaning thatx € S —> G(x) € S).

¢) Use parts (a) and (b) to conclude S contains a vector that is an eigenvector for both T and
G.

EXERCISE 13.15.  (Eigenvectors for linear operators) Fix n € N. Let V be a n-dimensional vector
space over field F. Let T : V — V be a linear transformation. Suppose that T has eigenvectors
{v1, ..., v} that form a basis for V, with corresponding (possibly repeated) eigenvalues Ay, ..., Ap.
Suppose x is some other eigenvector of T with eigenvalue w € F.

a) Explain why we {A, ..., An}.

b) Show that we can form a basis for V of the form {x, wa, ..., wn} for some eigenvectors w;
forie{2,..,n}.
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CHAPTER 14.

The ODE x/(t) = Ax(t)

Eigenvalues and eigenvectors are useful for solving the following vector-based ordinary
differential equation (ODE):

(14.1) x'(t) = Ax(t) VteR

where A is a given n x n matrix and x(t) = (x1(t), ..., xn(t)). Note that x(t) is treated as a
column vector for the purposes of matrix multiplication in (14.1). The derivative x'(t) is

taken componentwise:

X () = (4(8), o (1)) = (%m(t), . %xnm)

assuming that each component function x;(t) is differentiable. A function x(t) that satisfies
the ODE (14.1) for all t € R is called a solution to the ODE. It is clear that the always-zero
function (x(t) = 0 for all ¢) is a solution. The always-zero function has initial condition
x(0) = 0. Typically we are given a nonzero initial condition x(0) = xp, where x; is a given
vector in R", and we want to find a solution that matches that initial condition.

For example, suppose we want to find a function x(t) = (x1(¢), x2(t)) that takes values
in R? and satisfies

x1(t) = =3x1(t) - 2xp(t) VteR
x5(t) = x1(£) —xp(t) VteR
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with initial condition (x;(0),x2(0)) = (1,1). This system has the form x'(t) = Ax(t), with
x(0) = x, for
-3 -2 1
A = 9 xO =
1 -1 3

The solution for this specific example is presented in Section 14.6.

14.1. The subspace of solutions

We are primarily interested in the case when A has real entries and x(¢) has real com-
ponents. However, it is useful to allow the n x n matrix A to have complex components,
and to allow solutions x(t) take values in C" for all t. A function x(t) € C" has real and
imaginary parts, and its derivative is defined by the derivatives of the real and imaginary
parts:

x(t) =w(t) +iz(t)
x'(t) =w(t) +i2' (1)

where w(t) and z(t) take values in R" for all t. The function x(t) is differentiable if and
only if its real and imaginary parts w(t), z(t) are both differentiable. f Aisarealnxn
matrix, it can be shown that a complex valued function satisfies the ODE if and only if
both its real and imaginary parts satisfy the ODE (Exercise 14.8).

Let V be the complex vector space of all differentiable functions x(t) that take values
in C" over time t € R. We search for solutions to the ODE (14.1) in the space V. The set
of all solutions to the ODE forms a subspace of V. Specifically, if x(t) and y(t) are two
functions that satisfy (14.1), then any linear combination of x(¢) and y(t) also satisfies
(14.1) (see Exercise 14.13).

14.2. Existence and uniqueness

Given initial condition x € C™, the goal is to find a function x(t) that satisfies the ODE (14.1)
and also satisfies x(0) = xy. Because the ODE (14.1) has a linear structure, a fundamental
existence and uniqueness theorem ensures that for every xg € C", there exists one and only
one function x(t) that satisfies (14.1) and has x(0) = xgy. Further, if the initial condition
has all real components, then the resulting solution has all real components for all time.
That is,

xg € R" = x(t) eR" VieR
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14.3. Solutions from eigenpairs of A

Here is the key to finding solutions to (14.1): If (A, v) is an eigenpair of A (where A € C and
v € C") then the following function x(t) is a particular solution to the ODE (14.1):

x(t) = ve  vieR
where

v =(V1,V2, e, Vn)
veM = (n M, e .. vpe)

This can easily be seen as follows:
At / d At At At
x(t) =ve™ — x'(t) = d—t(vle , Ve, vpet)

= (MA, 1AM . vaAe)

= Avelt

(g) (Av)e)\t
® ax(r)

where equality (a) holds because Av = Av; equality (b) holds because we have defined
x(t) = vel.

Since veM

is a solution to the ODE (14.1), any scalar multiple of this is also a solution.
This provides an infinite number of new solutions. However, all of these new solutions
have initial conditions that are scalar multiples of v. If our desired initial condition x; is

At

not a scalar multiple of v, then the single solution ve"" is not good enough: We need to

find n different solutions that have n linearly independent initial conditions {vy, ..., v }.
Then we can take linear combinations of these solutions to fit any desired initial condition
xg € C™.

14.4. The case when A is diagonalizable

The easiest situation is when the n x n matrix A is diagonalizable

A=SAS!

where the n columns of S consist of n linearly independent eigenvectors vy, ..., v, (Which
are a basis for C"*) with corresponding eigenvalues Ay, ..., A (scalars in C) that form the
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entries of the diagonal matrix A. This gives n distinct eigenpairs (A;, v;) of the matrix A.
Therefore, for each i € {1, ..., n} we have the following solution to the ODE (14.1):

x;(t) = vt vt

where x;(t) € C" now represents the ith vector-valued solution (not the ith component of
a vector-valued function). If A; and v; are both real, then x;(¢) has real components for
all time t. Given a desired initial condition xy € C", we can take linear combinations of
x1(t), ..., Xxn(t) to find the unique solution to the ODE with that initial condition. Specifically,
define a new solution x(t) by

n
(14.2) x(t) =) 0,v;N VieR
i=1

where 04, ..., 0, are scalar weights (generally complex-valued). We have x(0) = x if and
only if

n
x(0) = 37 0;v; = xo
i=1
Therefore, we choose the scalars 6; to solve
S0 = X0

where S is the matrix with columns given by the eigenvectors v;, and 6 = (05, ...,0,). It
follows that

0= S_le

Using these scalars 0, the function x(t) defined in (14.2) satisfies the ODE (14.1) and matches
the desired initial condition x(0) = xy. Therefore, the existence and uniqueness theorem
ensures x(t) is the unique solution with that initial condition. This unique solution (14.2)
can be equivalently written in matrix form

(14.3) x(t) = SMS Iy VieR
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where, for the diagonal matrix A, we define

Moo 0 0

0 2 o 0
(14.4) M= o o Mt .. 0

0 0 0 Mt
Recall thatif A = a + bi then
(14.5) M = (@)L _ oat (cog(bt) + isin(bt)) VieR
It follows that

Mo

(a<0) = lime
t—o00

Thus, in this diagonalizable case, if all eigenvalues of A have negative real part, then all
terms in the matrix (14.4) converge to 0 as t — oo, so x(t) — 0 (regardless of the initial
condition x(0) € C™). Even when A is not diagonalizable, if all eigenvalues of A have
negative real part, it can be shown that lim;_, o x(t) = 0 for all initial conditions x(0) € C"
(see Section 14.9). On the other hand, if at least one eigenvalue of A has a nonnegative
real part, then there exists an initial condition v € C" for which x(t¢) does not converge to
zero as t — oo. [Indeed, given an eigenpair (A, v) where A has nonnegative real part, just
consider the particular solution x(t) = ve’ and use the fact (14.5).] For this reason, the
ODE x/(t) = Ax(t) is called stable if all eigenvalues of A have negative real part.

14.5. Example: Diagonalizable with real eigenvalues

Consider
(14.6) A= L xo-

To solve x'(t) = Ax(t) with x(0) = xg, we find the eigenvalues:
det(A-AI)=0 < (4-A)(3-7A)-2=0

and the eigenvalues are
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The matrix has two distinct eigenvalues, so it is diagonalizable and has a basis of eigen-
vectors. Since A is real and the eigenvalues are real, the eigenvectors can be chosen to be
real. To find an eigenvector for eigenvalue A (where A = A; or A = A») we find a nontrivial
solution to (A — AI)v = 0. By Gaussian elimination we have

4-N -1 -2 3-A 3-A

-2 3-A 4-A -1 0 0

where the last elimination step follows because the rows must be multiples of each other
(since we know A — Al is not invertible). The first elimination step of swapping the rows
was not needed, but was for convenience of placing the nonzero constant -2 in the upper
left corner to act as a pivot. We have a single free variable. For convenience, we search for
an eigenvector of the form (a, 2):

-2 3-A a 0
= = -2a+2(3-A)=0 = a=3-A
0 0 2 0

so the eigenvectors are v; = (3 - A;,2) for i € {1, 2}, that is

3-A )
}\1:5:>'V1: =
2 2
3-A 1
)\2:2:}'\/2: =
2 2

Then a general solution to x'(t) = Ax(t) is

[}

2 1
x(t) =0, el + 0y 2 vieR
2 2

where 01, 0, are any scalar weights. To match the initial condition x(0) = (1,1) we have

-2 1 1
x(O):61 +92 =
2 2 1
and so
-1
-2 11| 6 1 0, -2 1 1 -1/6
= p— = =
2 2 || 6 1 0, 2 2 1 2/3
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Therefore

x(t) = (-1/6) ) el +(2/3) : e VieR

One can verify that x(0) = (1,1) and x'(¢) = Ax(t). Equivalent forms of the solution are

[ 5 2
(1) = (1/3)e>t + (2/3)e?! Ve
| (-1/3)¢> + (4/3)¢*

_ -1
-2 1 et 0 -2 1

1
x(t) = VteR
2 2 0 e 2 2 1
y N——
S oAt g1 X0

The reader can verify that any alternative choice of eigenvectors vy, vy for Ay = 5, Ay = 2
leads to the same answer. In this example, both eigenvalues are real and positive, so the

system is not stable. It holds that x;(t) — oo and x(t) - —oo. The solution is plotted over
t €[0,0.4] in Fig. 14.1.

The case of real eigenvalues

0 0.1 0.2 0.3 0.4
t

FIGURE 14.1. ODE solution x(t) = (x1(t), x2(t)) with x(0) = (1,1) when A is the matrix
with real eigenvalues given in (14.6).

477



14.6. Example: Diagonalizable with complex eigenvalues

Diagonalizable matrices with complex eigenvalues are solved the same way. Consider

-3 -2 1
(14.7) A = 5 xo =
1 -1 3

To solve x'(t) = Ax(t) with x(0) = xo, we find the eigenvalues:
det(A-A)=0 < (-3-A)(-1-A)+2=0
The eigenvalues are

7\12—2+i
Ap=-2-1i

The eigenvalues are complex conjugates of each other. These complex eigenvalues will
lead us to a fully real solution. There are two distinct eigenvalues, so the matrix A is
diagonalizable and has a basis of eigenvectors. To find an eigenvector for eigenvalue
A (where A = A\; or A = Ap) we find a nontrivial solution to (A — AI)v = 0. By Gaussian
elimination we have

-3-A -2 1 -1-A (1] -1-A
1 -1-A -3-A -2 0 0

where the last step uses the fact that the rows must be multiples of each other, since A —AI
is not invertible. We have one free variable. We seek an eigenvector of the form (a,1):

= = a+(-1-A)=0 = a=1+A

so the eigenvectors are v; = (1+A;, 1) for i e {1,2}:

i L+A; -1+1
7\12—2+l:>1/1: =
1 1
. 1+)\2 -1-1
)\2=—2—l=>1/2= =
1 1
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Then a general solution to x'(t) = Ax(t) is

141 . -1-1 .
x(t) =0, [ i ] (-2t 1 g, [ ' ] 2D yieR
1 1

where 01, 0, are any scalar weights. In general, the solution is complex-valued, but suitable
choices of 01, 0, will lead to a fully real solution. To match the desired initial condition
x(0) = (1,3) we have

i l-i e | [ e | [ ei 1-i HE | @r)-2i
1 1 0, | |3 0, | | 1 1 3| | (3/2)+2i

Therefore

x(t) = ((3/2)-21’)[ le ]e<2+i>t+((3/z)+zi)[ - ]e(Zi)t VieR
1 1

One can verify x(0) = (1,3) and x'(t) = Ax(t). Note that x(t) is a sum of two complex
conjugate terms. So x(t) is fully real and is equal to twice the real part of the first term.
Equivalent forms of the solution are, for all t € R:

x(t) = 2Re!((3/2) - 21) [ L+ ]e(2+i)t]
1

NESIE s -
—Re[(3—4l)[ ]e 2’t(COS(t)HSln(t))]
1

eZt[ cos(t) — 7sin(t) ]

3cos(t) +4sin(t)

. -1
140 —1-1 || (2t 0 147 -1-1i 1
x(t) = )
1 1 0 o(=2-1)t 1 1 3

——
S oAt s-1 Xo
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The system is stable because both eigenvalues A; and A, have negative real part. The
solution is plotted in Fig. 14.2.

The case of complex eigenvalues

2571

1.5 /

0.5

x4 (1) and x,(t)

0.5 X, (1)

FIGURE 14.2. ODE solution x(t) = (x1(t), x2(t)) with x(0) = (1,3) when A is the matrix
with complex eigenvalues given in (14.7). The real part of both eigenvalues is negative and
so x(t) - (0,0) as t — oo.

For a general real valued nxn matrix A, any complex eigenvalues must come in complex
conjugate pairs (recall Chapter 13). This helps to cancel out the imaginary components
to form real solutions as a sum of complex conjugate solutions. If any eigenvalues have
a nonzero imaginary part, as in the example above, the corresponding real solutions
to x'(t) = Ax(t) typically have sine/cosine oscillations. The solution in Fig. 14.2 does
not have noticeable oscillations because the oscillation frequency (determined by the
imaginary part of the eigenvalues) is small in comparison to the rate of exponential decay
(determined by the real part of the eigenvalues).

Let us see what happens when the imaginary part of the eigenvalues is increased from
1to 10. Consider

(14.8) A= . xp=
1 0 3

By the same method used above, one can show the eigenvalues and eigenvectors are:

, A -2 +10i
M=-2+101 = v = =
1 1
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15Complex eigenvalues with large imaginary part

FIGURE 14.3. ODE solution x(t) = (x1(t), x2(t)) for system (14.8) where eigenvalues have
an increased imaginary part in comparison to the system of Fig. 14.2. The oscillations are
more apparent. The initial condition is still x(0) = (1, 3). The system is still stable because
the real part of the eigenvalues is still -2.

. A -2 -10i
)\2 = —2 — 101 p— ’\/2 = =
1 1

The real part of the eigenvalues is —2, which is the same as the previous example. However,
the magnitude of the imaginary part has increased from 1 to 10. The solution is

x(t) = AR

_ ) -1
—2+10i -2-10i || e(-2+100)t 0 ~2+10i -2-10i 1

|1 1 0 e(~2-100)t 1 1 3
_| (@2)+i(157/10) 2 (c05(101) + isin(100) + (1/2) - i(157/10)

i (3/2) - i(7/20) (3/2) +i(7/20)

=2Re (1/2) + (157/10) e 2! (cos(10t) + isin(10¢))
(3/2) -i(7/20)
-157/5

7/10

e 2! cos(10t) + e 2! sin(10¢)

This solution is plotted in Fig. 14.3. The system is still stable because the real part of both
eigenvalues is —2. The oscillations are more significant in comparison to Fig. 14.2 because
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the oscillation frequency has increased by a factor of 10. This example was created by
designing a real matrix A with eigenvalues given by a desired complex conjugate pair.
Exercise 14.14 shows how to design a real 2 x 2 matrix with eigenvalues r + is and r — is for
any desired r, s € R.

14.7. Different solution structure when A is not diagonalizable

Let A be a n x n matrix (with real or complex entries). Suppose we know A € C is an
eigenvalue of A. Generally, we want to use A to find as many linearly independent solutions
to the ODE x'(¢) = Ax(t) that we can. By finding a basis {vy, ..., v} } for Null(A - AI), we
have k linearly independent solutions v;e*. Are these the only ones we can find? This
section shows how to find another solution type in the special case when

(14.9) dim Null[ (A - AI)?] > dim Null(A - AI)

Let (A, v) be an eigenpair of A. We already know that ve’ solves the ODE. Suppose
now that we can find a vector z € C" that satisfies

(14.10) Az =Az+cV
for some nonzero scalar c € C. From this information alone, it can easily be shown that
(see Exercise 14.10):

 {v,2} are linearly independent.

© 2 ¢ Null(A-AI).

- ze Null[ (A -AD?].

Given z € C" that satisfies (14.10), the following function y(t) solves the ODE x'(t) = Ax(t)
(see Exercise 14.10):

y(t) = 2 + ctve VteR

So we have two structurally different solutions to the ODE from the same eigenvalue A (and

their initial condition vectors are linearly independent):

x(t) = vet ,x(0)=v

(14.11) y(t) = 2 + ctvet y(0) =2

Note that existence of the structurally different solution y(t) required existence of
a vector z and a scalar ¢ # 0 that satisfy (14.10). Such z, ¢ can be found by taking any
2z € Null[(A - AI)?] that is not also in Null(A — AI). This can be done if and only if (14.9)
holds. More generally, it can be shown that A is not diagonalizable if and only if it has at
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least one eigenvalue A for which the condition (14.9) holds. A third type of solution can be
found if dim Null[ (A — AI)3] > dim Null[(A - AI)?] (see Exercise 14.11). A full solution that
works for all cases uses the matrix exponential developed in Section 14.8.

For example, consider

(14.12) A= , Xp=
0 -1 1

To solve x'(t) = Ax(t) with x(0) = xg, we observe that the only eigenvalue is A = 1. Also,
dim Null(A - AI) = 1, so we have only one linearly independent eigenvector v = (1,0).

Null(A-AI) = Span{l ! :|}
0

Null[(A - AI)?] = C?

Specifically

The condition (14.9) applies. Define A = -1, v = (1,0). Then we have one solution

1
x(t)ve“|: ]et vt
0

To fit the desired initial condition x(0) = (1,1), we need another linearly independent
solution. We need a vector z that satisfies (14.10). It suffices to choose any z € Null[(A-AI)?]
that is not in Null(A — AI). That is, any z € C? that is not a multiple of (1,0). For simplicity
we choose z = (0,1). Then

B e

so equation (14.10) holds with A = -1, v = (1,0), 2 = (0,1), ¢ = 2. Using the structure (14.11),

we obtain a new solution

0 1
Y(t) = zeM + ctve = [ ] e l+ Zt[ ] et vt
1 0

We obtain the desired solution w(t) as a linear combination of x(¢) and y(t):

1 0 1
w(t) = 01x(2) + 02¥(t) = w(O)-Gl[ ) ]+92! ]_[ ]
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So the weights are 0, = 0, = 1. Then

L Ly
w(t) =x(t) + y(t) = e +2t e’ Vvt
1

It is clear that w(t) — (0,0) as t - oo. This is because the only eigenvalue has a negative
real part, so the system is stable. The solution is plotted in Fig. 14.4.

The case of a nondiagonalizable matrix

FIGURE 14.4. ODE solution x(t) = (x1(t), x2(t)) with x(0) = (1,1) when A is the nondiago-
nalizable matrix given in (14.12). The real part of the only eigenvalue is negative and so
x(t) - (0,0) as t - oo.

14.8. Matrix exponential

Let A be a nn x n matrix with complex entries. We define the matrix exponential ¢* by
AT+ Y Lak
=1+ 1;1 EA

where I is the n x n identity matrix and

> 1 ) mo1
k=1 meea K

It can be shown that the right-hand-side of the above equality always converges to a finite
matrix. That is, for every square matrix A with complex entries, ¢ is again a square
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matrix with complex entries. If all entries of A are real, then all entries of e? are real.! For
simplicity of notation we write

(14.13) A=y A
k=0
so Gk
"k
(14.14) Al = k;) SAY VteR

These two formulas use the convention t = 1 and A° = I for all real numbers ¢ and all
square matrices A. Formula (14.14) views At as the matrix formed by multiplying all entries
of A by the scalar t, and uses (At)k = tkak,

From these formulas and the fact that I = I for all k ¢ {0,1,2,...}, it is easy to see that

(14.15) et =T VteR

If 0 is the square all-zero matrix then 0% = 0 for k > 1, and 0° = I (by our convention in
formulas (14.13) and (14.14)), so

(0 = square all-zero matrix) = " =®=1 VvteR

If A and B are square matrices of the same size, can we always say eA*5 = eAeB? No. It is
typical to have

eAB 1 AP 1 Bt

although these inequalities become equalities when A and B commute, as shown in the
next lemma (see also Exercises 14.24 and 14.25).

LEMMA 14.1. Let A and B be square matrices of the same size and with complex entries. Then
(AB=BA) = B =B = BeA

PROOF. See Exercise 14.24. O

A key property of the matrix exponential is that it allows easy solutions to x'(t) = Ax(t)

for any square matrix A, including the case when A is not diagonalizable. Indeed, fix

X € C". Let A be any complex-valued n x n matrix and consider the ODE x'(t) = Ax(t)

IThe infinite sum formula for ¢* does not make sense when A has entries in a general field F because: (i)
The scalars % are not necessarily defined for a general field; (ii) We do not define convergence to a limit for a
general field. For example, in the binary field F, = {0, 1}, finite sums make sense but infinite sums do not.
While e and 6 proofs are common in calculus, they are not common in linear algebra. One reason is that
linear combinations of vectors always use finite sums.
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for t € R, with initial condition x(0) = xy. The unique solution to the ODE that meets this
initial condition is

(14.16) x(t) =eMxy VteR

This can be verified as follows: With x(¢) defined by (14.16) we have
x(0) = eAOxo = Ixg = X

and so this function x(t) satisfies the desired initial condition. Also

= Ax(t)

where we have differentiated term-by-term. Thus, x’(t) = Ax(t) is satisfied for all ¢ € R.
Thus, (14.16) is indeed a solution with initial condition xy, and the existence and uniqueness
theorem ensures it is the unique solution with this initial condition.

How to compute eA?? Useful special cases are below (a general formula is in Section
14.9).

1. Zero matrix and identity matrix: Let 0 and I denote the n x n all-zero matrix, and
identity matrix, respectively. Then

- -T VteR
dl=ell VteR
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2. Diagonal matrix: When A is a diagonal matrix with diagonal entries Ay, ..., A, then

AMoo0 0
0o Al 0o - 0

A=l o0 o Ak o Vke{0,1,2,...}
0 0 0 Ak

Moo 0 0

0 Mt o 0

(14.17) Mol o 0o et .. 0
0 0 0 Mt

This is consistent with the special case e/t = ¢'I given in (14.15).

3. Diagonalizable matrix: Suppose A is a diagonalizable matrix, so A = SAS™! for some
invertible matrix S and some diagonal matrix A. Then Ak = sAks L forallk e {0,1,2,...}
and formula (14.14) gives

(14.18) (A - S/\S—l) — A= geMg]

where ¢/ has the simple form (14.17) because A is a diagonal matrix. This formula con-
tains the previous examples as special cases. Of course, in this case, the ODE solution
(14.16) reduces to the solution (14.3) that is already known when A is diagonalizable.

The matrix exponential e’ can be computed for general square matrices A, even when
A is not diagonalizable, using a more complicated formula given in Section 14.9. However,
another way to use the matrix exponential (for any square matrix A) is to approximate it
by a finite sum:

for some positive integer m. Then the following function x(t) is an approximate solution
that is accurate in some interval about t = 0 (with accuracy that depends on the number

487



of terms m in the approximation):

m tk v

x(t) = (Z EA )xo VieR
k=0 ™

It can be observed that x(t) matches the desired initial condition exactly: x(0) = xp. A

disadvantage of this approach is that A¥ must be computed for all k € {1,...,m}, and m

should be large for accurate approximations.

Complexity note: Given A ~ n x n and given x, € C", an efficient way to compute Ak,
for ke {1,...,m} is as follows:

hi = Axy [n? complexity to compute 5]
hy = Ahy  [n? complexity to compute hy]

hs = Ahy [n? complexity to compute h3]

hm = Ahy 1 [n? complexity to compute hy]

Thus, h; = ARy for all k € {1, ..., m}. Each step k multiplies the n x n matrix A with the
n x 1vector hy_j, so each step has complexity n? (measured in multiply-adds). The total

complexity of m steps is then mn?. This mn?

complexity is the same as the complexity that
would arise if, for each k € {1, ..., m}, a magical genie were to give us the pre-computed
nx n matrix AX, since then we would still need to expend n? complexity computing (A¥)x,

2

(and doing this m times incurs mn~ complexity). In general, it is easier to manage the

multiplication between a matrix and a vector rather than a matrix and a matrix. Indeed,
multiplying two nx n matrices, such as computing A2, has n® complexity. See also Exercise
2.17.

14.9. Exact solution via matrix exponential

Let A be any square matrix with complex entries. Let I be the identity matrix of the same
size as A. Two useful properties of the matrix exponential are:

(14.19) eT=¢T VeeC
(14.20) eI = A yeeC

Property (14.20) holds because cI and A commute, thatis, (cI)A = A(cI) = cA (see Exercise
14.24).
Let Ay, ..., A be the distinct eigenvalues of A, and let m; be the algebraic multiplicity of
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eigenvalue A;, so
my+..+mp=n

For each i€ {1,..., k} define the following subspaces of C":
S; = Null[(A - N\;1)"]
The set S; is called the generalized eigenspace for eigenvalue A;. It can be shown that
m; =dim(S;) Vie{l,...,k}
As in Section 5.10, for each i € {1, ..., k} we have the following chain of nullspaces:
& @ Null(A - \;) € Null[ (A - \;1)%] € - € Null[ (A - A < C"
Define d; as the depth of the space S;, defined as the first positive integer j for which
Null[(A - A;I)] = Null[(A - MI)TH

As in Section 5.10, it can be shown that for each i € {1, ...k}:

S; = Null[(A-NI)] Vj>d;

In particular
(14.21) (A-ANIw=0 VYweS;,j>d;
If {vgi), vy vf,l;?} are basis vectors for S;, then all m; + ... + my, = n vectors together form
a basis for C™:
(14.22) {vfl), e v,%), v vfk), v v,(,fk)} are a basis for C"

Thus, every vector w € C" can be uniquely written as a sum of vectors in Sy, ..., Sg:
k

(14.23) w=> w;
i=1

where w; € S; forie {1, ..., k}.
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To compute eA'w for a given w e C", we first decompose w according to (14.23). Then

eAtW=€AtZk:Wi
i=1

-
Il
—_

k
(2) Z e)\ite(A_)\iI)tWi

-
I
—

e tj(A — }\iI)jWi

b

i-1 =0 7!
k di-1,j Y-
(c) Z At — b (A_)\II) wi
= e 1 Z _
i-1 j=0 J!

where step (a) uses (14.20); (b) uses (14.19); (c) uses (14.21) and the fact w; € S; = Null[ (A -
Al )%i]. Note that eAw is the solution to the ODE x'(t) = Ax(t) for initial condition x(0) = w.
It can be seen that if the real part of A; is negative for all i € {1, ..., k}, then e**w — 0as t — oo
(regardless of the initial condition w € C™). Also, this convergence to zero is exponentially
fast. Thus, the ODE system x'(t) = Ax(t) is said to be stable if all eigenvalues of A have
negative real part. On the other hand, if at least one eigenvalue has positive real part, there
exists an initial condition w € C"* under which the solution x(t) grows exponentially with
time (possibly with sine/cosine oscillations). If at least one eigenvalue has 0 real part,
there is an initial condition under which x(t) stays bounded (with sine/cosine oscillations)
but does not converge to zero.

Given w € C™, the decomposition (14.23) is easily done using the basis vectors for each
subspace S;. Indeed, let V be the n x n matrix with columns being the basis vectors in
(14.22). For notational convenience, relabel these vectors as {vy, ..., 5}, so

S1=Span{vy,...,vm, }

Sy = Span{Vm 41y «eey Vg +my }

Sk = Sparn{Vin +...emy_y+15 -+ V)
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Then every w € C™ can be written as a linear combination of {vy, ..., v, }:

n

w = ZGJV]

J=1

for some scalar weights 0 = (04, ...,05). This is equivalent to w = V6, so we obtain the
scalar weights 8 = V1w, Then the decomposition (14.23) holds for

m
wy=) 0;v;€S)
j=1

mi+my
Wy = Z 9]1/] € Sz
j=my+1
n
Wi = Z 9]1/] € Sk

JEmMy Ay +1

The n x n matrix e itself can be obtained similarly (for all ¢ € R):

k di—ltj WY
t At (A-NI) T
e :Zie ZE)# V;H! VteR
1= j=

where V; is the n x m; matrix corresponding to the block of m; columns of the n x n matrix
V pertaining to subspace S;; HlT is the m; x n matrix of the corresponding block of m; rows
of V1. This is because every w e C"* is mapped to its unique ith component w; by

- V.HS
w;=ViH w

14.10. Discretizing for nonlinear ODEs

Nonlinear ODEs can be approximately solved by discretization: Let f : C" — C™ be any
(possibly nonlinear) function and consider the ODE

x'(t) = f(x(t)) Vt=0

We are given an initial condition x( € C" and want to propagate the equation forward in
time. Fix 6 > 0. Observe that if 5 ~ 0 then

x(t+8) ~»x(t) +x'(t)d

= x(t) + f(x(t))8
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This can be used as follows: Consider a fine grid of points in the timeline:
t€{0,6,25,39,...}
Then

x(kd +8) ~ x(kd) + x' (k8)d
=x(k8) + f(x(k5))d

Let y[k] » x(kd) be an approximation at time k5. We can precisely define the approxima-
tion sequence {y[k]} 2, by

y[k+1] = y[k] + f(y[k])® Vke{0,1,2,...}
¥[0] = xo

The approximation is good when & is small. When the ODE is linear, so f(x) = Ax for

some n x n matrix A, then we can compare the approximation to the exact solution:
* ODE:

x'(t) = Ax(t) Vt>0

x(0) = xp

with exact solution x(t) = eAx for t > 0.

+ Approximation with stepsize parameter 6 > 0 (with y[k] ~ x(kd)):

ylk+1]=(I+08A)y[k] Vke{0,1,2,...}
y[0] = xo
with exact solution y[k] = (I + 84)Kx, for all k€ {0,1,2, ...}. The sequence {ylk]}2, is

easily obtained by left-multiplying by (I + dA), with no need to compute eigenvalues
of A.

For example, consider

(14.24) A= , Xo=
-1 1 1

Then y[k] = (I + 8A)¥x for all k€ {0,1,2, ...}. To find x(¢) = eAfx, for all ¢, observe that A
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Comparing exact to discrete approximations

200
- y,[K] (6=0.05)— - _
—_— 4
S 12 [K] (6=0.01) ——_ \\
& 100t P
C N\ \
2 Vi N
[0 v W
E of-mrmmmeee W
X ~===Z Ju!
s |
[e} X1(t) \ \
& -100 | A
9 y, [K] (=0.001) \!
= Vy
2 \y
S 200 \v
N \‘
-300 :
0 1 2 3 4 5

1

FIGURE 14.5. Comparing x;(t), which is the first component of the exact solution x(t) =
(x1(), x2(t)), to the discrete approximation y;[k] for & € {0.05,0.01,0.001} for the matrix
A in (14.24). We use kb = t. When 6 = 0.001 the discrete approximation is indistinguishable
from the exact solution. Note that x;(0) = y;[0] = 1 (this is not apparent in the figure
because x;(t) varies between —300 and 200 over the interval plotted). The function x;(t)
takes values with such large magnitudes, even though the initial condition is only x(0) =
(1,1), because the system is unstable.

is diagonalizable and A = SAS~! where

=21 21 1+21 0

S= , A= — Alxy = SNSny Vit
11 0 1-2i
That is
- _r ) _r -1
. ~2i 2i || ¥ ¢ ~2i 2 1
eA Xo = .
1 1 0 (-2t 1 1 1
—2i 2i || e+t g 1/2 + i/4
1 1 0 (=20t ff 1/2_j/4
1/2 -1 , 1/2+1 .
_ / e(1+21)t n / e(l—Zl)t
1/2 +i/4 1/2 - i/4
_opel| Y2E | a2
1/2 +i/4
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. 1-2i o
=eRe (cos(2t) +isin(2t))
1+1/2

cos(2t) + 2sin(2t)
cos(2t) - (1/2) sin(2t)

_t

The system is unstable because the eigenvalues have positive real parts. Fig. 14.5 compares
the true solution x(t) = (x;(t), x2(t)) against approximations y(®)[k] = (y?) [k], ygé) [k])
for the three cases 6 = 0.05, 6 = 0.01, 4 = 0.001. Time is plotted using the conversion
t = dk. For simplicity, the figure plots only the first component of x(t) and y[k] (x;(t) and
¥1[k]). The approximation is accurate over a finite interval about 0 when & is small. In the
example, the approximation is indistinguishable from the exact solution when & = 0.001.

While x,(t) and y,[k] are not shown, their comparison is qualitatively similar.

14.11. Linear feedback control

An important application of linear ODE theory is the design of a stabilizing controller for
a physical system. Suppose we have a system with state x(t) ¢ R" that evolves according
to some ODE. Often, we can affect the dynamics of the ODE by adding a control input
signal u(t). Let u(t) € R™ be the control input signal and assume the overall system is
mathematically modeled with the following ODE structure:

(14.25) x'(t) = Ax(t) + Bu(t) VteR

with given initial condition x(0) = xy € R™. Here, A is a given n x n matrix and B is a given
n x m matrix. The matrix A describes how the current system state x(t) affects its own
rate of change. The matrix B describes how the vector control signal u(t) affects the rate
of change of the x(t) state. The controller is allowed to use any u(t) function as an input
to this system.

The mathematical model (14.25) is useful when our physical system can be described
by differential equations. Typically, we want our physical system to have a specific vector
state, and x(t) represents the deviation from this desired state. Then we want x(t) to be
close to zero in all components and for all time. However, the system can experience
disturbances, and we can view X as a nonzero initial condition that occurs because of
a disturbance. Alternatively, there is no disturbance, but x is simply a nonzero initial
deviation from the desired state. We want to design a signal u(t) that drives x(t) to near-
zero in all components.

One way to choose a control input is to choose u(t) as a linear function of the current
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x(t) state:
u(t) = -Kx(t) Vvt

where K is a given m x n matrix that must be designed. This is a type of linear feedback
control. It uses the current state x(t) as feedback to direct the control input. Using -K
instead of K is a standard notational choice that reminds us that we are pushing back
against the current state to drive future states toward zero. The control input structure
u(t) = —Kx(t) is useful because it reduces design of the system to the design ofam x n
matrix K. Also, for a given matrix K, the system (14.25) reduces to the following linear
ODE:
x'(t) = (A - BK)x(t)

Given an initial condition xg € R™, the solution is x(t) = e(4~BK)ty; for all ¢ > 0. A standard
goal is to design a matrix K so that all eigenvalues of A — BK have negative real part, which
means the ODE is stable and x(¢) — 0 (and convergence is exponentially fast). It may or
may not be possible to design such a matrix K. The theory of such systems is extensive
and is treated in more detail in control theory courses. One simple example problem of
this type (when A and B are 2 x 2 matrices) is in Exercise 14.20.

We can use a control input of the type u(t) = —Kx(t) when the controller can directly
observe all components of the x(t) vector. However, in many cases, the controller only
knows a few of the components of x(t). In these cases of partial state knowledge we define
y(t) € R¥ as a vector of observations about the system state x(t):

y(t) = Cx(1)

for some given k x n matrix C. For example, if x(t) = (x1(t), x2(t), x3(t)) but the system
controller can only observe x;(t) and x,(t), then y(t) = (x1(¢),x2(t)) and

x1(t)
sy =| 0 L
x(t) 010
. | x3(t)
C

In this example, Cis a 2x3 matrix. If all three components of x(t) can be observed, we could
use C as the 3 x 3 identity matrix (which puts us back in the full information scenario y(t) =
x(t)). In more general settings, our observations might be linear combinations of the
components of x(t). In practice, the observation vector y(t) is a vector of measurements
from sensors that monitor the system. The model y(t) = Cx(t) is useful when sensor
measurements are linear in the system state vector x(t). Is it possible to stabilize the ODE
by only observing y(t), without directly knowing the state vector x(t)?
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The mathematical formulation of such a problem is the ODE system

(14.26) x'(t) = Ax(t) + Bu(t) VteR
(14.27) y(t) =Cx(t) VteR

where A is a n x n matrix that describes the physical system; B is a n x m matrix that
describes how our control signal u(t) interacts with the physical system; C is a k x n matrix
that describes our sensor measurements as linear combinations of x(t). Now, we can

consider linear feedback controllers of the form

u(t) = -Ky(t)

for some matrix K that we design. In particular, we base our control input u(¢) on a linear
function of the observation vector y(t) (which is known), rather than a linear function of
the state vector x(t) (which may be unknown). Here, K is a m x k matrix to be designed to
stabilize the system (if possible). The system (14.26)-(14.27) then reduces to

(14.28) x'(t) = (A - BKC)x(t)

Given initial condition xj € R", the solution is x(t) = e(A-BKC)t

xp for t > 0. We are given the
matrices A, B, C, and we want to design a matrix K such that all eigenvalues of (A — BKC)
have negative real part (if it is possible to do so). A small problem of this type is in Exercise

14.21.

In the special case when we have no sensor measurements, then we have no ability to
use feedback control. In this case we have C = 0 and the system (14.28) reduces to x'(t) =
Ax(t). Then stability of the system depends entirely on whether or not all eigenvalues of
A have negative real part. Similarly, if the B matrix is all-zero, then (regardless of C) we
have no ability to apply a control signal u(t) and again the system reduces to x'(t) = Ax(t).
This illustrates the point that it is not always possible to stabilize the system via linear
feedback control. Conditions on the matrices A, B, C that ensure existence of a matrix K
that makes the ODE (14.28) stable are developed in the field of control theory. This relates
to deep control theoretic concepts of controllability and observability. Exercises 14.20 and
14.21 are designed to help the reader appreciate these topics of linear feedback control.
They treat small systems that can be solved using only the basic results and principles in
this section.
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14.12. Exercises

EXERCISE 14.1.  (real eigenvalues) Solve the ODE x'(t) = Ax(t) for

Are solutions stable? (Examine the real part of the eigenvalues.)

EXERCISE 14.2.  (real eigenvalues) Solve the ODE x'(t) = Ax(t) for

Are solutions stable? (Examine the real part of the eigenvalues.)
EXERCISE 14.3.  (complex eigenvalues) Solve the ODE x'(t) = Ax(t) for

1 7
A:
-8 0

Are solutions stable? (Examine the real part of the eigenvalues.)
EXERCISE 14.4. (complex eigenvalues) Solve the ODE x'(t) = Ax(t) for

-1 7
A=
-8 -2

Are solutions stable? (Examine the real part of the eigenvalues.)

EXERCISE 14.5. Consider the ODE x'(t) = Ax(t)

-2 0 1
A=l 0 -1 2
0o 0 -4

a) Before solving, will solutions be stable? (Examine the real parts of the eigenvalues.)

b) Solve the ODE.
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EXERCISE 14.6. Consider the ODE x'(t) = Ax(t)

-2 5 0
A=l 3 -1 0
0 0 -1

a) Solve the ODE. Are solutions stable? (Examine the real parts of the eigenvalues.)

b) Find a nonzero initial condition for x(0) such that lims_,. x(t) = 0.

EXERCISE 14.7. Consider the ODE x'(t) = Ax(t)

-4 2 0
A=] -3 -1 0
0 0 3

a) Solve the ODE. Are solutions stable? (Examine the real parts of the eigenvalues.)

b) Find a nonzero initial condition for x(0) such that lims_,. x(t) = 0.

EXERCISE 14.8. Suppose A is a real n x n matrix. Let x(t) be a function that takes values in
C™ for all time t. Let w(t), 2(t) be the real and imaginary parts, so

x(t) =w(t)+iz(t) VteR

where w(t), z(t) € R" for all t.
a) Show that x(t) solves the ODE

x'(t) = Ax(t) VteR

if and only if its real and imaginary parts both solve the ODE.

b) Give a counter-example to part (a) when A is not a real matrix.

EXERCISE 14.9. Suppose A is a real n x n matrix. Let x1(t), ..., x;(t) be a collection of solutions
to the ODE x'(t) = Ax(t). We want to show that the solutions {x;(t), ..., x;(t)} are linearly
independent (as C"-valued functions of t) if and only if their initial conditions {x(0), ..., x;(0)}
are linearly independent (as vectors in C").

a) Show that if {x1(0), ..., x;(0)} are linearly independent, then {x(t), ..., x;(t)} are lin-
early independent.

b) Show that if {x1(t), ..., x¢(t)} are linearly independent, then {x;(0), ..., x;(0)} are lin-
early independent. Hint: This part requires the existence and uniqueness theorem for the ODE
x'(t) = Ax(t).

¢) To emphasize that part (b) uses the ODE structure, give an example of two vector-valued

498



functions {x(t), y(t)} that take values in R? and that are linearly independent (as functions of
time), but {x(0), y(0)} are not linearly independent as two vectors in R?.

EXERCISE 14.10. (A general solution when A is not diagonalizable) Suppose A isarealn x n
matrix. Suppose (A, v) is an eigenpair of A. Suppose 2z is a vector such that

Az =Az+cv

for some scalar ¢ # 0.
a) Show that {v, z} are linearly independent.
b) Show that z ¢ Null(A — NI) but z € Null[ (A — AI)?].

¢) Define y(t) = ze + rtve) for all t € R, where r is some particular scalar. Find a scalar
value r for which y(t) solves the ODE x'(t) = Ax(t).

EXERCISE 14.11. (A solution from Null[ (A - AI)3])) Suppose A is a real n.x n matrix. Let (A, v)
be an eigenpair of A. Suppose 21, z» are vectors such that:>

Az = Az + v

Az =AZy + 21

for some nonzero scalars cy, ¢y (socy # 0 and ¢y #0).
a) Show that v € Null(A — AI), 21 € Null[ (A — AI)?], 22 € Null[ (A - AI)3].
b) Show that {v, z1, 2y } are linearly independent.
¢) Find scalars ry, o (in terms of c1, ¢p) such that the following function solves the ODE
x'(t) = Ax(t):
y(t) = 20 + itz + rot?veM vt

EXERCISE 14.12. (Matrix exponential for diagonalizable A) Let A be a diagonalizable n x n
matrix with complex entries, so A = SAS™L for some n x n matrices S, A\, where S is invertible
and A is diagonal. Show that

A= 5Nl vieR

where i i
Moo 0 0
0 Mt o 0
N=| o o0 et 0
0 0 0 et

%It can be shown that such vectors z;, 2, exist if and only if Null[ (A - AI)?] # Null[ (A - AI)3], a condition
that can only hold if A is not diagonalizable.
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EXERCISE 14.13.  Let A be a nx n matrix with complex entries. Consider the ODE x'(t) = Ax(t).
Let V be the complex vector space of all differentiable functions x(t) € C™. Let S be the subset of
V consisting of all functions that satisfy the ODE. Show that S is a subspace of V.

EXERCISE 14.14.  (Design a matrix with eigenvalues)
a) Design a 2 x 2 matrix A with real entries and eigenvalues —5 + 121 and —5 — 12i. Use the
structure
c d

10

A=

b) Design a 2 x 2 matrix B with eigenvalues —5 + 121 and -5 — 12i and with all entries real
and nonzero. Hint: PAP™! preserves the eigenvalues of A.

¢) Fixr,s e Rwith s # 0. Design a 2 x 2 matrix A with real entries and eigenvalues r + si and
r—si.

EXERCISE 14.15. (3 x 3 real matrix with complex eigenvalues) Design a 3 x 3 matrix with
real entries and with eigenvalues Ay = -1+ 3i, Ay = -1 — 31, A3 = —2. Hint: Use the technique of
Exercise 14.14 and a block diagonal structure.

EXERCISE 14.16. (4 x 4 real matrix with complex eigenvalues) Design a 4 x 4 matrix with
real entries and with eigenvalues A\; =9+ 1, Ap =9 — i, A3 = =2 + 71, Ay = =2 — 7i. Hint: Use the
technique of Exercise 14.14 and a block diagonal structure.

EXERCISE 14.17. (5 x 5 real matrix with complex eigenvalues) We want a 5 x 5 matrix with
real entries and with eigenvalues A\ =1+ 21, A\p =1-2i, A3 =7, Ay = A5 = 1.

a) Design such a matrix that is diagonalizable. Hint: Use the technique of Exercise 14.14 and
a block diagonal structure.

a) Design such a matrix that is not diagonalizable.

EXERCISE 14.18.  (Are these eigenvalues possible?)
a) Can we design a 2 x 2 matrix A with real entries and eigenvalues 1 + i and 3 — 2i?
b) Can we design a 2 x 2 matrix A with complex entries and eigenvalues 1+ i and 3 — 2i?

EXERCISE 14.19. (Are these eigenvalues possible for a 3 x 3?) Is it possible to design a 3 x 3
matrix A with real entries and with eigenvalues A} = 8, Ay =1+ 41, A3 =2+ 4i?

EXERCISE 14.20.  (Feedback control) An important control problem is to design a vector-valued
input u(t) for the ODE
x'(t) = Ax(t) + Bu(t)

where A, B are given n x n matrices. Assuming all components of x(t) can be observed at time t,
a linear feedback controller has the form u(t) = —Kx(t) for some n x n matrix K. The goal is
to design a matrix K so the resulting system x'(t) = (A — BK)x(t) is stable. So all eigenvalues of
A — BK must have negative real part. This problem treats design of real 2 x 2 matrices K of the
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general form

a b
c d

so we only need to consider four real-valued coefficients a, b, c, d.

a) Design a real matrix K such that all eigenvalues of A — BK have negative real part when

A= , B=

A= , B=

¢) Show that it is impossible to design a real matrix K such that all eigenvalues of A — BK
have negative real part when

-1 3 10
A= , B=

0 2 0 0

EXERCISE 14.21.  (Feedback control with partial information) Given an n x n matrix A and
an n x m matrix B, consider the problem of designing a vector-valued control input u(t) for the
system x'(t) = Ax + Bu(t) when, at each time t, we do not have full access to the vector x(t).
Rather, we only have the observation y(t) = Cx(t) for some m x n matrix C. A linear controller
uses u(t) = —Ky(t) for some m x m matrix K. The goal is to design a real matrix K so that the
resulting ODE x'(t) = (A - BKC)x(t) is stable, so all eigenvalues of A — BKC have negative real
part. Design such a K when

[Note: In this case, the observation y(t) is a scalar equal to y(t) = x1(t). So we want to stabilize
the system without observing x(t). In this case the matrix K is a 1 x 1 matrix, so we can call it a
scalar k. So the question is really: Find a k € R such that all eigenvalues of A — kBC have negative
real part.]

EXERCISE 14.22.  (Eigenvalues and block triangular form) Let F be a field. Fix n, k as positive
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integers. Consider a (n + k) x (n + k) matrix D of the form

B
D:

where A~nxn, B~nxk, C~kxk, all entries are in F. Suppose A has eigenvalue A and C has
eigenvalue (L.

a) Show that both A and . are eigenvalues of D.

b) Find an eigenvector v of D with eigenvalue . Hint: Consider the form v = (x, 0).

¢) Suppose 1L is not also an eigenvalue of A. Find an eigenvector of D with eigenvalue w. Hint:
Consider the form v = (x, y). Where do you use the fact that . is not an eigenvalue of A?

d) UselF = R and

4 30 8 -7
A=l0 2 1 |,B=|1 2 |,C=

3 4
-1 8
0 01 4 5

Then A has eigenvalues 4,2,1 and C has an eigenvalues 4 and 7. Give eigenvectors of D with
eigenvalues 4,2,1,7.

EXERCISE 14.23. (Random matrix) Let A be a nxn matrix with real entries. Let Z be a Gaussian
random variable with zero mean and variance 1. Let I denote the n x n identity matrix. Then ZI
is the n x n diagonal matrix with all diagonal entries being the random variable Z. What is the
probability that A — ZI just so happens to be invertible?

EXERCISE 14.24.  (eA+B = eA¢B whenever AB = BA) Suppose A and B are square n x n matrices.
If A and B commute, so that AB = BA, it holds that

k .
(14.29) (A+BF=% (]f)Ak‘lBl Vke{0,1,2,...}
i=0 \!

The above formula uses C° = I for any square matrix C. Hence, for k = 0 the formula (14.29)
reduces to (A + B)0 =1, and for k = 1 it reduces to A + B = A + B. For k > 2, the formula (14.29)
does not necessarily hold when A and B do not commute.

a) Give a specific 2 x 2 example such that (A + B)? = A2 + 2AB + B2,

b) Suppose A and B are n x n matrices that commute. Show that

(A+B)% =A%+ 2AB + B
(A+B)3=4A%+34%B+3AB* + B

which verifies the formula (14.29) for the cases k = 2 and k = 3.
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¢) Suppose A and B are n x n matrices that commute, so formula (14.29) holds. Suppose A
and B have complex entries. Fill in the missing parts:

where in equality (*) we have used the change of variables u =??.
d) Find >34 for a general square matrix A with complex entries. Your answer should be in

terms of the matrix e>4.

EXERCISE 14.25. (eA*B + eAeB) Define the following diagonalizable matrices A and B by

a) Diagonalize A and B in the forms A = SAS™! and B= RDR™L.

b) Define C = A + B. Show that C is diagonalizable and diagonalize it to the form C = VGV L.

c) Compute e?, eB, e© using the matrix exponential formula (14.18) for the diagonalizable
case.

d) Show that eA*B £ eAeB, eA+B 1 BeA and eAeB + BeA.
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CHAPTER 15.

Symmetric matrices, Hermitian matrices, Nor-
mal matrices

Consider matrices with real or complex entries. Which square matrices have an orthonor-
mal basis of eigenvectors? This chapter answers the question by presenting the Spec-
tral Theorem: A square matrix A has an orthonormal basis of eigenvectors if and only if
AHA = AAH, Such matrices are called normal matrices. An important class of normal ma-
trices are the real and symmetric matrices. This is useful because for any real m x n matrix
A, the matrix AT A is real and symmetric. In this way, the theory of normal matrices paves
the way for the main result of the next chapter, which is that any (possibly nonsquare)

matrix has a singular value decomposition.

It is important to use properties of the complex field. Thus, throughout this chapter
the field is F = C, and all matrices are assumed to have entries in C. There are two reasons
for this:

- Every real number can be viewed as a complex number with zero imaginary part.

Hence, a matrix with real entries is also a matrix with complex entries.

+ Every n x n matrix A with complex entries has an eigenvalue A € C and a corresponding
eigenvector v € C", so that v # 0 and Av = Av. (In view of the first bullet, this means that
if a square matrix has real entries, then it has complex entries, so it has an eigenvalue
A € C. Of course, A might have a nonzero imaginary part.)
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Throughout this chapter we use the following inner product and norm:

(x,y)=xy Vx,yeC"

llo]|? = (x, ) = xHx  vxeC™

Vectors x and y are orthogonal if x y = 0. If x € R” then x = x™ and orthogonality reduces
tox'y=0.

We use the term real matrix to mean a matrix with real entries. Likewise, a real vector
is a vector in R" for some positive integer n. Of course, real matrices and real vectors can
be viewed as special cases of complex matrices and complex vectors. If A is a square and
real matrix with a real eigenvalue A, does that mean every corresponding eigenvector v
is real? Certainly not: If we have a real eigenvector v, we can define a new eigenvector
z = iv (where i = /-1) and z must have at least one nonreal component. However, the next
lemma shows there exists a real eigenvector.

LEMMA 15.1. Suppose A is a real n x n matrix and A is a real eigenvalue of A.

a) Let z € C" be an eigenvector corresponding to the real eigenvalue A. Let x, y € R™ be the
real and imaginary parts of z, soz = x + 1y. Then Ax = Ax and Ay = \y.

b) There exists a real eigenvector v € R™ with eigenvalue A, so that v # 0 and Av = Av.

PROOF. Since z is an eigenvector, we know z + 0. So either x # 0 or y # 0 (or both). Since
Az = Az we have
A(x+1y) =A(x+1y)

Grouping the real and imaginary parts gives
Ax+1Ay =Ax+ 1Ay
Equating the real and imaginary parts gives two separate equations:

Ax=Ax
Ay=Ay

which proves part (a). If x # 0 then x is a real eigenvector of A corresponding to eigenvalue
A. On the other hand, if x = 0 then y + 0 and so y is a real eigenvector of A corresponding
to eigenvalue A. This proves part (b). O

15.1. Summary of results

Let A be a n x n matrix with complex entries.
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- Ais defined to be symmetricif AT = A.
- Ais defined to be Hermitian if AH = A (so it is equal to its conjugate transpose).
- Ais defined to be normal if AFA = AAH (so it commutes with its conjugate transpose).

[The terms Hermitian matrix and Hermitian operation are distinct. The Hermitian operation
is the complex transpose, which can be done on any complex matrix, while a Hermitian
matrix is one that is unchanged by the Hermitian operation.]

Observe that

{Real and symmetric matrices} ¢ {Hermitian matrices} ¢ {Normal matrices}

so all real and symmetric matrices are Hermitian, and all Hermitian matrices are normal.
We shall find that these three types of matrices are all special types of diagonalizable
matrices: Not only do they have a basis of eigenvectors, but they have an orthonormal basis
of eigenvectors. Some examples are below.

¢ Real and symmetric:

5 -2 1
A=| -2 3 4| = AT=A
1 4 0
- Hermitian:
8 -2+1
B-= — B =B
-2-1 7
» Normal:
0 5
C- — cHc=ccH
-5 0
0 1+1
D= — DHp-ppH
-1+1 21

This section develops and proves the following three results, which are collectively
called the Spectral Theorem: Let A be a n x n matrix with real or complex entries. Then

1. Realand symmetric: Matrix A is real and symmetric if and only if it has real eigenvectors
{w, ..., Vo } that are an orthonormal basis for R" with corresponding real eigenvalues
A1, --., An. Such a matrix is diagonalizable and has the structure

n
A=SAST =3 Nl
i=1
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where S, A are n x n matrices, A is a diagonal matrix consisting of the real eigenvalues
AL, ..., A, columns of S are the real orthonormal eigenvectors {v;, ..., v}, and §71 = §7.

2. Hermitian: Matrix A is Hermitian if and only if it has (possibly complex) eigenvectors
{v1, ..., v } that are an orthonormal basis for C" with corresponding real eigenvalues
A1, ---, An. Such a matrix is diagonalizable and has the structure

n
A=SASH = S\

17171
1=1

where S, A are n x n matrices, A is the diagonal matrix of real eigenvalues Ay, ..., A,

columns of S are the orthonormal eigenvectors {vy, ..., v, }, and 71 = SH,

3. Normal: Matrix A is normal if and only if it has (possibly complex) eigenvectors
{wv, ..., vn} that form an orthonormal basis for C"* with corresponding (possibly com-
plex) eigenvalues Ay, ..., Ay. Such a matrix is diagonalizable and has the structure

n
A=SASH =S Ayl
i=1

where S, A are n x n matrices, A is the diagonal matrix of eigenvalues, columns of S
are the corresponding orthonormal eigenvectors {vy, ..., 4}, and S7! = $H.

In particular, it can be shown that all Hermitian matrices have real eigenvalues (see
Lemma 15.3). For key insight into the Spectral Theorem, the reader is encouraged to work
on Exercises 15.5 and 15.7, which are designed to prove the following result:

LEMMA 15.2. Suppose A is a Hermitian matrix. Let (A1, v1) and (Ao, Vo) be two eigenpairs of
A. Then
(AL #72) = vl =0

In other words, if AH = A, then any two distinct eigenvalues of A must have orthogonal eigenvec-
tors. In particular, this property holds for any real and symmetric matrix.

PROOF. See Exercises 15.5 and 15.7. O

15.2. Square matrices have orthonormal columns if and only if orthonormal
YOws

A unitary matrix is a square matrix with complex entries that has orthonormal columns.
Let S be a n x n unitary matrix and let the orthonormal columns be {vy, ..., v}, so

Sz[vl Vo o vn]

508



Sov;eC*forie{l,...,n}and

Ivill = viv; =1 Vie{1,..,n}
H

vivi=0 Vizj
Then
v vive viva o ViV 10 -0
2 vg vgvl vglvz vglvn 01 - 0
S S: [ 'Vl V2 cee 'Vn ]: = :I
| vnH ] | vnHvl vnHvz vnan ] L0 O - 1]

Then S and S are square matrices that multiply to the identity matrix I, they must be
inverses of each other!
st-sH
Since 715 = 71, this implies
sts=gsH =1

- The equation SHS = I means that the columns of S are orthonormal.

- The equation SSH = I means that the rows of S are orthonormal.

Therefore, if a square matrix has orthonormal columns, it must also have orthonormal
rows! A similar argument shows that if a square matrix has orthonormal rows, it must
also have orthonormal columns! Note that in the special case when S is a real matrix then
SH = §T, Norm-preserving properties of matrices with orthonormal columns, including
the (square) unitary matrices, are explored in Exercise 8.22.

For example, consider the following real matrix with a missing column:

—/2/3  1/4 2
(15.1) S=| V1/3 J1/8 >
0 /13/16 ?

The first two columns of S are orthonormal. Any way of creating a third column that
is normal and orthogonal to the previous two columns must also make the three rows
orthonormal. Call the first two columns v; and v», so {v;, v, } are orthonormal. One way
to create the third column v3 is to let z be any vector in C3 that is not in Span{vi, v}, strip
away the projection of z onto Span{v;, v» }, then normalize the result:

g=z- (28v)v - (ZFv)wy
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which means g is a nonzero vector that satisfies ¢"v; = 0, ¢"v» = 0, and so we have a third

column:

be L

4l

For example, with 2 = (1,1,1) ¢ Span{vy, v, } we can perform the computations in Matlab:

0.4285 0.5204
qg=1 0.6060 = v3=| 0.7360
-0.3565 -0.4330

and (to within the finite decimal precision displayed) we observe that the following matrix
has orthonormal rows and columns:

—\/2/3 1/4  0.5204

S=| V13 /1/8 07360
0 +/13/16 -0.4330

Of course, another way to produce a vector in C? that is orthogonal to the first two columns
of S in (15.1) is to find any nonzero vector (x, y, z) € C? that solves

~vaE Vs oo 1]
1/4  +/2/16 /13/16 .
V4

and then normalize that (x, y, 2) vector, so v3 = (x, ¥, 2) /\/m.

What if a nonsquare matrix A has orthonormal columns? Must it also have orthonormal
rows? No. The fact that A is nonsquare with orthonormal columns means it must be a
tall matrix, so we can add additional orthonormal columns to it to create a square matrix
with orthonormal columns, and that square matrix must have orthonormal rows. For
example consider A as the 3 x 2 matrix given by the first two columns of S in (15.1). That
matrix A has two orthonormal columns, but its rows are neither normal nor orthogonal.
Adding a third orthonormal column as we did ensures S has both orthonormal columns
and orthonormal rows. On the other hand, it is still true that

VB s
ara-| YERVIE 0 Al s i |-
/4 \/1/8 \/13/16 0 I

Indeed, by definition of orthonormality, any real matrix A with orthonormal columns
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must be either square or tall and must satisfy ATA = I. Of course, when AT and A are not
square, the fact ATA = I does not imply that AT and A are invertible. Nonsquare matrices
cannot be invertible. Also, if a nonsquare m x n matrix A satisfies ATA = I (the n x n
identity), we must have m > n and it is impossible for AAT to be the m x m identity because
rank(AA") < n. See a related definition of pseudoinverse in Appendix B.

15.3. Diagonalizable form with orthonormal eigenvectors

Suppose A is a n x n matrix with real eigenvectors {vy, ..., v;;} that form an orthonormal
basis for R", with corresponding real eigenvalues Ay, ..., A;. Thus,

(15.2) i =vivi=1 Vie{1,..,n}
T _ . .

(15.3) v;vj=0 Vi#]j

(15.4) Av; =Ny Vie{l,..,n}

Define the n x n matrices A and S by

[ AL O 0 |
0 Ay - 0
(15.5) A=l T o S [wow |
[ 0 0 - Ap |

so A is a diagonal matrix of real eigenvalues; columns of S are the real eigenvectors.
Orthonormality of the columns of the square matrix S implies S is unitary so S = S7.
We claim that A must be real and symmetric and

n
(15.6) A=SAST =Y Avp]
i=1

The form A = SAS™ (where ST = S71). Thus, not only is A diagonalizable, but it has eigen-
vectors that form an orthonormal basis for R™. It is clear that SAST is real and symmetric

because A and S are both real and
(SAST)T = SAST

Hence, if we can prove that A = SAST, this also proves that A is real and symmetric.
The fact (15.6) is true because the three matrices

n
A, SAST Y A
i=1
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are n x n matrices that have the same input-output behavior on the basis {vy, ..., v, } for
R™, so they must all be the same matrix. To see this, fix j € {1,...,n}. We already know
Av; = Ajvj by (15.4). Also

n T _ & T (E) T (E)
YAV |vi= 2 Avi(vivy) = Ai(vivy) = A
0 i

where equality (a) holds by (15.3); equality (b) holds by (15.2). So we must have A =
?:1 )\iViViT-
Finally, since S'S = I and v; is the jth column of , it follows that

T — .
(15.7) Svi=e;

where ¢; is the jth column of I. Multiplying a n x n matrix by e; gives the jth column and so
(15.8) /\ej = jth column of the diagonal matrix A = A j€j

Putting these equalities together gives

@ cn By o (©

.
SAS v; S/\e]- ?\]-Se]- ?\]-vj
where (a) holds by (15.7); (b) holds by (15.8); (c) holds because the jth column of S is vj. So

we must have A = SAST.

By a similar argument, we can build a matrix A with any desired real eigenvalues
A1, ..., Anp and any desired real orthonormal eigenvectors {vy, ..., v, } by using the form
A = SAST, where A and S have the structure defined in (15.5). For example, consider n = 2

and define

1/8 -\/7/8
7\1 = —24, 7\2 = 16, V1= ) Vo =
7/8 1/8

Clearly {v, v, } are orthonormal. Now define

-24 0 \/l/_8 _\/7/_8 T \/1/_8

A= S= S =

0 16| ViiE ViB | /78

It can be verified that S~ = ST. Define A = SAST. Then

%‘
X
)

—
~
oo

11 -5V7
—5v/7 -19

A=SAS' =

and A is indeed real, symmetric, and has eigenvectors {v;, v, } with corresponding eigen-
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values Aj, Ay. Also

V178
NG

The results of this section start by assuming a matrix A has an orthonormal basis of real

T

2
A=Y ANyl =(-24)
ot V1/8

[ vi/s Vs ]+ (6) [ v Vs |

eigenvectors with real eigenvalues, and we conclude that A must be real and symmetric.
What about the other direction? If we assume a matrix is real and symmetric, does that
mean it has an orthonormal basis of eigenvectors with real eigenvalues? The answer is yes
and that is called the Spectral Theorem, proven in the next section.

Before proving the Spectral Theorem, we note that results of this section easily gen-
eralize to complex-valued matrices. The generalization of a symmetric matrix in the
complex world is a Hermitian matrix (a matrix that satisfies A = A). An argument similar
to the above can show that if A is a square matrix with orthonormal (possibly complex)
eigenvectors {vy, ..., v, } with real eigenvalues Ay, ..., Ay, then

n
A=SASH =S Al
i=1
where columns of S are the vectors {vy, ..., v, } and A is the diagonal matrix of real eigen-
values, and so

(15.9) AH — (SASHYH = sAHGH (@ gpgH _ 4

where equality (a) uses AH = A (because A is a real diagonal matrix). So AH = A which
means A is Hermitian. If one allows the eigenvalues to be complex numbers then AH = A
is no longer guaranteed so the chain of equalities (15.9) stops just before (a) to conclude
AH = SAHSH which is not enough to conclude A is Hermitian but is enough to conclude
Aisnormal (AHA = AAH),

15.4. Spectral Theorem

Recall that a matrix A is Hermitian if AH = A.

LEMMA 15.3. If A is a Hermitian matrix, then all eigenvalues of A are real. In particular, if A

is real and symmetric, then all its eigenvalues are real.

PROOF.  Suppose A is a nxn Hermitian matrix. Let A € C be an eigenvalue of A. We want
to show A is real. By definition of eigenvalue, there is a nonzero vector x € C" such that

Ax =Ax
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Taking Hermitians of both sides gives
AT = ot
where A is the complex conjugate of A. Since A = A the above equation reduces to
xf A = A
Multiplying both sides of the above equation on the right by x gives
xf Ax = At x

Since Ax = Ax we obtain
At x = AxHx

Using xHx = ||x]|2 yields
2 w2
Al ™ = Aleell

We know ||x||> # 0 since x # 0 (it is an eigenvector). Dividing both sides by ]| yields A = A,
so A must be real. O

Recall that a matrix A is normal if AHA = AAH,

LEMMA 154. IfA is normal and has eigenpair (A, v), then AH is normal and has eigenpair
(A, v), where A denotes the complex conjugate of A.

PROOF. If Aisnormal then A”A = AA™ and so AH is normal. Suppose A has eigenpair
(A, v). We want to show (A, v) is an eigenpair of A", We know

(15.10) Av=2Av

and taking complex transposes of both sides of (15.10) gives
(15.11) vHAH = N H

Taking the norm-square of both sides of (15.10) gives

(1512) lAv]® = A2 v

Since we know v # 0, it suffices to show (A — AI)v = 0. We have

H(AH —XI)«VH2 = (AT - ADVIE[(AH - AD)v]
= (A -AD)(AH - AD)v
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= v (AAH - xA - MH APy
@ JHAHA _ 34 - AAH 4 APy
= (VAR (av) - AWH (av) - A(HAT )y + AP - v

b — _

O GHARY Ay = 2H () = A v+ A2 - v
2 2 2 2

= [|Av]* = PP = AP )+ AP ()
2 2

= [|Av]|* = A ]

O

where (a) uses AAY = AHA; (b) substitutes (15.10) and (15.11); (c) uses (15.12). d

The following result uses the fact that if A is a n x n matrix with complex entries, and
if S c C" is a nontrivial subspace that is invariant under the linear map A, then A has an
eigenvector in S (Theorem 13.2).

LEMMA 15.5. Suppose A is a normal matrix with eigenpairs (A1, v1), (A2, v2), ., (Am, Vm)
for some positive integer m. Define

U = Span{vi, vy, ..., Vm }

Then the subspace U* is invariant under the linear map A, meaning thatw € Ut = Aw e U'.
Further, if dim(U") > 1 then A has a norm-1 eigenvector in U*.

PROOF. Fix w e U*. It suffices to show Aw is orthogonal to v; for all i € {1, ..., m}. Fix
ie{l,...,m}. We have

H
(Aw, v;) = (aw) Ty,
= wHaH Vi
(@ H/x
= wi(Av)
3o H
= )\iW Vi
b
) 0
where (a) holds because (A;, v;) is an eigenpair of A, so Lemma 15.4 ensures A7y, = A;v;;
(b) holds because w € U* so w and v; are orthogonal. Thus, U* is invariant under the
linear map A. If its dimension is at least 1, it is a nontrivial invariant subspace and so it
contains an eigenvector of A (Theorem 13.2). Normalizing this eigenvector completes the
proof. O
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THEOREM 15.1.  (Spectral Theorem) Let A be a n x n matrix with complex entries. Then:

a) A is a normal matrix if and only if it has eigenvectors {vy, ..., vn } that form an orthonormal
basis for C™*. The eigenvectors and the corresponding eigenvalues Ay, ..., Ay, are possibly complex.

b) A is a Hermitian matrix if and only if it has eigenvectors {vy, ..., vy} that form an or-
thonormal basis for C™*, with corresponding real eigenvalues Ay, ..., An.

¢) A is a real and symmetric matrix if and only if it has real eigenvectors {vy, ..., v, } that
form an orthonormal basis for R™, with corresponding real eigenvalues Ay, ..., Ap.

PROOF. (Part (a)) Let A be a normal matrix. We know that every square matrix with
complex entries has a (possibly complex) eigenvalue. Let A; be this eigenvalue and let v;
be a corresponding norm-1 eigenvector. So ||vy|| = 1, and Av; = Ajv;. If n = 1then {v;} is an
orthonormal basis for C! and we are done.

Now suppose n > 1. Let k be a positive integer in {1, ...,n— 1} and assume there are or-
thonormal eigenvectors {vj, ..., v } (this holds for k = 1). We now construct an eigenvector
vy, thatis orthogonal to all vectors {vy, ..., v }. For this, define U = Span{vy, ..., v, }. Since
k < n, the subspace U* has dimension at least 1 (so it is nonempty). Lemma 15.5 ensures
the subspace U* is invariant under the linear map A and contains a norm-1 eigenvector,
call this eigenvector vy, . Since v € U, it is orthogonal to all vectors {vy, ..., v }. Then
{v1, ..., vi,1} are orthonormal eigenvectors. The induction proceeds for k ¢ {1,...,n -1}
until we find orthonormal eigenvectors {vy, ..., v, }. Since these are n linearly independent
vectors in C", they must form a basis for C". This proves the forward direction of part (a).

Conversely, suppose A has an orthonormal basis of eigenvectors. Let S be the matrix
formed by using these eigenvectors as columns, and let A be the diagonal matrix of
eigenvalues. Then S is unitary so S~! = SH and we have the diagonal form A = SASH. Taking
Hermitians of both sides gives AH = SAHSH and it is easy to see that AHA = AAH, O

PROOF. (Part (b)) To prove this, first suppose A is Hermitian. Then it is normal and
part (a) ensures it has an orthonormal basis of eigenvectors. The eigenvalues must be real
because all eigenvalues of Hermitian matrices are real (Lemma 15.3). Conversely, suppose
A has an orthonormal basis of eigenvectors with real eigenvalues. Forming S and A as
before gives A = SASH. Taking Hermitians of both sides gives AH = SASH. Since A is real,
we know A = A and so AH = A, O

PROOF. (Part (c)) Suppose A is real and symmetric. We know A has at least one eigen-
value A € C. Since A is real and symmetric, we know A; (and all other eigenvalues) are
real. Then, Lemma 15.1 implies we can start the same induction of part (a) by using a
real eigenvector v;. The induction proceeds by assuming {vj, ..., v } are real orthonormal
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eigenvectors and, as in part (a), finding a new eigenvector v that is orthogonal to all vectors
{v1, ..., ¢ }. Both the real and imaginary parts of v must be orthogonal to all of the (real)
vectors in {vy, ..., Vi }. So we define v, € R" as either the real or imaginary part of v
(whichever is nonzero) and again invoke Lemma 15.1 to ensure v, ; is an eigenvector.
Define the normalized vector vy, = Vi,1/||[Vk,1/|- Running the induction produces real
and orthonormal eigenvectors {vy, ..., V5 }, these are n linearly independent vectors in R"
so they must form a basis for R™.

Conversely, suppose A has an orthonormal basis of real eigenvectors with real eigen-
values. Define S and A as before, so A = SASH. However, in this case Sis real and so 7 = §T.
Then A = SAS" and AT = SAST = A. We know A is real because it is the product of the real
matrices S, A, and S'. O

Itis useful to remember that in all cases of the above theorem, since A has orthonormal
eigenvectors {vy, ..., v, } with eigenvalues Ay, ..., A, we can form a square matrix S with
columns given by the eigenvectors, and a diagonal matrix A with entries given by the
eigenvalues. Then § is unitary and so S~ = S and we have

n
A=SAST =Y\l
i=1

In the case when A is real and symmetric, we know S is real so S = §™ and the formula

becomes ,
A= S/\ST = Z?\iviviT
i=1

15.5. Properties of real and symmetric matrices

Let A be a real and symmetric n x n matrix. The Spectral Theorem ensures there are real
eigenvalues Ay, ..., A, and orthonormal eigenvectors {vy, ..., v, } that form a basis for R".
Define

(15.13) Apin(A) =min{Ag, ..., Ag}
(15.14) Amax(A) = max{Aq,...,An}
(15.15) Omin(A) =min{|A1], ..., [An|}
(15.16) Omax(A) = max{|A1], ..., [Anl}

Thatis, A,;;;,(A) and Apax(A) are the minimum and maximum eigenvalues of the real and
symmetric matrix A. Also, 6,,,;,,(A) and Omax(A) denote the magnitudes of the minimum-
magnitude eigenvalue and maximum-magnitude eigenvalue.
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Every x € R™ is a linear combination of {vy, ..., v, }, so
n
(15.17) xX=Y ¢V
i=1

for some real numbers c, ..., cy. Orthonormality of {vy, ..., v, } ensures (recall Lemma
8.6b):

n
2
(15.18) o[> = Y2
i=1

Multiplying both sides of (15.17) by A gives
n n
(15.19) Ax = Z Ci(AVi) = Z ciAivi
i=1 i=1

Again, orthonormality of {vy, ..., v} implies

2 n
2
(15.20) | Ax]* = = > GA
=1

n
> Ay
e

Comparing (15.20) and (15.18) gives

(15.21) 02 . (A) [lxl® < |Ax]l* < 02,4 (A) ][> VxeR"

min

Taking square roots of (15.21) gives

(15.22) Omin(A) [|xl] < [|Ax]| < Omax (A) [lx]]  Vx e R"

The lower bound in (15.22) is met with equality by any eigenvector v,,;,, € R" corresponding
to the minimum magnitude eigenvalue. The upper bound in (15.22) is met with equality by
any eigenvector vpgy € R corresponding to the maximum magnitude eigenvalue.

We can also obtain a simple expression for x" Ax using (15.17):
- (ll) n - n n n T (b) n 9
(15.23) x'Ax = ;civi Zlc]?\jvj = z; Zlcicj)\j(vi V) = Zici A;
1= J= 1=1j= 1=

where (a) substitutes (15.17) and (15.19); (b) uses viTvi =1land viij =0 for i+ j (orthonor-
mality). Intuitively, equality (b) has filtered out terms with i # j because viT vj = d;j, where
8;j is the Kronecker delta function thatis 0if i # jand 1if i = j. Comparing (15.18) and (15.23)
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gives

(15.24) Ain (A) |61 < %7 A% < Amax (A) ||x]|* Vx e R®

Note that A,,;;,,(A) and Amax(A) can be negative. The lower bound in (15.24) is met with
equality by any eigenvector of A corresponding to the smallest eigenvalue; the upper
bound in (15.24) is met with equality by any eigenvector of A corresponding to the largest
eigenvalue. Similarly, from (15.23) it follows that

n
xTAx| < SNy VxeR"
i=1

and so

(15.25) T Ax| < Omax(A) |lx||*  Vx e R

where equality holds for any eigenvector of A that corresponds to the eigenvalue that has

largest absolute value.

Recall that a real matrix A is symmetric and positive semidefiniteif AT = A and

xTAx>0 VxeR"

LEMMA 15.6. Let A be a real and symmetric matrix.
a) A is positive semidefinite if and only if all eigenvalues are nonnegative.
b) A is positive definite if and only if all eigenvalues are positive.
¢) If Bisany real mxn matrix then B' B is symmetric positive semidefinite with all nonnegative

eigenvalues.
PROOF. The proof follows directly from (15.23). O
15.6. Optimizing x"Bx and |x"Bx]|
Suppose B is a real n x n matrix (not necessarily symmetric). Observe that:
1
(15.26) x'Bx = ExT(B +BN)x VxeR"

This is true because x' Bx is a real number, which can be viewed as a 1 x 1 matrix, so it is
equal to its transpose:
x"Bx=(x"Bx)" =x"B'x
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This is significant because the matrix %(B + BT) is real and symmetric! Thus, maximizing
x"Bx over a given constraint set is equivalent to maximizing x' Ax over the desired set,
where A is the real and symmetric matrix A = %(B +BT).

Substituting A = B+ZBT into (15.24) gives

B+BT B+BT B+BT
e FLETH o LR o N S

where the A,;;,(A), Amax(A) functions are defined for real and symmetric matrices A in
(15.13) and (15.14). Using the identity (15.26) gives

2 2

B+B' B+BT
)\min(+—)-]|x\|2§xTBxg7\max( i )HxH2 Vx e R"

The lower bound is achieved by any eigenvector of % (B+B") that corresponds to eigenvalue

Ain( B+TBT ); the upper bound is achieved by any eigenvector of % (B+BT) that corresponds

. T
to eigenvalue Amax(25E-).

Similarly, using (15.26) in (15.25) gives

B+ BT

|x"Bx| < Gmax( ) Jx® Vxe R

where 0,4 (A) is defined in (15.16). The upper bound is achieved by any eigenvector of

%(B + B") that corresponds to the maximum magnitude eigenvalue.

Exercise 15.19 uses the equalities (15.26) and (15.23) to place a lower bound on |x' Bx| in
terms of ||x||°, which leads to the following interesting behavior: If B + BT has at least one
positive eigenvalue and at least one negative eigenvalue, the best lower bound on |x" Bx| is

zero! Otherwise, the best lower bound is |x" Bx| > Gmin(%(B +BT))- ||x||2 for all x € R™.

15.7. Optimizing ||Bx||

Let B be a real m x n matrix (not necessarily square). Note that

2
||Bx||” = (Bx) " (Bx)
=x"B"Bx

= |x"B"Bx|
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Therefore, minimizing or maximizing ||Bx|| over a given constraint set is equivalent to
minimizing or maximizing |x" Ax|, where A is the real and symmetric matrix A = B'B.
Substituting A = B'B into (15.24) gives

Amin (BTB) Htz < |xTBTBx‘ < Amax (BTB) ||3CH2 Vx e R"
S——_———
|[Bx|[*

where the A, (A) and Apax(A) functions are defined in (15.13) and (15.14). Note that B'B
is positive semidefinite with nonnegative eigenvalues (Lemma 15.6c). Taking square roots
gives (for any real m x n matrix B):

/Amin (B'B) - |lx|| < ||Bx|| < \/Amax (B'B) - [lx||  ¥x e R"

The upper bound is achieved by any eigenvector of B' B that corresponds to maximum

eigenvalue; the lower bound corresponds to any eigenvector of B' B that corresponds to
the minimum eigenvalue. In Chapter 16 we learn that \/Amqx (BT B) is the largest singular
value of matrix B, while \/A,,,;,, (BT B) is the smallest singular value of matrix B.

15.8. Example with three distinct eigenvalues

Consider the real and symmetric matrix

-2 0 0
A=] 0 31
0 1 4

Clearly -2 is an eigenvalue with eigenvector (1,0, 0), so the matrix is not positive semidef-
inite. However, our theory says that the remaining eigenvalues must be real and there
must be three eigenvectors that form an orthonormal basis for R3. Eigenvalues can be
found by solving det(A —AI) = 0. Since this matrix has a block triangular structure we have

0=det(A-AI) = (=2-A)[(B=A)(4-A) 1] = (-2-A)(A®2 = 7A +11)

A =-2
7+/5

Ag = +2\[ = 4.6180
7-/5

A3 = 2\/_ = 2.3820
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We see that all eigenvalues are indeed real. The three eigenvalues are distinct, so any
eigenvectors we find for them will automatically be orthogonal to each other. We already
know an eigenvector for A; is (1,0, 0). To find nonzero vectors in Null(A—-AI) for A € {A, A3}
we use Gaussian elimination:

-2-A 0 0 -2-A 0 0 -2-A 0 O
0 3-A 1 - 0 1 4-A |~ 0 1 4-A
0 1 4-A 0 3-A 1 0 0 ©0

where the last row of zeros follows because we know the matrix is not invertible (and hence
cannot have 3 pivots) for A € {A, A3}. Considering eigenvectors of the form z = (0, a, 1),
we have

a+(4-A)=0 = a=A-4

Thus

}\1 =-2, z1= (1) 0, 0)

7 -1

}\2: +\/§) 2y = O) +\/§;1
2 2
7-5 -1-/5

T (015

The eigenvectors {21, 2o, 23} are indeed orthogonal. It remains to normalize them:

V1= (1) 0, O)
Vo = Zz/ ||Z2|| = (0J 0.5257, 0.8507)
V3 = Z3/ ||Z3|| = (0, -0.8507, 0.5257)

and we indeed have

-2 0 0 1 0 0 -2 0 0 1 0 0
A=] 0 3 1 |=]| 0 0.5257 -0.8507 0 4.6180 0 0 0.5257 -0.8507
0 1 4 0 0.8507 0.5257 0 0 2.3820 0 0.8507 0.5257
S A ST

and STS=1,50 S = S~L. Since the minimum absolute value of all eigenvalues is 2, and the
maximum absolute value is 4.6180, we have

2] < ||Ax|| < 4.6180|jx|| Vx e R3
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where the lower bound is achieved by any vector x € R3 that is a scalar multiple of v;, and
the upper bound is achieved by any x € R3 that is a scalar multiple of v5.

15.9. Example with a repeated eigenvalue

Consider the following real and symmetric matrix:

11 -1 =2
A= -1 1 -V2
V2 -2 10

This matrix has been crafted to have only two distinct eigenvalues, so some care must
be taken to find corresponding orthonormal eigenvectors for the repeated eigenvalue.
To find the eigenvalues we find A to ensure Null(A — AI) is a nontrivial subspace. Using

Gaussian elimination gives

L-A -1 2 [ 1 1A 2
A-AN= -1 11-A V2 [=] -vV2 V2 10-A
V2 /2 10-A -2 -1 -2
-1 11-A -2
0 —V2(12-2) 12-A
11-A -1 -2
-1 11-A -2
C
(15.27) 9 0 —v2(12-2) 12-A
| 0 (11-A)%-1 —V2(12-})

where step (a) permutes the rows to place a pivot in the upper left corner and a —/2
underneath it; step (b) multiplies the first row by —v/2 and adds it into the second row;
step (c) multiplies the first row by 11 — A and adds it into the last row. One way to make
the resulting matrix not invertible is to choose A = 12 (which is motivated by making the
middle diagonal entry in the right-hand-side of (15.27) a 0 rather than a pivot):

-1 -1 -2
A=12 =— A-A[->| 0 0 0
0 0 0
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which means we can find two orthogonal vectors in this null space, so we have

and we seek a basis of eigenvectors for this 2-dimensional null space using free variables
b, c:

-1 -1 V2 || a a -1 -2
0 0 0 b =0« ]| b |=b] 1 |+cC 0
0 O 0 c c 0 1

The vectors w; = (-1,1,0) and w, = (-v/2,0,1) are indeed eigenvectors of A with eigenvalue
12, but they are not orthogonal. Since w; and wy have the same eigenvalue 12, any nonzero
linear combination of w; and w, is also an eigenvector. We take 2; as the first vector and
we take 2, as the projection of the second onto the space orthogonal to the first:

21 =wy = (-1,1,0)

o (wyw)wm _( V2 V2 1)

R=Wr———5 = 2’ 9

2
[[wll

It can be verified that 27, 25 are orthogonal and they remain eigenvectors of A with eigen-
value 12. It remains to normalize them:

-1 1
vi =21/ ||z = ﬁ’_z’o
-1 -1 1
vo = 2/ ||z2]| = ?’?’ﬁ

and one can verify Av; = 12vy, Avy = 12vy, |[vy|| = |[vo|| = 1, v{ vo = 0.

We need to find the remaining eigenvalue A3 # 12. Fortunately, the eigenvector associ-
ated with this eigenvalue will automatically be orthogonal to both v; and v». Assuming
A # 12 in the right-hand-side of (15.27) makes the middle diagonal entry a pivot (nonzero)

and so
-1 11-A -2 -1 11-A -2
b
AnY| o svaae-ny 12-a |Y o 1 BYNG)
0 (11-A)2-1 —/2(12-2) 0 (11-A)2-1 —/2(12-2)

where step (a) simply copies the result of the right-hand-side of (15.27); step (b) divides
row 2 by the nonzero value —\/2(12 - A). To make the matrix not invertible, we want the
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last row to be a perfect multiple of the second row:
~V2(12-A) = (-1/v2) [(11-2)? - 1]

Solving this quadratic equation gives a root of 12 (an eigenvalue we already have) and a

new root of 8, so

With this eigenvalue A = 8 we continue the Gaussian elimination:

-1 3 -2 -1 3 -2
A-N-| 0 1 -1//2 |- 0 1 -1/v/2
0 8 -42 0 0 0

The corresponding eigenvector z3 = (a, b, 1) solves

—a+3b-v2=0
b-1/v/2=0

So

a=b=1V2 — z3:(i,i,1)
2’2

e 33 _(1 1 1)
sl \222° 2

One can verify Avs = 8v3, ||v3]| = 1, and viv; = 0, vJv, = 0. Overall we have

-1 -1 1 -1 -1 1
1 -1 V2 % 2 2 ||12 ool B 7T o2
A=l 11 V2=l 5 F 3 o 20l 5 7 3
/3 - 1L 1 L
V2 V2 10 0 5 5 |Lo os 0 5 %
| —
S A ST

and STS = I, so ST = S~L. Since all eigenvalues of this real and symmetric matrix A are
positive, we know A is positive definite. Also, since the lowest magnitude eigenvalue of A
is 8 and the largest magnitude eigenvalue is 12, we have

8|lxf| < ||Ax|| <12|]x]] VxeR®

where the lower bound is achieved by any scalar multiple of v3 and the upper bound is
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achieved by any linear combination of vy, v5.

15.10. Example maximization of |x" Bx]|

Consider the problem of finding a vector x € R* to solve

(15.28) Maximize: |x'Bx]
(15.29) Subjectto: |lx|| =77
(15.30) x e R*

where ||x|| = VxTx and B is the real (but not symmetric) matrix

5 -2 08
3 8 01
B =

-7 2 00
1 1 1 1 |

We call this “problem (15.28)-(15.30),” which refers to the problem defined by (15.28),
(15.29), and (15.30).
Define the real and symmetric matrix A by

5 05 -35 45 |
05 8 1 1
35 1 0 05
45 1 05 1

1
A:E(B+BT):

We know from (15.26) that x" Bx = xT Ax for all x € R*. From results of Section 15.6 we know
" Bx] < Omax(A) ld]*  vx e R?

where 0m4x(A) is the magnitude of the largest-magnitude eigenvalue of A, and equality is
achieved by any corresponding eigenvector. In particular

(15.31) || = 77 = |x" Bx| < 77%0max(A)

To solve problem (15.28)-(15.30), we need to find the (real) orthonormal eigenvectors
{v1, ..., v4} of A and the corresponding (real) eigenvalues Ay, ..., \y. We use the Matlab
command:

[S,Lambda] = eig(A)
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which gives

[ _0.5454 0.0907 -04518 -0.7001 | — -
236920 0 0 0
0.0251 01821 0.8278 —0.5301
0 06525 0 0
S=| _0.6027 -07176 02953 01860 | » A=
0 0 7898 0
0.5820 —0.6660 —0.1533 —04407
o0 I s o 0 0 91409 |
| V1 V2 V3 V4 |

It can be verified that ||v;|| = 1 and viij =0 for all i # j. From this information we obtain

1] = 3.6920
A2| = 0.6525=0,. (A)
IAs| = 7.8986

and so from (15.31)
%]l = 77 = |x" Bx| < 77%(9.1409) = 54196.1973

with equality when x = 77v4. Therefore, the optimal x* ¢ R* to solve problem (15.28)-(15.30)

1S
[ _53.909 |
. —40.8187
(15.32) Xt =77y =
14.3201
| 339340 |

and the optimal objective value is |(x*)"Bx*| = 54196.1973. Of course, the vector —x* is
equally optimal.!

'With slightly more work, it can be shown that problem (15.28)-(15.30) has exactly two optimal solutions,
being x* and -x* (where x* is given in (15.32)). Readers familiar with the definitions of convex set and
convex function may be interested to note that the nonconvex constraint ||x|| = 77 can be changed to the
convex constraint ||x|| < 77 without changing the solution to the optimization problem (15.28)-(15.30). This is
because any nonzero vector that satisfies ||x|| < 77 can be scaled to have norm exactly 77, which increases
the value of |x" Bx|. However, the problem remains a nonconvex optimization problem under this change
because maximizing |x' Bx| is equivalent to minimizing —|x" Bx|, but the function —|x" Bx| is nonconvex in x.
Nonconvexity of the problem (15.28)-(15.30) is also apparent from the fact that it is impossible for a convex
optimization problem to have exactly two optimal solutions. This is because convex optimization problems
always have convex solution sets, so if there are two distinct solutions then all (infinitely many) points on the
line segment between those solutions must also be a solution.
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Our particular 4 x 4 matrix B is invertible and has one negative eigenvalue and three
positive eigenvalues. Exercise 15.19 shows that if problem (15.28)-(15.30) were changed to
minimizing |x" Bx| subject to the same constraints, then (even though Null(B) is trivial)
the answer is a norm-77 vector x* ¢ R* that has an optimal objective value of zero!

15.11. Skew symmetric and skew Hermitian matrices

+ A square matrix A is skew symmetricif AT = -A.

- A square matrix A with complex entries is skew Hermitian if AH = —A.

It is easy to see that real skew symmetric matrices are also skew Hermitian, and all skew
Hermitian matrices are normal. Exercise 15.9 shows that all skew Hermitian matrices

have purely imaginary eigenvalues. Examples are

+ Real and skew symmetric:

0 1 2 0 0 0
A=| -1 o 3|=S|o 374170 o0 sH
2 -3 0 0 0 -37417i

where
0.8018 0.2988 + 0.29881  0.2988 — 0.29881

S=] -0.5345 0.1350 +0.5822i  0.1350 — 0.5822i
0.2673 —-0.6265 + 0.26791 —0.6265 — 0.26791
and it holds that S”S = I. The columns of S are eigenvectors of A and form an orthonor-
mal basis for C3.

Skew Hermitian:

0o 1 0 76498 0 0
A=| -1 o 7+i|=S| o  0.019i 0 sH
0 —7+i i 0 0  —6.6694i

where
0.0883 + 0.01261 —0.9800 — 0.1400i —0.1085 — 0.01551

S=|[ -0.0965+0.6755i 0.0027 —0.0192i —0.1033 + 0.72341
-0.7256 + 0.0000; —0.1399 + 0.0000:  0.6738 + 0.0000:

and it holds that S”S = I. The columns of S are eigenvectors of A and form an orthonor-

mal basis for C3.
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15.12. Additional properties of normal matrices

LEMMA 15.7. Let A be a real and symmetric n x n matrix that satisfies
(15.33) x"Ax=0 VYxeR"
Then A = 0 (the all zero matrix).

PROOF. We know that all real and symmetric matrices have an orthonormal basis of
real eigenvectors {vy, ..., V4 } with real eigenvalues Ay, ..., A, and

n
= . . T
A= Z Aviv;
1=1

However, it is easy to see that (15.33) implies all eigenvalues of A are 0 (just substitute
x = v; into (15.33)). So A = 0. O

LEMMA 15.8. Let A be any n x n matrix with complex entries that satisfies
(15.34) xHAx=0 vxeC"
Then A = 0 (the all zero matrix).

PROOF. We prove the result by first making a weaker claim:

Claim: If A is a normal n x n matrix that satisfies (15.34), then A = 0.
To prove the claim, we know that every n x n normal matrix A has an orthonormal
basis of eigenvectors {vy, ..., v, } with eigenvalues Ay, ..., A, and

n
A= Z)\ivivH

, i
1=1

On the other hand, it is easy to see that all eigenvalues of A are zero (just substitute x = v;
into (15.34)). So A = 0.

Now suppose A is any n x n matrix with complex entries that satisfies (15.34) (not
necessarily normal). Taking Hermitians of (15.34) yields

xTaHy -0 vxecC?
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and this together with condition (15.34) implies:

(15.35) xH(A+AF)x=0 vxeC"
(15.36) xHA-AH)x=0 vxeC"

Since A + AH is Hermitian, it is normal, and the condition (15.35) together with our claim

implies
(15.37) A+AH =0

Likewise, since A — A is skew Hermitian, it is normal, and the condition (15.36) together
with our claim implies

(15.38) A-AH-0

Adding (15.37) and (15.38) gives 2A =0, so A = 0. O

It is interesting that Lemma 15.7 requires A to be real and symmetric, while Lemma
15.8 places no restrictions on the square matrix A. This is because the condition (15.34) is
more stringent and must hold for all x ¢ C", whereas the condition (15.33) only holds for
all x ¢ R™. For example, consider the fact

0 1 X 9
(15.39) ER2 =0 V(x,y)eR
-1 0 y
|
A

which is true because the equation reduces to xy — xy = 0 for all (x, y) € R2. Of course, this
matrix A is not the zero matrix. This does not contradict Lemma 15.7 because, even though
A is real, it is not symmetric. This example also does not contradict Lemma 15.8 because
the required condition for that lemma fails to hold for all x € C". Indeed, we observe

H

i -1 0 i -1 0 i

LEMMA 159. A n x n matrix A with complex entries is normal if and only if

(15.40) lax]| = [|a"x|| vxcecn
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PROOF.  For the forward statement, first suppose A is normal. The definition of normal
directly implies that (15.40) holds (see Exercise 15.8). For the reverse statement, suppose
(15.40) holds. We want to show A is normal. Fix x ¢ C". We have

2
2 H
0 = [|Ax]* - ||a"x]|
= (Ax)H (Ax) - (AP x) T (AMx)
= xHAHAx - xHAAHx

= xH(AHA - AAT)x
This holds for all x € C", and so
xH(AFA-AAT)x=0 vxeC?

so Lemma 15.8 implies A”A — AAH = 0, meaning that A is normal. O

15.13. Exercises

EXERCISE 15.1.  Consider the real and symmetric matrix

3 10
10 3

A:

a) Find the eigenvalues for A. Are they real?
b) Find corresponding eigenvectors and show they are orthogonal.

¢) Diagonalize A using an orthonormal basis of eigenvectors.

EXERCISE 15.2.  Consider the real and symmetric matrix
-2 1

A:
1 4

a) Find the eigenvalues for A. Are they real?
b) Find corresponding eigenvectors and show they are orthogonal.

¢) Diagonalize A using an orthonormal basis of eigenvectors.

EXERCISE 15.3.  Consider the real and symmetric matrix

2 01
A=10 3 9
1 9 4
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a) Find the three eigenvalues for A. Are they real?
b) Find corresponding three eigenvectors and show they are orthogonal.
¢) Diagonalize A using an orthonormal basis of eigenvectors.

EXERCISE 154. (A symmetric and positive definite matrix) Consider the real and symmetric
matrix

A=
15
a) Find the eigenvalues for A. Are they real? Are they positive?
b) Find corresponding eigenvectors and show they are orthogonal.
¢) Diagonalize A using an orthonormal basis of eigenvectors.

d) Show that x™ Ax > 0 for all x € R?, with equality if and only if x = 0. Thus, the matrix is
symmetric and positive definite.

EXERCISE 15.5.  (Real symmetric 2 x 2 matrices) Consider a real 2 x 2 symmetric matrix

a b
b d

A:

for some constants a, b,d € R.

a) Compute the eigenvalues A1, Ay in terms of a, b, d using the quadratic formula on the
equation det(A — AI) = 0. Show that, using your expressions for A} and Ay, both eigenvalues are
real. This involves showing that an expression inside a square root is always nonnegative for all
a,b,deR.

b) Choose any specific numerical values for a, b, d € R under which A\; # Ap. Numerically
compute the corresponding eigenvectors vy, vo € R and show vy = 0.

EXERCISE 15.6.  Suppose A is a n x n Hermitian matrix, so A has complex entries and AH = A.
Fix k as an integer such that 1 < k < n. Suppose {vi, ..., vy} are eigenvectors of A. Define

S = Span{vy, ..., vi}*

where we use the standard inner product (x, y) = xHy for all x, y € C". Show that S is an
invariant subspace under the linear map A. That is, fix x € S and show Ax € S.

EXERCISE 15.7. (Distinct eigenvalues of a real and symmetric matrix have orthogonal eigen-
vectors) Let A be a real and symmetric n x n matrix. We know that all eigenvalues of A are
real (Lemma 15.3), so their eigenvectors can be chosen to be real (Lemma 15.1). Let (A, v1) and
(A, vo) be two eigenpairs of A such that A1, Ay € R and vi, vy € R™. Assume Ay # Ay. Use the
standard inner product (x, y) = x" y for all x, y € R™.

a) Starting with the equation A\1vy = Avy, take transposes of both sides to find an expression
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for Av].
b) Multiply the equation of (a) on the right by v, to obtain an expression for Ay (vi, V).
¢) Use part (b) (and the facts AT = A and A\ # Ay) to show that v, and v, are orthogonal.

d) Give a specific numerical example of a real and symmetric 2 x 2 matrix A = (a;;) with
412 = ap1 # 0. Numerically compute the eigenvalues and show they are distinct (so A # A).
Compute the corresponding eigenvectors vy, v» € R? and show they are orthogonal.

EXERCISE 15.8. (Normal = ||Ax|| = ||AHx]||) Let A be a n x n matrix with complex entries.
Suppose A is normal, so AHA = AAH. Prove that for all x e C™ we have

s = o

where the norm is defined ||z||2 = 2tz for all z e C".

EXERCISE 15.9. (Skew Hermitian has imaginary eigenvalues) Let A be a square matrix with
complex entries. Suppose A is skew Hermitian, so AH = A,

a) Show that if A is an eigenvalue of A, then A = —A. Hint: Use Lemma 154.
b) Conclude that all eigenvalues of A are purely imaginary (meaning a real multiple of i).
¢) Show that all diagonal entries of a skew Hermitian matrix are purely imaginary.

d) Compute the eigenvalues of the following skew Hermitian matrices:

0 8
A:

-8 0

i 2
B:

-2 1

EXERCISE 15.10. (Maximizing |x" Ax|) Solve the problem

Maximize: |x'Ax]|

Subject to:  ||x|| =3

x € R?
for
-5 1
1 2

EXERCISE 15.11. (Maximizing x'Bx and ||Bx||) Let B be a real n x n matrix (not necessar-
ily symmetric). Let ||x|| = VxTx denote the standard Euclidean norm. Define the following
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nonnegative real numbers:

o= max  {||Bx||}
{oceR™:||x||=1}

0= max {|x'Bx|}
{xeR™:||x||=1}

We want to show that 0 < o, and if B is real and symmetric then 6 = o.
a) Use the Cauchy-Schwarz inequality to show 0 < o. Hint: x" Bx = {x, Bx).
b) Suppose B is real and symmetric with (necessarily real) eigenvalues Ay, ..., An. Show that

0=0= max {|A;
ie{l,...,n}{| i}

¢) Find a vector x* € R? that maximizes |x" Bx| subject to ||x|| = 8.7 when B is the real and
symmetric matrix:
2 3

3 -5
EXERCISE 15.12.  (0,,,;,(A) and Omax(A)) As in Section 15.6, for real and symmetric matrices

A define 0,,,;,,(A) and Omax(A) as the magnitude of the min-magnitude eigenvalue of A, and
max-magnitude eigenvalue of A, respectively.

a) Show that if A is a real and symmetric matrix then for all c € R we have

emin(CA) = ‘C‘emin(A)
Omax(cA) = [¢|Omax(A)

b) Compute 0, (A), Omax(A), 01in(A/2), Omax(A/2), Opin(=A/2), Omax(-A/2) for

3 9
9 -8

A:

EXERCISE 15.13. (Maximizing and minimizing x' Ax) Consider

10 10
10 10

a) Solve the problem

Maximize: x'Ax

Subject to:  ||x|| =11
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x € R?

b) Solve the problem

Minimize: x'Ax
Subject to:  ||x|| =11

x ¢ R?
EXERCISE 15.14. (More maximizing and minimizing x" Ax) Consider

10 -1
-1 10

a) Solve the problem

Maximize: x'Ax
Subject to:  ||x|| = 5.1

x € R?

b) Solve the problem

Minimize: x'Ax
Subject to:  ||x|| = 5.1

x € R?

EXERCISE 15.15.  (Using a computer to minimize and maximize x' Ax) Consider the real and
symmetric matrix A given by

[ 2 0 2 0 9]
0 -10 8 1 3
A=| 2 8 -89 0
0 1 9 10

| 9 3 0 02

For this problem, you are encouraged to use a computer to compute the eigenvalues/vectors for A.

a) Solve the problem

Maximize: x'Ax
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Subject to:

b) Solve the problem
Minimize:
Subject to:

¢) Solve the problem
Minimize:
Subject to:

EXERCISE 15.16.

B given by
[ 8 2
1 1
B=| 33 -2
3 0
| 2 -2

[ =7

xeR®

xTAx
llx|| =7

xeR®

xTAx
||| = 21

xeR®

(Using a computer to minimize and maximize x' Bx) Consider the real matrix

0 0 3-
1 2 2
9 0 1
0 1 0
2 -1 1|

For this problem, you are encouraged to use a computer to compute the eigenvalues/vectors for

3(B+B").

a) Solve the problem

Maximize:

Subject to:

b) Solve the problem

Minimize:

Subject to:
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c) Solve the problem

Minimize:

Subject to:

EXERCISE 15.17.

B given by

[ 4 3 -1

0 -3 0

0O 0 O

B=112 0 0

4 4 4

2 -7 -8

| -1 -1 -2

x" Bx
||| = 21

xeR®

(Using a computer to minimize and maximize x' Bx) Consider the real matrix

7 1 1 0
1 1 0 0
1 -1 0 0
1 0 0 2
4 4 4 4
1 0 1 0

-2 -3 -3 -1

For this problem, you are encouraged to use a computer to compute the eigenvalues/vectors for

3(B+BT).

a) Solve the problem

Maximize:

Subject to:

b) Solve the problem

Minimize:

Subject to:

c) Solve the problem

Minimize:

Subject to:

EXERCISE 15.18.

x"Bx
||x|| = 100

xeR’

x"Bx
||| = 100

xeR’

x'" Bx
[Jl| = 2

xeR’

(Again using a computer to minimize and maximize x' Bx) Consider the real
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matrix B given by

For this problem, you are encouraged to use a computer to compute the eigenvalues/vectors for

3(B+B").
a) Solve the problem

b) Solve the problem

¢) Solve the problem

d) Solve the problem

= O A~ W DN =B O W N

= O H» W N H O W N =

1 0 0
8§ -8 -10
0 1 0
7 0 1
-1 0 0
5 5 5
8 8 8
1 0 1
2 2 0
17 0 1

Maximize:

Subject to:

Minimize:

Subject to:

Minimize:

Subject to:

Maximize:

Subject to:
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0 1
-1 1
1 0
1 0
0 o0
5 5
8 8
0 1
0 2
0 0

x"Bx
||x|| = 50

x e RO

x"Bx
||| = 50

x e RO

x"Bx
||| = 25

x e RO

|x" Bx|
[l = 25

x e RO

SO N O O U1l = O O o o

SO O = O U O N = O =

[
L o

S = O O U1 FH N =




EXERCISE 15.19. (Minimizing |x"Bx|) Let B be a real n x n matrix (not necessarily symmetric).
Fix r as a positive real number. We want to solve

(15.41) Minimize: |x'Bx|
(15.42) Subject to:  ||x|| =1
(15.43) xeR"™

Define A = %(B + BT). Define Ay, ..., Ay, as the (necessarily real) eigenvalues of A, with corre-
sponding orthonormal eigenvectors {vi, ..., Vn }.

a) Define A = %(B + BT). Use arguments similar to those in Section 15.6 to show our problem
is equivalent to

Minimize: |x' Ax]|
Subject to:  ||x|| =1

xeR"

b) Consider the case when all eigenvalues of A are nonnegative. Use (15.23) to solve the
problem of (a).

¢) Consider the case when all eigenvalues of A are nonpositive. Use (15.23) to solve the problem
of (a).

d) Consider the case when at least one eigenvalue of A is positive, and at least one eigenvalue
is negative. Use (15.23) to solve the problem of (a) and show the optimal objective value is zero!

e) Solve problem (15.41)-(15.43) to find an optimal x* in the caser = 1 and

1 2 4
B=11 8 10
3 3 30

You are encouraged to use a computer, such as Matlab, to compute eigenvalues/vectors for
3(B+BT).
f) Solve problem (15.41)-(15.43) to find an optimal x* in the case r = 1 and

1 3 -3 4
02 3 9
B:

10 -50
|30 0 1|

: 1
You are encouraged to use a computer to compute eigenvalues/vectors for 5(B + B').
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CHAPTER 16.

Singular values

Fix positive integers m, n. This chapter first develops the singular value decomposition
(SVD) of real m x n matrices. For all but the final section, the field is R, the inner product
is (x, y) = xTy for all x, y € R, the norm is ||x|| = xx for all x € R". The final section
uses the same techniques to develop the corresponding SVD results for m x n matrices
with complex values (readers seeking a quick derivation can skip to that section without
loss of continuity). Examples in this chapter often display numerical values by using a
finite-decimal approximation of an infinite-precision real number that exists and that
would make equality hold.

16.1. Rank 1 matrices

Consider the following real matrices D and E:

3 3 3 0 6
D=| 21 [1 10 2]= 1 -1 0 -2
2 2 2 0 4
[ 0 ] [0 0 o ]
5 10 15 20
E-= [234]=
1 2 3 4
|1 | 2 3 4|
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Both D and E are defined as the product of a nonzero column vector and a nonzero row
vector. Observe that matrix D has at least one nonzero column, and all columns of D are
multiples of its first nonzero column. The same holds for matrix E. Both D and E are rank 1
matrices: The dimension of their column space is one.

This holds in general: Fix vectors ¢ € R™ and r € R™. Assume ¢ # 0 and r # 0. Consider

the m x n matrix
(16.1) A=cr'

This is a multiplication of the nonzero column vector ¢ and the nonzero row vector r':

_ . c1n C112 C1Tn
a

Corp Corp -+ Qo
)

A= [fl rg fn]z €31 C3ry -+ C3Tn
Cm

) ) Cm" Cml2 - CmIn

We claim that A is a rank 1 matrix. Indeed, observe that for all x € R" we have

Ax=c r'x eSpan{c}
~——
scalar

and so Col(A) ¢ Span{c}, which means dim Col(A) < 1. On the other hand, A is not the
all-zero matrix (see Exercise 16.28 to show Ar + 0), which means dim Col(A) > 1. Therefore,
dim Col(A) =1 and so rank(A) = 1. This proves one direction of the following lemma.

LEMMA 16.1. A is a real-valued rank 1 matrix of size m x n if and only if A = cr" for some

nongero vectors c e R™ and r ¢ R™.

PROOF. Thereversedirection is proven in the paragraph preceding the lemma. Exercise

16.2 proves the forward direction. O

It is useful to put the rank 1 matrix A = ¢r' into a standard form by normalizing c and r.
Define vectors u and v and a real number o by

_ C
T
T
T
o = lef - I

The positive scalar o is called the singular value for this rank 1 matrix A. With these
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definitions we have cr" = cuv" and so

(162) A= o]

The form (16.2), where o > 0, ||u|| = ||v|| = 1, is called the singular value decomposed form of
the rank 1 matrix A. From (16.2) we obtain for each x ¢ R"

(a)
[4x]| = [lou(vTx)|| =" [o(vx)| - flull =]o]-|v"x] < o] || -[lx|
~—— ~——
1 1

where step (a) pulls out a scalar from the norm; step (b) holds by the Cauchy-Schwarz
inequality. Therefore

(16.3) |Ax]| < olx]| VxeR™

Thus, for the linear map T(x) = Ax, the scalar o bounds the expansion factor between
the norm of the input x and the norm of the output Ax. This is the best possible bound
because inequality (16.3) holds with equality whenever x is a scalar multiple of v (notice
from (16.2) that Av = ou so ||Av|| = o). If we want to maximize the norm of Ax over all input
vectors x that have a given norm, then x should point in the direction of v.

16.2. Singular value decomposition (SVD)

In Section 16.7 we show that every real nonzero m x n matrix A has the following singular
value decomposition (SVD):

(16.4) A=Y oup!
i=1
where r = rank(A) € {1, ..., min{m, n}} and
* 0y,...,0r are positive real numbers called the singular values of A.
* {uy,..., ur} are orthonormal vectors in R,
« {v1,...,vr} are orthonormal vectors in R".

The decomposition (16.4) shows that the rank-r matrix A is a sum of r rank 1 matrices. Every
real valued matrix of rank r > 1 can be written in the form (16.4). (The case rank(A) =0
occurs if and only if A is the all-zero matrix.)

The decomposition (16.4) can equally be written

(16.5) A=UzvV’
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where X is a r x r diagonal matrix with diagonal entries oy, ..., or; U is a m x r matrix with
columns given by the orthonormal vectors {uy, ..., ur}; V is a n x r matrix with columns
given by the orthonormal vectors {vy, ..., v }:

) 0 ]
(16.6) L= 0 0:2 2 ) U=[u1 Uy ur] ) V=[1/1 Vo w]
| 0 O or |

Orthonormality of the columns of U and V implies

UU=I~rxr , VV=I~rxr

which are instances of possibly nonsquare matrices multiplying to the square identity
matrix. Equivalence of (16.4) and (16.5) can be seen by expanding the orthonormal vectors
{v1, ..., v¢} in R™ to an orthonormal basis {vi, ..., Vr, V41, ..., Vn } for R™, then observing
that defining A by either (16.4) or (16.5) yields the same input-output response on the basis

{V1yeeey Vi }:

ifie{l,..,r}
0 ifie{r+1,..,n}

Ojl;

Av: =

1

A proof of the decomposition (16.4) is given in Section 16.7.

For example, we present a nonzero 4 x 3 matrix A in the two different SVD forms (16.4)
and (16.5):

510 1/2 1/2
a=| 0 e v yva o ]eava| P [ ve v o]
1 50 —| 1/2 —| -1/2
| 1 5 0 | 1_1/2_ v 2_—1/2_ v,
[ 12 172 ]
(167) |2 12 62 0 1/vV2 1/v/2 0
' 2 a2l o a2 |l vz vz o
|12 -12 : pa
U
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so rank(A) = 2, the two singular values of A are o; = 61/2 and oy = 4\/2, and
U'u=v'v=

This example was created by arbitrarily creating two orthonormal vectors {uy, up} in R*
and two orthonormal vectors {v;, v»} in R? and using positive values of 07, 05 to ensure
the result of 212:1 GiuiviT was a nice-looking integer matrix A. If the nice-looking integer
matrix A was given first, it would not be obvious how to obtain the SVD. A general method
for obtaining the SVD for a given matrix A is described in a later section.

16.2.1. Extendingto o0y,...,0p

Singular values for a real m x n matrix A are usually ordered from greatest to least, so with
r = rank(A) we have

01202220, >0

Singular values are always positive for indices i € {1, ..., r}. If r < n, it is convenient to define
o;=0forie{r+1,...,n}. So

0;>0 ifie{l,..r}

0;=0 ifie{r+1,..,n}

In Section 16.8 it is shown that

(16.8) on x| < [|Ax]| < o1]lx|] VxeR"

where o7 is the largest singular value and oy, is the smallest (o, = 0 if and only if 7 < n).
Thus, when the m x n matrix A is viewed as a linear map from R™ to R™, the largest singular
value o7 has the interpretation of being the maximum possible expansion factor between
the norm of the input x and the output Ax for the linear map A. The smallest singular

value oy, is the minimum possible expansion factor, and is zero if and only if r < n.

The example A matrix of (16.7) has r = 2 and n = 3 with o7 = 61/2, 09 = 4/2, so we
define o3 = 0 and (16.8) yields

0 < ||Ax|| < 6v2]jx|| VxeR3
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16.2.2. A stylistic choice for ULV’

The m x n matrix A has rank 0 if and only if it is the all-zero matrix. If A is not the zero
matrix, its rank r satisfies
1<r<min{m,n}

Some people like to do this:

+ Extend {vy, ..., vy} to an orthonormal basis for R™: {v, ..., v}

« Extend {uy, ..., ur} to an orthonormal basis for R™: {u, ..., um}

Then we can write

r min{m,n}
—_— . . T — . . T
A=Y oy = ) oy,
i=1 i=1

The added terms are 0 since they are multiplied by o; = 0 when i > r.

Similarly, we can augment the SVD form A = ULV, where I is a r x r diagonal matrix
with positive diagonal entries, to make £ a min{m, n} x min{m, n} diagonal matrix with
nonnegative diagonal entries, where the added entries are just zero. For example, for the
4 x 3 matrix A in (16.7) we have min{4, 3} = 3 and

(5 1 0] [12 12 @]

P 62 0 0 || 1/vV2 1/v/2 0
510 /2 1/2 @

(169) A= = 0 4/2 0| 1/V2 -1/vV2 0
150 1/2 -1/2 »

0 0 0 ? > 2
15 0] |12 12 2|

z VT
U

The old £ matrix in (16.7) was a diagonal 2 x 2, the new X is a diagonal 3 x 3 but the third
singular value is o3 = 0. This requires adding a third column to the old matrix U and
a third row to the old matrix V'. The missing entries, shown as question marks in the
equation above, can be filled with any real numbers without changing the matrix A. This
is because they will be multiplied by 0 in the last row or last column of X. It is standard
to make u3 the missing third column of U, and v] the missing third row of V. Readers
are invited to do this in Exercise 16.5. This convention for treating the indices i > r +1
should not distract from the fundamental structure (16.4): Every rank-r matrix has r positive
singular values, and can be written as a sum of r rank 1 matrices.
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16.3. Squared singular values as eigenvalues of ATA and AAT

Let A be a real and nonzero m x n matrix. Define r = rank(A). Since A is nonzero we know
1<r<min{m,n}. Lemma 8.5 implies

r=rank(A) = rank(A") = rank(ATA) = rank(4A")

A later section proves that every real or complex matrix has a SVD. So, assuming A
has a SVD, how can we find it? Also, is the SVD unique, or are there many SVDs? Start by
writing A in the general SVD form

(16.10) A=ULVT

where X is a r x r diagonal matrix with positive diagonal entries oy, ..., 07, U has orthonor-
mal columns {uy, ..., ur} in R™, V has orthonormal columns {v, ..., v;} in R™. We do not
yet know the matrices U, X, V. However, orthonormality implies

U'U=V'V=I [ther x ridentity matrix]

and so
(16.11) Viv,=e¢ Vie{l,..,r}
(16.12) Ulu;=¢; Vie{l,..,r}

where e; € R" is the ith column of I. Observe that ATA and AAT are both real and symmetric
matrices, and (16.10) gives

(16.13) ATA=VIU'ULV' =VE?VT [size nxn]
——
I
AAT =ULV'VIU  =UL?U" [size mxm]
——
I

This is similar to a diagonalizable form, although the V and U matrices are not neces-
sarily square. Nevertheless, this form means G%, O'%, ..., 0% are eigenvalues of ATA with
corresponding eigenvectors {v, ..., v }. To see this, for each i € {1, ..., 7} we have

(@)

ATAy, = VIRV,

® 52,

(¢)

2

547



@ 2
= Ul Vl

where (a) holds by substituting (16.13); (b) holds by (16.11); (c) holds because multiplying

a matrix on the right by e; extracts the ith column of that matrix (and the ith column
2
i
with eigenvector v; (recall v; is nonzero because it is assumed to have norm 1). A similar
2
i
both have rank r, the only other possible eigenvalues of these matrices are zero:

of 22 is Gfei); (d) holds for the same reason. Thus, o% is indeed an eigenvalue of ATA

argument proves o7 is also an eigenvalue of AAT with eigenvector u;. Since ATA and AAT

« ATA has n - r repeated eigenvalues of 0 (so dim Null(ATA) =n-r).
« AAT has m - r repeated eigenvalues of 0 (so dim Null(AA") = m - ).

In summary, the r positive values o0y, ..., 0y on the diagonal of ¥ are precisely the square
roots of the positive eigenvalues of AT A (and they are also precisely the square roots of
the positive eigenvalues of AAT).! The values o1, ..., oy are called the singular values of A, and
they are found by computing the positive eigenvalues of either ATA or AAT.

For the SVD A = ULV, the ordering of the singular values oy, ..., 07 along the diagonal
entries of X is arbitrary. However, it is conventional to list o7y, ..., 07 in order from greatest
to least (so oy is largest). Under this ordering the r x r matrix X is unique. However, U and
V are not unique. For example, the n x n identity matrix I has many SVDs, two of them are:

I=III [so U=V=X=I]

I=CIC" [for any nxn matrix C with orthonormal columns]

Of course, the singular values of I are always 0y =09 =+~ =0 = 1.

- Example 2 x 2 matrix A with rank(A) = 2:

3 4 - 109 12
AA=

~10 0 12 16
det(ATA—AI) = (109 -A)(16 —A) —122 = 0

A1 = 07 = 110.5234
Ao = 03 = 14.4766

V144766 ||x|| < ||Ax]| < V/110.5234||x|| Vax € R?

1A side consequence of this analysis is that all eigenvalues of ATA and AA™ are real and nonnegative, but
we already knew that from the fact that both A" A and AA” are real, symmetric, and positive semidefinite
(Lemma 15.6).
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- Example 4 x 2 matrix B with rank(B) = 2:

1

3

51 18
18 78

— B'B=

det(B'B-AI) = (51-A)(78 -A) - 182 =0

V42||x]| < [|Bx]| < V87 [|x]|

)\120%287
)\220'%:42

Vx € R?

+ Example 4 x 3 matrix C with rank(C) = 2, where column 3 is the sum of the first two

columns:

== NN

S w o w

5
2
4
1 .

= C'C=| 9

10 9 19
18 27
19 27 46

det(CTC—AI) = -A3 + 7402 =297\ = 0

AL = 07 = 69.7414
Ag = 03 = 4.2586

- Example 2 x 5 matrix D with rank(D) = 2:

6
1

D:

A3=05=0
0 < ||Cx|| < V69.7414 ||x|| VaxeR3
-9 0 0 4 L1831
= DD' =
1 111 1 5

where it is more convenient to compute eigenvalues of the 2 x 2 matrix DD' than the

5 x 5 matrix D" D:

det(DD" —AI) = (133 -A)(5-A)-1=0
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A1 = 0% = 133.0078

Ag = 05 = 4.9922
A3=A4=A5=0

0 < ||Dx|| < /133.0078 ||x]|

16.4. SVD for a rank 1 matrix

In some cases a SVD can be found easily. For example, if we are given a 4 x 2 rank 1 matrix:

15
45
0
5

6
-18
0
2

Vx e R®

-
(16.14) = - vl = L[ 5 2 ] — |A=/2639 uv,
Vor| o | 7Y V29 !

- 1 -

where we have used v/91- 29 = 1/2639. Observe that ||u|| = ||v|| = 1. The representation of A
in (16.14) has the form }.!_, UiuiviT in the special case r = 1, so the sum only has one term
and there is only one singular value:

01 = /2639

This also has the form ULV where I is the 1 x 1 matrix (1/2639), so A = u; (v/2639) v;.
Since r =1 and n = 2, we define 0, = 0 and obtain
Vx € R?

0 < ||Ax|| < V2639 x|

Readers who observe that min{4,2} = 2 may prefer the SVD structure:

V2639 0 v
A:[ u ? ] >1
0 0 :
UneW N—— N —
Lnew View
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where uy, v; are defined in (16.14); the second column of Uy, is any column vector uy € R*
such that ||u,|| = 1 and uju; = 0; the second row of Vj,,, is any row vector v, € R? such that
[[vo]] = 1and v, v; = 0. This convention requires finding such uy, v, vectors, but of course
these vectors have no impact because they are multiplied by 0 in the above equation for A.

16.5. General procedure for computing SVD

Given a real and nonzero m x n matrix A, we can findaSVD A = 3.}, o;u;v] by carrying
out the following procedure:

1. Find the nonzero eigenvalues Ay, ..., A, of ATA, where r = rank(A). These are possibly
repeated according to algebraic multiplicity. Define o; = \/A; for i e {1, ..., 7}.

A correct answer automatically has positive eigenvalues A;>0 for ie{l,..,r}.

2. Find corresponding orthogonal eigenvectors of AT A and normalize them to define
{Vl,...,Vr}.
When v;,v; have a repeated eigenvalue (so A;=A;), care must be taken to ensure

T, —
vivj—O.

3. Define u; = ’% forie {1,...,r}.
1

A correct answer automatically has |jy]|=1 and uiTuj:O for all i#j.

Note that ATA is real and symmetric. Step 2 in the above procedure is easiest when all
nonzero eigenvalues Ay, ..., A of ATA are distinct, in which case any eigenvectors v; found
for each A; will automatically have the orthogonality property viij =0 forall i+ j. If there
is an eigenvalue A; that has an algebraic multiplicity m; > 1, then dim Null(ATA - \;I) = m;
(since the real matrix is symmetric) and we must find (any) m; orthonormal vectors
in Null(ATA — \,I). These will automatically be orthogonal to eigenvectors associated
with eigenvalues A; # A; because Null(A'A - \;I) and Null(A"A - A;I) can be shown to
be orthogonal subspaces (see Exercise 15.7). The total number of nonzero eigenvalues
01, ..., 0r (counted with algebraic multiplicity) is the rank of A. One can also find the rank
by using r = rank(A) = rank(ATA) = rank(AA") = rank(A"). The singular values are
typically placed in order:

012022--20r>0

which of course means the vectors v; € R" and u; € R™ should be indexed according to
this order. The form A = ULV is achieved by using (16.6). Remember that V is defined in
(16.6), but its transpose is used in the formula A = ULV,
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16.6. Example

Consider the 3 x 2 matrix
-3

=~
I
o N N

1
3

This is a rank 2 matrix. We want to find an SVD for A:

op O
A =0y +ogupvy =U ! 4
0 (%)
We have
T 53 -19
A'A=
-19 19

The eigenvalues of AT A solve det(ATA - AI) = 0 and are

AL =36+5V26 = 07 =/ = 7.8419
)\2 =36-5V26 — 09 = }\2 = 3.2411

The larger eigenvalue has been intentionally labeled A; to ensure o; > 09. From this

information alone we can assert (using (16.8) and the fact r = n = 2 here):

3.2411||x|| < ||Ax]|| < 7.8419 ||| Vx € R?

The eigenvectors are nonzero vectors in Null(ATA — AI) for A € {A, A2 }:

53-A  -19 -19 19-A -19 19-A
A-Al= - -
-19 19-A 53-A  -19 0 0

an eigenvector z = (a, 1) must satisfy

-19a+19-A=0 — azl—A
19

SO

1- /19 =17-5/26 ~0.9129
AL =36+5V26 = 21 = 19 1 = vy =
1 1 04082
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1-A,/19 -17+5v/26 04082
Ay =36 - 526 —> 29 = 2191 _ I — vy =
1 1 09129

One can verify that z; and 2, are indeed orthogonal, and vy, v, are normalized versions of
21, %2. Then

76149 0.9710

qr=Avi=| —14176 | = w =| -0.1808
| 1.2245 0.1561
[ 0.1185 0.0366

g =Am=| 17292 | = up=| 05335
2.7387 0.8450

One can verify that ||q;|| = o7 and ||q2|| = 02, that g1, ¢y are orthogonal, and uy, uy are
normalized versions of g, ¢y. Finally

09710 0.0366 70000 —3.0000
A=o01| -01808 [[ 09129 04082 |+02| 05335 |[ 04082 09129 |=| 2.0000 1.0000
0.1561 0.8450 0.0000  3.0000

An equivalent representation is

-0.9710 0.0366
A=] -0.1808 0.5335
0.1561 0.8450

7.8419 0 -0.9129 0.4082
0 3.2411 0.4082 09129

> VT

16.7. Proof of SVD existence

Fix A as a nonzero m x n matrix. Let r = rank(A) and note that r € {1,..., min{m, n}}. We
show that A has the SVD (16.4). Note that A" A is a real, symmetric, positive semidefinite
n x n matrix (Lemma 15.6), so it has an orthonormal basis of eigenvectors with real and
nonnegative eigenvalues. Specifically, let {1y, ..., v} be the orthonormal basis for R" that
are eigenvectors of ATA with corresponding eigenvalues A; > 0, so

(16.15) ATAv; = \yv; Vie{l,..,n}
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Now define g; by
qi=AVi Vié{l,..., Tl}

For convenience, assume the indices are labeled to place the norms of the {g;} vectors in

decreasing order, so
gl > llgall = - > lgxl|

Claim 1: {q1, ..., gn} span Col(A).
To prove Claim 1, fix y € Col(A). Then y = Ax for some x € R". Since {vy,..., v} are a
basis for R" we know

n
X = Zizl a;v;

for some real numbers a;. Multiplying both sides of the above equation by A gives

n
Ax =) a; Av;
— =1 ~—~—
Y gi

and so every y € Col(A) is a linear combination of {qj, ..., gn }, proving Claim 1.

: AN AT
Claim 2: A = Zj=1 q;v;-
To prove Claim 2, fixi€ {1,...,n}. Then

n n

2
Yt [vi= Y apvivi= avivi= qilvill* = ai
j=1 j=1

which uses v]Tvi =0ifi# j, and||vj|| = 1. This holds for all i € {1, ..., n}, so the input-output

response of the matrix A on the basis {vy, ..., v} for R" is the same as the input-output
n

response of the matrix ) i

14 jv]T. They must be the same matrix, which proves Claim 2.

Claim 3: {qj, ..., gn} are orthogonal vectors in R™.
To prove Claim 3, fix i, j € {1,...,n} with i # j. Then
(a) (b)
qqu] = (AVi)T(AV]') = Vl.TATAV]- = IT()\]V]) = }\]VlTV] =0

where (a) holds by (16.15); (b) holds because v; and vjare known to be orthogonal. This
proves Claim 3.

Since {q, ..., qn} are orthogonal vectors in Col(A), at most r of them are nonzero (else
we would have r +1linearly independent vectors in the r-dimensional space Col(A), which
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is impossible). On the other hand, at least r of the vectors in {q, ..., g} are nonzero
because these vectors span the r-dimensional space Col(A). It follows that exactly r of
these vectors are nonzero, and since they are in order, we have

(16.16) lgill*>0ifie{1,...,r}
(16.17) lgil?=0ifie{r+1,..,n}

Now define u; € R™ and o; € R by

qi

(16.18) u; = b
"l

»0i=lgill  Vie{l,..,r}

Since {qj, ..., qr } are already known to be orthogonal, we know {1y, ..., u, } are orthonormal.
We already know {vy, ..., v;} are orthonormal. Finally,

qu T ( )qu T( )ZquH ||ql|| ;r ( )ZGU,V
i i=1
where (a) holds by Claim 2; (b) holds by (16.17); (c) is valid because ||g;|| # 0 by (16.16); (d)
holds by definition of u; and o; in (16.18). This completes the proof of the SVD for A.

16.8. Maximum expansion factor

Let A be areal and nonzero m x n matrix. Suppose A hasrank r. Thenr € {1, ..., min{m, n}}
and we have the SVD .
A= Z Giuiv;
i=1

Assume the singular values have been ordered from greatest to least, so
012022--20r>0

It is often convenient to extend the singular values all the way to n, so 0; = 0 for i €
{r+1,..,n}, and {vy,...,v,} are extended to an orthonormal basis {vi,...,v,} for R".
Exercise 16.1 shows that if < n, then {v,,q, ..., vy} are a basis for Null(A). Every x ¢ R"
can be written

n
= Z a;jv;
j=1

for some real numbers ay, ..., ay. So orthonormality of {vy, ..., v,} implies (by Lemma

8.6b):
2

n
- 24
J=1

2
[ =
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and

-

(Zcrul ) Ya) :Egdaulvv-ZGalul

which uses vl.Tv]- =0if i # j, so orthonormality of {uy, ..., ur} implies

|AxH Z O'

It follows that for all x € R™ we have x = 37 | a;x; for some real numbers aj, ..., an, which

means Hx||2 =y 1al and
2N~ 2 202
(16.19) | Ax|> Z o7a; <07y a7 <ot ||«
i=1
(16.20) |Ax|| < o1 [lf|  Vx e R

The largest singular value o; can be viewed as the largest expansion factor in the
norm of the input and output in the linear map A. Specifically, consider the optimization
problem that searches for a vector that maximizes the expansion factor:

(16.21) Maximize: M
|
(16.22) Subjectto: xeR™ x %0

By (16.20), the objective value for this problem can be no larger than o;. In fact, oy (the
largest singular value of A) is the optimal objective for this problem, and it is achieved by
the corresponding vector v;:

[Avi]| _ ol _

AVI =01U; — =
vl [l

which uses the fact that ||v;]| = 1 and ||u4|| = 1. Every nonzero multiple of v; also achieves
this same maximum expansion ratio. Indeed, for a real number 6 + 0 we have

lAew)l _ llAv] _
lovdl ~ [l

A closely related problem is

Maximize: |[|Ax||

Subjectto: |jx||=1
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This new problem is equivalent to problem (16.21)-(16.22) in the following sense: The two
problems have the same optimal objective value o7; any solution x* to this new problem
is also a solution to (16.21)-(16.22); any solution x™ to (16.21)-(16.22) can be normalized to
create a solution to this new problem. This new problem is often preferred to (16.21)-(16.22)
because the constraint set is

{xeR":|jx]| = 1)

which is a closed and bounded subset of R"™. This set is equal to {x ¢ R" : ||x||2 =1}. Also
note that finding an x to maximize ||Ax|| is equivalent to finding an x to maximize ||Ax||2.

This is useful because derivative and Lagrange multiplier methods can also be used to

maximize ]|Ax||2 subject to ||x||2 = 1to arrive at the optimal objective value o2.

The problem of minimizing the expansion factor is

Minimize: |[|Ax||

Subjectto: |jx|| =1

If Null(A) is nontrivial, then any nonzero vector in Null(A) can be normalized to produce
a solution to this minimization problem. With r = rank(A) we have A = ¥} ; o;u;v! and
we can take the orthonormal vectors {v, ..., v} and extend them to an orthonormal basis
{1, .., vu} for R" with ||Av;|| = 0; for i € {1,...,n}, where

0120922020

and o;>0forie{l,...,r} and o; = 0 for i > r. Then an argument similar to (16.19) shows
that v solves this problem with optimal objective value oy, so

o ||x]| < [|Ax|| < o [|x]|  Vx € R

For example, in the 3 x 2 example of Section 16.6 we obtained the SVD:

7 -3 -0.9710 0.0366
7.8419 0 -0.9129 0.4082
A=l 2 1 =| -0.1808 0.5335
0 3.2411 04082 0.9129
0 3 0.1561 0.8450
x VT
U
and so

3.2411||x]| < ||Ax|| < 7.8419|jx|| Vx € R?

where the upper bound is achieved by any multiple of v; = (-.9129, 0.4082) and the lower
bound is achieved by any multiple of v, = (0.4082,0.9129).
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16.9. Singular values for symmetric matrices

Suppose A is areal and symmetric nxn matrix. We already know that A has real eigenvalues
A1, ---, Ap and corresponding eigenvectors {vy, ..., V5 } that are an orthonormal basis of R",
and A has the diagonalizable form

A=SAST

where columns of S are the orthonormal eigenvectors {v, ..., v} and A is a diagonal
matrix of the real eigenvalues. If the eigenvalues are all nonnegative (which occurs when
A is symmetric and positive semidefinite) then A = SAST would be the singular value
decomposition! Therefore, if A is a real and symmetric matrix that is positive semidefinite,

its singular values are the same as its eigenvalues:
O'i=)\i VlE{l,..., Tl}

One must be careful to place the eigenvalues in order from greatest to least to respect the
conventional ordering for singular values. Once they are in order, we have A = ULV with
U=V=SandX=A.TheformA =%, GiuiviT can be obtained by using only the positive
eigenvalues of A (there will be exactly r of them, where r = rank(A)).

What if we obtain the diagonalizable form A = SAST but some of the eigenvalues on
the diagonal of A are negative? In that case, it turns out the singular value decomposition
isA =UXZV" where

V=S, Z=|A, U=S

where |A| is a diagonal matrix with entries equal to the absolute values of A, and S is the
matrix formed by starting with S and, for each i € {1,...,n} such that A; < 0, multiplying
column i of S by —1. Thus, if A is a real and symmetric matrix, its singular values are the
absolute values of its eigenvalues:

o;=N\] Vie{l,..,n}

For example, in Section 15.8 we found the diagonalizable form of the following real
and symmetric matrix:

-2 0 0 1 0 0 -2 0 0 1 0 0
A= 0 3 1 |=]| 0 0.5257 -0.8507 0 4.6180 0 0 0.5257 -0.8507
0 1 4 0 0.8507 0.5257 0 0 2.3820 0 0.8507 0.5257
S A ST

558



This matrix A is not positive semidefinite because it has —2 as an eigenvalue. However, we
immediately see its singular values are 2, 4.6180, 2.3820 and its SVD is

-2 0 0 -1 0 0 2 0 0 1 0 0
A= 0 3 1 |=| 0 05257 -0.8507 0 4.6180 0 0 0.5257 -0.8507
0 1 4 0 0.8507 0.5257 0 0 2.3820 0 0.8507 0.5257
U z VT

where X is obtained from A by multiplying the first column by —1; U is obtained from S by
multiplying the first column by —1. Oops, this is a correct equation, but we have not placed the
singular values in order! Okay, for this, we must relabel the indices:

Indexl - Index3 - Index2 - Indexl1

So permuting the columns of U and V in this way, and similarly permuting the diagonal
entries of £, we obtain

T

-2 0 0 0 0 -1 4.6180 0 0 0 0 1
A=l 0 3 1 |=| 0.5257 -0.8507 O 0 2.3820 0 0.5257 -0.8507 O
0 1 4 0.8507 0.5257 0 0 0 2 0.8507 0.5257 0

U z VT

To avoid this ordering mistake, it may be better to work directly with the eigenvalues
A1, ..., Ap and eigenvectors {vy, ..., v, } of the real and symmetric matrix A, first put those in
order of largest-to-smallest |A;|, then create the decompositions A = SAST = ULV using
that desirable order.

16.10. Matrix approximation

Suppose A is a real m x n matrix with a large rank r € {1, ..., min{m, n}}. Then A has the
SVD

.
(16.23) A=Y o]
i1

Assume the singular values are ordered so that
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The SVD (16.23) is an exact representation of the matrix A. To deliver the exact matrix
A to someone, one could either transmit the nm real-valued coefficients of A over a
communication channel, or transmit oy, ..., 0y, Uy, ..., Ur, V1, ..., Vr. In many cases we have
r =min{m, n}, and it is easier to just send the nm coefficients.

Now fix k € {1, ..., — 1} and consider the approximation

k
A=Y o]
i=1

This approximation includes only information related to the k most significant singular
values. If k is much less than r, then A is much easier to represent and communicate: We
need only give someone the k most significant singular values o7, ..., 0} and the corre-
sponding u, ..., g and vy, ..., v vectors. Often A ~ A even when k is much smaller than
r, so we can send much less information than mn coefficients. The approximation gets
better and better as we add information related to the additional singular values.

16.11. Singular values for complex matrices

The development of singular values for matrices with complex entries is similar. Let A be
a nonzero m x n matrix with complex entries. Define r = rank(A), so 1 < r < min{m, n}.
We claim A has the following singular value decomposition (SVD)

-
A=Uzv? =Y qupf
i=1
where X is a r x r diagonal matrix with real and positive entries oy, ..., 0r (the positive
singular values of A), U is a complex-valued m x r matrix with orthonormal columns
{ug,...,ur}, V is a complex-valued n x r matrix with orthonormal columns {vy, ..., v }.

Orthonormality implies
vhu=1 , vHv=r

First assume A has this SVD form. Then

AfA = (uzvhEzvi) = vz vfu v - v2vH
N——
I
AAR = (uzvy(uzvE)E -y vHv LUt - ur?uf
\\/_/
I

For each i€ {],...,r}, orthonormality of the columns of U and V implies

H, _
\% Vi=¢
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H_ ,  _
U u;=¢;

where ¢; is the ith column of the r x r identity matrix. Using this implies:

2
i
2

* 07 is an eigenvalue of AAH with eigenvector u;.

- 07 is an eigenvalue of AHA with eigenvector v;.

° AVi = O‘iui

which means that computing singular values oy, ..., o for complex-valued matrices is
similar to computing them for real matrices: Just compute the nonzero eigenvalues of
AP A (or AAH). Since both AHA and AAH are Hermitian, their eigenvalues are always real.
Further, it can be shown that their eigenvalues are always greater than or equal to zero.
The positive ones are the singular values of A. To show that every eigenvalue of AHA is
nonnegative, let (A, v) be an eigenpair of AHA. Then

0< ||Av||2 = () H(av) = v (AP av) = vE(Av) = A ||v||2

and so A > 0. A similar proof shows that every eigenvalue of AAH is nonnegative.

We now show that every nonzero m x n matrix A has this singular value decomposition.
For simplicity, our goal is to show the form A = 37!, Giuile . First note that AHA is n x n
Hermitian and hence has real eigenvalues Ay, ..., A\, with corresponding eigenvectors
{v1, ..., vn} that are an orthonormal basis for C". For each i define

q; = Av;
0; = llgill

For convenience, assume the indices are labeled so that
lqull > llg2ll = -.. > |gnll > 0
Claim 1: {q, ..., qn} are orthogonal.
To prove Claim 1, for i + j we have
q?qj = (Avi)H(Avj) = V{_I(AHAV]') = le(A]-vj) = 7\]~(le1/]-) =0
where the last equality holds because v; and v; are orthonormal. This proves Claim 1.

Claim2: A = ¥ gyvil.
To prove Claim 2, we show the input-output behavior of the matrices A and Y7’ qivf{

match on the basis {1y, ..., v} for C". Fix j € {1, ..., n}. By definition of qj, we have Av; = g;.
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Also

n
(Z;Qi"?) vi=qv'vi =g
1=
which uses v v; H ]H = 1. This proves Claim 2.

Claim 3: We have ||g;|| >0forie {1,...,r} and ||g;|| =0 fori e {r +1, ..., n}.

To prove Claim 3, since the {qy, ..., gn} vectors are orthogonal vectors in Col(A), the
nonzero ones are linearly independent. There can be no more than r linearly independent
vectors in the r-dimensional subspace Col(A), and so at most r of the {q;} vectors are
nonzero. On the other hand, since {v, ..., v, } form a basis for C", it is straightforward to
show that Col(A) = Span{q, ..., qn} (every y € Col(A) has the form y = Ax for some x € C"),
so at least r of the {g;} vectors are nonzero. Since these vectors are in order of decreasing
norm, the first r of them must be nonzero and the remaining ones are zero, proving Claim
3.

Now we define orthonormal vectors {uy, ..., ur} by

qi .
u; = Vie{l,..,r}
Yl T

and it follows that

”quH”quF znqln”qzn VO Sl

i=1

where (a) holds by Claim 2; (b) holds by Claim 3; (c) holds by definition of u; and o;. We
have produced the SVD for the complex-valued matrix A.

16.12. Singular values for A and Ak

Given a complex m x n matrix A, let ||A|| denote its largest singular value:

1]l = X {[lAx]l}

Then
|Ax|| < |A]|-[jx]|  VxeC

If A is a square matrix (size n x n) it holds by induction that

(16.24) [aka| <Al il vEe{0,1,2,...}, vice €™
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and so
[aM|| <Al vie{o,1,2,...}

Given a complex n x n matrix A, we can define
. PATIYAS
p(4) = inf{[]a¥ "}

and we have
0<p(A) <Al

It is not hard to show that if A is a normal matrix then ||4|| is the magnitude of its largest-
magnitude eigenvalue, and p(A) = ||A||. In general, p(A) can be smaller than ||A||. For
example, consider
11 1 m
A = fr— Am =

01 0 1

1/m

It can be shown that ||A|| = 1.6180, ||A™|| > 1 for all m, and ||[A™||"™ — 1, s0 p(A) = 1.

16.13. Exercises

EXERCISE 16.1.  (Singular values and null space) Let A be a m x n matrix with rank r. As-
sumel <r <n. LetA =3 ouv betheSVD, where {uj, ..., ur} are orthonormal in R™
and {vi, ..., vy} are orthonormal in R™. Extend {vy,...,vr} to an orthonormal basis for R™:

{V1y cees Viy Vii1y Vi )
a) Compute Av; and ||Av;|| for allie {1, ...,n}.
b) Show that {vy,1, ..., Vn} is an orthonormal basis for Null(A).
¢) Show that {uy, ..., ur} is an orthonormal basis for Col(A).
d) Find an x € R™ that solves

Maximize: ||Ax]|

Subject to:  ||x]| =1
e) Find an x € R™ that solves

Minimize: ||Ax]]

Subject to:  ||x|| =1

EXERCISE 16.2. (Rank 1 matrices) Fix positive integers m,n. Let A be a real-valued m x n
matrix with rank 1. We want to prove that A = cr' for some nonzero vectors c € R™ and r € R".
a) What is the dimension of Null(A)?
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b) Explain why there exists a nonzero vector w € R" such that w € Null(A)*.
¢) Define ¢ = Aw. Explain why c # 0.

d) Definer = w/ ||w| |2. Prove that cr™ = A. Hint: It suffices to prove the input-output behavior

of the matrices cr' and A match on a basis of R™.

EXERCISE 16.3.  (Columns of a rank 1 matrix) Define

-3 1 1 8
0 0 O 0
-6 2 2 16

9 -3 -3 -24

S
I
© ©o o o o o

o ©O o o o o

a) Define c as the third column of A (Which is its first nonzero column). Show that all columns
of A are multiples of c, so rank(A) = 1.

b) Write A = cr' for some vector r. How are the coefficients in r' related to part (a)?

¢) Give another example of a real rank 1 matrix and the corresponding c, r vectors for the
decomposition A = cr'.
EXERCISE 16.4.  (Is the rank 1 decomposition unique?) Suppose A is a m x n rank 1 matrix with
real entries, so A = cr' for some nonzero c € R™, r e R™.

a) Are the ¢ and r vectors unique? That is, can we find other vectors p, q such that A = pq'?

b) Suppose we write a SVD for A as A = couv', wherec e R, 0> 0, u e R™, ve R", ||u|| = 1,
|v|| = 1 (using the standard Euclidean norm). Is o unique? Are u, v unique? In particular, if we

have A= 6uv' for6eR, >0, 1 e R™, v e R, ||| =1, ||V]| = 1, do we necessarily have ¢ = 67
u =u?v=v?If so, why? If not, how many distinct ways can we write a SVD for A?

EXERCISE 16.5. (Completing columns for an orthonormal matrix) Consider the matrix in
(16.9).

a) Find real numbers for the “?” entries of the 4 x 3 matrix U in (16.9) such that U has
orthonormal columns.

b) Show there are exactly two ways to fill out the missing entries of the 3 x 3 matrix V' in
(16.9) so that V' has orthonormal rows. What are the two ways?

¢) Compute ULV to show the answer is indeed the A matrix of (16.9).
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EXERCISE 16.6. (Multiple choice - Computing singular values for bounds 1) Suppose

S
I
S BT, BN}
(52N, BN

Find the tightest possible values of «, (3 that ensure
o]l <[|Ax]| < Bljxl|  VxeR?
a) (o, B) = (0,12.2474)

b) (o, B) = (2.0790,13.2166)
¢) («, B) = (0.0035,17.5556)

d) («, ) = (0,18)

EXERCISE 16.7.  (Multiple choice - Computing singular values for bounds 2) Suppose

4 -2
A=|l0 2
7 -9

Find the tightest possible values of «, 3 that ensure

ol < JlAx] < Blxl| V€ R?

a) («, B) = (0,15.4403)

b) (o, B) = (1.9855,7.2207)
¢) («, B) = (-2.3303,18)

d) («, B) = (2.2345,12.2068)

EXERCISE 16.8. (Multiple choice - Computing singular values for bounds 3) Suppose

O — — —
|
P
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Find the tightest possible values of «, 3 that ensure

o]l < [|Ax]| < BlJxl|  VxeR?

a) (o, B) = (2,14)

b) (x, B) = (2.0790,13.2166)
¢) (o, B) = (0,16.3333)

d) (o, B) = (1.8888,10.3042)

EXERCISE 16.9. (Multiple choice - Computing singular values for bounds 4) Suppose

9 1 7 1
A =
0 2 2 3
Find the tightest possible values of «, 3 that ensure

oclel| < [|Ax] < B [lxf|  Vxe R

a) (e, 3) = (0,8)

b) (a, B) = (1.5684,9.8909)
¢) (o, B) = (3.7339,11.6214)
d) (o, B) = (3/2,V13)

EXERCISE 16.10. Consider the 2 x 2 matrix A given by

. V12 /12 || 8 0 1/5 2/3/5
|l viz iz || o s2 || VA -s

a) What is rank(A)?
b) With r = rank(A), write A in the SVD form Y.} _, UiuiViT~ Specify the singular values and
the u;, v; vectors.

¢) Find a vector x* that solves

Maximize: ||Ax||

Subject to:  ||x|| = 1, x € R?
d) Find a vector x* that solves

Minimize: ||Ax||

Subject to: ||| = 1, x € R?
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EXERCISE 16.11.  Consider the 3 x 2 matrix A given by

N
a-| i Ve

57 0

10 0 1/5 2/\/5
0 5 || V45 -1/V5

a) What is rank(A)?

b) With r = rank(A), write A in the SVD form Y.} _, GiuiviT. Specify the singular values and
the u;, v; vectors.

¢) Find a vector x* that solves

Maximize: ||Ax||

Subject to:  ||x]|| = 1, x € R

d) Find a vector x* that solves

Maximize: ||Ax]|

Subject to:  ||x|| = 100, x € R?

EXERCISE 16.12.  Consider the 3 x 2 matrix A given by

N
a-| vir iz

57 0

0 1/5 2/\V/5
-50 || VA4/5 -1/V5

a) What is rank(A)?

b) With r = rank(A), write A in the SVD form Y.} _, GiuiviT. Specify the singular values and
the u;, v; vectors.

¢) Find a vector x* that solves

Maximize: ||Ax||

Subject to:  ||x|| =1, x € R?

d) Find a vector x* that solves

Maximize: ||Ax]|

Subject to:  ||x]| = 100, x € R?
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EXERCISE 16.13.  Consider the 3 x 3 matrix A given by

V1/7 —/1/2 cos(v/2) [| 2 0 o 1/5 2/V/5 0
A<| Vi ViZ x |0 10 || VAB B o

5/7 0 e3/3 0 0 0 888 -1/¢™ 100

a) What is rank(A)?

b) With r = rank(A), write A in the SVD form Y.} _, GiuiviT. Specify the singular values and
the u;, v; vectors.

¢) Find a vector x* that solves

Maximize: ||Ax||

Subject to:  ||x|| =1, x ¢ R3
d) Find a vector x* that solves

Maximize: |[|Ax]|

Subject to:  ||x|| = 100, x € R

EXERCISE 16.14. Consider the 4 x 4 matrix A defined by

1/2 [ _1/2 ]
as 0 | PNV il e Ve |3 | [V il VAT e
" | 1/2 | v * | -1/2 | v]

a) Are {uy, up} orthonormal? Are {v1, v, } orthonormal?
b) Compute Avy, Avy, ||Avy|, ||Ava||-
¢) Find the tightest real numbers «, 3 such that

ol < JlAx]| < B %l Ve R

Find a norm-1 vector x* € R* that achieves the upper bound.

d) Give a representation A = ULV for ¥ nonnegative diagonal 2 x 2, U ~ 4 x 2 with
orthonormal columns, V ~ 4 x 2 with orthonormal columns.

e) Compute A(vy +vo) and ||A(vy + v2)||2.
f) Compute A(2vy — vo) and ||A(2v; - v ||
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EXERCISE 16.15.  Consider the m x n matrix A defined by

3
= N7
A=Y i
i=1

where {uy, Uy, uz} are orthonormal in R™ and {v1, v, v3} are orthonormal inR™ (som > 3,n >
3).

a) Find Av, Avy, Avs and ||[An|%, ||Ava|? , ||Avs]*.

b) Find A(vy +7vo — 3v3) and ||A(vy + 7vo — 3V3)||2.

¢) Suppose we complete {vy, ..., v3 } to an orthonormal basis {vy, ..., vy, } for R™. Fix (61, ..., 05) €
R™. Find AY" 0,v; and || X7, 0%

d) Find an x € R™ that solves

Maximize: ||Ax| ]2

Subject to:  ||x||* = 1, € R™
e) Find an x € R™ that solves

Maximize: |]Ax||2
Subject to:  ||x||* = 2, x € R
EXERCISE 16.16. Let {uy, Uy, ..., u7} be an orthonormal basis for R”. Consider the 7 x 7 matrix
A defined by
3 .
A=Y (-2)'uu]
i=1
a) Is A invertible? Is A symmetric? Is A positive semidefinite?
b) Compute rank(A) and the singular values of A.

¢) Compute A(3uy — up + ug) and ||A(3ug — up + u6)||2.
d) Find an x € R that solves

Maximize: ||Ax|*
Subject to: Hx||2 =52,xeR’

e) Find an x € R that solves

Minimize: ||Ax]| |2

Subject to: HxH2 =52,xeR’
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EXERCISE 16.17.  Let {uy, Uy, ..., u7} be an orthonormal basis for R”. Consider the 7 x 7 matrix
A defined by

3
N2 T
A=Y iy

i=1

a) Is A invertible? Is A symmetric? Is A positive semidefinite?

b) Compute rank(A) and the singular values of A.

¢) Compute (5uqy + up — 5ug) TA(5ug + Uy — 5uy).

d) Fix (81, ...,07) € R’ and define x = 2;21 0,u;. Compute x" Ax.

e) Find an x € R that solves
Maximize: x'Ax
Subject to:  ||x|| =1, x ¢ R’
f) Find an x € R’ that solves
Maximize: x'Ax
Subject to:  ||x|| = 10, x € R’
2) Find an x € R’ that solves
Minimize: x'Ax
Subject to:  ||x|| = 10, x € R’
EXERCISE 16.18. (Maximizing |x' Ax|) Solve the problem

Maximize: |x'Ax]|

Subject to:  ||x|| =3

x e R?
for
-7 1
1 2

EXERCISE 16.19.  Let ||A|| denote the largest singular value of a matrix A. Design a 2 x 2 matrix
A with real entries that satisfies ||A|| > 1 but ||A?|| < 1.

EXERCISE 16.20. (Simultaneous diagonalizable in general field — Part 1) Let [ be a field. Let A
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and B be nxn matrices with entries in F. We say that A and B are simultaneously diagonalizable
if there is a common invertible n x n matrix S such that

A=SA4St | B=SAgS!

for some n x n diagonal matrices A4 and Ap. Thus, not only are both A and B diagonalizable,
but they have the same eigenvectors given by the columns of the matrix S.

a) Show that if A and B are simultaneously diagonalizable, then AB = BA (so A and B
commute).

b) Trivial examples: Fix c € F. Suppose A is a diagonalizable matrix. Show that if either
B =cI, or B = cA, then A and B are simultaneously diagonalizable.

¢) Nontrivial examples: Using any field you like, give an example of two simultaneously
diagonalizable 2 x 2 matrices. Your example should avoid the trivial situations of part (b). Verify
that your matrices indeed commute.

EXERCISE 16.21.  (Simultaneous diagonalizable in general field - Part 2 Electric Boogaloo) Let
[ be a field. Let A and B be n x n matrices with entries in F. Suppose A is diagonalizable with n
distinct eigenvalues Ay, ..., A, and AB = BA. We want to show that A and B are simultaneously
diagonalizable (recall the definition of simultaneously diagonalizable given in Exercise 16.20).

a) Let (A, v) be an eigenpair of A. Show that either Bv = 0, or Bv is an eigenvector of A with
eigenvalue A.

b) Suppose A has n distinct eigenvalues Ay, ..., \p with corresponding eigenvectors {vi, ..., Vn}
that form a basis for F". Use part (a) to show that for each i € {1, ...,n}, v; is an eigenvector of B
(with some eigenvalue W), and so A and B are simultaneously diagonalizable.

EXERCISE 16.22. (Diagonalizable with general field) Let F be a field. Suppose matrix A has
eigenvectors {vi, ..., Vn } that form a basis of F", with corresponding (possibly repeated) eigen-
values Ay, ..., An. Suppose (1, x) is an eigenpair of A.

a) Must x be one of the n vectors in the set {vy, ..., vn}? Prove true, or provide a counter-
example.

b) Must . be one of the n scalars in the set {\y, ..., \n }? Prove true, or provide a counter-
example.

EXERCISE 16.23. Suppose F =R and

-1
5 40 1 00 5 40

A=12 11 0 20 2 11
3 6 7 0 0 2 3 6 7

a) Is A diagonalizable? Is A invertible?
b) What are the eigenvalues of A?
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¢) Give an example of two different eigenvectors x € R% and y € R3 that both have eigenvalue

d) Give an example of two different eigenvectors x € R and y € R® that both have eigenvalue
1.

EXERCISE 16.24. SupposeF = R and

-1
0 2 4 -4 0 0 0 2 4

A=l1 1 7 0 -4 0 1 17
1 2 7 0 0 3 1 2 7

a) Is A diagonalizable? Is A invertible?

b) What are the eigenvalues of A?

¢) Give an example of an eigenvector x € R3 with eigenvalue —4 such that x is neither a scalar
multiple of (0,1, 1) nor a scalar multiple of (2,1, 2).

d) Does A have an eigenvector x € R® with eigenvalue 3 such that x is not a scalar multiple of
(4,7,7)?

EXERCISE 16.25. SupposeF = R and

— _r S 41

7 40 9|[10o00]|[7 40 9
L 21t ofosoofl2 110
367 1|/0020][3 671

| -1 20 3|]looo0o 8] -120 -3]

a) Is A diagonalizable? Is A invertible?
b) What are the eigenvalues of A?

¢) For each eigenvalue of part (b), give two different eigenvectors with that eigenvalue.

EXERCISE 16.26. Suppose F = R and

7 40 9|[1000]|[7 40 9
L2110 ffooool2 110
367 1|/0020][3 671

| -1 20 3[]loo0oo0o 8] -120 -3]

a) Is A diagonalizable? Is A invertible?
b) What are the eigenvalues of A?

¢) For each eigenvalue of part (b), give two different eigenvectors with that eigenvalue.
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EXERCISE 16.27. SupposeF =R and

7 40 9 1000
2 11 0 0300]|
S= , A=S S
367 1 0020
| -1 2 0 -3 | 000 1|

Give an example of an eigenvector of A that is not a scalar multiple of one of the columns of S.
What is its corresponding eigenvalue?

EXERCISE 16.28. (Rank 1 matrices) Fix nonzero vectors c e R™ and r € R". Define A = cr'.
a) What is the size of A?
b) Show that Ar # 0. Conclude that rank(A) > 1.
¢) Show that Ax € Span{c} for all x ¢ R"™. Conclude that rank(A) < 1.
d) Write each of the following matrices in the form cr' for some nonzero vectors c, r, or briefly
describe why it cannot be done:

-3 3 6 24 6 -9 3 -3 3 7
A= -4 4 8|, B=|32 8 -12 4|, C=| -4 4 9
-5 5 10 40 10 -15 5 -5 5 11

e) For the matrices in part (d) that have the form cr', write their singular value decomposition
ouv', where||u|| = ||v|| = 1and o > 0.
f) For the matrices A, B, C of part (d), find the eigenvalues of ATA, B'B, C'C.

EXERCISE 16.29. A isareal 3 x 2 matrix with rank 2, integer entries, and SVD A = 212:1 GiuiViT
with
01 = 20.578484691240398 , 09 = 3.086416662147989

—-0.875547031658219 —-0.197659691663405
u; =| -0.090184914098365 , U2=1] -0.829576920000298

-0.474640997621941 0.522238240743003

—-0.582539121111295 0.812802665088446
V] = V2 =

—-0.812802665088446 ’ —-0.582539121111295

where real numbers are approximated with 15 digits of precision.
a) Find the integer matrix A.

b) Write A in the SVD form A = ULV, where ¥ is a 2 x 2 diagonal matrix of singular values
of A.
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¢) Find a vector x* € R? that maximizes ||Ax|| subject to ||x]|| = 10. What is the corresponding
value of ||Ax™||?

d) Test three other x vectors in R? that have ||x|| = 10, none of which are multiples of your
answer in part (c). Show that their ||Ax|| values are strictly less than the value of part (c).

EXERCISE 16.30. A isa real 3 x 2 matrix with rank 2, integer entries, and SVD A = 212:1 GiuiviT
with
01 = 17.890809341203717 , 09 =4.890699450661210

—-0.948412003482944 0.295724568909623
Uy =] -0.016018611148457 , Uz =] -0404719335546257
| —0.316635556667823 | | —0.865302975135423
-0.989680316014025 0.143292958983961
V1 = Vo =
—-0.143292958983961 ’ -0.989680316014025

where real numbers are approximated with 15 digits of precision.

a) Find the integer matrix A.

b) Write A in the SVD form A = ULV, where ¥ is a 2 x 2 diagonal matrix of singular values
of A.

¢) Find a vector x* € R? that maximizes ||Ax|| subject to ||x]|| = 100. What is the corresponding
value of ||Ax™||?

d) Test three other x vectors in R? that have ||x|| = 100, none of which are multiples of your
answer in part (c). Show that their ||Ax|| values are strictly less than the value of part (c).

EXERCISE 16.31. A isareal 3 x 2 matrix with rank 2, integer entries, and SVD A = Z%:l GiuiViT
with
01 = 14.412010690562335 , 09 =4.928889109638905

-0.824736203288077 ] 0.391335569964323

u; =| -0.218481745187912 , Uzx=1] -0.886340262175299
—-0.521608974237994 —0.247502346105488
-0.536063511505855 0.844177654070523

V1= Vo =
-0.844177654070523 ’ -0.536063511505855

where real numbers are approximated with 15 digits of precision.

a) Find the integer matrix A.

b) Write A in the SVD form A = ULV, where ¥ is a 2 x 2 diagonal matrix of singular values
of A.

¢) Find a vector x* € R? that maximizes || Ax|| subject to ||x|| = 100. What is the corresponding
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value of ||Ax™||?
d) Compute A(5vy), Avy, A(5v1 +vo), A(vy —v2), A(10v; + 8vy).

e) Find a vector x € R? with norm 7 that satisfies ||Ax|| = 705.

EXERCISE 16.32. A isareal 3 x 2 matrix with rank 2, integer entries, and SVD A = Z%:l GiuiViT
with
01 = 20.035668847618201 , 09 =8.035668847618201

—-0.999364473010407 —-0.035646179102851
U =] -0.035646179102851 , Uz2=1] 0.999364473010407
0 0
-0.999364473010407 0.035646179102851
V] = V2 =
0.035646179102851 ’ 0.999364473010407

where real numbers are approximated with 15 digits of precision.

a) Find the integer matrix A.

b) Write A in the SVD form A = ULV, where ¥ is a 2 x 2 diagonal matrix of singular values
of A.

¢) Find a vector x* € R? that maximizes ||Ax|| subject to ||x|| = 10. What is the corresponding
value of ||Ax™||?

d) Compute A(5vy), Avy, A(5v1 +vp), A(vy —v2), A(10v; + 8vp).

e) Find a vector x € R? with norm 7 that satisfies ||Ax|| = 705.

EXERCISE 16.33.  (Singular values: True or false) Let A be a real m x n matrix with rankr > 1.
a) True or false: rank(A) = rank(A").
b) True or false: A has r nonzero singular values.
¢) True or false: AT has r nonzero singular values.
d) True or false: The nonzero singular values of A are the same as the nonzero singular values

of AT.

EXERCISE 16.34. (Computing SVD for A and A") Define

1 2
A= 1 1
-1 1

a) Define r = rank(A). Find r.
b) Find an SVD for A. Find both SVD forms A = 3! o;u;v] and A= UZV'.
¢) Find an SVD for AT.
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EXERCISE 16.35.  (Computing SVD for A and A") Define

a) Definer = rank(A). Findr.
b) Find an SVD for A. Find both SVD forms A = ¥}_; oju;v! and A= ULV'.
¢) Find an SVD for AT.

EXERCISE 16.36.  (Computing SVD for A and A") Define

320
1 11

A=

a) Define r = rank(A). Find r.
b) Find an SVD for A. Find both SVD forms A = ¥}_; oju;v! and A= ULV".
¢) Find an SVD for A".

EXERCISE 16.37.  (Computing SVD for A and A") Define

320
111

A:

a) Define r = rank(A). Find r.
b) Find an SVD for A. Find both SVD forms A = 3! oju;v] and A= UZV'.
¢) Find an SVD for AT.
EXERCISE 16.38. A isareal 3 x 2 matrix with rank 2, integer entries, and SVD A = 212:1 GiuiviT
with
01 = 3.784779428227853 , 09 =1.294389693895637

0.521608974237994 —-0.247502346105488
u; =| -0.218481745187912 ; Uz =[ 0.886340262175299

0.824736203288077 0.391335569964323

0.160182243006967 0.987087457637497
Y = 1/2 =

0.987087457637497 ’ -0.160182243006967

where real numbers are approximated with 15 digits of precision.
a) Find an SVD for AT.
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b) Find the (integer) matrix A.

¢) Write A in the SVD form A = ULV, where £ is a 2 x 2 diagonal matrix of singular values
of A.

d) Write AT in the SVD form AT = ULV”, where L is a 2 x 2 diagonal matrix of singular
values of AT.
EXERCISE 16.39. A isareal 2 x 3 matrix with rank 2, integer entries, and SVD A = 212:1 GiuiViT
with

01 = 5.843870789583452 , 09 =0.921506481069606

—0.935605022678575 —0.353048497431475
u = Uy =

0.353048497431475 | 0.935605022678575

—0.921328055003011 | [ 0.114993828450101 |
v =| —0.320200448081866 | , va=| —0766242027992439

~0.220513691440105 0.632178435219380

where real numbers are approximated with 15 digits of precision.

a) Find an SVD for AT.

b) Find the (integer) matrix A.

¢) Write A in the SVD form A = ULV, where £ is a 2 x 2 diagonal matrix of singular values
of A.

d) Write AT in the SVD form AT = ULV”, where L is a 2 x 2 diagonal matrix of singular
values of AT.

EXERCISE 16.40. (SVD for powers of A) Let A be a real n x n matrix. Define o as its largest
singular value, so ||Ax|| < o ||x|| for all x € R™.

a) Show that ||A%x|| < o ||x|| for all x € R™.

b) Show that HAka < o ||x|| for all x e R® and all k € {1,2,3,...}.

¢) Compute the largest singular values of A, A%, and A3 for

EXERCISE 16.41. (SVD of a matrix with one row) Define the 1 x 4 matrix
A=[1111]

a) Find rank(A).
b) Find the SVD of A.
¢) Find the SVD of AT.
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d) Find a vector x* € R* that maximizes ||Ax|| subject to ||x|| = 1.

EXERCISE 16.42. (SVD of a matrix with three identical rows) Define the 3 x 4 matrix

1 2 90
A=[12 9 0
1 2 90
a) Find rank(A).
b) Find the SVD of A.
¢) Find the SVD of A™.

d) Find a vector x* € R* that maximizes || Ax|| subject to ||x|| = 1.
EXERCISE 16.43.  (SVD of a matrix with identical columns) Let A be a real m x n matrix with
n identical columns. Let y € R™ be the first column. Assume y # 0.

a) What is the rank of A?

b) What is the SVD of A? What is the largest singular value of A?

¢) What is the SVD of AT ? What is the largest singular value of A™?

EXERCISE 16.44. (Norm of a matrix) Let A be a real m x n matrix. Define ||A|| as the largest
singular value of A. This is called the 2-norm or the spectral norm of the matrix. We know that

A= sup  {[lAx[|}

xeR™:lx]|=1
Let V denote the vector space of all real m x n matrices. This exercise shows the spectral norm
satisfies the requirements for a norm on the vector space V.
a) Show that ||A|| > 0 for A € V, with equality if and only if A is the all-zero matrix.
b) Show that ||cAl| = |c| - ||A]| for allc e Rand allA € V.
¢) Show the triangle inequality: ||A + B|| < ||A|| + ||B|| for all A,B € V.
d) Compute||A||, ||B||, and ||A + B|| for

1 2 30
A=l 0 3 , B=l1 0
-1 0 11

EXERCISE 16.45. (Norm of a matrix) Let A be a real m x n matrix. Define the spectral norm of
the matrix A, denoted ||A||, as in Exercise 16.44.
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a) Find ||A|| when

2 0
A=]1 1
11

b) Find real 3 x 2 matrices A, B such that ||A|| = ||B|| = 1 and ||A + B|| = 2. (Hint: Keep it as
simple as possible.)

¢) What is ||A|| when A is a m x n matrix with identical rows?

d) What is ||A|| when A is a m x n matrix with identical columns?

EXERCISE 16.46. (||A|| = ||AT||) Let A be a real m x n matrix. Define the spectral norm of the
matrix A, denoted ||A||, as in Exercise 16.44. Explain why ||A|| = ||A"||. Give an example.
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APPENDIX A.

Worksheet 1: Speed

Suppose A is a m x n matrix with entries in some field F.
a) Let y € Col(A). Then what?
b) Let x € Null(A). Then what?
c) Let z € Row(A). Then what?
d) Let w e Null(AT). Then what?
e) What is the size of ATA? Of AAT?
f) What relationship between m, n ensures Null(A) # {0}?
g) What relationship between m, n ensures Col(A)  F?

A.l. Speed2

Suppose {xi, ..., Xn } are vectors in some vector space V over a field F.
a) Suppose y € Span{xy, ..., X, }. Then what?
b) What is the definition of {x, ..., X, } being linearly independent?
c) What does it mean for {xy, ..., x,} to be a basis for V?

A.2. Speed with inner products

Suppose w, u, v, xi, ..., X are vectors in some real inner product space V.
a) Let y € (Span{xy, ..., xn})*. Then what?
b) Suppose (w, w) = 0. Then what?
¢) lu+vi* =
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A.3. Speed with R" and R™

Let A, B, C be matrices with real entries. Assume they have appropriate size when they
are being multiplied. Use the standard inner product (x, y) = x" y and ||x||2 =x'x.

a) (ABC)T =

b) (AB'C)" =

¢) ||Ax]* =

d) ||ABx]* =

e) Null(A)*t =

f) Col(A)* =

A.4. Solving Ax = bvia transposes

Now that we are using transposes extensively for least squares problems, it will be fun to
play around with the following new lemmas. For example, try proving one or more parts,
or finding examples in interesting special cases and corner cases.

LEMMA A.l. Suppose A is a m x n matrix with entries in some field F. Fix b € F™. We want to
solve

(A1) Ax=Db
a) IfAAT is invertible then a (possibly nonunique) solution to (A.1) is
x*=AT(AAT) 1
b) If AT A is invertible, and if (A.1) has a solution, then the solution is unique and is given by
x*=(ATA) AT
¢) If neither AAT nor AT A is invertible, then (A.1) may or may not have a solution.
LEMMA A.2. IfAisam x n matrix with real entries then
a) Null(ATA) = Null(A)
b) Null(AAT) = Null(A")

¢) The properties in (a) and (b) require inner products: They do not necessarily hold when A
has entries in a finite field F.
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APPENDIX B.

Worksheet 2: Pseudoinverse

This worksheet builds strength in linear algebra proofs. It also reviews matrix multiplica-
tion, linear independence, dimension, nullspace, invertible matrices, and transposes. It
does this by considering two new definitions: left pseudoinverse and right pseudoinverse.

Let A be a m x n matrix with entries in R.

+ Definition: A matrix B is called a left pseudoinverse of A if BA = I.

+ Definition: A matrix B is called a right pseudoinverse of A if AB = 1.

We want to show that:

1. A has aleft pseudoinverse if and only if its columns are linearly independent (so A is

either square or tall).

2. A has a right pseudoinverse if and only if its rows are linearly independent (so A is

either square or wide).
3. Ahas a unique left pseudoinverse if and only if A is square and invertible.
4. A has a unique right pseudoinverse if and only if A is square and invertible.

B.1. Null space

This section considers the null space of a matrix D.
a) Suppose D is a m x n matrix with entries in R. Prove that Null(D) = Null(D'D).
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b) Suppose D is a m x n matrix with entries in C. Prove that Null(D) = Null(DHD).

B.2. One direction

Recall that A has size m x n. Suppose A has a left pseudoinverse B, so BA =1I.

a) Find the size of B and the size of I (this reviews matrix multiplication).

b) Prove that the columns of A are linearly independent (this reviews linear indepen-
dence proofs).

c¢) Conclude that A is either square or tall (this reviews dimension concepts).

B.3. Other direction

Recall that A has size m x n and its entries are real. Suppose the columns of A are linearly
independent.

a) Find the size of ATA.

b) Show that Null(ATA) = Null(A) = {0}. Conclude that AT A is invertible.

c) Use the fact that A" A is invertible to construct an explicit left-pseudoinverse of A.

B.4. Right pseudoinverse

Use the fact that A has a left pseudoinverse if and only if its columns are linearly in-
dependent to prove that A has a right pseudoinverse if and only if its rows are linearly
independent. Assuming the rows of A are linearly independent, construct an explicit

right-pseudoinverse of A.

B.5. Example

Consider the following tall matrix:

N

Il
w o N
(@] =

a) Find a left-pseudoinverse of A.
b) Find a different left-pseudoinverse of A. Hint: Add something to your answer of part
(a); look at the left-nullspace of A (which is the nullspace of AT).

¢) Find two distinct right-pseudoinverses of AT.
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B.6. Tall matrices A

This section considers general tall matrices with real values.

a) Show that if a real-valued matrix A is tall and has linearly independent columns,
then it has infinitely many left pseudoinverses.

b) Show that if a real-valued matrix A is square and has linearly independent columns,

then it has one unique left pseudoinverse.
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APPENDIX C.

Affine sets

Let [F be a field. Let V be a vector space over . Elements of V are vectors and elements of F

are scalars. The vector space V is allowed to be infinite dimensional.

DEFINITION C.1. Let D be a nonempty subset of V. An affine combination of pointsin D isa

vector of the form
k
D4V
i=1

for some positive integer k, some vectors vy, ..., vy € V, and some scalars ay, ..., a € [ that satisfy
k 4. =
214 =1

Therefore, an affine combination is a special type of linear combination where the
coefficients sum to 1.

DEFINITION C.2. A set X ¢ V is an affine set if it contains all of its affine combinations. That
is, X is affine if for all positive integers k, all vectors vy, ..., vy € X and all scalars ay, ..., a; € F
that satisfy Zle a; =1, we have

k
Yav;eX
i=1

By convention, the empty set is considered to be affine.
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LEMMA C.1. Let X be a nonempty subset of V. The set X is affine if and only if
X=x"+S
for some x* € X and some subspace S € V. Here we use the Minkowski definition of x* + S:
x*+S={x"+s:s5€¢S}

Lemma C.1 ensures every subspace of V is itself an affine set (just use x* = 0). If Fis a
finite field with |F| = f, where f > 2 is an integer, then every finite dimensional subspace
S ¢ V has size || = fk for some k € {0,1,2,...}. Thus, all nonempty affine sets X with a
finite number of elements must have size |X| = f K for some nonnegative integer k.

PROOF. (Lemma C.1) First suppose X has the form X = x* + S for some x* € X and some
subspace S ¢ V. It is a straightforward exercise to show that X is affine. [To start, fix k e N,
let vy, ..., v be vectors in X, let ay, ..., a; be scalars that sum to 1. Show that Zle a;v; e X.
Recall that a subspace S must contain all linear combinations of points in S.]
Now suppose X is affine. Since X has been assumed to be nonempty, choose x* as any
point in X. Define the set
S=X-x"={x-x":1xeX}

It can be shown that X = x* + S. It suffices to show S is a subspace of V. Since x* € X,
we know x* — x* € S and so 0 € S. Now suppose s1, s> € S and ay, ay € F. We want to show
a;sy + apsy € S. Since sy, 52 € S we know

s1=x1 - x"

Sp =Xy — X"
for some xy, xp € X. Then

aisy +agsy = ar(x - x7) + ap(xp - x7)
C.l =(a1x1 - a1x* + asxy —arx™* +1-x%) - x*
( 1X1 — @ 2Xp — dp
Define
y=(a1x1 — a1x* + apxp —apx” +1-x%)

Note that y is an affine combination of points in X because xj,x*,xy,x*,x* € X and
a —aj +ay —ap +1 = 1. Since X is an affine set, it follows that y ¢ X. Substituting the
definition of y into (C.1) gives

aisy +assp=y-x*

Since y € X, we know y — x* € S, and so a;$1 + a»sy € S. Thus, S is indeed a subspace. [J
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There is nothing special about x* in the above lemma. If X = x* + S for some x* € X
and some subspace S, it can be shown that

X=x+S VxeX

So any point of X can be used in the place of x*, and the subspace S remains the same
(the proof is left as an exercise). However, the subspace S associated with the affine set is
fundamental: If

A=x1+81=%+8>

for some vectors x;,x, € A and some subspaces Si, Sy, then we must have S; = S, (the
proof is left as an exercise). The dimension of the affine set A is defined as dim(S) where
S is the fundamental subspace associated with A. It can be shown that an affine setis a
subspace if and only if it contains the vector 0.

C.1. Three points

Continue to assume V is a (possibly infinite dimensional) vector space over a general field
F. The definition of an affine set X requires X to contain all affine combinations of k points
in X, for all positive integers k. It suffices to check that the condition holds only for affine
combinations of three points of X.

LEMMA C.2. (Affine combinations of three points) A set X € V is affine if and only if for all
vectors vy, vo, v3 € V and all scalars ay, ay, az € [ that satisfy Z?:l a; =1 we have

3
Yav;eX
i=1

PROOF. First suppose X is an affine set. Then it contains all affine combinations of any
positive integer number of vectors in X, so it clearly contains all affine combinations of
three points in X and we are done.

Now suppose X contains all affine combinations of three points of X. Then it also
contains all affine combinations of two points or one point in X. Indeed:

¢+ One point: If x € X then 1-x € X.

+ Two points: If x1, x» € X and ay, ay are scalars that satisfy a; + ap = 1 then
a1xy + asXy = a1xy + asxo + 0xo

The vector ajx; + apxy + 0x, is an affine combination of the three points xy, Xy, Xy in X,
so we know aj1x; + asxy + 0x9 € X.
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We now use induction: Suppose X contains all affine combinations of k or fewer points
in X, for some integer k > 3 (we already know this holds for k = 3). We prove it holds for
k+1.Letvy,..., vy, be vectors in X and let ay, ..., a;,; be scalars that sum to 1. We want to
show Zk+1 a;v; € X.

We first claim there is a subset I ¢ {1,..., k + 1} of size |I| that satisfies 2 < |I| < k and
Yier a; # 0. This is because

1=(a;+az)+(az+...+ap.)

so it is impossible to have both (a; + a) = 0 and (a3 + ... + a;,1) = 0. So we can take our
subset I to be either {1,2} or {3, ...,k +1}. [Since k > 3, the set {3, ..., k+ 1} contains at least
two indices.]

Without loss of generality, assume our set I has the form I = {1,2,...,m} for some
integer m that satisfies 2 < m < k (if needed, we can just reorder the indices to make this
true). So Y1, a; # 0. Then (£ a;) ! exists. Define a scalar 0 and a vector y by

m
y=>(6a))v;
i

Note that 0ay, ..., 0a;; are scalars that sum to 1, so y is an affine combination of m points
of X, where 2 < m < k. By our induction assumption, we know y € X. Then

k+1 k+1
Z a;v; = Z avi+ > a4
=1 =1 i=m+1
k+1
(C.2) =0ly+ Y ay
i=m+1
However,
k+1 k+1
L, Y oa;= Za + > a;=1
i=m+1 1=m+1

Thus, the right-hand-side of (C.2) is an affine combination of vectors y, vy, 1, ..., Vi 1 € X.
Since m > 2, these vectors number k or fewer, so our induction assumption ensures
k+1
0 ly+ Y aveX

i=m+1

By (C.2), it follows that Zi-fll a;v; € X and we are done. O
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C.2. Fieldsforwhichl1+1+0

Let F be a field. The field F includes scalars 0 and 1. When can we claim 1 + 1 # 0?

 The case 1+1 # 0: Fields for which 1+1 # 0 include R (the real numbers), C (the complex
numbers), Q (the rational numbers), and the finite fields of size pk for p an odd prime
and k e N.

- The case 1+ 1 = 0: Fields for which 1 + 1 = 0 include finite fields of size 2¥ for k € N.

C.3. Two points

Here we assume F is a field under which 1+ 1 # 0. Suppose V is a (possibly infinite
dimensional) vector space over this field F. Then a set X ¢ V can be determined to be
affine just by checking all affine combinations of two points of X.

LEMMA C.3. (Affine combinations of two points) If the field F satisfies 1+ 1 # 0, then a set
X c Vis affine if and only if for all vectors x, y € X and all scalars a € [F we have

ax+(1-a)yeX

PROOF.  First suppose X is an affine set. Then it contains all affine combinations of any
positive integer number of vectors in X, so it clearly contains all affine combinations of
two points in X and we are done.

Conversely, suppose X contains all affine combinations of two points in X. We want to
show the set X is affine. It suffices to verify that all affine combinations of three points of
X are in X. Let vy, v», v3 be vectors in X. Let ay, as, ag be scalars in [ that satisfy

aj+ay+az=1

We want to show that a;v; + apvy + agvs € X.

It is impossible for a; = ay = ag = 1 because then 1+1+1 =1, meaning 1+ 1 = 0, which
would contradict our assumption 1+ 1 # 0. Thus, at least one of the three scalars is not
1. Without loss of generality, assume a3 # 1 (if this does not hold, just reorder the three
indices to make it true). Then aj + ay # 0, so (a; + ap) ! exists. Define

-1 -1
y=a(a1+az2) v +az(ar+az) v
Vector y is an affine combination of two points in X, so we know y € X. Then

ayvy + asvyo + asvs

= (a1 + ag) [@1(a1 + ag) 'y + ag(ay + ag) Mo | + agvy
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= (a1 +ap)y +azv3

But (a; + a) y + agvs is an affine combination of two points in X, so we know itisin X. [

C.4. Counter-examplewhenl+1=0

Consider the binary field F, = {0, 1} with mod 2 arithmetic (so 1+1 = 0). Let V be any vector
space over the field [F,. Then all subsets X ¢ V satisfy the property that for all x, y € X and
all a € F», we have

ax+(1-a)yeX

Indeed, if X is the empty set then this holds true vacuously. Now let X be any nonempty
subset of V. Let x, ¥ be vectors in X. Fix a € F,. Then

c Ifa=0thenax+(1-a)y=y.

c Ifa=1thenax+ (1-a)y=x.

Thus, in the binary field F, = {0, 1}, taking an affine combination of two points x, y € X
gives one of those same points back! Affine combinations of two points of X cannot escape
the set X.

This does not mean that all subsets of V are affine. Indeed, suppose the vector space V
contains at least three distinct points vy, vo, v3. Define X = {vy, vo, v3}. The set X cannot
be affine because it is nonempty and has a finite number of elements, but its number
of elements is not a power of 2. So X cannot be written in the form X = x* + S for some
subspace Sc V.

For a more concrete example, define

V =F3=1{(0,0),(0,1),(1,0), (1, 1)}

Define the set X ¢ V by
X ={(0,0),(0,1),(1,0)}

Then X is not an affine set because 1+ 1+ 1=1but
1(0,0) +1(0,1) +1(1,0) = (1,1) ¢ X
On the other hand, X satisfies the property that for all x, y € X and all a € [, we have

ax+(l-a)yeX
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This counter-example does not contradict Lemma C.3 because the field F, has1+1 = 0.
When working with vector spaces over the binary field F,, to show a subset X is affine we
need to show X contains all affine combinations of three of its points (rather than just two
of its points). Or, we can just show X = x* + S for some x* € X and some subspace Sc V.

C.5. Intersections

Let V be a vector space over some field F. The intersection of an arbitrary (possibly
uncountably infinite) number of affine subspaces of V can also be shown to be an affine
subspace of V. Of course, the intersection might be the empty set. This is one reason for
our convention that the empty set is considered to be affine.

To formally prove this intersection fact about affine sets, let I be an arbitrary (possibly
uncountably infinite) set that is used for indexing. For each i € I let X; be an affine subset
of V. We want to show n,;X; is also affine. If n;.;X; = ¢ then we are done because the
empty set is affine (here ¢ denotes the empty set). If N, [ X; # ¢, fix ke Nand let vy, ..., v
be any vectors in n;;X;. Let ay, ..., a; be any scalars that sum to 1. We want to show
215:1 acVe € NjerX;.

Fix j e I. The vectors vy, ..., vy are all in n;¢;X;, so they must also be in set X;. Since X;

is affine we must have
k

YacveeX j
c=1

This holds for all j € I. Thus
k

Z AcVe € mieIXi
c=1

and so n;;X; is affine.
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APPENDIX D.

Geometry of R"

This appendix treats R™. All matrices and vectors are assumed to have real entries. We
consider the geometry of Ax = b. We also consider rotations in R? and R3. This is useful
for applications in computer graphics, video gaming, robotics, and aircraft control.

D.1. Row and column perspectives for Ax = b

Let A be areal m x n matrix. Fix b € R™. The problem of finding a vector x € R" to solve
Ax = b can be viewed from a column perspective and a row perspective.

D.1.1. Column perspective

View A according to its columns

Each column ¢; is a vector in R™. Solving Ax = bamounts to finding scalar weights x;, ..., x

to linearly combine the columns to form b:

X1Cl + XoCo ++++XnCn = b
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Second, get here by adding a
negatively scaled c,.

.
4

7’
4

- ,/ First, get here from the origin by
"~ . scaling vector c; by an amount x;>1.

Co™,

~

FIGURE D.1. Column perspective: Solving Ax = b by linearly combining the two columns
of A for the example (D.1).

For example, consider

1 1 1
(D.1) X1 +X9 =
1 -1 3
N—— — N— —
1 C2 b

To visualize how this is possible:

1. Draw the vectors c; = (1,1), ¢c2 = (1,-1), b = (1, 3) on the 2-dimensional plane (see Fig.
D.1).

2. Extend the vectors c; and ¢ to two infinite lines, each line passing through the origin
and including the corresponding c; vector.

3. Draw a line starting from point b that is parallel to the line of ¢,. You will find this line
intersects the line of ¢; at exactly one point.

As shown in Fig. D.1, the point of intersection suggests that to get xjc; + Xp¢p = b, we
need x; > 1and xp < 0. It is easy to solve Ax = b in this example to get the unique solution
x = (x1,%2) = (2,-1). The same geometric visualization holds if A is any 2 x 2 matrix where
the first column is nonzero and the second column is not a scalar multiple of the first. In
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this situation, we can linearly combine the two columns to uniquely obtain any desired
b € R2. This corresponds to the fact that if the two columns of A are linearly independent,
then A is invertible and Col(A) = R? (Theorem 5.4).

D.1.2. Row perspective

View A and b according to their rows

— rlT — bl

-, — b

A- 2 o b=| ?
| — ™ — ] | bm ]

where r; € R" for all i € {1,...,,n}. Solving Ax = b is equivalent to finding x ¢ R" to

simultaneously satisfy all of the following m equations:

(D.2) rlT x=Db
(D.3) r;x = by
(D.4) rpx = bm

Each equation i € {1,...,m} has the form rl.Tx = b;. If r; = 0 (the all-zero vector) then the
equation reduces to 0 = b; and is true if and only if b; = 0. If r; # 0 then the equation riTx =b;
always has at least one solution (regardless of b; € R), and in fact the set of all x ¢ R"
that satisfy riTx = b; forms a (n - 1)-dimensional hyperplane within R". (Hyperplanes are
formally defined in the next section.) Then, a vector x € R" satisfies Ax = b if and only if x
is in the intersection of the m hyperplanes defined in the system of equations (D.2)-(D.4).

Consider the same example in the previous subsection:

The system of equations for Ax = bis

(D.5) Xp+x =1
(D.6) X1 —%Xp =3
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FIGURE D.2. Row perspective: The two intersecting lines (hyperplanes) H; and H; for
the system of equations (D.5)-(D.6). The axes (xi, x») are different from the two axes for
the column perspective Fig. D.1.

The reader can draw the two hyperplanes in the 2-dimensional plane R?:

Hi={(x1,xp) € R? 1x +xp =1}

Hy = {(%1,%2) € R? 1 31 —x9 = 3}

From Fig. D.2, one can see that H; and H, are distinct nonparallel lines in R?. They
intersect at exactly one point, which is unique solution x = (x3,x) = (2, -1).

Suppose this example is changed so that A is some other 2 x 2 matrix with real entries,
and b is some other vector in R2. For simplicity, assume neither row of A is the all-zero
row. The corresponding system of equations produces two hyperplanes H; and Hy, both
being lines in R2. There are three possibilities:

+ The two lines H; and H are distinct and nonparallel: Then there is one and only one
point in their intersection. This gives one unique solution to Ax = b. This occurs when
A is an invertible matrix.

+ The two lines H; and H> are distinct and parallel: Then there is no solution to Ax = b.
This occurs when A is not an invertible matrix (so row 2 is a scalar multiple of row 1)
and b ¢ Col(A).

+ The two lines H; and H, are in fact the same line (so H; = Hy): Then there are infinitely
many solutions to Ax = b, each point of H; being a solution. This occurs when A is not
an invertible matrix (so row 2 is a scalar multiple of row 1) and b € Col(A).
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D.2. Hyperplanes

Let n be a positive integer. Fix pn € R™ such that pu # 0. Fix ¢ € R. A hyperplane in R" is a set
H c R" of the form

H={xeR":u"x=c}
Thus, every hyperplane in R" is defined by a pair (u, ¢) where p € R, 1 # 0, c € R. Note

that p has the form
= (K1, ey Hn)
where there is at least one i € {1, ..., n} such that u; # 0.

A hyperplane H c R" divides R" into two closed half-spaces U and L. Specifically, letting
(H, ¢) be the parameters for H, we have

U={xeR":u"x>c}
L={xeR":u'x<c}

The hyperplane H is the intersection of the half-spaces U and L, and is on the boundary
of both of these half-spaces. The sets U and L are often called the upper half-space and
lower half-space. The terms upper and lower are used only as labels. A hyperplane H that is
characterized by parameters (p, ¢) can equally be characterized by (-, —c), and the roles

of U and L are swapped when defining upper and lower from (p, ¢) versus (-, —c).

D.2.1. Applications of hyperplanes

Hyperplanes are used extensively in the field of convex optimization (see, for example,
Bertsekas, Nedic, and Ozdaglar (2003), Boyd and Vandenberghe (2004)). They are used to
place lower bounds on convex functions f : R" — R. For example, it can be shown that if
f : R™ - Ris a convex function, then for each a ¢ R™, there is a vector f’(a) € R", called a
subgradient of f at point a, such that:

flx)>fla)+ f'(a)"(x-a) VxeR"

So for each x € R", the point (f(x), x) € R**! lies in the upper half-space of the hyperplane
H c R™**! defined by (i, c¢), where = (1, - f'(a)) and ¢ = f(a) - f'(a)"a. That is

H={(g,x):geRxeR" u'(gx)=c}
={(g,x):geR,xcR", g = f(a) + f(a)T (x-a)}

Also, a well known hyperplane separation theorem in the field of convex optimization
says that if X is a convex subset of R"” and if y € R" is a point such that either y ¢ X, or y
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is on the boundary of X, then there exists a hyperplane in R" that passes through y and
contains the set X on one side. That is, there is a vector p € R™, u # 0 such that

wWx>u'y VxeX

This result is crucial to the theory of Lagrange multipliers and the theory of duality.
In linear algebra, the set of all x € R" that satsify the equation Ax = bis equal to the
intersection of hyperplanes, as described by the system of equations (D.2)-(D.4).

D.2.2. Equivalent definition of hyperplane

LEMMA D.1. FixneN. A set H c R" is a hyperplane if and only if it is a (n — 1)-dimensional
affine subset of R", that is
H=S+w={s+w:seS}

for some (n - 1)-dimensional subspace S ¢ R™ and some vector w € R™.
PROOF.  See next subsection. O

Thus:

1. A hyperplane in R is a single point of dimension 0. That point is the boundary that
separates two half-lines in R.

2. A hyperplane in R? is a 1-dimensional line. That line is the boundary that separates two
half-planes in R?. Imagine the line drawn on an infinite sheet of paper. It separates the
paper into two half-papers: everything on one side of the line, and everything on the
other. You cannot pass from one side of the paper to the other without hitting the line.

3. A hyperplane in R? is a 2-dimensional plane. That plane is the boundary that separates
two half-spaces in R3. Imagine the plane as an infinite sheet of paper. It separates the
known 3-dimensional universe into two half-universes: everything on one side of the
paper, and everything on the other. You cannot pass from one side of the universe to
the other without hitting the paper. Even then, Gandalf the wizard may be waiting for
you on the paper (he is hard to pass).

4. Ahyperplane in R* is a 3-dimensional space. That space is the boundary that separates
two half-spaces of R*. You cannot pass from one half-space of R* to the other without
hitting the 3-dimensional space that forms our hyperplane.

D.2.3. Proof of Lemma D.1

Fix n € N. For the forward direction of Lemma D.1, let H be a hyperplane in R" defined by
(u, ), where e R™, u # 0, c € R. We want to show H = S + w for some (n - 1)-dimensional
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subspace S and some w € R™. Define the 1 x n matrix A as follows:

A=[u1 Hp un]

Then

H={xeR":u'x=c}
={xeR": Ax=c}
= x° +Null(A)

—~ —
w S

where x* is any particular solution to Ax = b (recall Theorem 4.1). It remains to show: (i) A
particular solution x* always exists; (ii) Null(A) is (n - 1)-dimensional. Both can be shown
using Gaussian elimination to find all solutions to Ax = c: Form the augmented matrix:

‘|

This augmented matrix has just one row, and not all y; values are zero, so it is already in

[ul Ho - Hn

echelon form. There is one pivot that lies in a column i € {1, ..., n}, where i is the smallest
index for which p; # 0. It follows that Ax = b can always be solved (regardless of ¢ € R).
Also, since there is 1 pivot, there are n — 1 free variables, so dim Null(A) =n - 1.

Another way to see that Null(A) has dimension n — 1is to observe that A has size 1 x n
and so, by Lemma 5.4, we have

rank(A) <min{l,n} =1

Therefore, rank(A) € {0,1}. But A is not an all-zero matrix so rank(A) # 0. It follows that
rank(A) = 1, so the rank-nullity theorem ensures dim Null(A) = n - 1.

For the reverse direction in Lemma D.1: Suppose H = S+w for some (n-1)-dimensional
subspace S ¢ R" and some w € R". We want to show H = {x : u"x = ¢} for some p € R", L # 0
and some c € R. Let {v1, ..., v;,_1} be vectors in R" that form a basis for S. We first find a
vector € R™, pu # 0 such that viTu =0forallie{1,...,n—1}. This is equivalent to finding a
nontrivial solution to the matrix equation Vu = 0, where V is the (n - 1) x n matrix formed
by the rows v/

T

T
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Since V is a wide matrix, it has a nontrivial null space. Let pu be any nonzero vector in
Nul(V).SopeR?, pu#0,and v/ u=0forallie {L,..,n~1}. Define

(D.7) c=pu'w
(D.8) H={x:u'x=c}

It suffices to show H = H.

First suppose x € H. So x = s + w for some s € S. We want to show x € H. Since S has
basis {vy, ..., v,_1}, s is a linear combination of these basis vectors and

n-1
x= 0 +w
i=1

for some scalars 6;. Multiplying the above equation on the left by u' gives

n-1
T T T
ple=> 0, v+p'w
=1 ~——
0

(@ 1

w'w
®

where (a) uses p'v; = vl.Tp =0forallie {1,...,n-1}; (b) uses (D.7). Thus, u'x = ¢ so the
definition of H in (D.8) implies x € H.

Now suppose x € H. We want to show x ¢ H. That is, we want to show x = s + w for
some s € S. Since x € H we know from (D.7)-(D.8):

wx=c=p'w

That is
w'(x-w)=0

Define A as the 1 x nvector u'. Then
A(x-w)=0 = x—-weNull(A)

We know that rank(A) = 1 and dim Null(A) = n - 1. On the other hand, the n -1 lin-
early independent vectors {vi, ..., v;_1} are also in Null(A) because Av; = p'v; = 0 for all
ie{l,..,n-1}.So {vy,...,vy_1} are (n - 1) linearly independent vectors in the (n - 1)-
dimensional subspace Null(A), so they must be a basis for Null(A). It follows that x — w is
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a linear combination of {v, ..., v;_1}, thatis
n-1
x-w=Y 0¥
i=1

for some scalars 0;. Define s = Z?:_ll 0,v;. Since {vy, ..., v,_1} is a basis for S, it follows that
seSandx=w+s.

D.3. Norm

For x, y € R", define the inner product

n
(x,y) =x"y =3 xy;
i=1
This is the standard inner product for R" (other inner products are considered in Chapter
8). This standard inner product is identical to the dot product between vectors x and y in
R™. For x € R™ define the Euclidean norm of x, also called the L, norm, by

n
VT = 2
llx|| = VxTx = Z;xi
1=

The norm ||x|| is the length of vector x, also called the magnitude of x, being the Euclidean
distance between the vector 0 and vector x. That is, ||x|| is the distance that x is away from
the origin of R™.

D.3.1. Relation to Pythagorean theorem

It is often easier to work with the squared norm:

(D.9) lloe]|? = T = ixl?
i=1

This formula for the squared norm is consistent with the Pythagorean theorem (see Fig.

D.3a). Specifically, for x = (x1, %) € R? we can plot (x1,X;) on the 2-dimensional plane

and draw the right triangle. The square of the hypotenuse is equal to the sum of squares

of the remaining two sides of the right triangle, so

x| = %2 +x3  [the formula (D) for n =2

For three dimensions, consider x = (x7, X2, x3) € R3. Define y = (x1, x,0). Then y lies
on the 2-dimensional plane defined by the first and second axes for R® and the Pythagorean
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theorem gives (see Fig. D.3b):

2_,2..2
V7 = %1+

On the other hand, vector y forms a right triangle together with the origin and vector x
(with the line segment from 0 to x being the hypotenuse), so the Pythagorean theorem
gives
x> = V> + 23 =52 + x5 +x%  [the formula (D9) for n = 3]
In the same way, the formula (D.9) for n > 3 can be viewed as expressing the length of
the vector x € R™ by repeatedly using the 2-dimensional Pythagorean theorem.

'

X3 4r—————————-.

(a)

FIGURE D.3. An illustration of the Pythagorean theorem in relation to Hx||2 for 2and 3
dimensions. For (a), ||x||2 = xlz + x%. For (b), ||yH2 = xl2 + x% and HxH2 = Hsz +x§.

D.3.2. Norm-square of sum

For x, y € R" we have

(D.10) e+ A = el + 1y11* + 2Ty
To prove (D.10), fix x, y € R™. Then

e+ 1% = (x+ )T (x + )
=x'x+x'y+y'x+y'y

= |l ® + PP+ 2xTy  [since 2Ty = y7x]

Suppose x and y are nonzero vectors in R™. Use x and y to form a triangle with side
lengths ||x||, |[¥l], |[x + y|| (see Fig. D.4a). This is a right triangle if and only if x and y are
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X+y y

(a)

FIGURE D4. (a) Anillustration of ||x + y|| when x and y are orthogonal; (b) An illustration
of the parallelogram law. The side lengths of the parallelogram are ||x|| and ||y||. The
lengths of the diagonals of the parallelogram are ||x + y|| and ||x — y/||.

perpendicular. In view of Fig. D.4a, by the Pythagorean theorem we have

(x and y are perpendicular) <— ||x||2 + ||y||2 =|lx+ y||2

= x'y=0

where the final line follows by (D.10). Thus, the inner product x' y is geometrically useful
because two nonzero vectors x, y € R" are perpendicular if and only if x" ¥ = 0. The term
orthogonal is a near-synonym for perpendicular, but allows one or both vectors to be zero.

DEFINITION D.1. Two vectors x and y in R™ are said to be orthogonal (with respect to the
standard inner product for R") ifx"y = 0.

D.3.3. Parallelogram law

For x, y € R"™ we have the parallelogram law:
2 2 2 2
[l + YU + lloe = I = 2 |[|” + 2|y
The proof uses the norm-square of sum formula:

e + 3117+ lle = 17 = (Il + lyl1? + 227 ) + (Il + -2 + 2x7 (=)
2 2
= 2lx* + 23]

Geometrically, the two vectors x, y can be used to define the sides of a parallelogram
with side lengths ||x|| and || y|| and diagonals of lengths ||x + y|| and ||x — y|| (see Fig. D.4b).
With this interpretation, the parallelogram law says the sum of the squared lengths of the
diagonals of the parallelogram is equal to twice the sum of the squared side lengths.
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D.3.4. Angle

The angle 0 between two nonzero vectors x, y € R" obeys the formula:
(D.11) x"y = ]| || yl| cos(0)

If 0 is a right angle (so either 6 = 7t/2 or 6 = —71/2) then x and y are orthogonal.

The cosine formula for angle between two nonzero vectors x, ¥ € R" can be understood
by viewing the three points 0, x, y as vertices of a triangle (see Fig. D.5). The angle 0 is
the angle between the line segment that points from 0 to x, and the line segment that
points from 0 to y. To find cos(0), we break y into perpendicular components: y = ax + w
where a € R and w is orthogonal to ax. For simplicity, assume we have an acute angle, so
-7/2 < 0 <7/2 and a > 0. This means the line segment from 0 to y is the hypotenuse of a
right triangle with side lengths ||ax|| and ||w|| (see Fig. D.5b), where the line segment of
size ||ax|| is adjacent to the angle 6, so

llax]| _ all«]

(D.12) cos(0) = il = b

The final equality of (D.12) holds because we assume a > 0, so ||ax|| = a||x|| (if we had a <0

then we would get ||ax|| = —a ||x]|)-

In the language of projection theory (Chapter 9), we can find a € R and w € R" by
projecting y onto Span{x}. For this, we find the unique a € R for which x is orthogonal to
y—ax:

(' (y-ax) =0) = (x'y-ax'x=0) = (x'y=alx|")

Soa=(x"y)/ ||x||2. Substituting this expression for a into (D.12) yields formula (D.11).

(a) (b)

FIGURED.5. (a) Anillustration of an (acute) angle 6 between vectors x and y; (b) Breaking
y into perpendicular components for cos(0) = ||ax|| /||¥||-
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D.4. Rotation matrix for R?2

Fix 0 € R. Define the rotation matrix

cos(0) —sin(0)

(D.13) A=
sin(0) cos(0)

Consider a function T : R? - R? defined by

X1 2
T(x1,x2) = A V(x,x2) €R
x)

The function T maps an input vector x € R? to an output vector y € R?, where y = Ax. The
vector y is a rotated version of x, rotated clockwise about the origin by the angle 6. For

example (see Fig. D.6):

A— 1 -:—cos(e)
0| | sin(0)
A— 0 ) [ _sin(0)
1] | cos(0)

It holds that T maps any point x = (%7, %) in the unit circle {(x1,x;) € R? : xf + x% =1}toa
vector y on the same unit circle, only rotated by angle 6.

Ae, Ae,

Input | Output ,
FIGURE D.6. An illustration of left-multiplication by the rotation matrix A in (D.13). The

point e; = (1,0) maps to Ae; = (cos(0),sin(0)). The point e; = (0,1) maps to Aey =
(-sin(0), cos(0)). Points on the unit circle map to rotated points on the unit circle.
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D.4.1. Left-multiplication by rotation matrix A preserves distances

Let x, w be two points in the input space R?. Assume x # w and let ||x — w|| denote the
distance between these points. Let y, z be the corresponding points in the output space
R? after left-multiplication by the matrix A in (D.13) (see Fig. D.7):

We want to show that distances are preserved, so that ||y — 2|| = [|[x — w||. We have

ly=2l = (y-2)"(y-2)
= (Ax - Aw) T (Ax — Aw)
= (A(x-w)) A(x - w)
=(x-w)TATA(x - w)

Now observe that

ATA - cos(0) sin(0) cos(0) -sin(®) | | 1 0 _;
) —sin(0) cos(0) sin(0) cos(0) o 1|

AT A

which uses the fact cos(0)? + sin(8)? = 1 for all 6 € R. Substituting this into the previous
equality gives

ly—2l* = (x - w)TATA(x - w) = (x - w) I(x - w) = (x - )" (x = w) = ||ox - w||?

Thus, left-multiplication by the A matrix preserves distances.

FIGURE D.7. An illustration that left-multiplication by a rotation matrix with angle 0
preserves the distance between input points x and y and output points y = Ax and z = Aw.
Also, the angle associated with points x, w, u is the same as the angle for y, z,v.
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D.4.2. Left-multiplication by rotation matrix A preserves angles

Let x, w, u be three vectors in the input space R? that form vertices of a triangle. Let y, z, v
be the corresponding vectors in the output space R? (see Fig. D.7).

y=Ax, z=Aw, v=Au

The angle 0 between vectors (x — w) and (u — w) can be determined using the cosine
formula for inner products.

(x=w)" (u-w) =[x - w|| - lu - w|| cos(0)
Likewise, the angle (3 between (y - z) and (v - z) satisfies

(y-2)"(v-2) =ly -2l -|Iv -2l cos(B)

We already know ||y - z|| = ||x — w|| and ||v - 2| = ||u — w||. To show angles are preserved, it
suffices to show inner products are preserved:

(y-2)"(v-2) = (Ax — Aw) " (Au - Aw)
= (A(x-w))TA(u-w)
= (x-w)ATA(u-w)
=(x—-w)[(u-w)

= (x-w) (u-w)

An alternative (and simpler) proof that the matrix A preserves angles is to note that
we already know the distances between any pair of the three points x, w, u in the input
space are equal to the corresponding distances between that pair of points from y, z,vin
the output space. The Side-Side-Side postulate of geometry states that two triangles that
have exactly the same three side lengths must be congruent. Neely would like to thank a
student in the Fall 2026 semester of linear algebra (EE 510 at USC) for this simpler proof.

D.5. Unitary matrices and orthogonality

Vectors {xj, ..., X, } in R™ are said to be orthogonal if

T _ . .
xix]--O Vi#]
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Vectors {xy, ..., xp} in R™ are said to be orthonormal if they are orthogonal and
llg; || =1 Vie{l,..,n}
Let A be a real m x n matrix with orthonormal columns. Then
ATA =1 [the n x nidentity matrix]

This holds because the ith diagonal entry of matrix A" A is the inner product between
column i of A and itself, which is 1 because that column vector is normal. On the other
hand, the (i, j) entry of ATA, for i # j, is the inner product between columns i and j of A,
which is zero because the columns are orthogonal. Examples of nonsquare real matrices
A that satisfy ATA =1 are in Chapter 2.10.2 (see also Appendix B).

The fact ATA = I can be used to prove that the columns of A are linearly independent.
Thus, if vectors are orthonormal, they must be linearly independent. Therefore, it is
impossible to find a collection of more than n orthonormal vectors in R™. All real matrices
A that have orthonormal columns must be either square or tall.

Left-multiplication by a matrix with orthonormal columns preserves lengths: Let A be
a real m x n matrix with orthonormal columns. Fix x € R™ and let y = Ax, so y € R™. Then

IVl = yTy = (Ax)TAx = xTATAx = xTIx = x"x = ||x]|?

A (real) unitary matrix is a square matrix with real entries and orthonormal columns.
The 2 x 2 rotation matrix A in (D.13) is a unitary matrix. If A is a real unitary matrix then
we must have ATA = I, and since A is square it means A™! = AT, Hence, we also get AAT = I.
In other words, the inverse of a real unitary matrix is equal to its transpose, and this
transpose is itself a unitary matrix. Therefore, a real and square matrix has orthonormal
columns if and only if it has orthonormal rows.

D.5.1. Terminology

A real unitary matrix is also called an orthogonal matrix. Some people like to make the
following terminological distinction:

« An orthogonal matrix is a real square matrix A such that ATA = I.

- A unitary matrix is a square matrix A with real or complex entries such that AHA = I,
where AH denotes the conjugate transpose of A (matrix A is formed by taking the
complex conjugates of all entries of AT). If A has all real entries then AH = AT,

With this distinction, an orthogonal matrix is always unitary, but a unitary matrix is more
general because it allows entries in the field C of complex numbers. The current chapter
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deals exclusively with the real field, so unitary matrices and orthogonal matrices are
one and the same. There appears to be no name for a (possibly nonsquare) matrix with
orthonormal columns, so we simply call it a matrix with orthonormal columns. Such
matrices must be either square or tall. When working in the real field, two vectors x, y € R™
are defined to be orthogonal if and only if x" y = 0. When working in the complex field,
two vectors x, y € C"* are defined to be orthogonal if and only if xy = 0.

D.6. Realizable rotations in R2

Do all real 2 x 2 unitary matrices correspond to rotations in the 2-dimensional plane?
Almost. Fix 0 € R and consider the following two unitary matrices:

cos(0) —sin(0) B —-sin(0) cos(0)
sin(0) cos(0) ’ cos(0) sin(0)
A is the rotation matrix of (D.13). It corresponds to a rotation by 0 that can be physically

realized in the 2-dimensional plane. Matrix B is formed by swapping the columns of A.
Thus

A 1 _ cos(0) B 1 _ —sin(0) ]
[ 0] | sin(0) 0 cos(0) ]
A [ 0 ] ) [ -sin(0) B 0 ) cos(0) ]
1] | cos(0) 1 sin(0) ]

Left-multiplication by B first swaps the x and y axes in the 2-dimensional plane, then
rotates by 0. It cannot be physically realized in the 2-dimensional plane. The axis swapping
has a mirror affect similar to looking at yourself in the mirror: The person in the mirror
has aleft hand that is the same as your right hand. If you look at a rotated picture on a piece
of paper, the corresponding mirrored picture can be viewed as looking from the opposite
side of the paper! (Suppose the paper is transparent and the picture can be viewed from
both sides.)

It turns out that the determinant of a real unitary matrix is always either 1 or -1
(determinants for general matrices are defined in Chapter 11, and area/volume properties
of determinants are discussed in Chapter 11.12). For the 2 x 2 matrices A and B above we
have

det(A)=1 , det(B)=-1

In the real 2 x 2 case, a unitary matrix with determinant 1 corresponds to a realizable
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rotation by some angle 0, while a unitary matrix with determinant -1 corresponds to a
mirrored rotation that cannot be physically realized in the 2-dimensional plane.

It is interesting to note that an unrealizable mirrored rotation in the 2-dimensional
plane can be physically realized by opening up a third dimension. Perform the following
experiment:

1. Hold your right hand in front of you, so you are looking at the back of your hand. Point
your index finger straight up and your thumb to your left. Your finger and thumb form
a backwards L. Keep your finger and thumb rigid in this experiment.

2. Rotate your hand in the 2-dimensional plane formed by your finger and thumb. You
probably will not be able to rotate by an angle more than plus or minus 20 degrees, but
that is fine. At each angle of rotation, the thumb remains oriented pointing left with
respect to the finger. The same would be true if you could rotate by any angle 0 you
liked. You cannot make the thumb point right with respect to the finger. Or can you?

3. Start with the position of step 1. Fix our 2-dimensional plane as the one formed by
the finger and thumb in this starting position. Now rotate your hand 90 degrees in
a direction perpendicular to the 2-dimensional plane, so your index finger points
directly away from you (the thumb continues to point directly to your left). Keep going
an additional 90 degrees until your finger points down (the thumb continues to point
to your left). Your finger and thumb are now back in the original 2-dimensional plane.

4. Rotate your hand 180 degrees in the original 2-dimensional plane. Your are now looking
at the palm of your hand. Your index finger is pointing straight up, and your thumb is
pointing to the right. It makes a true L.

This simple experiment is similar to looking at your hand from the opposite side of
the 2-dimensional plane.

D.7. Three dimensional rotations

The multiplication of two n x n real unitary matrices A and B is again a real unitary matrix:

(AB)"(AB)=B"ATAB=B'B=1
——
I
Similarly, the multiplication of any finite number of n x n real unitary matrices is again a
real unitary matrix. For 3-d rotation in (x, y, 2) space we have the following three 3 x 3

real unitary matrices, each one an adapted version of the 2-dimensional rotation matrix A
in (D.13):
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- Spin the z-axis by angle 0 (leaving all points on the z axis unchanged):

cos(0) -sin(0) 0
Az(0) = sin(0) cos(®) 0 , Ay(0)71=4,(-0)
0 0 1

+ Spin the x-axis by angle « (leaving all points on the x axis unchanged):

1 0 0
Ax(0)=| 0 cos(a) -sin(a) | , Ax(a) ™ =Ax(-a)

0 sin(x) cos(x)

- Spin the y-axis by angle 3 (leaving all points on the y axis unchanged):

cos(f) 0 -sin(p)
AyB)=| o 1 0 ; Ay(B)h=Ay(-B)
sin() 0 cos(B)

The real unitary matrix associated with first spinning the y-axis by angle  and then
spinning the z-axis by angle 0 is:

cos(0) -sin(0) 0 cos(B) 0 -sin(P)
Az(0)Ay(B) =| sin(0) cos(B) 0 0 1 0
0 0 1 sin() 0 cos(P)
cos(0)cos(B) -sin(0) -—cos(0)sin(p)
(D.14) =| sin(0)cos(B) cos(0) -—sin(0)sin(P)
sin(p) 0 cos(f3)

Its inverse matrix is one that performs the negative rotations in the opposite order:
-1
(Az(60)Ay(B)) " = Ay(-B)Az(-6)

To specify a rotation, it is not enough to determine how a particular point on the unit
sphere {(a, b,c) € R% : 4% + b + c*} maps to another desired point on that sphere. This is
because there are infinitely many rotations that map that point to its final location. These
are formed by starting with one such rotation, then spinning the unit sphere along the
line that passes through the origin (0, 0,0) and that final location point. This spin leaves
all points on the line anchored in place, but sweeps all points not on the line through an
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infinite number of new locations. A general rotation can be described by picking a line the

passes through the origin (0, 0,0) and spinning about that line according to a certain angle.

The spin leaves all points on the line unchanged. It can be shown that concatenating any

finite sequence of the basic x-spins, y-spins, z-spins described above results in a rotation

that is equivalent to a single spin about an invariant line that passes through the origin.

Itis possible to create any rotation by utilizing any two of the above three basic rotations

in a sequence of three spins (for example, first spinning 2, then spinning x, then spinning

z again, see Section D.7.2). We can also create any rotation using any particular ordering

of all three types of spins (see Section D.7.2). A real unitary matrix that rotates by angles

a, 3, 0 in the order of spinning x, then spinning y, then spinning z, is

(D.15) Az(0)Ay(B)Ax(e)

with corresponding inverse matrix

(Az(0)Ay(B)Ax()) ! = Ax(~c)Ay(~B)Az(-0)

Notes:

The rotations are with respect to three absolute (x, y, z) axes that do not change.

Rotations along the same axis commute, for example
Ag(02)Az(01) = Az(01 +62) = Az(01)Az(62) V01,02 €R
Rotations along different axes do not generally commute, so we typically have
Az(0)Ay(B) # Ay(B)Az(0)

Thus, the inverse of A;(0)Ay(p) is typically not the same as replacing (0, 3) with
(-0, -B) in the formula (D.14). This can be understood by seeing where the point
(1,0,0) lands when left-multiplied by Az(0)A(f3). We first have

cos(f) 1
0 =Ay(B)| 0
sin(p) 0

which rotates the point (1,0, 0) along a circle of radius 1. When we multiply the result
by A;(0) (spinning the z axis by angle 0), the point retains its new z-coordinate and
rotates its remaining two coordinates in a circle of radius smaller than or equal to 1. The
smaller radius for this second rotation makes a smaller impact.
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« It can be shown that all real 3 x 3 unitary matrices A have det(A) € {1, -1} (the deter-
minant formula and its properties are developed for general n x n matrices in Chapter
11). Matrices that can be formed by starting with the 3 x 3 identity matrix and then
performing a sequence of x-spins, y-spins, and/or z-spins, as described above, are
physically realizable rotation matrices and have determinant 1. They can be written in
the form (D.15). Real unitary matrices that cannot be physically realized in this way
have determinant —-1. They can be formed by swapping any two columns or any two
rows of a physically realizable rotation matrix. They can also be formed by multiplying
any row or column of a physically realizable rotation matrix by -1.

- For R3, a real unitary matrix that corresponds to a physically realizable rotation is a
3 x 3 real matrix A such that ATA = I and det(A) = 1. Such a matrix has orthonormal
columns that point in directions consistent with the right-hand-rule: If the first and
second axes point in directions of our first and second fingers, the third axis points in
the direction of the thumb. We call such a matrix a 3-dimensional rotation matrix. A 3-
dimensional mirrored rotation corresponds to a real unitary matrix A with det(A) = -1.
Similar to the example in D.6, such a mirrored rotation is physically impossible in R3
but can be accomplished by utilizing a fourth dimension.

D.7.1. Rotations with respect to a different frame of reference

Let {e}, ey, e3} be the standard orthonormal basis vectors for R?, being the three columns
of the 3 x 3 identity matrix:

1 0 0
e1=|0 y e=11 , e3=10
0 0 1

Vectors {ej, ey, e3} provide a universal reference frame, also called an absolute reference frame,
corresponding to fixed x, y, z axes. Each e; vector is on the 3-dimensional unit sphere. Now
suppose we have a different reference frame consisting of some other three orthonormal
vectors {my, my, m3} on the 3-dimensional unit sphere. For example, a character in a
video game may be currently oriented in a direction corresponding to reference frame
{my, my, m3}. The reference vectors {my, my, m3} can change over time depending on how
the character moves. How can rotations be done relative to reference frame {my, my, ms}?

This problem has applications in computer graphics, robotics, and aircraft control.

First assume that reference frame {mj, my, ms} is achievable starting from {ej, e, e3}
and performing a physically realizable rotation. Let reference matrix M be the physically
realizable 3-dimensional rotation matrix (so M is real, M' M = I, and det(M) = 1). For each
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i€{1,2,3}, assume m; corresponds to the rotated version of e;:

m; =Me; Vie{l,2,3}

1

This can be written in matrix form as

mp my mz [=M| e e e3 [=M

In other words, the vectors {mj, my, m3} are the three columns of the rotation matrix M.

We want to obtain a new rotation matrix My, that corresponds to performing ro-
tations in desired directions and by desired angles with respect to the reference frame
{my, my, m3}. The simple way to do this is to first pretend the current reference frame is
the universal frame {ey, eo, e3}, find the rotation matrix A that we would want if this really

was the case, and then rotate that matrix A by M:

19

We call the idea of first performing the desired rotation in the universal frame, then
left-multiplying by the reference matrix M, the reference principle. The equation (D.16) is
the corresponding reference principle equation. For example,

- Spin the axis m3 by an angle 0: Mgy = MA,(0).

+ Spin the axis m; by an angle o: Mpeyw = MAx ().

* Spin the axis my by an angle 3: Muew = MA ().

Since matrices that represent spins along different axes do not necessarily commute,
care must be taken to obtain a smooth rotation in a direction that mixes the m;, my, ms
directions. This is easiest to describe by imagining a flight simulator scenario. The perspec-
tive of the pilot is shown as a 2-dimensional viewpoint plane in Fig. D.8. The pilot is looking
outward. The reference frame {mj, my, m3} is organized so that m; points horizontally to
the right, m, points vertically up, and ms points directly towards the pilot. Imagine the
pilot wants to move in a direction that is either up/down, left/right, or diagonal:

* Spin axis my (move right/left) by angle 3: Mpeyw = MAy(3).
+ Spin axis m; (move up/down) by angle «: Mpew = MAx ().

- Spin the diagonal m, (defined by angle 6 and moving in m; direction) by angle {3 (see
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FIGURE D.8. The 2-dimensional viewpoint plane of a pilot looking outward in a flight
simulator. The reference frame is given by orthormal vectors {mj, my, m3} in R3, with
corresponding rotation matrix M = [ m; my mg ]. To move in the direction m;, we spin
axis my through a desired angle {3, accomplished by rotation matrix MA;(6)Ay(f3).

Fig. D.8):
Mnew = MAZ(G)A}/(B)

+ Spin axis m3 without changing the 2-d viewpoint plane: Mgy = MA(0).

The third bullet uses a matrix A;(0)A () that is itself formed by the reference princi-
ple (D.16): Pretend the perspective of the pilot in Fig. D.8 is really the universal reference
frame {ey, eo, e3}, where e; points to the right, e, points up, e3 points in toward the pilot.
Spinning axis e3 by angle 6 via matrix A,(0) rotates e; and e in the 2-d viewpoint plane to
align with m; and my (vector e3 is unchanged). So A;(0) is the matrix of reference frame
{my, my, m3}. Since m; is the direction we want to look, we spin axis m, by angle 3, which
is accomplished by pretending mj is the universal y-axis and using Ay (3). We then apply
the reference principle (D.16) by left-multiplying by Az (0) to obtain A,(0)A,(p).

The pilot perspective can be mirrored to look from a viewpoint just outside of the
aircraft, looking into the plane at the pilot, by multiplying the first column of the current
M matrix by —1. This is similar to the example of Section D.6: If you look at the back
of your hand and form a backward L with finger and thumb, people on the other side
see a true L with thumb pointing in the opposite direction. The example of that section
was physically realizable in 3-d space because moving your hand according to the given
procedure also flips the direction of the third axis (the z-axis). In contrast, in the pilot
scenario, multiplying the first column of M by -1 yields a mirrored rotation that is not a
physically realizable rotation because the z-axis is unchanged.
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D.7.2. Achieving any rotation with xyz spins or x yx spins

How can we achieve a rotation matrix that spins about a given line via xyz spins of the
type Az(0)Ay(B)Ax(x)? Fix a normal vector (a, b, c) € R3, so a® + b + ¢? = 1. Consider the
line L that passes through (0,0, 0) and (a, b, c). We want to achieve any rotation that spins
line L by a desired angle. First suppose we have some rotation matrix A that maps e; to
(a,b,¢):

a
=l b

c

b
S O =

Then, the reference principle equation (D.16) ensures all spins of line L can be achieved
by first spinning e; and then left-multiplying by A, so we use AAx(«). Specifically:

+ Using Ax(o) and sweeping through « € [0, 271), we spin the x-axis (vector e;) along all
possible angles.

+ Using AAyx(«) and sweeping through « € [0, 27), we spin line L along all possible
angles.

Thus, it remains only to construct such a matrix A of the type

A=Az(0)Ay(B)

For this, we just need A;(0)Ay () to map (1,0,0) to (a, b, c). First spin the y-axis, which
rotates the vector (1,0, 0) about a circle of radius 1. This allows the z-coordinate to slide
through all possibilities in the interval [-1,1]. Clearly ¢ € [-1,1], so we just use an angle 3
for the y-spin that ensures (1,0, 0) rotates to a new vector with last coordinate equal to c.
Then use a z-spin (which leaves the z-coordinate ¢ unchanged) to find the desired (a, b, ¢)
on the unit sphere.

A similar argument shows how all spins about the same line L can be achieved by
Ax(v)Ay(B)Ax(x) for some angles o, 3,v. These are so-called xyx spins. In particular,
this can be done by finding v, § such that Ax(y)Ay(B)er = (a, b, ¢).

D.7.3. Replacing and repairing lost reference axes

Suppose we have a vector a = (ay, ay, a3) on the unit sphere {(x, y,z) € R® : x*>+ y? +2% = 1}.
How do we find corresponding vectors b, ¢ € R3 such that {a, b, ¢} are orthonormal? Also,
how do we ensure the resulting three vectors satisfy the right-hand-rule property, so that
creating a matrix M with columns a, b, and c yields a physically realizable rotation matrix?
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One way is to first find an orthonormal vector r € R? by finding any nonzero solution to
a'r=0

We can view a' as a 1 x 3 matrix. This matrix is wide so there are nonzero solutions to
a'r = 0. Find such an r # 0 (such as by using a very simple form of Gaussian elimination),

then normalize it:
r

b= —
Il

Then {a, b} are orthonormal vectors in R3. We need to find a third orthonormal vector:
Find any nonzero solution s € R> to
As=0

where A is the 2 x 3 (wide) matrix with rows a” and b". We can use Gaussian elimination.
Then normalize the result

Then {a, b, ¢} are orthonormal in R3. If they do not satisfy the right-hand-rule (equivalently,
if the determinant of the corresponding 3 x 3 matrix with columns a, b, c is —1), just multiply
c by -1so that {a, b, —c} are the desired vectors.

Suppose we have a reference system given by orthonormal vectors {my, ms, m3} in R3,
with corresponding reference matrix M with columns given by my, my, ms. The matrix M
is a 3 x 3 matrix with 9 real entries:

Suppose we erase the last column:

b ??

We now claim the missing information can be recovered. This is because the missing
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column, call it x = (x7, %2, x3) € R3, must be orthogonal to the known first two columns:

X1

a d g 0
X2 | =

b e h 0
X3

———
A S——

X

The matrix A has two linearly independent rows (after all, these rows are orthonormal)
and so rank(A) = 2 and dim Null(A) =1 (by the rank-nullity theorem). It follows that

Null(A) = Span{w}

for some w € R3 such that w # 0 and w e Null(A). Such a vector w can be found by Gaussian
elimination. [By the projection theory of Chapter 9, we can also define w = v — p where
v € R3 is any vector that is not in Col(A") and p is the projection of v onto Col(AT).] So
the missing column must be a scalar multiple of w. However, we also know the missing
column is normal (that is, it has norm 1), so there are only two possibilities:

)

Assuming that the columns of M satisfy the right-hand-rule, we can choose between
w/||w|| and —w/ ||w|| with full certainty.

If many 3 x 3 rotation matrices AjA»A3---A; are multiplied, small truncation errors can
add up to make the resulting matrix loose its orthonormality properties. An approximate
rotation matrix A with columns {a, b, c} in R® can be repaired to orthonormal columns

{afresh: bfresh) Cfresh} as follows:

1. Normalize a:
a
resh = ]

which leaves a unchanged when its norm is already 1.

2. Define
bresh = L
Fresh = b — p]]

where p is the projection of b onto Span{a s} (see Chapter 9):

p= (bTafresh)afresh

where p = 0 when b is already orthogonal to the unit vector a ;.
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3. Define
_ ¢—q
“fresh = ic ]

where g is the projection of ¢ onto Span{a s, bfres,} (see Chapter 9):

q= (CTafresh)afresh + (Cberesh)bfresh

where g = 0if ¢ is already orthogonal to unit vectors a g and b e,

D.7.4. A brief discussion of quaternions

Consider the situation of the previous subsection. It turns out that all information in
the reference matrix M can be efficiently represented by (my, 0), where m; is the first
column of matrix M (so m; is a vector in R® with all three entries in the interval [-1,1])
and 0 € [0, 27) is the angle associated with the missing orthonormal columns my and ms
(assuming the columns satisfy the right-hand-rule). Specifically, by choosing any vectors
r,s € R3 for which {my, r, s} are orthonormal, and for which the right-hand-rule holds, we
can obtain all other possibilities 7, 5 € R for the second and third columns of M by spinning
axis mj over the angle 0. The data structure of a quaternion is a formal way to represent
the information (my, 0), with the understanding that this information exactly gives the
entire reference matrix M under the right-hand-rule assumption. In comparison to the
3 x 3 matrix M that stores 9 real numbers, the quaternion stores only four real numbers. A
calculus for multiplying quaternions exists to efficiently carry out the reference principle
equation (D.16) using the quaternion form of M and A.

D.7.5. Summary

A real unitary matrix is a square matrix A with real entries that satisfies ATA = I, so
the columns of A are orthonormal (the rows are also orthonormal). Now consider such
matrices with size 3 x 3. If det(A) = 1 then the three columns of A satisfy the right-hand-
rule and the matrix corresponds to a physically realizable rotation in 3-dimensional space.
Else, det(A) = -1 and A represents a mirrored rotation. The reference principle states that
we can accomplish a rotation with respect to a given reference frame (characterized by
some rotation matrix M) by first performing the desired rotation A with respect to the
universal reference frame and then using MA.

623






APPENDIX E.

Hamel basis

Let V be a vector space over a field F. Let S be a subspace of V. If dim(S) = n for some
n € N then a basis for S is a list of n vectors {v, ..., v, } that are linearly independent and
that span S. It is not obvious how to extend the definition of basis to the case dim(S) = oo.
Such a basis should be an infinite collection of vectors in S. However, we can only form
linear combinations by taking a weighted sum of a finite number of vectors. That is because
infinite sums are not defined for general vector spaces.

This appendix presents the definition of a Hamel basis. The definition can be applied to
any subspace, including infinite dimensional subspaces. When dim(S) < oo, the definition
of Hamel basis reduces to the standard definition of basis. When dim(S) = oo, a set theory
axiom called the axiom of choice ensures that S has a Hamel basis. Therefore (assuming
the axiom of choice), every nontrivial subspace has a Hamel basis. Further, dim(S) = oo if
and only if the Hamel basis for S consists of an infinite number of vectors in S.

There are alternative definitions of an infinite basis within mathematics. For example,
when working with real-valued functions, some alternative definitions allow basis vectors
to participate in infinite sums, provided that some convergence criterion is met. This
appendix treats only the Hamel basis definition.

E.1. Definition

Let S be a nontrivial subspace of a vector space V (over some field ). Let H be a nonempty
set of vectors in S. The set H is said to be a Hamel basis for S if:
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+ Every finite and nonempty subset of vectors in H is linearly independent.

« Span(H) = S. That is, every x € S can be written as a linear combination of vectors in
H, so

(E.1) X= ) ayxV

veHy
where Hy is a nonempty and finite subset of H (so Hx ¢ H and |Hy| € N), and ay x € F
for each v € Hy.

Here we use the usual definition of linear independent as applied to a finite set of vectors.
If H is a Hamel basis for S, it immediately follows that all vectors in H are nonzero. That
is because if v € H then the subcollection {v} must be linearly independent. Since we
have defined H as a set of vectors (rather than a list of vectors), there are no redundantly
repeated vectors in H. That is fine because redundantly repeated vectors would not fit the
linear independence requirement.

E.1.1. Alternative notation

If H is an uncountably infinite set then its vectors cannot be listed. However, it is standard
to use alternative notation x; to describe a vector in H, where i is an index within some
(possibly uncountably infinite) set of indices I. In that case, x; € H forall i e I; H = U;;{x;};
the cardinality of I is the same as the cardinality of H. With this notation, the fact that

every x € S is a linear combination of vectors in H means

(E.Z) X = Z ainvi

iEIx
for some nonempty and finite set I ¢ I and some scalars a; , € F for all i € I. The reader
can use either notation (E.1) or (E.2) according to preference.

E.1.2. The case dim(S) < oo

In the special case dim(S) = n for some n € N, any Hamel basis for S must contain exactly
n vectors. This is because we cannot have more than n linearly independent vectors in a
space of dimension n. Also, we cannot span a subspace of dimension n with fewer than
n vectors. Then, the above definition of Hamel basis reduces to the ordinary definition
of basis for the finite dimensional subspace S. Also, as in the case of a standard basis, if
S = {0} then there is no Hamel basis.
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E.1.3. Example: Hamel basis for set of polynomials

Let V be the real vector space of polynomial functions f : R - R. Define C = {1, ¢, %, 3, ...}.
In this case, C is a countably infinite list of polynomial functions. We now show that C is a
Hamel basis for V.

+ Linear independence: Take any finite and nonempty set B ¢ C. Then there is a positive
integer n such that B ¢ {1,t,2,...,t"}. We already know {1,t,t?,...,t"} is linearly
independent, so any finite and nonempty subset of functions in this list is also linearly
independent. In particular, the set of functions in B is linearly independent.

+ Span: To show that Span(C) =V, fix f € V. Then f is a polynomial. Let k be the degree
of f. Then f € Span{1,t,..., tk}.

E.1.4. Example: Hamel basis for infinite sequences

Fix F as a field. Let FN denote the set of infinite sequences of scalars in F:
FN = {(x1,%0,%3,...) 1 ;€ F VieN}

Define S c F as the set of all sequences in F" that have at most finitely many nonzero
components. That is, x € S means that x = (x1, X2, x3,...), x; € F for all i € N, and there
are at most finitely many nonzero x; values. It can be shown that S is indeed a subspace:
The sum of two sequences with at most finitely many nonzeros is again a sequence with
at most finitely many nonzeros (also, multiplying a sequence in S by a scalar produces
another sequence in S). Define

e1 = (1,0,0,0,...)
e; = (0,1,0,0,...)
e3=(0,0,1,0,...)

and so on. Specifically, for each i € N, ¢; € S is the sequence that is always zero except in

entry i (where it is 1). Define the countably infinite set C = {ey, e, e3, ...}. We now show
that C is a Hamel basis for S:

- Linear independence: Let B be any nonempty and finite subset of C. Then there is a
positive integer k such that B ¢ {ey, ey, ..., e, }. We already know {ey, e, ..., ¢ } is linearly
independent. Hence, B is also linearly independent.

+ Span: To show that Span(C) = S, fix x € S. Then x = (x1, X, ...) and there is an index
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k e N such that x; = 0 whenever i > k. It follows that

x = Zk:xiei e Span(C)
i=1

This shows that {ej, ey, e3, ...} is a Hamel basis for the subspace S of all sequences of
scalars that have at most finitely many nonzero entries. Therefore, {e, e, e3,...} is not a
Hamel basis for F"V. That is because the always-1 sequence (1,1, 1, ...) is in N but is not
alinear combination of {ej, ey, e3, ...}. [It does not make sense to say (1,1,1,...) = 77, ¢;
because infinite sums are not defined for general vector spaces with general fields F.
Even if the infinite sum is somehow defined, it would not fit the definition of a linear
combination as a finite sum.] Exercise 6.30 shows that if C is a collection of vectors in F
that span ", then C must be uncountably infinite.

E.2. Existence of a Hamel basis

Let V be a vector space over a field F. Let S be a nontrivial subspace. A set theory axiom
called the axiom of choice can be used to prove that S has a Hamel basis. That is, every
nontrivial subspace has a Hamel basis. Furthermore, every Hamel basis of S can be
extended to a Hamel basis of V. Specifically, suppose C ¢ V is a Hamel basis for S. Then
there is a set D ¢ V such that Cu D is a Hamel basis for V. The proof is beyond the scope
of this text.

The axiom of choice ensures existence, but does not provide a way of actually con-
structing the Hamel basis. In some cases, the special structure of the subspace S allows
an explicit Hamel basis to be found (such as for the two examples in the previous section).
However, in many cases we can only assert existence of a Hamel basis, without any explicit
construction. For example, the set FY of all infinite sequences of scalars in F has a Hamel
basis, as guaranteed by the axiom of choice, but nobody actually knows how to construct
it. Exercise 6.30 shows that any Hamel basis of FY must have an uncountably infinite

number of basis vectors.

E.3. Uniqueness property

LEMMA E.1.  (Uniqueness property of Hamel basis) Let V be a vector space over a field F. Let H
be a Hamel basis for V. Then every x € V such that x + 0 can be uniquely written

X = Z av’xv
veH,y

for some unique finite and nonempty set Hx € H and nonzero scalars ay,x € [ for v e Hy.
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PROOF. Fix x € V such that x # 0. Suppose there are two ways to write x as a linear

combination of vectors in H, so

x=Y aywv=) by
veA veB
where A and B are two nonempty finite subsets of H; a, is a nonzero scalar for each v € A;
by is a nonzero scalar for each v € B. We show that A = Band a, = by for all v € A, so these
two ways of expressing x are in fact the same. Define

D=AuB
_ ay ifveA
av:

0 ifvé¢A

2 by, ifveB
0 ifve¢B

Then D is a finite and nonempty subset of H and

0=(ZW)-(Z bvv)z > (av - by)v

VveA veB veD

and since all vectors in the finite set D are linearly independent, we immediately conclude

&V—EV:OforallveD,so

(E.3) ay=by, VveD
It follows that if v € A n B then
ay = Elv = EV = bv

Also, we must have A n B = A = B. Indeed, if there was a vector v such thatve A, v ¢ B,
we would have a, = ay # 0 but by, = 0, contradicting (E.3). A similar contradiction arises if
there was a vector v € B that is not also in A. O

E.4. Existence of inner products for real vector spaces

Let V be a real vector space. If dim(V) < co, we already know that V has an inner product.
Now suppose dim(V) = co. Let H be a Hamel basis for V. Then each x € V and y € V such
that x # 0 and y # 0 can be uniquely written

X = Z ay)xv b y: Z av)yv

veH, veHy
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for some finite and nonempty sets Hy ¢ H, Hy ¢ H and some nonzero scalars ay x € R for
v € Hy, ay,y € R for v € Hy. Define the function (x, y) for all x, y € V by

0 ifx=00ry=0
<x) y) = .
Y veHynH, Qv,xdv,y ifx#0andy+0

where Hy, Hy, ay x, av,y are uniquely defined as above. Note that (x, y) e Rforallx, y e V
because Y yeq,nH, dv,xav,y is always a finite sum of real numbers. It follows that if u and v
are vectors in the Hamel basis H then their unique decompositionsareu =1-uvandv=1-v
and so

1 ifu=v

(u; V) = i

0 ifu=+v

It can be shown that (x, y) is a valid inner product on V. Under this inner product, the

vectors in the Hamel basis H can be considered orthonormal.

E.5. Infinite dimensional dual space

Let V be a vector space over field . Suppose dim(V) = co. Let V* be the dual vector space
of all linear transformations T : V — F. We want to show dim(V*) = oco. Fix n € N. It
suffices to construct n linearly independent functions in V*. (Then dim(V*) > n, and
this holds for all n € N, so dim(V*) = o0). Let H be a Hamel basis for V. We know that H
contains an infinite number of vectors in V. Each x € V such that x # 0 can be uniquely
expressed

xX= ) ayxVv
veHy

for some finite and nonempty set Hy ¢ H and some nonzero scalars ayx €l for v € Hy. For
each u € H define the function Ty, : V - [ by

0 ifu¢ Hy
Ty(x) =
ayy ifueHy

Note that for u, v € H the unique expansionsareu=1-uandv=1-vso

1 ifu=v
Tu(v) = .
0 ifu=zv

It can be shown that Ty, is a linear transformation for each u € H. Also, for any finite and
nonempty set B ¢ H, the collection {T;, : u € B} can be shown to be linearly independent.
So we can find n linearly independent functions in V* for any n € N.
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It turns out that {Ty } .y is not a Hamel basis for V*. This is because there are some
linear transformations T : V — [ that cannot be expressed as a linear combination of
the transformations in the collection { Ty } .y (recall that a linear combination is a finite
weighted sum). While V and V* both have infinite dimension, the cardinality of the Hamel
basis for V* can be shown to be strictly larger than the cardinality of the Hamel basis for
V (it is a larger level of infinity). [Recall that if S is a subspace, this text uses the phrase
“dim(S) = co” to mean only that S cannot be spanned by a finite number of vectors. It means
that a Hamel basis for S must have infinitely many vectors, but does not say anything more
about the cardinality of the Hamel basis.]

E.6. Things that are not a Hamel basis

Fix T > 0. Let V be the real vector space of square integrable functions f : [-T/2,T/2] - R.
Let C be the following countably infinite collection of functions in V (from Chapter 9.12):

o[ (el (y2on() )

The set C is not a Hamel basis for V because e € V (where ¢’ is treated as having domain ¢ €
[-T/2,T/2]), bute! ¢ Span(C). This is because e’ cannot be written as a linear combination
(finite weighted sum) of functions in C. Of course, we know from the theory of Fourier
series that e! can be approximated arbitrarily closely by linear combinations of functions in
C. In other branches of mathematics, people might say that C is a “complete orthonormal
basis for V,” but such usage of the term “basis” for an infinite dimensional vector space is
not the same as a Hamel basis. [That other definition allows certain types of countably
infinite weighted sums of functions in C.]

Similarly, if we define V as the complex vector space of square integrable functions f :
[-T/2, T/2] — C, the countably infinite collection D = {e27kt/ T},‘;‘;_oo is not a Hamel basis
for V. Of course, from Chapter 10 we know that any function f € V can be approximated
arbitrarily closely by linear combinations of functions in D.

Also, a frog is not a Hamel basis. So C, D, and a frog. These are all examples of things
that are not a Hamel basis.
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