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Graduate Level Probability Review

Michael J. Neely
https://viterbi-web.usc.edu/~mjneely/

An updated version of these notes is on the following clickable link:
https://ee.usc.edu/stochastic-nets/docs/probability-review.pdf

These notes provide a focused probability reviewE] There are about 200 exercises, some of which the author has given in
past homework assignments and past graduate screening exams on the probability topic (EE 503) Students taking the EE
503 screening exam can also refer to textbooks such as [1][2]. Screening exam students are expected to: Demonstrate good
reasoning; Solve problems involving events, random variables, conditioning, and expectation; Prove basic results such as the
law of total probability and the fact that if events A and B are independent, then A and B¢ are also independent.

Appendices B, C, D, E contain advanced material that is not intended for the screening exam, but that may be of interest
(see also advanced probability texts such as [3][4][5]).

I. FOUNDATIONS

Probability theory involves sets, sets of sets, and mappings between sets. For example, the set 2 of all outcomes of a
probability experiment is called the sample space. The set F of all events is a set of subsets of {2 that has a particular sigma
algebra structure (a sigma algebra is also called a sigma field). A probability measure is a function that maps the set F to
the set [0, 1] and satisfies particular axioms. A random variable is a function that maps the set €2 to the set R and that has a
certain measurability property with respect to F. Thus, set theory is important for the foundations of probability.

A. Sets

A set is a collection of objects called elements. The elements can have any structure: They can be numbers, vectors, colors,
letters, or even sets themselves. The empty set is the set that contains no elements and is denoted ¢.

Let A and B be two nonempty sets. A function f : A — B is a mapping that assigns each a € A to a value f(a) € B. A
function f : A — B is said to be injective (also called one-to-one) if for all elements a,b € A we have

fla)=f(b) = a=b

A function f: A — B is called surjective (also called onto) if for all b € B there is at least one a € A such that f(a) = b.
A function f : A — B is called bijective if it is both injective and surjective. A bijective function is also called a one-to-one
correspondence.

A set is finite if its number of elements is a nonnegative integer (the empty set ¢ is a finite set with zero elements). That
is, a set is finite if and only if it is either empty or can be put into one-to-one correspondence with the set {1,...,n} for some
positive integer n. A set is infinite if it is not finite. Let N denote the (infinite) set of positive integers:

N={1,23,.....}

A set A is said to be countably infinite if it can be put into one-to-one correspondence with N. That is, set A is countably
infinite if there exists a bijective function f : N — A. From this definition, it follows that a set A is countably infinite if and
only if its elements can be listed, so that

A={f@)}Z, ={fQ), £(2),f3),...}
This means the list contains only elements of A, and each element of A is on the list once and only once.
A countably infinite set is indeed an infinite set. An infinite set that is not countably infinite is called uncountably infinite.
Such sets are so large that their elements cannot be listed. The following can be shown.
o Countably infinite sets include N (the positive integers), Z (the integers), Q (the rational numbers). For k € N, the sets
N, 7ZF QF are also countably infinite. For example, N> = N x N = {(a,b) : a,b € N} is countably infinite.
« Uncountably infinite sets include R, R* (for any positive integer k), the intervals [0,1], [0, 1), (0,1), (0, 1], and the set
{0, 1} of all infinite binary sequences:

{0, 13N = {(by,bo, b3, ...) : b; € {0,1} Vi€ N}

IPlease contact me if you spot any typos or mistakes so I can fix them and update [teh] PDF file.

2For example, Exercises v in Section @ and Exercises in Section were originally developed for oral screening exams. In the Fall 2023
exam, I asked the Section [[-K] question E] verbatim, then asked students to define mutual independence and show it holds for A;, A, AS, A4, AE. T did
not give the “sequential complement” hint that I give in question @] Valid approaches some students used were: (i) Make an induction argument; (ii) First
consider only three events to gain intuition. The most elegant approach is to make an observation about sequential complements, as suggested in question
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B. Complements and De Morgan’s law

Let  be a nonempty set. If A C 2 we define the complement of A with respect to (2, written A€, by
A={weQ:w¢ A} (D)
It is clear that (A°)¢ = A. Let ¢ denote the empty set, defined as the set with no elements. It holds that ¢ C Q. Also, ¢¢ =

and Q¢ = ¢.
If {A;}32, is a sequence of subsets of €2, so A; C Q for all 7 € {1,2,3,...}, then De Morgan’s law states:

(U1 4:)° = N2, 47

More generally, let I be an arbitrary nonempty set (possibly finite, countably infinite, or uncountably infinite). Set I shall be
called an index set because its elements i are used as subscripts. Specifically, for each i € I, let A; C ). Then

: A . ¢
1
(UZEIAZ) mlGIA

C. Sigma algebra

Let 2 be a nonempty set. Let F be a set of subsets of 2. We often use the word collection when talking about a set of
sets, so F can also be called a collection of subsets of ) (the words “collection” and “set” have the same meaning here). We
say that F is a sigma algebra on 2 if the following three properties hold:

« N e F.

o If A€ F then A° € F.

o If {A;}32, satisfy A; € F forall i € {1,2,3,...}, then U2, 4; € F.

The second bullet assumes A€ is defined with respect to €, as in (T)). These properties can be used to show: ¢ € F; the union
of a finite or countably infinite number of sets in F is another set in JF; the intersection of a finite or countably infinite number
of sets in F is another set in F. The smallest sigma algebra on €2 is the 2-element set F = {¢, 2}. The largest sigma algebra
on Q is F = Pow()), where Pow() is called the power set of ) and is defined as the set of all subsets of 2. A sigma
algebra is also called a sigma field.

For an example, let

O = {red, blue, green}

The power set of ) has 8 elements:
Pow(Q) = {¢, Q, {red}, {blue}, {green}, {red, blue}, {red, green}, {blue, green}}
Define two smaller collections of subsets of €2

F1={6,Q,{red}, {red, blue}}
Fo ={¢,Q,{red}, {blue, green}}

The collection F7 is not a sigma algebra on €2 because {red} € F; but {red} = {blue, green} ¢ Fi, so property 2 of a
sigma algebra is not satisfied. On the other hand, it can be shown that 7 is a sigma algebra on (). This is done by showing
the three properties required of a sigma algebra are satisfied.

D. Axioms of probability

Let 2 be a nonempty set and let F be a sigma algebra on 2. A function P : F — R is called a probability measure if it
satisfies the following three axioms of probability:

1) P[A] >0 forall Aec F.

2) P[Q]=1.

3) If {A4;}52, is a sequence of disjoint sets in F, so that A; N A; = ¢ for all ¢ # j, then

P[Uf;Ai} = Z?il P[Ai]

In the third axiom, we are allowed to evaluate the probability function at U72; A; because F is a sigma algebra and so
U, A; € F. The third axiom of probability is called countable summability. It can be shown that countable summability
implies the following finite summability result: If {4;}32, is a sequence of disjoint sets in F then

PlUL A = 2?21 Pl4;] vVne{1,2,3,...} )

This can be shown by using countable summability and defining A; = ¢ for all i« > n + 1. While countable summability
implies finite summability, finite summability does not imply countable summability (see Appendix E).
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The axioms of probability can be used to show that if A € F thetﬂ
P[A] + P[A°] =1 3)
Since Axiom 1 implies probabilities cannot be negative, we have P[A] > 0 and P[A¢] > 0 so (3) implies
0<P[A]<1 VAeF

Therefore, the function P : 7 — R shall henceforth be viewed as a function P : F — [0, 1]. Since ¢ = ¢, the formula (3)
implies P[] + P[¢] = 1, and since Axiom 1 implies P[Q2] = 1 we obtain

Plg] =0

E. Probability space

A probability space is defined by a triplet (2, F, P) where € is a nonempty set called the sample space; F is a sigma
algebra on €2, and P : F — R is a probability measure.

o Elements of Q) are called outcomes.

e Sets in F are called events. Every event A € F has a probability value P[A].

o Subsets of () that are not in F are not events and are not assigned probabilities. They are called nonmeasurable sets.

Unless otherwise specified, when working on a particular probability problem, all events are assumed to be on the same
probability space. This means there is one probability space ({2, F, P) and all events of interest are sets in JF.

F Intuitive interpretation

Let (2, F, P) be a probability space. Let A be an event. An event is a subset of (2 that is in the collection F. We often say
things such as “if event A is true” or “if event A is false.” How can a subset be “true” or “false”? It cannot. When we say “event
A is true” we are imagining a situation where nature “randomly” selects an outcome w € €). With this thought experiment,
“event A is true” has the interpretation “the randomly selected outcome w is in the set A.” Probability theory does not rely on
such thought experiments. In fact, probability theory never defines the concept of “randomly choosing an outcome.” However,
such thought experiments are important for using probability theory to understand real world scenarios such as flipping coins
or rolling dice, where the probability measure P is thoughtfully constructed to assign values to each event A according to our
intuitive understanding of the “likelihood” of that event. The three axioms of probability also correspond to this intuition.

G. Consequences of the axioms
Let (2, F, P) be a probability space. Recall that a set A C Q is an event if and only if A € F. The axioms of probability
can be used to prove the following:
o If A and B are events then
P[AU B] = P[A] + P|B] — P[AN B] 4)

o Subset bound: If A and B are events that satisfy A C B, then P[A] < P[B].
« Union bound: If {4;}52, are events thenf|

PlUf Al <> P[A)] Yne{l,2,3,.} 5)
=1
and N
PUZ, A < PA)] (6)
=1

The axioms can also be used to prove a result called continuity of probability. To state this result, let {A,,}°2 ; be a sequence
of subsets of €. Let A be another subset of €.
Definition 1: We say A, /A if
A, C A1 Vne{l,2,3,..}
Ur A, =A
3If A € F then A° € F (because F is a sigma algebra). Since A, A° are disjoint sets in F, Axiom 3 implies P[A U A°] = P[A] + P[A°]. Since
Q= AU A°, Axiom 2 implies 1 = P[Q] = P[AU A°].

4The finite version of the union bound in @) can be proven from @) by induction. The countably infinite version of the union bound in (@) cannot be
proven using only {@) (see Appendix E). The countable version of the union bound requires countable summability and/or continuity of probability.
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Definition 2: We say A, \, A if
A, DA, Vned{l,2,3,..}
Mo, A=A
Theorem 1: (Continuity of probability) Let {A,,}°2 ; be a sequence of events and let A be a subset of (2.

a) If A, /* A then A is an event and
lim P[A,] = P[A]

n—oQ

b) If A,, "\, A then A is an event and
lim P[A,] = P[A]
Proof: To prove part (a), assume {A,,}52 ; are events and A, / A. Then A = U2 A, is a countable union of sets in F
and so (by properties of the sigma algebra F) must also be in F. That is, A must be an event. Define the events

A=Ay

A, =A,NAS_| Yne{2,34,..)

n—1
It can be shown that {4;}5°, are disjoint. For n > 2 we have A,,_; C A,, and so
Ap=A, 1U(A,NAS_)=A, 1UA,

and so by induction on 7 it holds that i
An = ?=1A’L' Vn € {1,2,3,} 7)

Therefore R
A=U2 A, _U°°1UZL1A—U°C1A )

Equalities and (B) represent A4, and A as countable unions of disjoint events, so by Axiom 3
P[A,] =" PlA] VYne{1,2,3,..}
P[A] =372, PIA)]
By definition of an infinite sum, °°, P[A;] = lim,, o, .7, P[A;]. Thus
P[A] = lim,, 00 Y1, P[A;] = lim,, o, P[A,]
This proves part (a). Part (b) can be obtained from part (a) and De Morgan’s law, so 4,, \( A = A & A°. O

A special case of continuity of probability is that if {A4;}7°, is a sequence of events then

lim P[Ul | A;] = P[U, A

n—0o0

hm PN, A;] = PN A

H. Conditioning and the law of total probability
Fix a (Q,F, P) as a probability space. If A and B are events with P[B] > 0 then the conditional probability of A given
B is defined
P[AN B]

P[B]
We say that a sequence of events {B;}5°, partition the sample space if they are disjoint and their union is Q:

BiNBj=¢ Yi#j

2, Bi=Q

PJA|B] =

The law of total probability states that if A is an event and {B;}$°, are events that partition the sample space then

_S PAnBl= Y PABIPB]

i:P[B;]>0

This formula is proven by observing
A=ANQ=ANUZ,B;) =U2, (AN B;)

and so
P[A] = P[UZ,(AN By)]

Now apply the third axiom of probability to the sequence of disjoint events {A N B;}5°;.
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L. Independence of events
Fix a (2, F, P) as a probability space.
o Two events A and B are said to be independent if

P[AN B] = P[A]|P[B]
o Fix n as a positive integer. A finite collection of events A;, A1, ..., A,, are said to be mutually independent if

PlNier&i] = HP[AJ
il
for all subsets I C {1,...,n}. Pairwise independence does not imply mutual independence (see item [25]in Section .
« A countably infinite collection of events {A;}3°, are mutually independent if {A;}"_; is mutually independent for every
positive integer n.

J. Countable versus uncountable sample spaces

A set that is finite or countably infinite is called a countable set (also called a discrete set). When the sample space () is
a countable set, we typically use the sigma algebra F = Pow({2), so all subsets of {2 are events (using F = Pow({2) is so
common that it is often unstated). When 2 is countable, every probability measure P : Pow() — [0,1] has the form

PlA]=> P{w}] VACQ 9)

weA

so the probability measure is determined by the probability masses P[{w}] for all w € QE] To prove @), fix A C Q. Since
A = Ugea{w} is a countable union of disjoint events, we have by Axiom 3

P[A] = PUgeaf{w}] = Y P{w}] (10)

weA

The derivation (TI0) does not work when A is uncountably infinite because: (i) Uyea{w} is not a countable union; (ii) We do
not define summation over uncountably many termsE] When working with uncountably infinite sample spaces {2 we typically
do not use F = Pow(QY), not because we do not want to, but because (in most cases of interest) nobody knows how to do
it without contradicting the axioms of probability.E] This is why the theory of sigma algebras is important for the foundations
of probability. This issue mainly arises when random variables are studied and motivates the Borel sigma algebra over R,
denoted B(R) (see Appendix D). It can be shown that any probability space that houses a random variable with a continuous
CDF must have an uncountably infinite sample space (see item [33] in Section [[II-H). Some very good probability textbooks
(including [2]) avoid sigma algebras by prerending we can always use F = Pow({2), even when  is uncountably infinite.
This does not create significant problems because the standard Borel sigma algebras on R and R™ are so extensive that they
(arguably) contain all sets of “practical interest,” so contradictory cases that may exist tend not to ariseﬂ

K. Exercises on foundations and axioms

1) Show that f : R — R defined by f(z) = 2% for = € R is neither injective nor surjective.

2) Let f : N2 — N be a bijective function. Define g : N> — N by g(a,b,c) = f(f(a,b),c) for all a,b,c € N. Show that g
is a bijective function.

3) Define 2 = {a, b, c}. Explain why the collection of sets {¢, 2, {b}} is not a sigma algebra on 2. Add the smallest number
of sets to make it a sigma algebra. (The resulting collection is called the sigma algebra on ) generated by {¢, 2, {b}}.)

4) Define = {a, b, c}. Is the collection of sets {¢, 2, {a}, {b,c}, {c}, {a,b}} a sigma algebra on Q? If not, add the smallest
number of sets to make it a sigma algebra.

5) Suppose Q = {a,b,c,d} and F = Pow(f?). Suppose P[{a,b}] = 0.4, P[{b,c,d}] = 0.6, P[{a,c}] = 0.7. Find the
probability masses P[{a}], P[{b}], P[{c}], P[{d}]-

6) Suppose 2 = {green, red, blue, purple} and F = Pow(2). Suppose P[{blue,purple}] = 0.3, P[{red, blue, purple}] =
0.3, P[{green,blue}] = 0.7. Find the probability masses P[{green}|, P[{red}], P[{blue}], P[{purple}].

31t can be shown the function P : Pow(Q) — [0,1] in (@) is a probability measure if and only if the values P[{w}] are nonnegative and sum to 1.

6 Here is a related fact that explains why any attempt to define the summation of an uncountably infinite number of positive real numbers would need to
define the sum as oo: Let A be an uncountably infinite set and let f : A — (0,00) be a function. Then, there must be a countably infinite subset B C A
such that >~ - 5 f(b) = oco. Indeed, for each positive integer i define A; = {a € A : f(a) > 1/} and note that A = US2, A;, so at least one of the sets
A; must be infinite (and this infinite set must contain a countably infinite subset B).

7See chapter 3 in [3] for two impossibility theorems that prove nonexistence of a probability measure P : Pow((0, 1]) — [0, 1] with P[{w}] = 0 for all
w € (0, 1] (one that uses the axiom of choice and a translation invariance assumption, another that uses the axiom of choice and the continuum hypothesis).

8 Counter-intuitively, even though nonBorel subsets of R tend not to arise in practical problems, there are more nonBorel subsets of R than Borel subsets of
R. Specifically, under mild axiom of choice assumptions, it can be proven that B(R) can be put into one-to-one correspondence with R, while the nonBorel
subsets of R can be put into one-to-one correspondence with Pow(R), see [6].
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7) In a probability triplet (2, F, P), the set Q is the
a) set of probabilities
b) set of events
c¢) sample space
d) set of expectations
8) In a probability triplet (2, F, P), the collection F is the
a) set of outcomes
b) set of events
c¢) sample space
d) set of expectations
9) For a probability space (€2, F, P), every event
a) is a subset of
b) is a set in the collection F
c¢) has a probability
d) all of the above
10) For a probability space (02, F, P), if A C Q but A is not an event, then
a) P[A] does not exist
b) A¢ F
c) A°¢ F
d) all of the above
11) Two events A and B can be used to partition the sample space into how many disjoint events? Draw the Venn diagram.
12) Fix n € N and let Ay, ..., A, be events. These can be used to partition the sample space into how many disjoint events?
13) Let A and B be events. Prove A C B = P[A] < P[B].
14) Let A and B be events. Argue that A = (AN B) U (AN B°).
15) Let A and B be events. Prove P[AU B] = P[A] + P|B] — P[AN B].
16) Let A and B be events. Prove that P[A N B] > P[A] — P[B¢].
17) Suppose A and B are independent events. Prove that A and B¢ are independent events.
18) Fix n € N and suppose Aj,..., A, are mutually independent events. Show A, ..., 4,1, AS are mutually independent.
Argue that we can sequentially complement any set in the list Ay, ..., A,, and the resulting events are mutually independent.
19) Suppose A and B are events that satisfy A C B. Suppose P[B] = 0. Prove P[A] = 0.
20) Suppose A and B are events. Suppose P[A] = 1. Prove that A and B are independent.
21) Suppose A and B are events that satisfy P[A] = P[B] = 1. Show that P[AN B] = 1.
22) Suppose {4;}2, are events that satisfy P[A;] =0 for all ¢ € {1,2,3,...}. Prove that P[U2; A;] = 0.
23) Suppose events A and B satisfy A C B. Assuming P[B] > 0, compute P[A|B]. Assuming P[A] > 0, compute P[B|A].
24) Suppose A and B are disjoint events that satisfy P[A] > 0 and P[B] > 0. Are A and B independent?
25) (Pairwise independent but not mutually independent) Suppose we flip a fair coin twice. We have sample space 2 =
{(H,H),(H,T),(T,H), (T, T)} with all four outcomes equally likely. Define

A = {first flip is heads} = {(H,T),(H, H)}
B = {second flip is heads} = {(H, H), (T, H)}
C = {first and second flips are different} = {(H,T), (T, H)}

Show that A, B, C are pairwise independent but not mutually independent.

26) Let {A;}5°, be mutually independent events with P[A;] = z-%l for i € N. Compute P[UY_; A4;] and P[US2; A;].

27) Let {A;}$°, be mutually independent events with P[A;] = ﬁ for i € N. Compute P[UI_;A4;] and P[US2; A;].

28) (Arbitrarily long run lengths of heads) We independently flip a fair coin an infinite number of times. Let H; be the event
that flip ¢ is heads. Thus, { H;}5°, are mutually independent and P[H;] = 1/2 forall i € {1,2,3,...}. Form € {1,2,3, ...},
let A,, be the event that we have a run length of at least m consecutive heads somewhere in our infinite sequence of
flips. Let A = N%_; A,, be the event that we have arbitrarily long run lengths of heads. Show that P[A] = 1.

29) Fix probability space (2, F, P). Suppose that {w} € F for all w € . Suppose {A;}2; is a sequence of mutually
independent events such that P[A;] = 1/2 for all i € {1,2,3,...}.

a) Show that P[{w}] = 0 for all w € Q. [You can use the result of items [12] and [18]in this list of questions.]
b) Show that €2 is an uncountably infinite set.
30) Fix probability space (2, F, P). For each w €  define

plw) = _inf_ {PlA]}

a) In the special case when {w} € F for all w € Q, show that P[{w}] = p(w) for all w € .
b) In the general case, show that for all w € 2 there is an A € F such that w € A and P[A] = p(w).
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L. Exercises on conditioning and law of total probability

1) We play team A, B, C, or D equally likely. Let A, B, C, D denote the events that we play team A, B, C, D, respectively.
Let W denote the event that we win. Our conditional probability of winning depends on which team we play as follows:

P[W|A] =09, P[W|B]=05 P[W|C]=04, P[W|D]=0

a) Compute P[W]
b) Compute P[A|W]
¢) Compute P[D|W]
d) Compute P[W|A U B]

2) Let {B;}32, be events that partition the sample space. Let C' be an event that satisfies P[C] > 0. Let A be an event.
Prove the law of conditioned total probability:

PJA|C] = ZP A|B; N C|P|B;|C]
i=1
where the summation only sums over indices ¢ that satisfy P[B; N C] > 0.

3) We have a countably infinite number of biased coins, where coin i € {1,2,3,...} has P[Heads] = 1/i. We first have a
computer generate a random positive integer X with P[X = i] = (1/2)" for ¢ € {1,2,3,...}. Given that X = 4, we flip
coin <.

a) Compute P
b) Compute P[X = 1|Heads]
c¢) Compute P[X = 2|Heads]
d) Compute P[X € {1,2}|Heads]
e) Compute P[Heads|X € {1,2}]
4) Suppose that at breakfast time we either eat cereal, oatmeal, or rice. Suppose:

Heads]

« Having milk and having a side dish are independent.
P[{have milk}] = 3/4, P[{have side dish}] = 1/2.
« Given we only have milk (no side dish): We eat cereal with prob 3/4 and oatmeal with prob 1/4.
o Given we have milk and side dish: We eat cereal with prob 1/2, rice with prob 1/4, oatmeal with prob 1/4.
« Given we only have side dish (no milk): We eat oatmeal with prob 1/2 and rice with prob 1/2.
« Given we have no milk and no side dish: We eat oatmeal with prob 1.
Let C, O, R be events of eating [Clereal, [O]atmeal, [R]ice, respectively. Let M, .S be events of having [M]ilk and having
a [S]ide dish, respectively.
a) What is the conditional probability we eat oatmeal, given we only have a side dish (no milk)?
b) Compute the probability that we eat cereal.
¢) Compute the probability that we eat rice. Then, compute the probability we eat oatmeal.
d) Compute the conditional probability we have a side dish, given we eat cereal.
e) Compute the probability we have milk and eat cereal. Explain this result in relation to part (b).
5) (Cascaded events) Let A, B, C be events with P[A N B] > 0. Prove P[AN BN C] = P[A]P[B|A]P[C|AN B]. Guess a
generalized formula for P[4; N...N A,] when Ay, ..., A,, are events with P[ﬂ::llAi] > 0.

II. COMBINATORICS

Let  be a finite sample space. Define F = Pow(f2). For each A C Q, define |A| as the number of elements in set A.
Clearly |A| < || for all A C Q. Consider the probability measure P : Pow(2) — [0,1] where all outcomes are equally
likely, so that

PH{w}]=0 VYweQ

for some value 6 € [0, 1]. Since Q = U,ecq{w} is a finite disjoint union we have
Q=) Plw}]=6-19
wen
and so 6 = 1/|Q|. Thus, for any set A C Q2 we have
1 _ 4]
P[A]ZP w A{w} = =
© Z < 1Q] 19

In conclusion, in a finite sample space where all outcomes are equally likely, the probability of any event is just the size of
the event divided by the size of the sample space. This is one motivation for the field of combinatorics which is the theory
for counting finite sets.
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A. Multiplication principle

Fix n as a positive integer. Let k1, ko, . . ., k,, also be positive integers. Imagine a procedure that involves n steps, as follows:
o Step 1: Make one of k; choices.

« Step 2: For each particular choice of step 1, there are ky new choices to make at step 2.

« Step 3: For each particular choice for step 1 and step 2, there are k3 new choices to make at step 3.

o« ---
o Step n: For each particular choice for steps 1,2,...,n — 1, there are k,, new choices to make at step n.

Note that the precise choices at each new step ¢ may depend on the previous steps, but the number of options at step @
is always k;. All possible choices can be represented by a tree with n levels. The total number of possible combinations of
choices is given by the number of leaves at the bottom level of the tree, which is

Number of choice combinations = k7 - = H
For example, if k; = 2 for all ¢ € {1,...,n} then the number of possible choice combinations is 2".

B. Permutations, sampling with and without replacement

Fix n as a positive integer. The multiplication principle (and its consequences) can be used to derive

o The fact that there are 2™ binary vectors of size n.

e The n! formula for the number of permutations of n objects.

e The n(n—1)---(n— (k—1)) formula for choosing k objects from a bin of n, with regard to ordering.
o The binomial coefficient (7).

o The multinomial coefficient ,16,7',%,

o The stars and bars formula.

These are useful for solving problems about dealing cards, choosing balls in bins, sampling with and without replacement,
counting choices with and without regard to order (see [1]). It is useful to create and solve your own combinatorics problems.

III. RANDOM VARIABLES

Fix a probability space (2, F, P). A random variable is a function X : ) — R that satisfies the following measurability
propertyﬂ
{weQ: X(w)<z}eF VreR (11)

The measurability property (II) automatically holds in the special case when F is the set of all subsets of . Therefore, if
F = Pow(Q2) then every function X : 2 — R is a random variable.

A. A function X : Q0 — R that is not a random variable
It is easy to construct an example function X : 2 — R that is not a random variable if we use a finite sample space ) and
a sigma algebra other than Pow(€)). For example, consider
Q = {blue, red, green, black}
F ={¢,Q, {blue,red, green}, {black}}
It can be shown that F is a sigma algebra on €2, but F does not include all subsets of ). Define a function X : 2 — R by
X (blue) =
X (red

) =
X(green) =1.3
X (black) =

Then

{X <1} = {blue,red} ¢ F
and so the function X :  — R is not a random variable. Of course, if we changed the sigma algebra to F = Pow({2) then
the same function X : 2 — R defined above would be a random variable.

°In Appendix D it is shown that X : Q — R satisfies if and only if {w € Q: X(w) € B} € F for all sets B € B(R), where B(R) is the standard
Borel sigma algebra on R defined in Appendix D.



NEELY, UNIVERSITY OF SOUTHERN CALIFORNIA, SPRING 2024 9

B. Working with random variables

A probability experiment has one probability space (2, F, P). The probability experiment may have multiple stages and
may involve many random variables Y, Z, { X;}7°,. These random variables are housed by the space (€2, F, P), which means

Y: Q—R
Z:Q—=R
X;i: Q>R Vie{l,2,3,...}

and their measurability property is with respect to the same sigma algebra F. The particular outcome w € 2 determines the
particular numerical values of all random variables on the space:

Y (w), Z(w), X1 (w), Xo(w), X3(w), Xg(w),...

Unless otherwise stated, when multiple random variables are considered together, it is implicitly assumed they are on the
same probability space. This means there is a single probability space (€2, F, P) that houses them. The probability that “Y
is less than or equal to 4.5 and Z is less than or equal to —2” only makes sense if Y and Z are determined by the same
probability experiment, meaning they are both on the same probability space.

C. Cumulative Distribution Function (CDF)

Fix a probability space (2, F, P). Let X : Q — R be a random variable. It is convenient to use the compressed notation
{X < z} to represent a subset of
{X<z}={weQ: X(w) <z}

where x is a given real number. Since X is a random variable, the measurability property implies that for each x € R,
the set {X < z} is a valid event, hence it has a probability. The cumulative distribution function (CDF) Fx is defined by
collecting these probabilities into a function. Indeed, define Fx : R — [0, 1] by

Fx(z)=P[X <z] VzeR
where P[X < z] is compressed notation for P[{X < x}]. It can be proven that for a,b € R with a < b:
P[X € (a,b]] = P[X <b] — P[X <a]=Fx(b) — Fx(a)
PIX =b = lim P[X € (b—1/n,b]] = Fx(b) — lim Fx(b—1/n)
n—oo n—oo
Every CDF has four fundamental properties: Nondecreasing; right-continuous; lim,_, Fix(z) = 1; lim,, o, Fix(z) =0

(see items 26 28 29| in Section [III-H). It can be shown that any function F' : R — R with these four properties is the
CDF of some random variable on some probability space.

D. Joint CDF
Fix a probability space (2, F,P). If Y and Z are random variables, the measurability property (IT) ensures

{Y <45} eF, {Z<-2}eF
Since the intersection of two sets in the sigma algebra JF is again a set in F, we conclude
{Y <45in{Z<-2}eF

Since {Y < 4.5} N{Z < —2} is an event, it has a probability. For simplicity of notation we often remove the braces and
replace the intersection symbol with a comma (which means “and”):

PIY <45,Z2< -9/ =P{Y <45 N{Z < —2}] = P{w € Q: V() <45 and Z(w) < —2}]

Fix n as a positive integer. Let X1,..., X,, be random variables. Let x1, ..., x, be real numbers. For each ¢ € {1,...,n},
since X; is a random variable, the measurability property (TI) ensures {X; < z;} is an event. The intersection of a finite
number of events is again an event, so

ﬂ?zl{Xi < xi} e F

So N_1{X; < z;} must have a probability. The joint cumulative distribution function (joint CDF) Fx, . x
collecting these probabilities into a function. Define Flx, . x, : R™ — [0, 1] by

FX1,---7Xn (1‘1, ,mn) = P[ﬂ?zl{Xi < .131}] V(l‘l, ,$n) e R"
It can be proven that the joint CDF Flx,

is defined by

n

x,, determines

P(X1,...,X,) € A] VA€ BR")

,,,,,

where B(R") is defined in Appendix D. In particular, if the joint CDF is known, then for any Borel measurable set A C R",
the probability that (X1,...,X,,) lies in the set A can (in principle) be computed, even if (€2, F, P) is unknown.
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E. Independence of random variables

Fix (Q, F, P). Fix n as a positive integer. Random variables X, X, ..., X,, are defined as mutually independent if

Pl {X; <w}] = [[ PIX: <@ VY(on,...,20) €R”
=1

This is equivalent to the joint CDF factoring into a product of marginal CDFs:

FX1,..‘X" (.’1,‘1, ey Jjn) = FX1 (,CL‘l)sz (Ig) s FX" (.CL‘n) V(.’L‘l, 7.’1?71) cR"

Random variables in an infinite sequence {X;}3°, are defined to be mutually independent if Xi,...,X, are mutually
independent for each positive integer n.
It can be shown that if X;,...,X,, are mutually independent random variables then:

e For any sets Ay,..., A, that are Borel measurable subsets of R (defined in Appendix D) and all I C {1,...,n} we have
P[ﬂieI{Xi S Az}] = Hie[ P[Xz S Al]
« For any Borel measurable functions g; : R — R (defined in Appendix D), if E [g;(X;)] is finite for i € {1,...,n} then

E(ITi= 9:(X0)] = TTizy B [9:(X3))

In particular E [X; X5] = E [X;] E [X2] whenever X; and X are independent random variables with finite expectations.

FE. Operations on measurable functions

Basic operations on random variables preserve the measurability property (TI). Specifically, fix (Q, F, P) as a probability
space. The sum or product of a finite number of random variables on this space produces another random variable on this
spacem A linear combination of random variables on this space is another random variable on this space. For example, if
{X;}32, is a sequence of random variables, then for each positive integer n we can define M, : 2 — R by

M, = % D i Xi
meaning that
My(w) = 130, Xi(w) YweQ

and it can be shown that {w € Q : M, (w) < z} € F for all z € R. So M, satisfies and thus M, is a random variable.
More generally, it is known that continuous functions preserve measurability (see Appendix D). Indeed, fix n as a positive
integer and let h : R™ — R be any continuous function. Let X1, ..., X,, be random variables. Define Y = h(X1,...,X,,), so

Y(w) =h(X1(w),...,Xn(w)) YweQ

Appendix D shows that Y satisfies the measurability property (T1) and hence Y is a random variable. For example:
e If h: R — R is the continuous function h(z) = e® for all z € R, then h(X;) = eX1. So X1 is a random variable.
o If h: R? — R is the continuous function h(z1,22) = z129 for all (z1,22) € R?, then h(X7, X2) = X;Xs. So the
product of two random variables is a random variable.
o If h: R® — R is the continuous function h(z1,z2,x3) = Tz1 cos(xs + x3) then h(X1, X2, X3) = 7X; cos(Xz2 + X3).
So 7X; cos(X2 + X3) is a random variable.

G. Summarizing exercises 1 (multiple choice)

1) Let Q = {red, green, blue}. Define X : Q@ — R by X (red) =0, X(green) = 1.2, X (blue) = —4. Then
a) {X <1} = {red, blue}
b) {X? =16} = {blue}
c) {2X > 0} = {green}
d) All of the above
2) Let X be a random variable. What is {X < 8.7}?
a) {we: X(w) <87}
b) A set of outcomes
¢) An event
d) All of the above

10Fix random variables X and Y. If ¢t € R then {X +Y < t} = Ut (a,b)eQ2:atb<t} 1X < a}N{Y < b} is a countable union of events, hence an event.
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3) Let X be a random variable. Which is always true?
a) {X <5} = {X < 5.5)
b) {X <5} 2 {X <55}
¢) {X <5} C{X <5.5}
d) X must take integer values
4) In a probability triplet (2, F, P), if F is the set of all subsets of €2 then
a) all functions X : ) — R are random variables.
b) we cannot define random variables
¢) all events have one outcome
d) some events are not in F
5) If X is a random variable then {X < 5.6} is
a) an event
b) an outcome
¢) a real number
d) a function of w
6) If {X < 5.6} is an event, then {X > 5.6} is an event because
a) all subsets of () are events
b) all events are subsets of {2
c¢) the number 5.6 is special
d) the complement of an event is also an event
7) If {X <5.6} and {Y < 8.3} are both events then {X < 5.6} N{Y < 8.3} is an event because
a) the intersection of two events is also an event
b) the union of events is also an event
¢) all subsets of €2 are events
d) 83-5.6=27
8) If A is an event and P[A] = 0 then
a) A must be the empty set
b) A is not necessarily the empty set
¢) We can apply the central limit theorem to the set A
d) We can take expectations of the set A
9) If X and Y are random variables on some probability space, then X + Y is a random variable because
a) a sum of two random variables is again a random variable
b) a linear combination of two random variables is again a random variable
¢) a continuous function of two random variables is again a random variable
d) all of the above
10) If X and Y are random variables that have the same CDF function, then they must be independent.
a) True
b) False
¢) Unknown
d) Electoral college
11) If Y and Z are random variables then {Y + eZ < Z} € F because
a) all subsets of ) are events
b) Y + e — Z is a random variable and hence satisfies the measurability property
¢) Y is a function of Z
d) Y and Z are functions of w
12) Random variables X and Y are independent if and only if
a) they are uncorrelated
b) they are jointly Gaussian
¢) for all z,y € R the events {X < z} and {Y < y} are independent
d) they converge to a constant
13) Let {X;}32, be independent and identically distributed (i.i.d.) random variables on some probability space. If the
probability experiment produces a particular outcome w* € ) then
a) the first random variable takes the value X;(w*) but the values of { X5, X3, X4, ...} remain unknown
b) the random variables take the values {X; (w*), Xa(w*), X5(w*), Xa(w*),...}
c) the single-outcome set {w*} must be an event
d) if {w*} € F then P[{w*}] >0
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H. Summarizing exercises 2
Fix a probability space (€2, F, P). Let X,Y, Z be random variables on this space.
1) Does X necessarily have a CDF?
2) Do X and Y necessarily have a joint CDF Fx y?
3) Do X,Y, Z necessarily have a joint CDF Fx y, ?
4) Is 4X — Y + 2.1Z a random variable?
5) Is X +2Y + 87 a random variable?
6) Is X +¢¥ a random variable?
7) Is X};erl a random variable?
8) Is {X <3} eF?
9) Is {X >3} e F?
10) Is {X € (2,5]} € F?
1) Is {3(X+Y +2) <8 € F?
12) Is {eX +cos(Y + Z) > 2X} € F?
13) Is {cos(X +Y) <0} U {*X+2) > 3} € F?
14) Is N2 {cos(iX +Y) < £} € F?
15) Fix A € F. Is the following indicator function 14 a random variable? Define 14 : 2 — R by

1 fweAd
la(w) = { 0 else

16) For A € F,is X14 + Y a random variable?

17) For Ac Fand B€ F,is X14 +¢e¥1p + XY a random variable?

18) Fix C C Q such that C ¢ F. Is the indicator function 1o a random variable?

19) Argue that for any a,b € R we have {X € (a,b]} € F.

20) Argue that {X = 2.3} € F by observing {X = 2.3} =N, {X € (2.3 -1/7,2.3]}.

21) Is {X < 2.3} € F?

22) Is {X € {2.3,4.1,9}} € F?

23) Is {XY <8} U{XY =9.1} € F?

24) 8 {XY <7Z}n{YZ > 4}c € F?

25) Is U2 {X =1/i} € F?

26) Suppose X is a random variable. Show the CDF is nondecreasing: x <y = Fx(z) < Fx(y).

27) Suppose X : 2 — R is a random variable. Use {X < n} 7 Q to prove lim, - Fx(n) = 1. Does this also mean that
limg o Fx(2) = 1? In other words, does the answer change if we take the limit over integers or over real numbers?

28) Suppose X : 2 — R is a random variable. Argue that {X < —n} \ ¢. Use this to conclude lim,,_,~, Fx(—n) = 0.

29) Suppose X is a random variable. Fix x € R. Use {X <z + 1/n} N\, {X < z} to show the CDF is right-continuous:
lim,, o Fx(z+1/n) = Fx(x) for all z € R.

30) Suppose X is a random variable that has a continuous CDF. Show that P[X = x] = 0 for all z € R. Hint: Fix z € R
and observe {X =z} C{X € (z — 6, ]} for all § > 0.

31) Create a function h : R — R such that lim,,_,o, h(n) = 1 (the limit is taken over the positive integers n € {1,2,3,...}),
but lim,_,» h(z) does not exist (the limit is taken over real numbers x). Is your h nondecreasing?

32) Fix (2, F,P) and let X,Y be random variables. From first principles, prove {XY = 0} € F.

33) Fix (2, F, P) and let X be a random variable. Define Y = aX + b for some a,b € R. From first principles, prove Y is
a random variable. That is, prove {Y < ¢} € F for all t € R. You can treat the cases a > 0,a = 0,a < 0 separately.
[Note that {b < t} is either  or ¢ depending on if the constants b, ¢ satisfy b < ¢ or b > t.]

34) Let X be a random variable. Show the CDF F'x () has at most countably many points of discontinuity. [Hint: One way is
to use the footnote of Section [[-J| and the fact that the CDF is continuous at a point € R if and only if P[X = x| = 0.]

35) Suppose (€2, F, P) is a probability space such that all single-outcome subsets of the sample space are events, that is,
{w} € F for all w € Q. Suppose there is a random variable X : 2 — R that has a continuous CDF.

a) Show that P[{w}] =0 for all w € Q.
b) Show that €2 is an uncountably infinite set.

36) Suppose random variables X and Y satisfy P[X = Y] = 1. Show X and Y have the same CDF.

37) Suppose X and Y are random variables and P[X = 4.2] = 1. Show X and Y are independent.

38) (Throwing away an event of probability 0 has no significant impact) Let (§2, F, P) be a probability space. Let X : Q@ — R
be a random variable. Let V' € F be a nonempty event such that P[V] = 0. Define Q=QnVve, F= {AeF:AC Q},
P:Q —[0,1] by P[A] = P[A] for all A€ F.

a) Show that (Q, F, P) is a probability space.
b) Define X : @ — R by X(w) = X(w) for all w € Q. Show that P[X € A] = P[X € A] for all A € B(R). [If you

prefer, you can simply show P[X < z] = P[X < z] for all z € R.] So X and X have the same distribution.
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1. Probability desnsity function (PDF)

If X is a random variable then a probability density function (PDF) for X is a nonnegative function fx (x) defined for all
2 € R that can be integrated and that satisfies

ngﬂ:/xhum vz eR (12)

Taking x — oo in the above equality proves that every PDF satisfies 1 = ffooo fx (t)dt. Tt turns out that every nonnegative
function f : R — R that can be integrated and that satisfies ffooo f()dt = 1 is a PDF for some random variable. It can be
shown that if a random variable has a PDF then: (i) Its CDF must be continuous everywhere; (ii) P[X € A] = [ _, fx(z)dz
for all A € B(R) (defined in Appendix D).

The fundamental theorem of calculus can be used with (I2): If a PDF function fx is continuous at a particular point € R
then the CDF Fx is differentiable at x and F% (z) = fx(z). One way to find a PDF for a random variable is to first find
the CDF and then take a derivative at points where the CDF is differentiable. This can often be done at all but a finite or
countably infinite number of points and typically reveals a nonnegative function that can be integrated back to get the CDF.

Every random variable has a unique CDF. Not all random variables have PDFs. For example, a random variable with a
discontinuous CDF cannot have a PDF. When a PDF exists then it is not unique. That is because we can change the PDF value
at a (single) particular point x € R to any nonnegative number without affecting the value of any integral, so the modified
function is also a PDF for the same random variable X.

Famous PDFs are:

e X ~ Exp(A). Fix A > 0. A random variable X is exponentially distributed with parameter A if it has PDF
Ae ™ if x>0

Fx (@) = { 0 else

If desired, we can modify the above PDF to make fx(0) = 0, rather than fx(0) = A, and the CDF is unchanged. So
this is still a valid PDF for a random variable X ~ Exzp()\).
o X ~ Uniffa, b]. Fix a,b € R with @ < b. A random variable X is uniformly distributed over [a, b] if it has PDF

{ ﬁ ifa<xz<b

0 else

fx(z) =

If desired, we can modify the above PDF to make fx(a) = fx(b) = 0 and the CDF is unchanged.
e X ~ N(u,0%). Fix u,0? such that 4 € R and 0 < 02 < oco. A random variable X has a Gaussian distribution with
parameters (i, 02, also called a normal distribution, if it has PDF

1 (z—mw)?
fx(x) = e 22 VrelR
(@) \V2ro?

Caveat: The PDF value fx(x) at a given point € R is a nonnegative real number. It is not a probability. It is easy to size
the parameters of the exponential, normal, and uniform PDFs to find real numbers « for which fx(x) > 1. For example, if
X ~ Unif{0,1/10] then the uniform PDF given above yields fx(z) = 10 for 0 < z < 1/10.

J. Expectation

Expectation and variance are reviewed in Appendix A, including the law of fotal expectation and linearity of expectation:
E[X] =322, E[X|Bi] P[B]
B[S aiXi] = 300 aiB[Xi]

where X is a random variable with finite expectation; {B;}32, is a collection of events that partition the sample space;
Xi,..., X, are (possibly dependent) random variables with finite expectations; a1, ..., a,, are real numbers.

K. What kind of thing is this?

Let (Q2, F, P) be a probability space. Let X be a random variable that satisfies —1000 < X < 1000 surely.
1) What does P[X < 5.2] represent?

a) The probability that X is larger than 4

b) The probability that X is less than or equal to 5.2

¢) The probability that X is an integer

d) The expectation of X
2) What does P[{X > 4} U{X < 2}] represent?

a) The probability that X is greater than 4
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b) The probability that X is less than v/2
c) The probability that X is either greater than 4 or less than 2
d) The probability that X is a prime number
3) What does P[X] represent?
a) The probability that X
b) The P function turns X into an event and then computes its probability
¢) The expectation of X
d) Nonsense
4) We take probabilities of
a) events
b) random variables
¢) expectations
d) sigma algebras
5) We take expectations of
a) outcomes
b) events
¢) axioms
d) random variables
6) What is E [X]?
a) a random variable
b) a probability
¢) a function of x
d) a real number
7) What is 4 + cos(X)?
a) a probability
b) a real number
¢) a random variable
d) nonsense
8) What is E [4 + cos(X)|X > w]?
a) a function of w
b) a probability
¢) a random variable
d) a sigma algebra
9) What is E [8 cos(X)]?
a) a real number
b) an axiom
¢) a function of x
d) a sigma algebra
10) What is P[X < 5]?
a) a real number
b) a random variable
¢) a function of x
d) nonsense
11) What is P[X < z]?
a) the variance of X
b) a random variable
¢) a function of x
d) a real number
12) What is Plcos(X) < ¢]?
a) a random variable
b) a function of ¢
c) a sigma algebra
d) nonsense
13) What is P[cos(X)]?
a) a real number
b) a random variable
¢) a function of x
d) nonsense
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L. Indicator random variable
Let A be an event. Define the binary-valued random variable 14 by

1= 1 if A is true
470 else

In particular, 14(w) = 1 if and only if w € A. The random variable 14 is called an indicator random variable or indicator
function.

M. Bernoulli trials

Fix p € [0,1]. Let {A;}$2, be sequence of mutually independent events with
PlA;)=p Vie{1,2,3,..}

This sequence shall be called i.i.d. Bernoulli trials. Intuitively we can imagine a sequence of independent “trials” or “mini-
experiments,” where each trial i can either be successful or not successful. The event A; is the event that trial 7 is successful.
That is, trial 4 is called a success if and only if event A; is true.

 Bernoulli random variable (X ~ Bern(p)): Define X as an indicator function that is 1 if and only if the first Bernoulli
trial is successful:
X =14,

Then
X €{0,1}
PX=1=p,PIX=0=1-p
ElX]=p
Var(X) =p(1-p)

 Binomial random variable (X ~ Binom(n,p)): Fix n as a positive integer. Let X be the number of successes within the
first n trials:

Then
X €{0,1,2,...,n}

PIX = k] = <Z>pk(1 —p)"F Vke{0,1,..,n}
E[X]=np
Var(X) = np(1—p)

o Geometric random variable (X ~ Geom(p)): Assume p > 0. Define X as the trial index of the first success. Thelﬂ

X e{1,2,3,..}
PIX =k =p(1l-p* ™t Vke{1,2,3, .}
E[X]=1/p
1—
Var(X) = 2p
p
Using the concept of a random element in Appendix D, one might view X as an extended random variable X : Q — R U {oco} if there are
some outcomes w € 2 for which X(w) = oo (meaning there are never any successes). These outcomes, taken together, have collective probability
PX=00]=1-3,P[X =4 =1-37%2,p(1 —p)i~! = 0. Alternatively, one could modify the sample space Q by removing all outcomes in the

zero-probability event {X = oo}. This does not change any probability or expectation because P[X = oo] = 0 (see also item [38|in Section [[II-H).
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N. Famous random variables

Fix a probability space (2, F, P). Let X :  — R be a random variable. Define Sx C R as the set of all possible values
the random variable can take, also called the image of the random variable:

Sy ={X(w) eR:weQ}

« Discrete type: A random variable X is of the discrete type if Sx is a finite or countably infinite setm The CDF of a
discrete type random variable is completely characterized by its probability mass function (PMF) P[X = z] for « € Sx.
Some famous discrete type random variables are Bernoulli, geometric, binomial, Poisson, discrete uniform. Note that the
sample space {2 does not need to be a finite or countably infinite set.

« Continuous type: A random variable X is of the continuous type if its CDF Fx(x) is a continuous function for all z € R,
and if there is a probability density function (PDF). It can be shown that if X has a continuous CDF then it cannot
be of the discrete type. Some famous continuous type random variables are continuous uniform, exponential, Gaussian
(“normal”), Cauchy, student’s-¢.

An example of a random variable X that is neither discrete nor continuous type is any random variable with a CDF Fx (x)
that is continuous and strictly increasing over some interval (a,b), but discontinuous at some point outside (a,b). Often, the
CDF of such a random variable is the integral of a generalized PDF that contains impulses at the points where the CDF has
discontinuous jumps. There are also (rare) examples of random variables with continuous CDF functions but with no PDF.

0. Computing expectations
Assume:
e h:R — Rand g:R? — R are measurable functions.
e X and Y are discrete random variables that take values in the finite or countably infinite sets Sx and Sy, respectively.
e U and V are continuous random variables with joint PDF fy v (u,v) and marginal PDFs fy(u) and fy (v).
E[h(X)], E[g(X,Y)], E[R(U)], E[g(U, V)], E[g(X,V)] are finite.
It can be shown{®]

E[h(X)] = Y hx)P[X =]

TESx
ElgX, V)= > > glyPX ==Y =y
r€Sx YyESy
B0 = [ hufod

E[g(U, V)] = _OO /_oo g(u,v) fuv (u,v)dudv

BV = Y | o) frxmslololas| PLx =l (3
TESx -

:/m S g(@,0)PIX = 2|V = v]| fu(v)dv (14)
X lzeSx

121t is possible for a random variable X : Q — R to have the same distribution as a discrete random variable, even though it has an uncountable image
set Sx . For example, define Q = R, 7 = Pow(R), P : Pow(R) — [0,1] by P[A] = (1/2)110ca} + (1/2)1{1c 4} for all A C R. The resulting triplet
(2, F, P) can be shown to be a valid probability space. Since F = Pow(2), all functions X :  — R are random variables. Define the identity function
X :Q — Rby X(w) = w. Then Sy = {X(w) : w € Q} = R (an uncountably infinite set), but P[X € {0,1}] = 1 and X has the Bern(1/2) distribution
because P[X = 0] = P[X = 1] = 1/2. This is also a rare example where the sample space {2 is an uncountably infinite set, but we can define the sigma
algebra to be Pow(2) (with no contradictions). This is a valid (but overly complicated) way to build a random variable with a Bern(1/2) distribution. Some
would call this random variable X a Bernoulli random variable because it takes values in the set {0, 1} almost surely; others might object because it does
not take values in the set {0, 1} surely. The distinction is a minor one and does not affect any probability calculations (see also item [38|in Section .

BFor example, define Z = g(X,Y) for the discrete random variables X,Y. Let Sz be the discrete set of values Z can take. Now E[Z] =
ZZESZ ZP[Z = Z] = ZzESZ Z (Z(x,y)esx XSy :g(z,y)==2 P[X =zY = y]> = Z:ZESZ Z(x,y)ESXXSy:g(ac,y):z g((ﬂ,y)P[X =z,Y = y] =
> ae Sx ZyE Sy g(z,y)P[X = z,Y = y]. The sums are absolutely convergent and hence are finite and can be switched and summed in any order. In

general, the sum of a countable number of nonnegative numbers always exists and is independent of order (possibly being co). If A is a finite or countably
infinite set and f : A — R is a function then > - 4 f(a) is finite (and yields the same value regardless of summation order) if and only if > - . 4 |f(a)| < oo.
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If {B;}2, are events that partition the sample space and W is any random variable with finite expectation then

= Z]E [(W|B;] P[B;]

Similarly if W has finite expectation:

EW]= Y E[W[X =2]P[X =]
TESx

Emﬂz/m[WW:MthL
/ / EWI|U =u,V =] fu,v(u, v)dudv

EM@=§ZL[M[Ww=av=wﬁwwwmmiﬂx=ﬂ (15)

TESx

:/oo [Z E[W|X =,V =v] P[X = z|V = v]

— |lzeSx

fv(v)dv (16)

The above formulas can be applied, for example, to compute E [f(R,S)] (for some given measurable function f and some
given random variables R, S) by defining W = f(R,S) and using the fact that a measurable function of a finite number of
random variables is again a random variable.

The formulas (T3), (T4), (13), (I6) are given in the above form for simplicity. They implicitly assume the conditional
expectations are well defined and that summations and integrations are taken only over regions of positive support. For
example, it is understood that the formulas (I3) and (T5) can be modified to > . Sx:P[X=z]>0- Ihe formulas can be formally
derived by using, for any event A such that P[A] > 0 and any v € R such that the PDF of V is continuous at v and fy (v) > 0:

fvia(v)P[A] PIAV =] fv(v)
fv(v) ’ P[A]

PIAlV =] = fV\A( v) =

and so when X is discrete and P[X = z] > O:
PIX = |V = ]y (v)

For example, temporarily ignoring technical issues of “divide by zero” and “PDF continuity,” we have
Elg(X,V)]= > E[g(X,V)|X =2] P[X = 1]
TESx
= 3 Elg(e, V)X = a] PX = a]
TESx
= 3 [ ste v svinestoloe] plx - o (18)
r€Sx -
(@) > P[X = z|V =] fv(v) B
= IEXS:X {/_m g(z,v) PIX =] dv] P[X = z]
=y [/ g(z,v)P[X = 2|V = v}fv(v)dv}
TESx -
(:b)/ [Z g(z,v)P[X = a|V = ]| fv(v)dv (19)
—° [zeSx

where equality (a) uses (T7); equality (b) switches the order of summation and integration and is formally justified by the
Fubini-Tonelli theorem of measure theory (and the fact that E [¢(X, V)] is finite). Observe that (I8) is identical to formula
(13); (19) is identical to formula (T4). The derivation of formulas (T3)) and (16) is similar. It should be emphasized that the
above derivation is “stylized” because it ignores conditions for (I7) to make sense (P[X = z] > 0, fy/(v) > 0, the PDF fy is
continuous at v). In most cases when these formulas are applied, the PDFs or conditional PDFs are continuous or piecewise
continuous over a region of positive support. The integrals and summations can be taken over appropriate terms and intervals.

The formula (T7) treats the case when X is discrete ?’?e and V is continuous type. When U,V are continuous with joint

PDF fy v (u,v) the formula becomes fy |y (v|u) = fU‘VfU(us ©) Via the definition Jov (ulv) = fufgigz)”)
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P. Exercises (computing expectations)

The following multiple choice problems can be solved by computer. For example, to verify that > -, i(1/2)" = 2 see:
https://www.wolframalpha.com/input?i=sum+i*%281%2F2%29%5E1%2C+1%3D1..%5Cinfty

The problems ask you to compute expectations. Assume X, Y, U, V are mutually independent random variables and
e X and Y are discrete type with X ~ Geom(1/2), Y ~ Unif{1, 2, 3}.
e U and V are continuous type with U ~ Exp(2) and V' ~ Unif[0, 1].
1) E[X]
a)3
b) 2
c) 2.01
d) -4

2) E[XY]
a) 4
b) 3.01
c)3
d) 0.5

3) E[X cos(X)]
a) 0.8763390100
b) -0.3222562303
c) 2.5489534553
d) 0.7427489902

4) Ecos(X +Y)]
a) 0.5001128203
b) -0.0034884486
c) 0.4784639274
d) -0.3820557339

5) B [ XteosXY)
2) 0.2117893563
b) -1.3378566408
¢) 03256249016
d) 0.3899440031

6) E[U]
a)3
b) 2
c) 172
d) 1/x

7) E[U2+U]
a)3
b) 4
o5
d) 1

8) E [U cos(U)sin(U?)]
a) 0.334671
b) 0.224671
c) 0.114671
d) 0.004671

9) Ecos(U + V)]
a) 0.48930


https://www.wolframalpha.com/input?i=sum+i*%281%2F2%29%5Ei%2C+i%3D1..%5Cinfty

NEELY, UNIVERSITY OF SOUTHERN CALIFORNIA, SPRING 2024

10)

1)

12)

13)

14)

15)

16)

17)

18)

b) 0.58930
¢) 0.68930
d) 0.10334
E| e

a) 0.39270
b) 0.12124
¢) 0.00001
d) 0.29938

E [cos(X + V)]
a) -0.11874

b) -0.24863

c) 0.34998

d) 0

a) 1.570

b) 1.9903
¢) 1.1001
d) 2.3202

Suppose E [W|X = k] = k? for all relevant k. E[W] =?
a) 5.5

b) 6

¢) 6.5

d)7

Suppose E [W|X = k] = cos(k + 4.5) for all relevant k. E[W] =?
a) 0.101136
b) 0.205982
c) -0.490835
d) 0.573531

Suppose E [W2|X = n,Y =m] = exp(—(n + m)) for all relevant n, m. E [W?] =?

a) 0.2098740
b) 0.0415488
c) 0.0539852
d) 0.0659552

Suppose E [W|U = u,V = v] = uv for all relevant u,v. E [W] =?
a) 1/2

b) 1/4

c) 1/8

d) 1/16

Suppose E[W|U = u,V = v] = cos(u + v?) for all relevant u,v. E[W] =?
a) 0.599512
b) 0.699512
c) 0.399512
d) 0.299512

Suppose E [¢"'|X =n,V = v]| = no for all relevant n,v. E [¢"] =?
a) 0.89887

b) 0.78994

o)1

d) 0.93032
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19) Suppose E [W|X =n,V = v] = cos(n + v) for all relevant n,v. E [W] =?
a) 036561
b) -0.18879
¢) 0.19454
d) -0.24863

20) Give a formula for E [r(U, V, W)] given a measurable function r and a joint PDF f v w (u, v, w).

21) Let A be an event and suppose P[A|X = z] is known for all relevant z. Give a formula for P[A]. Design and solve a
problem of this type.

22) Let A be an event and suppose P[A|X = z,Y = y] is known for all relevant z,y. Give a formula for P[A]. Design and
solve a problem of this type.

23) Let A be an event and suppose P[A|U = u] is known for all relevant u. Give a formula for P[A]. Design and solve a
problem of this type.

24) Let A be an event and suppose P[A|U = u,V = v] is known for all relevant u, v. Give a formula for P[A]. Design and
solve a problem of this type.

25) Let A be an event and suppose P[A|X = z,V = v] is known for all relevant z,v. Give a formula for P[A]. Design and
solve a problem of this type.

26) Let X and Y be independent discrete random variables with finite image sets Sx and Sy. Prove E [XY] =E [X]|E[Y]
by the fact P[X = x,Y =y] = P[X = z]P[Y =y] for all (z,y) € Sx x Sy.

27) Let X be a discrete random variable with finite image set Sx. Let g : R — R be any function and define Y = g(X). Argue
that Y is a discrete random variable with a finite image set Sy. Show that ) .o yP[Y =y] =3 ¢ g(z)P[X = z].

28) Let X,Y be discrete random variables with finite image sets Sx,Sy. Let h : R? — R be any function and define
Z = h(X,Y). Argue that Z is a discrete random variable with a finite image set Sz. Show that ) ¢ 2P[Z = 2] =

ZxESx ZyESy h(xay)P[X =, Y = y]

Q. Make your own examples

1) Give an example of random variables X, Y that are dependent.
2) Give an example of random variables X,Y such that X ~ Unif[0, 1], Y is continuous type, and E [Y|X = z] = 3z for
all x € [0,1]. Are X and Y independent?
3) Give an example of random variables X,Y such that X ~ Unif[0,1], Y is discrete type, and E [Y'|X = z] = 3z for all
x € [0,1]. Are X and Y independent?
4) Give an example of random variables X, Y such that X ~ Unif0, 1], and E[Y|X = z] = 22 for all z € [0,1]. Are X
and Y independent?
5) Give an example of a random variable X such that E [X] is finite but E [X?] = oc.
6) Give an example of a random variable such that E [X] = DNFE (Does Not Exist).
7) Give an example of a continuous type random variable with E[X] =1 and Var(X) = 3.
8) Give an example of a discrete type random variable with E [X] =1 and Var(X) = 3.
9) Give an example of a random variable X with E[X] =0, E [X?] =8, E [X*] = 65.
10) Is it possible to construct a random variable X with E[X] =0, E [XQ] =8 E [X4] = 60?
11) Give an example of dependent random variables X,Y such that X € {0,1} and E[Y|X = z] =0 for all z € {0, 1}.
12) Give an example of random variables X, Y that are uncorrelated but not independent.
13) Give an example of something interesting that involves random variables.

R. Manufacturing random variables

Fix (Q,F, P). Suppose X and U are independent random variables such that X ~ Bern(1/2) and U ~ Unif[0, 1]. We
want to manufacture new random variables as measurable functions of X and U.

1) Build a random variable Y ~ Bern(1/7).

2) Build a random variable Z with E [Z] = 0 and Var(Z) = 100.

3) Build a random variable R ~ Bern(1/2) such that E[XR] = 1/8.

4) Build a random variable W ~ Bern(1/2) such that E [XW] is maximized.

5) Build a random variable H ~ Bern(1/4) such that E [X H] is maximized.

6) Build a random variable J such that E[XJ] =8 and E[UJ] = —1.

7) Build a random variable K such that E [K] = 42 and X, U, K are mutually independent.

8) Build a random variable A ~ Unif[0, 1] such that E[X A] = 1/8.
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S. Expectation inequalities

If X and Y are random variables with finite expectations then it can be shown
(X<Y) = E[X]<E[Y]
As a consequence, if X is a nonnegative random variable (so X (w) > 0 for all w € ) then for all ¢ > 0 we have
(X = elixzg) = (E[X] = €E [1ix>q])

which proves the Markov inequality for nonnegative random variables (for any e > 0):

P[Xze]gg

If X has mean p and finite second moment then the Markov inequality implies the following Chebyshev inequality: For all

€ > 0 we have
_E[X—pP] _ Var(x)

PIX | = d = P[X - P > &) <~ ; 20)

€
If X and Y are random variables with finite second moments E [X 2] and E [YQ] , then XY has finite expectation and

€

EXY]? <E[XY| <E[X?]E[y?]
where the second inequality is a form of the Cauchy-Schwarz inequality for random variables X, Y with finite second moments:
E[XY])* <E[X?|E[Y?] 1)

which can be proven by first assuming 0 < E [Y?] < oo, observing the function f(a) = E [(X — aY)?] is always nonnegative,
and then finding the minimizer a* € R (the case E [YQ] = 0 can be treated separately). The Cauchy-Schwarz inequality
is met with equality when X = aY for some a € R. More generally, the Cauchy-Schwarz inequality is met with equality
if and only if either P[Y = 0] =1 or P[X = aY] =1 for some a € R.

T. Using words to define random variables

Sometimes a probability problem is presented with given random variables, so existence of a probability space (€2, F, P)
that houses those random variables can be assumed. Other times we have the opposite situation: We want to formulate and
solve our own probability problem. In this case, the problem and the random variables of interest should be formulated with
clear and consistent words. For example, suppose we independently flip 5 fair coins. Using clear and consistent words, we
defind™]

e X = Number of flips that are HEADS

e Y = Number of flips that are TAILS

e Forie{1,2,3,4,5} define H; = 1 if flip ¢ is HEADS (else define H; = 0).

The coin flips are assumed to be ordered so we can distinguish flip 1, flip 2, and so on. The random variables {H,}>_; are
known to be i.i.d. Bernoulli(1/2) because the flips were stated to be both independent and fair. While the sample space
and the sigma algebra F have not been specified, it is implicitly assumed these things exist and that X, Y, H; are valid random
variables (meaning they satisfy (I1))). This existence is enough to apply the properties of probability and expectation:

X+Y=5= E[X]+E[Y]=5 (22)
5 5 5

X=>H = E[H]:ZE[Hi}:ZP[Hizl]:g (23)
=1 =1 =1

5 5
5
Var(X) =V ) =S Var(x;) = 2 ”
ar(X) ar(% ) 1:21 ar(X;) 1 (24)
where (24) has used the fact that {H;}?_, are mutually independent (and hence pairwise uncorrelated).
The equations X +Y =5 and X = Zle H; indeed mean
Xw)+Y(w)=5 VweQ

5
X(w) =) Hiw) VweQ

14An example of words that are not clear and consistent is this: “Let X be the number of heads, let Y be the number of tails, and assume X and Y are
independent.” The assumption about independence of X and Y is not consistent with the fact X + Y = 5. It is fine to define X as the number of heads and
Y as the number of tails, but the joint distribution of (X,Y) must be consistent with the rest of the problem. In this case, the joint distribution of (X,Y)
must be derived from the basic description of the problem, not defined.
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There are infinitely many probability spaces (02, F, P) that fit this coin flipping problem. For example, consider the finite
sample space
Q={(z1,...,25) : zs € {H, T} Vied{l,..5}}

with F = Pow(). Define P : Pow(Q) — [0, 1] as the probability measure where all 25 outcomes w € ) are equally likely.
Using w = (z1,...,25), define X : Q >R, Y : Q> R, H; : Q= Rforie{l,...,5} by

5
X(w) = Z 1{27’:1{} Yw € Q
=1
Y(w)=5-X(w) VYweQ
Hz(w) = 1{zi:H} Yw € Q

where notation 14 denotes a function that is 1 if condition A is true, and 0 else. These functions X, Y, H; are indeed functions
from ) to R. The measurability requirement is automatically satisfied because F = Pow(f), so X,Y, H; are indeed
valid random variables. Other probability spaces (€2, F, P) could be used for this same problem, including spaces that contain
results for an infinite sequence of coin flips (where we only care about the first five flips), or spaces that include results about
flipping coins and rolling dice (where we only care about flipping coins).

What if we have a problem that requires an uncountably infinite sample space £2? Then we typically cannot use F = Pow(2).
For example, consider throwing a dart at a circular dart board of radius 1. Suppose the location of the dart is uniformly distributed
over the board. We can define the uncountably infinite sample space of all possible locations:

Q={(z,y) eR? : 2 + 4> < 1} (25

It can be shown that there is a sigma algebra on R2, called B (Rg), which consists of all subsets of R2? with a well defined
area (possibly having area 0 or 0o) and a function p : B(R?) — [0, 00) U {oc}, called the standard Borel measure on R?, that
satisfies countable summability and such that for all A € B(R?) the value u(A) is the area of A. Also, it holds that

Q € B(R?)
p(§d) =m
For our dartboard problem we can formally define F and P : F — [0, 1] by
F={AcBR?:ACQ}
pla = M yaeF
™

It can be shown that F is a sigma algebra on 2 and P is a probability measure. For each A € F, the value P[A] is equal to
the ratio of the area of set A to the total area of the dart board (which is 7). The random location of the dart can be represented
by a pair of random variables (X,Y) where X : @ - R and Y : Q — R are defined (with w = (z,y)) by

X(z,y) =2 V(r,y) €N
Y(z,y)=y V(z,y) €Q

These X and Y functions are continuous functions from a Borel measurable subset of R? to the real number line, and hence
can be shown to be Borel measurable. In particular, it can be shown that they satisfy the measurability requirement (TI) so
they are valid random variables. Cases where three darts are independently thrown at the same dart board can be treated by
using an advanced concept of product space that allows taking the probability space (€2, F, P) that was constructed for one
dart, and then expanding it to form a new probability space (Q,]:" , ]5) that allows three “independent copies” of the single
dart experiment. Specifically

Q =OxOx0= {(wl,OJQ,OJg) cw; €Q Vie {1,2,3}}

while definitions for F and P are a bit more complicated (see Appendix D and [7][3])

What if we define our own problem and our own random variables with words such as “let X be the number of devices
connected to the communication network at a certain time” or “let Y be the number of people in a given population that
have a certain disease.” How can we know if there exists a probability space (€2, F, P) that fits the problem of interest? How
can we know if X and Y truly satisfy the measurability requirement (TI)? Fortunately, most practical problems indeed have
probability spaces (2, F, P) that fit (and that make our functions valid random variables), so we can often assume existence
of (2, F, P) without explicitly stating what it is. In more detail, we have two rules of thumb:

I5For this product space, F and P are often denoted F = F ® F ® F and P = P ® P ® P, where the notation ® acts as a reminder that product spaces
are being used. The set 7 ® F ® F is defined as the sigma algebra generated by the collection of sets of the type A x B x C' where A, B,C € F. It can
be shown there is a unique probability measure P : F — [0, 1] that satisfies P[A x B x C] = P[A]P[B|P|C] for all A, B,C € F. See details in [7][3].
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1) Suppose the problem can be described by a finite or countably infinite sample space 2. Then we can use F = Pow(2).
This means that all functions from (2 to R automatically satisfy the measurability requirement and hence are random
variables. In this case, the probability measure is the one that specifies the probability mass P[{w}] for all w € Q.

2) Suppose the problem cannot be described by a finite or countably infinite sample space, but it can (in principle) be simulated
on a computer using a sequence of i.i.d. Unif][0, 1] random variables that are the result of sequential calls to a random
number generator. As argued in Appendix D, the problem can be housed in the probability space ([0, 1], B([0, 1]), i), so
that Q = [0,1], F = B([0,1]), and P = p.

IV. CONVERGENCE
A. Convergence surely, almost surely, in probability, in mean square

Fix a probability space (£, F, P). Let {Y;}22, be a sequence of random variables. Let Y be another random variable.
Definition 3: We say Y,, — Y surely if
lim V,(w) =Y (w) YweQ

n—oo

Definition 4: We say Y,, — Y almost surely (also called convergence with probability 1) if
r Hw €Q: lim Y, (w) = Y(w)H =1
n—oo
Definition 5: We say Y,, — Y in probability if for all ¢ > 0 we have
lim P[|Y, —Y|>¢ =0
n— oo

n

lim E[(Y, -Y)’] =0

n—oo

Definition 6: We say Y,, — Y in mean square if E [YQ] < oo forallne{l1,2,3,...} and

The set {w € Q : lim,,_,o Yy, (w) = Y (w)} used in Definition [4] is formally shown to be in F in Appendix C. With respect
to these types of convergence, it can be shown that

surely = almost surely = in probability
The Chebyshev inequality can be used to showE']
mean square = in probability
Finally, it can be shown that if Y,, — Y in probability then a property called convergence in distribution holds:
Jlim Fy, (y) = Fy(y)

for all y € R at which Fy is continuous, where Fy, (y) = P[Y,, < y] and Fy (y) = P[Y < y| are the CDF functions for Y,
and Y, respectively.

B. Law of large numbers (LLN)

Random variables {X;}5°, are said to be independent and identically distributed (i.i.d.) if they are mutually independent
and if all random variables have the same marginal CDF, so that

Fx,(z) = Fx,(x) VexeR,Vie{l,2,3,...}

Theorem 2: (Law of Large Numbers — LLN) If {X;}$°, are i.i.d. random variables with finite mean 4 (so E [X;] = p for
all i € {1,2,3,...}), then

R
nh_)rr;o - Z X; =p  almost surely

i=1
Proof: A proof for the special case when the random variables have a finite variance is given in Appendix B. A full proof
that allows Var(X;) = oo is given in [8]. O

16Tf there are real numbers ¢ > 0,e > 0 such that E [|Yn|2+€] < cforall n € {1,2,3,...}, then mean square convergence is equivalent to in
probability convergence. This can be seen for the special case when Y, — 0 in probabi21ity by fixing § > 0, defining A, = {|Y»| > ¢}, and then

2
E [V;2] < 62 + E [Y;2|An] P[An]. Jensen’s inequality for the concave function f(t) = ¢tZ+< for all ¢t > 0 gives E [V;2|[Ap] = E [(\Yn|2+6) 2+e \An] <
2
E [\Yn|2+f\An] 2+<. Counter-examples exist when there are no such c, e values (see item [2|in Section .




NEELY, UNIVERSITY OF SOUTHERN CALIFORNIA, SPRING 2024 24

The above theorem requires the random variables X; to have a finite mean, but allows them to have a possibly infinite
variance. This version of the LLN is often called the strong law of large numbers because it treats convergence almost surely.
The almost sure convergence in Theorem [2] means that if we define A as the set of all outcomes in the sample space for which
the limit converges to u, then P[A] = 1. That is

o 1g
A—{wEQ.nlirrgon;Xi(w)—ﬂ} (26)

and P[A] = 1. Defining A¢ = Q\ A as the complement of set A, it follows that P[A¢] = 0. The set A° contains all outcomes
for which the limit either does not exist, or the limit exists but is not equal to u. The set A° may contain uncountably many
outcomes, so it is remarkable that the LLN ensures P[A¢] = 0.

Appendix B shows that convergence almost surely implies the weaker convergence in probability: For all e > 0 we have

U_%ZXi

=1

lim P

n—roo

> ;| =0 27

In many applications the i.i.d. random variables {X;}°, have both finite mean and finite variance, so E[X;] = p and
Var(X;) = o? for all i € {1,2,3,...}. In this case it holds by linearity of expectation and basic properties of variance that

17L 1TL
E-N "X;| ==Y E[Xi|=p Vne{l,2,3,...
D R R
2

1 & 1 - @ 1 <& o
Var (=S X, | =~V 1Y S varx) =2 vne{1,2,3...
ar (nz_zl ) 3 ar (; ) n2; ar(X;) - n € { }

where step (a) uses the fact that the variance of a sum of pairwise uncorrelated random variables is the sum of variances. It
follows that the mean of %Z?:l X, is always p, while its variance converges to 0 as n — oco. This provides a great deal of
intuition for the LLN. Further, the fact that the variance converges to zero can be used, together with the Markov/Chebyshev
inequality, to directly prove the weak convergence result given in (27). More work is required to prove the stronger result for
almost sure convergence given in Theorem [2| (see Appendix B and [8]).

C. Applying the LLN twice

If A and B are events that satisfy P[A] = 1 and P[B] = 1, the axioms of probability can be used to prove P[AN B] = 1.
This fact impacts the following important example. Assume:

o {X;}$2, are ii.d. random variables with E [X;] = 5.7 for all ¢ € {1,2,3,...}.

o {T;}52, are ii.d. random variables with E [T;] = 17.1 for all ¢ € {1,2,3,...}.

o Each T; is surely positive. That is, T;(w) > 0 for all w € , ¢ € {1,2,3,...}.
In this example, the random variables {X;}$°; are assumed to be i.i.d. amongst themselves; the random variables {7;}52; are
i.i.d. amongst themselves. However, there can be arbitrary dependencies between the X; and T variables. For example, we
might have T; = cos(X;) + 17.1 for all ¢ € {1,2,3,...}.

For each positive integer n, define the random variable Z,, by

_ Z?:l Xi

Y T
The random variables T; are assumed to be surely positive to avoid the undefined case of division by zero.

Does Z,, converge to anything? If so, does it converge almost surely? To answer this question, let us first fix a particular out-
come w* € Q. Then {X;(w*)}2,, {Ti(w*)}2,, and {Z,, (w*)}22, are just sequences of real numbers (they are deterministic,
not random). Suppose w* is an outcome under which these sequences satisfy

Zn

1 n
lim ;ZXi(w*) =57 (28)
1=1
1 n
lim =Y T(w*) =17.1 29
Ji, 5 2 T 29)
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where limits of real-valued sequences are defined in basic calculus. Then we can conclude:

a ” X;(w*
lim Zo(w*) @ Tim it
n— 00 n— 00 Zi=1Ti(w )

novoo L350 Ti(w?)

(e 5.7

BRTAl
where the equality (a) uses the definition of Z, (w*); the equality (b) multiplies and divides by 1/n; the equality (c) uses
(28)-(29) and the basic calculus fact that the limit of a ratio is equal to the ratio of limits (provided the limits exist, are finite,
and the limit in the denominator is nonzero). Therefore, if our particular w* satisfies both and , then we can conclude

. . 5.7
A Zn(@”) = 177
Of course, in a real problem, the outcome w € ) is chosen randomly by nature (according to the probability measure P). How
likely is it that the particular w chosen by nature satisfies both (28) and (29)? The LLN applied to the i.i.d. sequence {X;}5°,
ensures that our randomly selected w satisfies (28)) with probability 1. The LLN applied to the i.i.d. sequence {7;}°, ensures
that our randomly selected w satisfies (29) with probability 1. Hence, our randomly selected w satisfies borh 28) and (29)
with probability 1. We formalize this argument in the following claim.
Claim: We have

(30)

Z, — —— almost surely

Proof: Define the following events A, B, C
R
A= {w eQ: 7,,11_{20 -~ ;:1 X;(w) = 5.7}

o 1g
B = {weQ:nh_)ngon2ﬂ(w)—17.1}

5.7
= Q: lim Z = —
¢ {w €Q: lim Z,(w) 17,1}

The LLN ensures P[A] = 1 and P[B] = 1. Thus, P[AN B] = 1. However, if w € AN B, we know (by the fact that the limit
of a ratio is the ratio of limits) that w € C. Indeed, just repeat the argument (30) but change w* to w. It follows that

ANBCC
Thus
P[AN B] < P[C]

———
1

Since the left-hand-side of the above inequality is 1, and P[C] cannot be larger than 1, it follows that P[C] = 1. OJ

We have made good use of the following probability fact:
(P[A]=1and P[B]=1) = (P[ANB]=1)

The following theorem is a generalized version of this fact.

Theorem 3: Let {A;}32, be a countably infinite sequence of events.

a) If P[A;] =0 for all 4 € {1,2,3,...} then P[U2;A;] =0.

b) If P[A;] =1 forall i € {1,2,3,...} then P[N, A;] = 1.

Proof: To prove part (a), suppose P[A4;] =0 for all ¢ € {1,2,3,...}. The union bound implies

PIUE AT < 3P4 =3 0 =0
i=1 i=1

This proves part (a).
To prove part (b), suppose P[A4;] =1 for all i € {1,2,3,...}. It suffices to prove that
P[(MiZ,4:)] =0

17A representation in of Appendix C formally proves the sets A, B, C' are events.
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We have by De Morgan’s law
(M1 4:)° =

Thus
P[(N21A;)°] = P[UZ, Af

which uses the fact that P[AS] =0 for all ¢ € {1,2,3,...}.

D. Exercises related to i.i.d. dice rolls

oo c
izlAi

1< 3" Pz =0

26

Consider an infinite sequence of fair and independent dice rolls. Model the system with probability space ({2, F, P) where

Q= {(7’1,7‘2,7"3, ) T € {1,2,3,4,5,6} Vi € N}

so each outcome w € ) has the form w = (r1, 73,73, ...). For ¢ € N define

XZ(OJ) = Xi(’f’l,’l"g,?"37 ..

J=r Ywel

Assume P : F — [0,1] is such that {X;}$°; are i.i.d. random variables and

PX;=r]=1/6 Vre
Define X = X; and observe that E[X] = 3.5. Define A as in (26)

{1,2,3,4,5,6}
(using p = 3.5).

1) The law of large numbers says that P[A] and P[A°| have what values?

2) Define wy = (1,1,1,1,1,1,1,1,...) as the outcome where all

rolls are 1. Is w; € A?

3) Define ws = (5,6,5,6,5,6,5,6,...) as the outcome where rolls alternate between 5 and 6. Is wy € A?
4) Define w3 = (3,4,3,4,3,4,3,4,...) as the outcome where rolls alternate between 3 and 4. Is w3 € A?

5) Specify two new outcomes wy,ws such that {w4,ws} C A°.
6) Specify two new outcomes wg, w7 such that {we, w7} C A.

7) Explain why there are infinitely many outcomes in A€ (in fact, uncountably many).

8) Explain why there are infinitely many outcomes in A (in fact,

uncountably many).

9) Compute P[N?_,{X; = 1}] for all n € N. Compute P[{w;}] = P[N2,{X; = 1}].

10) Compute P[{ws}].
11) For w € Q, compute P[{w}].

12) Complete the following two sentences using words/phrases/numbers in the set:

{dominate, 42, countably many, uncountably many, are negligible, exciting, law of large numbers, electoral college}

Even though there are [ ] outcomes in A€, there are also [
collectively [ ] in terms of probability.

] outcomes in A. The [

] ensures the outcomes in A

13) For each n € N, use the Markov/Chebyshev inequality to upper bound P [1 3" | X; ¢ (3.49,3.51)].

E. Exercises with multiple choice

For the following exercises, assume
o {X;}2, are ii.d. Bern(1/2)

o {Y;}$2, are iid. N(0,1)

o {Z;}52, are ii.d. Geom(1/5)

o {W;}2, are i.i.d. Bern(p)

o The sequences {X;},{Y:},{Z;}, {W;} may depend on each other

1) The expectation of an indicator function is
a)0
b) the variance of its inverse
¢) an outcome
d) the probability the indicator function is 1

100 .
,—1 W; approximates p we

2) For insight into how closely 1i5 >
a) discard half the samples
b) compute Var(15s Zjﬂﬂ W)
c) assume W; ~ N(0,1).

d) use the Slytherin theorem

can
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3) The probability that both lim,,,oe = 37 | X; = 1/2 and limy, 00 2 30 Y; = 0 is
a) Unknown
b) 1
)0
d) 1/4

4) With prob 1 lim,, = >7 | cos(X;) =
a)0
b) 0.2309
¢) -0.3480
d) 0.7702

5) With prob 1 lim,, oo £ 30 (Vi + Z;) =
a)5s
b) 25
¢) 1/10
d) 1
6) With prob 1 lim,_,ec %i % =
a) 1/20
b) 4
¢) 1/10
d) Unknown

7) With prob 1 lim, ;e % —
a) 2
b) 1/4
o) 1/8
d) 1/5

8) With prob 1 lim, o £ Y7 | X;Y; =
a) 12
b) 1/3
c)2
d) Unknown

9) With prob 1 lim, e g i) Xoi =
a) 1/8
b) 1/32
c) 172
d) 1/16

"o eXi

10) With prob 1 lim,,_, oo % —
a) 0.2099
b) 0.3099
¢) 0.4099
d) 0.5099

I E [ 2% v =
a) 5
b) 0
) 10
d) 2.5

12) Var(5 .0 Xi) =
a) 1/400
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b) 1/1600
c) 1/100
d) 2/350

13) Var(ygs iy Zi) =
a) 0.02
b) 0.15
¢) 0.90
d) 1.80

1=

14) Explain why Var (ks 1% X;Z;) is unknown.

F. Design your own examples

1) Fix p € (0,1). Give an example of a sequence {V;}52, of Bern(p) random variables such that 2 3" | V; does not
converge to p almost surely as n — oco. Explain why the example requires p € (0,1) instead of p € [0, 1].

2) Fix p € [0,1]. Give an example of a sequence {V;}1%9° of Bern(p) random variables such that
1000 -
Var <T100 > i1 Vi) — X 2 =

3) Give an example of mutually independent random variables {X;}$2, with Var(X;) =1 forall ¢ € {1,2,3,...} and with
distinct means E [X;] = y; (so that i # j => p; # p;), such that 237" | X; — 0 with probability 1.

4) Give an example of a sequence of Bern(1/2) variables {X,,}52 ; such that with probability 1 the string “00111” appears
an infinite number of times, but the string “010” never appears.

5) Give an example of a sequence of mutually independent Bernoulli random variables {X,,}22 ; such that with probability
1 the string “00111” appears an infinite number of times, but “000” never appears.

6) Give an example of a sequence of mutually independent Bernoulli random variables {X,,}52 ; such that with probability
1 the string “00111” appears an infinite number of times, the string “000” never appears, and lim,, % i, X; does
not exist.

G. Exercises related to simulation

Suppose that a randomly formed network with a certain structure is connected with some unknown probability p. To estimate
p, we write a computer program that loops over iterations ¢ € {1,...,n}. At iteration i, a new network ¢ with the desired
structure is randomly generated using multiple calls to a random number generator rand(). Then, a subroutine is run to determine
whether or not that particular network 7 is connected. Let X; be a Bernoulli random variable that is 1 if network ¢ is connected,
and 0 else. Define P, = % >i, X; as an estimate of p based on these n samples.

1) {X;}7, are identically distributed because
a) They are independent
b) They are part of an infinite sequence
¢) The same software is used to generate each network i
d) All of the networks ¢ € {1,...,n} are connected

2) {X,}, are mutually independent because
a) They are part of an infinite sequence
b) The same software is used to generate each network ¢
¢) They have the same distribution
d) Each call to rand() generates a random variable that is independent of the past

3) Which theorem relates to using P, as an estimate of p?
a) The law of large numbers
b) The law of total probability
¢) The law of total expectation
d) De Morgan’s law

4) Compute E [I:’n} and Var(P,) for all n € {1,2,3,...}.
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5) Fix n = 800. Give a numerical upper bound on the mean square error of the estimate Pyoo. That is, compute an upper
bound on E [(Psoo — p)2 . Your bound should be a number (not a function of p).

6) Fix n = 800. Use the Chebyshev inequality (see Section [V to find a 95% confidence interval for p based on 800 samples.
That is, find a numerical value € > 0 (that does not depend on p) so that P[p € [Pgoo — €, Pyoo + €]] > 0.95.

7) Fix n = 800. Use the Hoeffding inequality (see Section [V) to find a 95% confidence interval for p based on 800 samples.
That is, find a numerical value € > 0 (that does not depend on p) so that Plp € [Pgoo — €, Pyoo + e]] > 0.95. How does
the size of the interval compare to the interval obtained by the Chebyshev inequality?

8) Using the Hoeffding inequality (see Section [V), how many samples n are needed to obtain a 95% confidence interval
[P, — 0.01, P,, +0.01] for p?

H. Additional exercises on convergence

1) Define Q@ = {apple,banana,carrot} and F = Pow(f2). Assume P[{apple}| = P[{banana}] = 1/2 and
P[{carrot}] = 0. For n € {1,2,3,...} define X,, : @ — R by X,(apple) = 1/n, X,(banana) = 277,
Xp(carrot) =n. Show X,, — 0 almost surely (but not surely).

2) Let X : Q — R be a random variable with E [X?] = oo. Define Y,, = X/n for n € {1,2,3,...}. Show that ¥,, — 0
surely (and hence almost surely and in probability), but not in mean square.

3) Fix (Q,F, P). Let X : Q — R be a random variable. Suppose X ~ Geom(p) for some p € (0, 1]. Define Y;, = 2" 1 x5py
for n € {1,2,3,...}. Show that Y,, — 0 surely. Compute E [Y},] and E [¥;?] for all n. For which values of p does Y,, — 0
in mean square?

4) Fix (Q,F, P). For simplicity, assume {w} € F for all w € €. Show that in the special case when €2 is a finite or
countably infinite set, then convergence in probability is equivalent to convergence almost surely. [Hint: It suffices to
consider random variables Y,, that converge to 0 in probability, then show they also converge to 0 almost surely.]

5) Let {X,,}5, be ii.d. Bern(1/2). Define Y,, = X,,X,,+1 for n € {1,2,3,...}. Show there is a constant ¢ € R such that
LS 'Y, — ¢ with probability 1.

V. SEQUENCES OF RANDOM VARIABLES
Let {X;}3°, be an infinite sequence of random variables, each with finite mean and variance. It holds that
i.i.d. = pairwise independent —> pairwise uncorrelated
Suppose {X;}5°, are pairwise uncorrelated, possibly having different distributions, but all having the same mean and variance:
EX;]=p Vie{l,2,3,..}
Var(X;) =o0? Vic{1,2,3,..}
where ;2 € R and 0 < 02 < oo. For each positive integer n define

1 n
ZEZXi

1 n
= X —
Vno? Z(
i=1
Linearity of expectation and the variance properties for pairwise uncorrelated random variables can be used to show

E[M)]=p Vne{1,23,..}
2
Var(M,) = % vn € {1,2,3,...}

which motivates the law of large numbers, and
E[G,]=0 Vne{l,2,3,...}
Var(Gp,) =1 VYne{1,2,3,...}
which motivates the central limit theorem. In particular, if we additionally assume {X;}5°, are i.i.d. then the central limit

theorem (CLT) implies that the distribution of G,, converges to the N (0, 1) distribution, being the distribution of a Gaussian
random variable with mean 0 and variance 1:

n—oo — oo e

S| 2
lim P[G,, < 7] :/ ——e 24t Yz eR
- A/
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This type of convergence is called convergence in distribution. The law of large numbers (LLN) implies a stronger form of
convergence: If {X;}2°, are i.i.d. with finite mean p then M,, — p with probability IP—_g]
Since E [M,,] = p and Var(M,,) is known, we can fix € > 0 and use the Chebyshev inequality (20) to conclude
Var(M,) 2

PIM, —p 2 d < == =~ Wne{1,2,3,..} 31)

Q

A. Hoeffding inequality
A related Hoeffding inequality is useful when the random variables are bounded. Here we state the result without proof:

Let {X;}32, be a sequence of mutually independent random variables (they do not need to be identically distributed). Define
w; = E[X;] for i € {1,2,3,...}. If there are real numbers «a;, b; such tha

angz(W)gbz Vi€{1,2,37...}, Yw € Q

then
« Single-sided Hoeffding inequality: For all ¢ > 0 we have

Plzn:(x )> el < (262"2 ) Vne{1,2,3,...}
- i — i) > €| <exp | —=5 n 2,3, ...
n i=1 i Z'LL:I (bl - a‘i)Q
o Double-sided Hoeffding inequality: For all € > 0 we have
1 & ] 2¢2n?
Pll=) (X;—mi)| >e€| <2exp (—n> Vne{1,2,3,...} (32)
2= | T

In the special case when {X;}$°, are i.i.d. with mean u we have %Z? (X — i) = My, — p. If pis unknown, but if
there are known a, b values that satisfy a < X; < b surely for all ¢, the double-sided Hoeffding inequality can be used to find
a 95% confidence interval [M,, — €, M,, + €] based on n i.i.d. samples. That is, we can find a radius € > 0 such that

Plu € [M,, — ¢, My, +¢]] > 0.95 (33)
simply by finding an e that makes the right-hand-side of (32) equal to 0.05. Also, the right-hand-side of (32) reduces to

2 exp( (bQ‘aZ) which decreases exponentially fast with n (as compared to the O(1/n) decrease of Chebyshev in (31))). Thus,
the Hoeffding inequality is typically much tighter than the Chebyshev inequality. Of course, the assumption that all random
variables X; are in the bounded interval [a, b] is more detailed than the assumption that Var(X;) < oco.

An important special case is when {X;}5°, are i.i.d. and Bern(p) with some unknown p € [0, 1] (see also Section
In this case we can use a = 0, b = 1, and the right-hand-side of (32) becomes 2e~ 2¢°n In this special case we obtain the

following radii e for 95% confidence intervals [M,, — €, M,, + €] for the unknown p:

n =100 = e=0.135810
n =200 = e=0.096032
n =300 = e=0.078410
n=10° = ¢ =0.042947
n=10" = €=0.013581
n=10° = e =0.004295
n =10 = e =0.0013581

It should be emphasized that these radii € are computed before observing any of the random samples. The width of the
confidence interval is 2¢, although the left-endpoint of the confidence interval is the random variable M, — €.

The inequality states that, even before observing the M,, random variable, we know the probability that the random
interval [M,, — €, M,, + €] includes the (unknown) value p is greater than or equal to 0.95. In particular, inequality (33) holds
before looking at the value M, . One may wonder what the conditional probability is, given we observe M,,:

Plu € [M,, — e, M,, + €]|M,,] =

18While the standard statement of the LLN requires {X; }92, to be ii.d. and to have finite mean y (with possibly infinite variance), it can be shown thdt
if {X;}52, are pairwise uncorrelated have possibly different distributions with the same mean g, and have bounded variances so that Var(X;) < o2
for all ¢ € {1,2,3,...} for some 02,,, < oo, then we can again conclude M,, — u with probability 1.

19The assumption that X is surely in [a, b] can be replaced by the assumption that X; is almost surely in [a, b], with no change in any probability result.

max
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The correct answer to this question is not particularly helpful: It depends on M,,, and it is always either O or 1 depending on
the value M,,. That is because there is no randomness to the parameter p: Either p is in the given interval or it is not. For
example, if we happen to observe M,, = 0.87 then

1 if g€ [0.87 — €,0.87 + ¢

Plu € [M, — €, My, + €]|M,, = 0.87] = Py € [0.87 — ¢,0.87 + €]| M,, = 0.87] = { 0 s

and so if p is unknown, the answer exists but cannot be evaluated. It is more useful to consider the unconditional probability
in (33), which can be obtained from bounds such as the Chebyshev and Hoeffding inequalities.

B. Relation to Gaussian distributions in statistics

In the case when {X;}%°; are i.i.d. N(u,0?) with unknown p and o2 (with z € R and 0 < 02 < o0) a remarkable result in
the theory of statistics holds: A confidence interval I,, (with random endpoints and a random width that is roughly proportional
to 1/4/n) can be constructed from n samples, using the sample mean and sample variance, such that P[u € I,,] can be exactly
computed using a student’s ¢-distribution [1]. Specifically, for any integer n > 2 and any real number ¢ > 0 we can define the

interval v v
In: Mn*tin,Mn+t n
NG Jn

where random variables M,, and V,, are the sample mean and sample variance

(34)

1 n
M, = ﬁi;xi
1 n
Vo= Z(XZ-—MH)Q

i=1

where dividing by n — 1 in the sample variance, rather than n, ensures the result is unbiased. Defining the random variable
T, oy
n
T, = \/\/‘;n(Mn - U)
yields the remarkable result that T;, has a student’s ¢-distribution with n — 1 degrees of freedom, so PI[|T},| > t] can be
calculated for all ¢ > 0. If we choose ¢ such that P[|T,,| > ¢] = 0.05 then

Vi
VVa

The value ¢ > 0 that yields P[|T,| > t] = 0.05 is often called ¢ o25,—1 and is found from a lookup table to obtain the
(one-sided) probability P[T,, > ¢] = 0.025. Symmetry of the PDF for a student’s-t random variable with n — 1 degrees of
freedom implies P[|T},| > t] = 2P[T,, > t]. The student’s-t CDF is continuous so P[T}, = 2] =0 for all x € R.

When the distribution of each X; is not N(u,0?), but when an upper bound on the variance is known, the Chebyshev
inequality can be used. The Chebyshev inequality is generally considered to be loose. For a tighter result when the
random variables X; are surely in some bounded interval [a, b], the Hoeffding inequality can be used. Observe that
and (32) are solid mathematical bounds that hold for any sample size n € {1,2,3,...}.

When the number of (non-Gaussian) samples n is large, an alternative statistical practice is to obtain approximate bounds via
a conventional method of batch means that groups the i.i.d. samples into batches of sufficiently large size for the central limit
theorem to suggest each batch mean is approximately Gaussian [1]. This can give approximate confidence intervals that are
sometimes tighter than the (rigorous) confidence intervals obtained by Chebyshev or Hoeffding. The approximate confidence
intervals are of the type (34) with the exception that the sample mean and sample variance are computed from the batch
mean samples, not the raw samples. This method is particularly useful when the random variables X; are not bounded, so that
Hoeffding cannot be applied. In practice, the method of batch means often uses batches of size 15-20 samples each, although
the size required for a good approximation to a Gaussian actually depends on the distribution of X;.

VVn
0.95 = P[|T,| <] = P M|gt} :P[|Mn—u| <t = Plue L]
n

20A formal treatment of conditional probability given a random variable M,, recognizes that there can be many versions of E [1 HWE[My, —e, My, +e]} |Mn],
every version has the form g(My,) for some measurable function g : R — R, and any two versions g1 (My,) and g2 (My,) satisfy Plg1 (Mn) = g2(Mn)] = 1.
Our consideration of the case My, = 0.87 is consistent with the version given by g(Mp) for g(z) = 1{,co—c,a+¢} forallz € R.

21Formally we define T, = 0 if the (probability zero) event V;, = 0 holds (this can only hold if X; = X3 for all ¢ € {1, ...,n}).
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C. Central limit theorem (CLT)

If {X;}$°, are ii.d. random variables with finite mean 1 € R and finite variance 0% > 0 then the central limit theorem
(CLT) states:
lim P[G, <z]=P[G<z] VreR

n—oo

where
1

G, =
no?

d(Xi—p) W¥ne{l,2,3,..}
i=1
and G is any random variable with the N (0, 1) distribution:

PIG <a]= / \/%e_tgmdt Vr € R

In particular, the distribution of GG,, converges to the distribution of . For a proof, see, for example, [3].

Significant insight into the CLT can be gained from the following two facts:

1) Using basic properties of expectation and variance, it holds that E [G,] = 0 and Var(G,) =1 for all n € {1,2,3,...}.

2) If {X;}¢°, are ii.d. N(u,0?) then, using the fact that a linear combination of mutually independent Gaussian random
variables is again Gaussian, it holds that G, ~ N (0, 1) for all n € {1,2,3,...}. Thus

P|G, <z]=P|G<z] VreRVne{l,23,...}

meaning that the limiting behavior ensured by the CLT is trivially true in this special case when the i.i.d. random variables
{X;}32, are already Gaussian.

Here are some common misunderstandings to be aware of:

o Caveat 1: There is no random variable X for which GG,, — X in probability. It is only the distribution of G,, that converges
to the N (0, 1) distribution (this is called convergence in distribution). It can be shown that for any positive integer n, the
random variable G, is almost independent of GG}, when k is much larger than n:

x
1 2
lim P[G}, < z|G, :/ ——e"/?dt YreR
k— o0 [ k= | ] oo V2T
Further, with probability 1, there will be an infinite number of indices n for which G,, > 1, and an infinite number of
indices n for which G,, < —1. Thus, G,, almost surely oscillates without converging to anything.

o Caveat 2: The CLT considers P[G,, < z] for a fixed tail threshold x € R. One should be skeptical when the CLT is
invoked to study P[G, < x,] when x,, itself changes with n, particularly when either 2, — oo or z, — —oo. For
example, suppose {X;}5°, are ii.d. Unif[0, 1]. Then E [X;] = 1/2 and Var(X;) = 1/12 for all 4 and

0= P, X, <0 = PIY0 (X~ 1/2) < —3] Vne{L,23,...)

Dividing by /n/12 gives

PG, < =2 =0 Vne{1,2,3,...}

Therefore, even for large n, we cannot accurately approximate P|G, < =%2%] by P|G < =¥J]2] While both converge
to 0 as n — oo, one is always zero while the other converges to zero at an asymptotic rate determined by the Gaussian

tail. The two asymptotic rates of converging to zero have nothing in common.

VI. ADDITIONAL TOPICS

Other important topics include covariance; convolution of PDFs; joint PDFs and PDF transformations; characteristic functions
E [e”X ]; minimizing mean square error; MAP detection; ML detection; properties of Gaussian random variables; central limit
theorem approximations; discrete time Markov chains (see [1][2]).
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APPENDIX A — EXPECTATION
Fix a probability space (2, F, P).

A. Indicator random variable

Let A be an event. Define the binary-valued random variable 14 by

1= 1 if A is true
47% 0 else

In particular, 14(w) = 1 if and only if w € A. The random variable 14 is called an indicator random variable or indicator
function.

B. Expectation

If X is a random variable, the expectation of X, written E [X], is a value that satisfies
E[X]e RU{oc}U{-0} U{DNE}

where DN E represents does not exist. We say the expectation is finite if E[X] € R. The expectation can be defined using
measure theory and the Lebesgue integral. The expectation E [X] depends only on the CDF of X, so all random variables
with the same CDF have the same expectation. It can be shown that if X is a nonnegative random variable, meaning that
X(w) > 0 for all w € Q, then the expectation always exists and E [X] € [0,00) U {oo}. It can further be shown that if X is
any random variable (possibly one that can take negative values), then E [X] € R if and only if E [|X|] < cc.

Let a, b be real numbers, let A be an event, and let X, Y be random variables that have finite expectations. The expectation
has the following important properties:

1) Expectation of indicator:

E[14] = P[4]

2) Linearity of expectation:
E[aX +bY] =aE [X] 4+ DE[Y]

In particular, linearity of expectation says that if X and Y have finite expectations then a X +bY also has a finite expectation,
and this expectation is given by the above formula. By induction, linearity of expectation can be used to prove that if n is a
positive integer, ay, ..., a, are real numbers, and X, ..., X, are random variables with finite expectations, then

Xn: aiX,-] = i: aiIE [Xz]
i=1 i=1

This can be used, together with the indicator function property, to prove a useful formula for random variables that can
take at most finitely many values. Fix n as a positive integer and let {z1,...,z,} be a set of n distinct real numbers. Let
X :Q — {x1,...,2,} be a random variable. Observe that for each i € {1,...,n} we have {X = z;} is an event and

E

n
X = Zmil{X:wi}

i=1
Taking expectations of the above equality (and using linearity of expectation and the indicator function property) yields

n

E[X] =) ok [Lix—sy] = 3 a:PIX =]

i=1
This formula can be generalized in certain special cases when E [| X|] < oo:

o If X is a discrete random variable, meaning X : Q@ — D where D C R is a nonempty set that is either finite or countably
infinite, and if E [|X|] < oo, it can be shown that

E[X] =) aP[X =z
xz€D
o If X is a continuous random variable with a valid probability density function (PDF), and if E [| X|] < oo, then it can be
shown

E[X] = /00 xfx(x)dx

— 00
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It can be shown that if X is any nonnegative random variable then:
E[X] :/ P[X > z]dz
0

with the understanding that E [X] = oo if and only if the right-hand-side of the above equality is co. A formal derivation of
this uses the Lebesgue integral and the Fubini-Tonelli theorem of measure theory:

(X:/OOO 1{X>m}dx> = (IE[X]:/OOOE[l{XM}} dm)

If X is a random variable with finite expectation E [X] we define the variance of X, written Var(X), by
Var(X) = E[(X ~ E[X])?]

C. Variance

It can be shown that
Var(X) =E[X?] ~E[X]?
The value E [X 2] is called the second moment of X. It can be shown that a random variable X has a finite second moment
if and only if E [X] and Var(X) are both finite. If X,Y are two random variables with finite second moments then
Var(X +Y)=Var(X)+ Var(Y) - 2E[(X —E[X]))(Y —E[Y])]
We say that X and Y are uncorrelated if
E[(X -EXNY -E[Y])]=0
It holds that X and Y are uncorrelated if and only if
E[XY]=E[X]E[Y]

It can be shown that if X and Y are independent with finite expectations, then they must be uncorrelated.
If X is a random variable with finite second moment, and if a,b € R, then

Var(aX +b) = a*Var(X)
If {Xy,...,X,,} have finite second moments and are pairwise uncorrelated (meaning E [X; X;] = E[X;] E [X] for all i # j)

then . .
Var (Z Xi> = Z Var(X;)
i=1 i=1

D. Law of total expectation

If X is a random variable with E [|X|] < oo and if B is an event with P[B] > 0 then we define the conditional expectation
of X given B by
E[X15]

PlB]
It can be shown that this is the same as the expectation of a random variable Y that has distribution equal to the conditional
distribution of X given B, that is

(PIY <yl = P[X <y|B] VyeR) — (E[Y]=E[X][B])

E[X|B] =

If X is a random variable with E [|X|] < oo and if {B;}$°, are events that partition the sample space then

X=> Xlp,
i=1
and it can be shown that@]
E[X]=) E[Xlz]= Y 6 E[X|B]P[B]
i=1 i:P[B;]>0

This is called the law of total expectation

22The thing to be careful of here is whether or not we can push the expectation through the infinite sum. The Fubini-Tonelli theorem of measure theory
ensures that E [>29°, X;] = 3792, E[X;] whenever cither X; are nonnegative random variables for all i, or when Y52, E[|X;|] < oo. In the formula
above we have | X| =352, |X1p,]| and so E[|X|] < co implies >3, E [|X1p,|] < oo, which allows pushing the expectation through the infinite sum.
23The equality implicitly uses P[B;] = 0 = E [X 1 Bi] = 0. This holds because two random variables with the same CDF must have the same
expectation: If a random variable is almost surely zero then its CDF is the same as that of the always-zero random variable 14, so its expectation must be 0.
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E. Iterated expectations

A result that is closely related to the law of total expectation is the law of iterated expectations, which holds for any random
variables X,Y with E [| X|] < co. The law of iterated expectations is E [X] = E[E[X]|Y]]. When Y has a PDF then this can
be written in integral form: -

Blx)= [ EXY =il S0y
—00
The above formula is also called the law of total expectation in integral form. The corresponding law of total probability in
integral form for an event A can be obtained by viewing P[A] = E [14]:

PlA] = /Oo PIA]Y = y]fy (y)dy

— 00

A useful scenario for the E [X] = E [E [ X |Y]] notation is when we have a sum of a random number of random variables. Fix
(Q,F,P).Let Y : Q — R be a random variable that takes values in the set of nonnegative integers, so Y € {0,1,2,...} surely.
For each i € {1,2,3,...} let V; : © — R be a random variable with E [V;] = 31. Define the random variable X :  — R by

Y
x=%"v (35)

with the understanding that X = 0 if Y = 0. Then X is the sum of a random number of random variables. We have

Y
ZV|Y lZE[ViIY]

We cannot further simplify the expression on the right-hand-side of (36) without more assumptions that allow us to compute
E [V;]Y]. Suppose that for all € {1,2,3,...} we have the additional information that V; is independent of Y. In this special
case we have

EX]=E[E[X|Y]] = (36)

E[V;]Y]=E[V;] =31 Vie{1,2,3,..}
and so .
> EVly]= 231 =31Y
i=1
and so from (36)
E[X] =31E[Y]

A reader may naively guess E [X] = 31E[Y] by looking at the definition of X in (35). However, the guess may be
wrong without the additional information that V; is independent of Y for all 7. For example, suppose Y € {1,2} surely and
P[Y = 1] = P[Y =2] = 1/2, while for each i € {1,2,3,...} we have

0 ify=1
W‘“‘{m if Y =2

Here E [V;] = 31 for all i € {1,2,3,...}, but there is a clear dependence between Y and V;. We have E[Y] = 1.5 so

3IE[Y] = 46.5
However
E[V;[Y] =62 1{y_oy Vi€ {1,2,3,..}
where “” indicates multiplication of 62 and 1y _5;. So

ZIE Vi]Y] = 262 liy—g) =124 11y _gy

1=1

and so from (36)
E[X] = 124E [1{y—9}] = 62 # 31E[Y]
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APPENDIX B — DETAILS ON ALMOST SURE CONVERGENCE
This appendix contains advanced material that may be of interest. Let {Y;}3°; be a sequence of random variables. Let Y
be another random variable.
Theorem 4: Y, — Y almost surely if and only if for all € > 0 we have
lim PUZ {lY;:—Y|>¢€}]=0 (37)
n—oo
Proof: See Appendix C. O

A. Comparison to convergence in probability
Theorem |4 helps to understand the relationship between convergence almost surely and convergence in probability. We say
that Y,, — Y in probability if for all ¢ > 0 we have

lim P[|Y, —Y|>¢=0

n—oo

Comparing this condition to (37), it is apparent that (37) is more stringent because for all n € {1,2,3,...} and all ¢ > 0 we
have
(Vo =Y[>e} CUZ Y = Y] 2>¢}

and so
PllY, - Y| >¢ < PlUE {|Y: — Y| > ¢€}]

Taking a limit of both sides as n — oo proves that

Convergence almost surely = Convergence in probability

B. Sufficient condition for almost sure convergence

Let {Y;}52, be a sequence of random variables. Fix ¢ € R.
Lemma 1: If there is an o > 0 such that

ZEHYz — | < o0
i=1

then Y,, — c almost surely.
Proof: Fix € > 0. By Theorem [] it suffices to show
l1m PlUZ, {lYi—c|>¢€}]=0

We have by the union bound

8

PIUAYi—el 2 ] S 3PV —cl 2
PILCELED

<Z |Y—C|

i=n

where the final inequality holds by the Markov inequality. Taking a limit as n — oo gives

dim PIUE{|Yi — | > el < - (hm ZE Y; — | ) (38)

Since > .2 E[|Y; — ¢|*] < oo, the limit of its tail sum is zero:

Jim By E([Yi -] =0

1=n

Substituting this limit into (38)) gives the result. O
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C. Proof of law of large numbers for finite variance case

Let {X;}$°, be i.i.d. random variables with finite mean y and variance 0. For each n € {1,2,3,...} define

1 n
Mn:ﬁ;Xi

It follows by linearity of expectation and basic properties of the variance for a linear combination of independent random
variables that

E[M,)=p Vne{l,23,...}
Var(M,)=E [(M, — p)*] = %2 vne{1,2,3,...}

We first show almost sure convergence to p when we sample only over indices that are perfect squares, that is, we consider
Ml, M4, Mg, M167 M25 and so on.

Lemma 2: M,2> — u almost surely.

Proof: We use Lemma [I| with o = 2:

S E (M2 — )] =Y Var(M,:)

[e'S)
Z 0—2
2
n
n=1

< o0

We now use the fact that we have almost sure convergence over perfect squares to get almost sure convergence.

Lemma 3: M, — p almost surely.

Proof: First suppose that, in addition to { X}, being i.i.d. with finite mean and variance, we have that all X; are surely
nonnegative (so X;(w) > 0 for all w € Q and all ¢ € {1,2,3,...}). We prove the result in this special nonnegative case, then
show that this special case can be used to prove the general case.

For each positive integer n, define k,, as the largest integer such that k2 < n. Then

k2 <n< (kp+1)2=k2 +2k, +1

It is clear that lim,, . k, = oco. It is not difficult to show that

2 1 2
i o= gy Bt D (39)
n—,oo M n— oo n

Since X; > 0 surely for all ¢, we have for each positive integer n that

K2 n (kn+1)2
ZXi < ZXi < Z X;
i=1 i=1 i=1

Dividing both sides by n gives

That is 12 ) 12
(n) Myz < M, < (W) M, +1)2 (40)
We already know from Lemma [2] that

Mpyz2 — p almost surely
M, +1)2 — p almost surely

Taking a limit of (@0) and using these results and (39) gives
p < lim M, <p almost surely
n—oo

This proves the desired result for the special case when X; are surely nonnegative.
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For the general case when X; can be negative, break X, into its positive and negative parts:
X, =X"-X; Vie{1,2,3,...}

where X;" = max{X;,0} and X; = max{—X;,0}. Note that since {X;}3°; are i.i.d., it holds that the nonnegative random
variables {X;"}2°, are i.i.d., as are the nonnegative random variables {X; }5°;. It also holds that X;" has a finite mean and
variance, as does X, . Define X = X and note that

E[X]=E [Xﬂ —E [X‘]
Our proven result for nonnegative i.i.d. random variables with finite mean and variance implies:
1 n
— Z X f —E [X +] almost surely
n
i=1

% Z X, —E [X *] almost surely
i=1

It follows that we almost surely have:

R Y S B ol o
Jm 5 2 X = (Jgr;on;& ) . <n1£r;oni§}Xi )
—E[X*] - E[X]
~E[Y

D. Convergence in probability does not imply convergence almost surely

Fix (2, F, P). Let {Y;}22, be mutually independent random variables. For each i € {1,2,3,...}, assume Y; ~ Bern(1/7).
In particular, P[Y; = 1] =1/i and P[Y; =0] =1—1/i for all 4 € {1,2,3,...}. It follows that Y; — 0 in probability.

Now define A as the set of all w € Q for which Y;(w) = 1 for an infinite number of indices ¢ € {1,2,3,...}. For any
w € A, it is clear that the sequence of real numbers {Y;(w)}$2, does not converge to 0. It can be shown that A € F (see next
paragraph). Since {Y;}3°, are mutually independent and

Zp[m=1]=21/i=oo

the Borel-Cantelli lemma implies that P[A] = 1 (see Section |VI-E). Therefore, even though Y; — 0 in probability, Y; does
not converge to O almost surely. Quite the opposite: Almost surely, Y; does not converge to 0.
We can show A € F as follows: Since for any positive integer n we know that >_"" , Y; is a random variable, we have

{ZY;- Zm} eF Vn,me{1,2,3, ..}

i=1
Since the countable union of events is also an event, we have for all positive integers m:
n
U, {Z)@- > m} eF
i=1
Since the countable intersection of events is also an event, we have
n
noe_, U, {Zm > m} eF
i=1

Now observe
A= {ZY = oo} =N, U, {ZYi > m}
i=1

Therefore, A € F.
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E. Predicting the future with Borel-Cantelli

Fix a probability space (Q, F, P). Let {A;}32, be a sequence of (possibly dependent) events. We can imagine observing
the probability experiment being carried out over a sequence of time steps 7 € {1,2,3,...}. At each step ¢ we witness whether
or not event A; occurs. We want to know if infinitely many of the events will occur, or if only finitely many will occur. For
example, we might have an infinite sequence of (possibly dependent and biased) coin flips, and we define A; as the event that
flip < is HEADS. Will there be infinitely may HEADS, or only finitely many? We first suspect that it is impossible to know
because nobody can predict the future. Or can they? Enter Borel-Cantelli.

First recall that the outcome w € ) determines the occurrence or non-occurrence of each of the events A;, Ay, Az, and so
on. In particular, if we imagine an experiment where nature randomly chooses an outcome w € §2 according to the probability
measure P, we say that event A; occurs if and only if w € A;. Equivalently, we say event A; is true if and only if that event
occurs. We first define the subset of all outcomes of the sample space that are in infinitely many of the sets A;. Every outcome
in this subset ensures the events occur infinitely often (i.0.). The complement of this is the set of all outcomes that are in only
finitely many of the sets A;. This corresponds to the events occurring only finitely often (f.0.). In particular, define

{4; io0}=nN2,UxX A;
{4, fo.}=U2,Nx, AS

=n

The set {A; i.0.} C € includes an outcome w € ) if and only if for all positive integers n we have w € U°, A;. This holds

=n

if and only if w € A; for infinitely many indices ¢ € {1,2,3,...}. With these definitions it holds by De Morgan’s law:
{4; fo}={4; io.}°

The set {A; i.0.} is defined by countable unions and intersections of events, so it is itself an event. Indeed, for each positive
integer n, the set U2, A; is a countable union of events and so is itself an event. Thus, any countable intersection of these
events is again an event. Since {4; 1i.0.} is an event, its complement {A; f.0.} is also an event and

P[A; io]+P[4; fo]=1
Fact: If {z;}32, is a sequence of nonnegative real numbers then Y .-, z; always exists (possibly being o) and

Yoo <00 = limyyo0 Y 0, 2 =0 (41)

Lemma 4: (Borel-Cantelli) Fix (2, F, P). Let {A;}3, be a sequence of events.

a) If Y00 P[A;] <1 then P[4; i0]=0.

b) If 3°.° | P[A;] = 0o, and if {A;}2, are mutually independent, then P[A; i.o0.]=1.

Proof: To prove (a), suppose » .-, P[A;] < co. By it holds that

lim, oo D 5o, P[A;] =0 (42)
Now fix n as a positive integer. By definition of {A; i.0.} we have
and so the subset bound implies
P[A; io] < PlUZ, Al <3077, PlA]

where the final inequality is the union bound. Taking n — co and using gives

which concludes the proof of part (a).
To prove part (b), assume mutual independence and ).~ P[A4;] = cc. For each n € {1,2,3,...} we have

PNz, A5l = T1:2, PlAS] = 172, (1 — P[A)]) =0 (43)

where the final equality can be established by considering the case P[A4;] = 1 for some i > n (so the result is trivial) and its
opposite case P[A;] < 1 for all i > n (take log(+) and use log(1l — z) < —z for all z < 1). By definition of {4; f.0.}
P[A; fo]=Plusz, N, Af] <307, PN, Al =3,2,0=0

where the inequality holds by the union bound; the subsequent equality holds by (@3). O

As an example, if P[A;] = 1/i? for i € {1,2,3,...} then (almost surely) only finitely many of the events will occur. On
the other hand if P[A;] = 1/i and if the events are mutually independent then (almost surely) infinitely many will occur. If
P[A;] = 1/i but the events are not necessarily mutually independent then the Borel-Cantelli lemma is inconclusive. Also, in
this inconclusive case, examples can be constructed to make P[A4; i.0.] any desired value in [0, 1].
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APPENDIX C — PROOF OF THEOREM 4]

This appendix contains advanced material that may be of interest. Note that Z,, — Z almost surely if and only if (Z,—Z) — 0
almost surely. In particular, it suffices to consider convergence to the constant 0.
Let N={1,2,3,...}. Let {Y,,}52, be random variables. Define

A:{wGQ: lim Yn(w):O}

n—oo

Observe that

‘ (we A) < “For all k € N, there is an n € N such that |Y;(w)| < 1/k for all ¢ > n.”

Hence

| A = e Unen N2, {IYil < 1/k} | (44)

where

e Ngen means “For all k € N”
o U,en means “there is an n € N”
o N2, {|Yi| <1/k} means “|Y;| < 1/k for all i > n.”

The representation (@) formally proves the set A is an event, that is, A € F. That is because |Y;| is a random variable (it is
a continuous function of Y;) and so {|Y;| < 1/k} € F for all 4, k € N. Therefore N2, {|Y;| < 1/k} is a countable intersection
of events and so N2 {|Y;| < 1/k} € F for all n,k € N. Since the countable union of events in F is also in F, we obtain
Unen N2, {IYi| < 1/k} € F for all k € N, and the countable intersection of these events over all k& € N is also in F.
Clearly P[A] =1 if and only if P[A°] = 0. By De Morgan’s law:

A° = Ugen Nnen U2, {[Yi] > 1/k} (45)

For k,n € N define
Bn = U2 {lYil = 1/k}

It holds that for each fixed k¥ € N we have
Bn,k \( m;.Lo:an,k

and by continuity of probability
/li_}m P[B, i) = P[N_1Bnx] VkeN (46)
We want to show the following statement (which is equivalent to the statement of Theorem [)):
( lim P[Bni] =0 Vke N) e P[A7] =0 47)

n— oo
To prove the forward direction of ([@7), suppose for all k& € N we have lim,,_, o P[By, k] = 0. Fix k£ € N. By (@6) we have
P[ﬁzolen’k] =0
This holds for all k£ € N and so by Theorem
PlURZ, ez Bkl =0

That is, P[A°] = 0. This proves the forward direction of (7).
To prove the reverse direction, suppose P[A¢] = 0. Fix k € N. By (@3] we have

A2 Nnen U2, {|Yi] = 1/k}
Since P[A€] = 0, it follows that
Plnen U2, {IYi] > 1/k}] = 0
That is
P[mnENBn,k,] =0

which by (@6) gives
lim P[B,] =0

n— oo

This holds for all k£ € N, which proves the reverse direction of @7).
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APPENDIX D — MEASURABLE SETS AND FUNCTIONS

This appendix contains advanced material that may be of interest. Let 2 be a nonempty set. It can be shown that the
intersection of an arbitrary (possibly uncountably infinite) number of sigma algebras on (2 is again a sigma algebra on 2. Let
C be a collection of subsets of §2. The sigma algebra on Q) generated by sets in the collection C, denoted o(C), is defined as
the intersection of all sigma algebras on € that contain all sets in C. There is at least one sigma algebra on 2 that contains
all sets in C, namely, Pow(f2). We can view o(C) as the “smallest” sigma algebra on € that contains all sets in C. Note that
C Co(C) C Pow(Q). Also, o(C) = C if and only if C is already a sigma algebra on . If C; and Cs are two collections of
subsets of 2 then C; CCo = o(C1) C o(Ca).

A. The sigma algebra B(R)

With R being the set of real numbers, define B(R), called the standard Borel sigma algebra on R, as the sigma algebra
generated by all intervals of R of the form (—oo,z] for € R. It can be shown that B(R) includes all finite or countably
infinite subsets of R, all intervals of R, all open subsets of R, all closed subsets of R, and more Sets in B(R) are called
Borel measurable subsets of R and can be viewed as those subsets of R which have a well defined lengthE] The Borel measure
w: B(R) — [0,00) U{oco} maps every set A € B(R) to its length p(A). The length can be 0 or co. For example

1([-1.5,1.5)) = pu((—1.5,1.5)) = 3

(-
u([0,1] U [2, 35]) =25
([0, 00)) =
1£({0.3,0.9,0. 987}) -0
p(N) = p(@Q) =0

B. The sigma algebra B(R™)

If n is a positive integer we define B(R™) as the sigma algebra generated by all subsets of R™ of the form
(=00, 1] X (=00, 2] X -+ X (—00, Ty] (48)

for some (x1,...,2,) € R™. It can be shown that B(R") is equal to the sigma algebra generated by all open subsets of R™
(see footnote 24| for a proof with n = 1). As before, B(R™) contains all finite or countably infinite subsets of R, all open or
closed subsets of R™, and more. Sets in B(R™) can be viewed as those which have a well defined multidimensional volume.
The Borel measure p : B(R™) — [0,00) U {oo} maps every set A € B(R™) to its volume p(A).

C. Measurable functions

A measurable space is a pair (2, F) such that (2 is a nonempty set and F is a sigma algebra on . Let (2, ) and (V,G)
be two measurable spaces. A function f :  — V is said to be measurable with respect to input space (Q, F) and output
space (V,G) if

Y (B)eF VBeg

where f~!(B) denotes the inverse image and is defined

fHB)={weQ: f(w) € B}

For ease of notation, a function f : 2 — V is simply said to be measurable when the input and output measurable spaces are
clear. It is easy to see that all constant functions f : 2 — V are measurable. That is, if there is a v € V such that f(w) =v
for all w € (2, then f is measurable.

If the input or output set is R™ for some positive integer n, then, unless otherwise stated, the corresponding measurable
space is assumed to be (R™, B(R™)). If (2, F) is a measurable space then a measurable function f : 2 — R™ is often called
a Borel measurable function to emphasize the output space is (R™, B(R™)).

24Define C; as the collection of all intervals (—oo,z] for z € R, so a(C1) = B(R). Define C2 as the collection of all open subsets of R. We want to
show o(C1) = o(C2). First show C1 C o(C2) to conclude o(C1) C o(C2). For the opposite inclusion, define C3 as the set of all open intervals of the form
(z — €,z + €) for some rational number z and some rational € > 0. Observe that C3 is a countable set (Q? is countable) and show Co C o(C3) C o(C1).
25See related definition of Lebesgue measurable sets at the end of this section.
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D. Countable cutting and pasting
Let (2, F) and (V,G) be two measurable spaces. Let {A;}52, be sets in F that form a countable partition of (2, so that
e AieF Vie{l1,2,3,..}
. ALﬂAJZQf)fOFZ;éj
. UfilAl =0
For each i € {1,2,3,...}, let f; : Q@ — V be a measurable function. Define the function g : Q@ — V by
filw) ifwe Ay
) folw) ifwe A
g(OJ) - fg(w) if we A3

so that g(w) = fi(w) whenever w € A;.
Lemma 5: The function g : Q — V defined above is measurable.
Proof: Fix B € G. We want to show g~!(B) € F. We have

g (B) = U, (A4ing ' (B))
= U2, (AN f4(B)) (49)

For each i, f; : {2 — V is measurable and so f[l(B) € F. Therefore, the right-hand-side of (@9) is a countable union of sets
in the sigma algebra F and so it is in F. O

We allow A; = ¢ for some indices i, so a finite partition of {2 of the form {A;}? ; can be viewed in the framework of the
above lemma using A; = ¢ for i > n + 1.

E. Compositions of measurable functions

Lemma 6: Let (Q1,F1), (2, F2), (23, F3) be three measurable spaces. Let f : Q; — Q3 and ¢ : Q5 — 23 be measurable
functions. Then the function h : Q; — 3 defined by h(w) = g(f(w)) for all w € ©; is measurable.
Proof: Fix B € Fs. It holds that

hH(B) =g H(B))
We know g~ !(B) € F» by measurability of g. Thus, by measurability of f we have f~!(¢~1(B)) € F;. O

F. Checking inverse images over an arbitrary collection of sets

Lemma 7: Let (€, F) be a measurable space. Let V be a nonempty set and let f : Q — V be any function. Let C be any
nonempty collection of subsets of V. Then

(f"B)eF VBeC) = (f'(B)eF VBeasl)
Proof: Define D as the set of all B C V for which f~1(B) € F. It can be shown that
« CCD
e D is a sigma algebra on V
Since C C D we obtain
o(C)Co(D)=D

where the final equality holds because D is already a sigma algebra on V. O
Lemma (7| means we can test measurability of f : Q@ — V with respect to input and output spaces (2, F) and (V,G) by
only testing whether or not f~1(B) € F for those sets B € G within some collection C such that o(C) = G. This is useful

for understanding the definition of a random variable given in (T1I). Suppose X :  — R is a random variable. By definition,
X satisfies the requirement (TT), which is equivalent to

X Y(~o0,2]) €F VxeR (50)
Since the intervals (—oo, z] generate B(R), Lemma [7| implies that
XY(B)eF VBecBR) (51

Thus, (50) implies (3I). On the other hand, it is clear that (51 implies (50). Thus, a function X :  — R is a random variable
if and only if it is a Borel measurable function.
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G. Borel measurable functions of many variables

Lemma 8: Let (Q, F) be a measurable space. Fix n,k € N. Let X; : Q@ — R,..., X,, : @ — R be Borel measurable
functions (random variables). Let f : R"™ — R* be Borel measurable. Then

a) The function h : Q@ — R™ given by h(w) = (X7 (w), ..., Xn(w)) is Borel measurable.

b) The function g : Q — R* given by g(w) = f(X1(w),..., X,(w)) for all w € Q is Borel measurable.

Proof: To prove (a), let C be the collection of all subsets of R™ of the form @8). Let B = (—oc0, z1] X (—00,z3] X - -+ X
(=00, z,] be a set in C. Then

h ' (B) ={weQ: X;(w) € (—o0,21],..., Xpn(w) € (—00,x,]}
= M Xy (o0, i) (52)
Since X; '((—o0,x;]) € F for all i, is a finite intersection of sets in the sigma algebra . Hence h~!(B) € F for all

B € C, so Lemma [7|implies h~'(B) € F for all B € o(C) = B(R"). This proves part (a).
Since g is the composition g(w) = f(h(w)) for all w € Q, part (b) follows immediately from part (a) and Lemmal[6] [

H. Continuous functions and USC functions are measurable

Lemma 9: Fix n,k e N. If f: R" — R* is continuous, then it is Borel measurable.
Proof: The open subsets of R* generate B(R), so Lemma (7| ensures it is enough to show f~1(B) € B(R") for all open
sets B C R¥. Let B C R* be an open set. Since f is continuous, f~!(B) is an open subset of R and hence is in B(R"). [J

By Lemmas [§ and [9] it holds that if f : R™ — R is a continuous function and X1,. .., X,, are random variables on some
probability space, then f(X7i,...,X,,) is a random variable on that space. Two generalizations of Lemma E] are below.

Lemma 10: Fix n,k € N. If f : R™ — R* has at most countably many points of discontinuity, then it is Borel measurable.
Proof: Let B be an open subset of R*. As before, it is enough to show f~!(B) € B(R™). Let D C R™ be the countable
set of all points = € R™ at which f is not continuous. Then

f'(B)=(DnfH(B)) U (D°nf(B)) (53)

We know D N f~1(B) € B(R™) because it is a countable subset of R™. By (53), it suffices to show DN f~1(B) € B(R").
Fix z € D°N f~(B). Then f is continuous at = and f(z) € B. Since B is an open set that contains the point f(x), B also
contains an open ball of positive radius centered at f(x); call that open ball S(f(x)). Since f is continuous at x, there is an
open ball of positive radius centered at z, call it R(x), such that

y€R(x) = fly) e S(f(x)) € B
It follows that z € R(z) C f~!(B). This holds for all z € D°N f~(B
DN fY(B) € Upepens—1(m)R

and so
) C f7H(B)
Thus
DN f7Y(B) = DN (Upepens-1(5)R(x))

We know D¢ € B(R™) because D is a countable subset of R™ and hence D is Borel measurable. The set Uye pen—1(p)R(x)
is the union of an arbitrary number of open subsets of R™, so it is again an open subset of R™ and hence is in B(R"). O

A function f : R™ — R is said to be upper semicontinuous (USC) if for all x € R™ we have
limsup f(y) < f(z)
y—x

A function f: R™ — R is said to be lower semicontinuous (LSC) if — f is USC. It follows that f : R™ — R is continuous if
and only if it is both USC and LSC. USC functions are allowed to have discontinuities provided that the function value f(z)
at any point of discontinuity x is greater than or equal to the limiting function value taken over any sequence of points that
approach x. The next result shows that all USC functions are Borel measurable. It immediately follows that all LSC functions
are also Borel measurable.

Lemma 11: If f:R™ — R is USC then it is Borel measurable.

Proof: Fix z € R and define A = {x € R" : f(z) < z}. We want to show A is a Borel measurable set. Since all open
subsets of R™ are Borel measurable, it suffices to show A is open. Fix « € A. Then f(z) < z and the USC property ensures
f(y) < z for all points y that are sufficiently close to x. That is, there is a real number ¢ > 0 such that

ly—z||<e = ye A

and so A is open. m
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1. Nondecreasing functions
Let h: R — R be a nondecreasing function, meaning that for all z,y € R
<y = h(z) <h(y)
It can be shown that h is Borel measurable (observe that for each ¢ € R, the set {x € R : h(z) <t} is an interval).
Now fix n as a positive integer. A function h : R™ — R is entrywise nondecreasing if for all z,y € R™ we have
x <y = h(x) <h(y)

where the inequality x < y means x; < y; for ¢ € {1,...,n}. It is nor true that all entrywise nondecreasing functions
h : R? — R are Borel measurable. A counter-example is this: Define L = {(x,y) € R? : 2 +y = 0}. Let A be a subset of L
that is nonBorel. Under the axiom of choice, such a set A must exist@ Define h : R?2 — R by
0 ifx+y<0
h(z,y)=<¢ 1/2 if (z,y) € A
1 else
The set {(z,y) € R? : h(z,y) = 1/2} is not Borel measurable because this set is equal to A. So h is not a Borel measurable
function.
However, it can be shown that all functions i : R™ — R that are both entrywise nondecreasing and right-continuous are
Borel measurable. In particular, all joint CDF functions are Borel measurable. This can be proven by observing for all ¢ € R

{z € R" : h(z) <t} = Uggeqrin(g)<ey{z € R" 12 < g}

which is a countable union of sets in B(R"™).

J. Random elements

Let (€2, F, P) be a probability space. Let (V,G) be another measurable space. A random element is a measurable function
X : Q) — V. That is, a function X : Q — V is a random element if and only if

XY B)eF VBeg

It follows that if X : © — V is a random element then P[X € B] exists for all B € G. The collection of probabilities
P[X € B] for all B € G is called the probability distribution of X.
If (V1,G1) and (V4,Gs) are two measurable spaces, then random elements X : Q@ — V5 and Y : Q — V5 are defined as
independent if
P[X € B,Y € By] = P[X € By|P[Y € Bs] VB €Gy,Bs € Gs (54)

The definition of mutual independence for a finite or countably infinite collection of random elements is similar to the
corresponding definitions for random variables.

A random variable is just a random element with output space (R,B(R)). Lemma implies that a random element
X : Q — R"™ can equivalently be viewed as a n-tuple of random variables: X = (Xy,...,X,,). This is also called a random
vector. It can be shown that the definition of independence in (54) holds for two random vectors X : @ — R™ and Y : Q — R™
if and only if

PX <z, Y<y]=P[X <z]P[Y <y] VreR" yecR™
where the vector inequality X < z is taken entrywise. Specifically, with X = (Xy,...,X,,) and 2 = (z1,...,x,), the
inequality X < x means
X1 <z, Xo<wmg, ..., Xy <y

K. Random elements with infinite values

The random element structure can be used to formally define an extended random variable that can take infinite values as
a measurable function X : Q@ — RU {oo} U {—o0} with

V=RU{oco} U{—00}
G =a(B(R)U{oo} U{-oc})
The structure can be extended to formally allow a Does Not Exist (DNE) option via
V=RU{o0}U{-0}U{DNE}
G=0(BR)U{cx}U{-x}U{DNE})

The random element structure allows the set V' to be composed of any type of object (such as trees, graphs, sets, functions,
and so on), provided that there is a corresponding sigma algebra G on V.

260ne way to argue that a nonBorel set A C L exists is to observe that, under the axiom of choice, the set of all subsets of L has cardinality | Pow(R)|
while the set of all Borel subsets of L has cardinality |R| [6].
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L. Lebesgue measurable sets

Let A be a Borel measurable subset of R with u(A) = 0. If B is a set that satisfies B C A, and if B is also Borel
measurable, then we must have ;(B) = 0. On the other hand, if B is not Borel measurable then ;(B) does not exist. Are all
subsets of A Borel measurable? Not necessarily. Under the axiom of choice, the sigma algebra B(R) is known to be incomplete,
meaning there are sets A € B(R) with p(A) = 0, but such that not all subsets of A are in B(R). For example, the Cantor set
is a famous subset of [0, 1] that is Borel measurable, has measure 0, but has the same cardinality as R. Therefore, the set of
all subsets of the Cantor set must then have strictly larger cardinality than R. On the other hand, the axiom of choice implies
that B(R) has the same cardinality as R. We conclude that there are subsets of the Cantor set that are not in B(R).

The incompleteness of B(R) is not a cause of major concern. Incompleteness typically does not impact practical probability
problems. However, some people prefer to work with the completion of B(R), which is the sigma algebra generated by all
sets that are already in B(R) and all sets A for which A C A for some set A € B(R) for which z(A) = 0. This is denoted
L(R) and is called the Lebesgue sigma algebra on R. A set in L(R) is called a Lebesgue measurable subset of R. It can
be shown that A € L£(R) if and only if A can be written in a decomposed form A = A; U Ay where A;, Ao are disjoint,
Ay € B(R), and A C A3 for some set A3 € B(IR) such that pi(As) = 0. Further, any two such decompositions A = A; U A
and A = A; U Ay must satisfy p(A;) = u(A;). The measure A : £(R) — [0,00) U {oo} maps every set A € L(R) to its
value (A1) under a decomposition A = Ay U A,. Therefore, A(A) = u(A) for all A € B(R). Thus, A allows the concept of
length to be extended beyond the original set B(R). One might hope that £(R) contains all subsets of R, but this is not true.
The axiom of choice can be used to prove there are subsets of R that are neither Borel measurable nor Lebesgue measurable.
These sets are so complicated that they cannot be assigned a length (see, for example, chapter 3 in [3]).

A similar story holds in the multidimensional case. Let n be a positive integer. Under the axiom of choice, the sigma algebra
B(R™) is incomplete. The completion is £L(IR™), which is the collection of Lebesgue measurable subsets of R™. A set A C R"
is in L(R™) if and only if A = A; U A, for some disjoint sets Ay, Ao that satisfy 4; € B(R™) and Ay C A3 for some set
As € B(R™) such that 1(Az) = 0. This allows the concept of multidimensional volume to be extended beyond the original
set B(R™). As before, some subsets of R™ are so complicated that they cannot be assigned a volume and so are not in L(R™).

M. Completing a probability space

A related topic is the concept of an incomplete probability space (2, F, P), being a space that contains at least one A € F
for which P[A] = 0, but that has a subset B C A such that B ¢ F. It can be shown that all such spaces can be completed
to a space (€2, F, 15) by adding some sets to F, and the completion does not significantly change anything (see, for example,
[7]). In particular, every set A € F has the form A = A; U A, for some disjoint sets A;, Ao that satisfy A; € F and Ay C Ag
for some A3 € F with P[A3] = 0. Under any such a decomposition A = A; U Ay we have P[A] = P[A;]. In this completed
space, any subset of an event with probability zero is itself and event (and also has probability zero).

An example is Q = {a, b, ¢,d} and sigma algebra

F ={0,Q,{a,b},{c,d}}
Let P : F — [0,1] be the probability measure with P[{a,b}] = 1 and P[{c,d}] = 0. The space (€2, F, P) is incomplete
because P[{c,d}] =0 and {c} C {c,d} but {c} ¢ F. The completed space (2, F, P) uses
F =1{6,9,{a,b}, {c,d}, {c}, {d}, {a,b,c}, {a,b,d}}
and defines P : F — [0,1] by
P[{a,b}] = P[{a,b,c}] = Pl{a,b,d}] = 1, P[{c,d}] = P[{c}] = P[{d}] =0

N. A useful probability space

Define B([0,1]) = {4 € B(R) : A C [0,1]}. The triplet ([0, 1], B([0, 1]), i), where p represents the Borel measure restricted
to Borel subsets of [0, 1], can be shown to be a probability space. That is, we can define

Q=10,1]
F=B(0,1)

and we define P : B([0,1]) — [0,1] by
PIA] = u(4) VA € B(0, 1))

On this probability space, the identity random variable U : [0,1] — R, defined by U(w) = w for all w € [0, 1], has the
Unif[0, 1] distribution:
1 ifu>1
Fy(u)=PlU<ul=¢ u if0<u<l1
0 ifu<0
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The triplet ([0, 1], B([0,1]), ) is perhaps the simplest probability space that houses a Unif[0, 1] random variable. We now argue
that this probability space can be used to model almost any probability problem of practical interest.

Any probability space that houses just one Unif[0, 1] random variable must also house a countably infinite sequence of i.i.d.
Unif[0, 1] random variables. This is because there exists a bijective function f : [0,1] — [0,1]" that is measurable and that
has a measurable inverse such that for any random variable U that takes values in [0, 1] and satisfies U ~ Unif[0, 1] we have

fF(U) = (£1(U), 2(U), f3(U),-..)

where {f;(U)}$2, are i.i.d. Unif[0, 1] random VariablesE]

Computer simulations use at most a countably infinite number of calls to a random number generator rand(). Such calls
can be modeled on any probability space that contains a single random variable U ~ Unif[0, 1]: The simulation uses f1(U) as
the result of the first call to rand(), f2(U) as the result of the second call to rand(), and so on. Arguably, any output variable
computed by the simulation must use measurable operations and hence can be viewed as a measurable function of U. It can
be shown that a Unif[0, 1] random variable can be used to construct a random variable of any desired distribution. Also, it can
be shown that an infinite sequence of i.i.d. Unif[0, 1] random variables can be used to construct a countably infinite number of
mutually independent Brownian motion processes. Overall, ([0,1], B([0,1]), ) can be used as the probability space for most
practical probability problems in the world of science, engineering, and economics.

The probability space ([0, 1], B([0, 1]), i) cannot house an uncountably infinite collection of i.i.d. Unif[0, 1] random variables.
There are larger spaces that can (see next subsection).

The probability space ([0, 1], B([0, 1]), ) is incomplete. Its completion is ([0, 1], £([0, 1]), A), where £([0, 1]) is the sigma
algebra of Lebesgue measurable subsets of [0,1] and ) is the Lebesgue measure restricted to £([0, 1]).

O. Product spaces
Let I be a nonempty set that shall be used as a (possibly uncountably infinite) index set. For each ¢ € I, let (2;, F;) be a
measurable space. The product space (), F) is constructed as follows. Define the following set of tuples:

Q:xiGIQi:{(wi)ig:wiEQi VZGI}

To define F, let C be the collection of all sets of the type x;crA; where A; € F; for all i € I, and A; = ; for all but at
most one ¢ € I. By convention, we define x;c;A; as the empty set ¢ if A; = ¢ for at least one 7 € I. The collection C is
called a cylinder set. Define F = o(C). Set F is called the product sigma algebra on ) and is denoted F = ®;¢1F;, where
the notation ® means this product space construction is used The ® notation is also used to represent the product space
(Q, F) itself:

(Q,F) = Qicr(Q, Fi) (55

For example, let I = {1,2,3,4}. Suppose we have four measurable spaces (£2;,F;) for i € {1,2,3,4}. Let C be the
corresponding cylinder set. A set is in C if and only if it has one of four forms:
Al x Qo x Q3 x Q4 for some set A; € F;
01 x Ay x Q3 x Q4 for some set Ay € Fo
01 x Q9 x A3 x Q4 for some set A3 € F3
Q1 x Q9 x N3 x Ay for some set Ay € F,
In general, C is not a sigma algebra, which is why we define 7 = o(C). Indeed, let A; € F; be a set such that A; # 7 and
Ay # ¢. Likewise, let Ay € F5 be a set such that Ay # Q5 and Ay # ¢. Then
A1 x Qo x Q3 xQueC
Q1 x Ay x Q3 xQu el

However, the union of these two sets in C does not have one of the four required forms and hence is not a set in C:
(A1 XQQXQ3XQ4)U(91 XAQXQ3><Q4)¢C

2TThere is an isomorphism f : [0,1] — [0, 1]N such that if U ~ Unif[0, 1] then f(U) is a countably infinite sequence of i.i.d. Unif[0, 1] variables, see
Theorem A.47 in [9] and Chapter 13 of [10]. Related: It can be shown that if A is an uncountably infinite Borel subset of some Borel space (such as an
uncountably infinite Borel subset of R or R”™ or RY) then there is a bijection f : [0,1] — A that is measurable and has a measurable inverse. This is
a result of Kuratowski in [11], see also statement and proof in Theorem 3.3.13 of [6]. The set B(RY) is the sigma algebra generated by sets of the type
Ar X Ag X -+ X Ap X RXR X R x --- for some positive integer n and some sets A1, ..., An € B(R).

BCaveat: The set X ;erFi is not even the same type of thing as ®;e7F;. An element of X;c7F; is a tuple of sets. An element of ®;¢7F; is a set of
tuples. For example, suppose A1 € F1 and Ag € Fa. Then (A1, A2) € F1 X Fo while A1 X Az € F1 ® Fa.
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The union contains tuples of the form (a, b, ¢,d) € Q1 x Q2 x Q3 x 4 such that either a € Ay or b € As. This example with
I =1{1,2,3,4} is also useful to illustrate our convention about the empty set:

¢X92X93XQ4:¢
91X¢XQ3XQ4=¢
A1><A2X¢)><Q4:¢

When [ is an uncountably infinite index set and the product space (€2, F) is defined by (53), a function X : Q@ — R
has uncountably many variables w;. In particular, each (w;);er € § produces a real number X ((w;);er). If such a function
X : Q — R is Borel measurable then it can be shown to have the following unusual property: If X : Q@ — R is Borel
measurable, then there is a countable set J C I such that for all (w;);er € €, the value X ((w;);er) is determined just by
knowing w; for all j € J. That is, on this product space (€2, ), a Borel measurable function of uncountably many variables
really is a function of only countably many of those variables

Let I be a general nonempty index set and let (€, F) be defined by (53). If for each i € I we have a probability measure
P, : F; — [0,1], so (Q, F;, P;) is a probability space, the Kolmogorov extension theorem ensures existence of a unique
probability measure P : F — [0,1] that treats events that occur on any finite collection of the individual spaces as being
mutually independent when viewed on the larger space (see, for example, [3]). The resulting product probability space is also
represented by the ® notation:

(@2, F, P) = Qier($4, Fi, ;)

where (2, F) is the same as in (33). The most useful example is when I = {1,2}, so (Q, F, P) = (Q1, F1, P1) @ (Qa, Fa2, P2)
and P : F; ® Fp — [0, 1] satisfies
P[Al X AQ] =P [Al]PQ[AQ] VA, € F1,A45 € Fy

and P is defined on sets in F; ® F> that are not of the type A; x A5 in a way that does not violate the axioms of probability.
When [ is uncountably infinite, this extension theorem formally proves existence of a probability space that houses uncountably
many i.i.d. Unif[0, 1] random variables, being random variables X; such that X; ~ Unif[0, 1] for each ¢ € I and such that
every finite collection of these random variables are mutually independent. Arguably, no practical situation would ever require
so much independence.

298ee related Exercise 1.1.22 in [12] and Section 3.13d in [7] and note that X is determined by knowing the indicator functions 1{X§I} for x € Q.
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APPENDIX E — A FUNCTION THAT VIOLATES COUNTABLE SUMMABILITY

This section constructs a function P : F — [0,1] that satisfies Axioms 1 and 2 of probability, and also satisfies finite
summability (as defined in Section [[-D)), but does not satisfy countable summability (Axiom 3). Existence of this example
proves that it is impossible to prove countable summability using only the first two axioms together with finite summability. It
turns out that the example also implies it is impossible to prove the countably infinite version of the union bound using only
the finite version, that is, it is impossible to prove (6) using only (3)). This is advanced material. Nobody is allowed to read
this appendix. Stop reading now. There is a monster here.

Let N={1,2,3,...} denote the set of positive integers. Define the sample space {2 and the sigma algebra F by

Q=N
F = Pow(N)
where Pow(N) denotes the set of all subsets of N.

The construction of P : Pow(N) — [0,1] in this appendix uses the advanced concept of a Banach limit. Let B denote the
set of all real-valued bounded sequences {a;}2,, that is

B = {{ai}fﬁl ta; € R VieNand sup|a;| < oo}
ieN
Using a set theory axiom called the axiom of choice, it can be shown that there exists a function ¢ : B — R that satisfies the
following properties:

o Limit-preserving:
liminfa; < ¢ ({a;}52,) < limsupa;, V{a;}2; € B
71— 00 ]

11— 00

o Linearity: For all A\, € R and all {a;}$2; and {b;}?2, in B we have
¥ ({Aai + pbi}2y) = M ({ai}iZ0) + pp ({bi}i21)
The limit-preserving property of ¢ implies that for all {a;}°; € B we have
¥ ({ai}2)) = lim a;
71— 00

whenever the limit on the right-hand-side exists. The value v ({a;}52,) is called a Banach limit of the sequence {a;}$°,, and
is defined for every real-valued bounded sequence.
We now construct P : Pow(N) — [0, 1]. For each A C N define

[AN{1,...,n}
as the number of elements in the intersection of A and the set of positive integers from 1 to n, inclusive. Note that

0<|AN{l,...,n}[<n VACN

= ({BE5=2 )

Al = fim AD{Ln)

n—00 n

Define P : Pow(N) — [0, 1] by

In particular, for any A C N we have
(56)

whenever the limit on the right-hand-side exists. Usage of the sophisticated function 1) ensures P[A] is defined for all A C N,
including sets A for which the limit on the right-hand-side of (56) does not exist. Specifically, the limit-preserving property
of 1 implies

AnNdl,..
lim inf M < P[A] < limsup

n—0o0 n n—o0o

|Aﬂ{172...,n}| vACH 57

The limit-preserving and linearity properties of 1) can be used to show that P satisfies the first two axioms of probability
and also satisfies the following axiom of finite summability: If A and B are disjoint subsets of N the

P[AU B] = P[A] + P[B]
Indeed:

30Using induction, it follows that the axiom of finite summability (as stated here for the union of two disjoint elements of F) is equivalent to @.
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o Axiom 1: Fix A C N. We have for all positive integers n that
0< [AN{1,...,n}
n

and so
[An{L,...,n}| (2)

n

where inequality (a) holds by (57). So P satisfies Axiom 1.
e Axiom 2: We have

0 < liminf P[A]

1. 1.
INO{L o} [{L-ond] vn € {1,2,3,...}
n

n
Therefore, (36) implies P[N] = 1. So P satisfies Axiom 2.
o Finite summability: Let A and B be disjoint subsets of N. Then for all positive integers n we have
[(AuB)n{l,...,n}| |AN{L,..,n} |BN{1,..,n}
n - n + n
and linearity of ¢ implies P[A U B] = P[A] + P[B].
For example, it can be shown from @ that

"U

I =

[N
P[{even positive integers}] = 1/2
P[{odd positive integers}] = 1/2
P{3n+8:neN}=1/3

[

P[{n*:neN} =0

Further, if A is any finite subset of N then |AN{1,...,n}| < |A|, where |A| is the (finite) number of elements in A, so

n— oo n n—oo T

That is, if A is a finite subset of N then P[A] = 0. Thus

ZP{Z Zo:o

=1
On the other hand
PlUZ{i}] =PN] =1

and so
U {i})] > ZP {i}] (58)
1 = ,
0

Since 1 # 0, this function P violates countable summability. That is, P does not satisfy Axiom 3 and so P is not a probability
measure.
The inequality (58] is also a violation of the countable version of the union bound stated in (6, even though the finite
version (5) can be shown to hold for this function P. Further, since U, {i} N and
lim PIUL,{i}] = 0# 1 = PIN]

n— oo

we see that this function P violates continuity of probability. Several standard properties of a CDF also fail: If we define
X :N—>Rby X(i) =i for i € N, then X trivially satisfies the measurability requirement (TI) because F = Pow(N).
However

P[X <n :zn:P[{z}] =0 VneN

and so lim,_,., P[X < n] = 0 for this unusual function P Similarly, we can define a function ¥ : N — R such that
lim,, oo P[Y < —n] = 1. We can define another function Z : N — R such that right-continuity fails for P[Z < z] as a
function of = € R. This is the monster at the end of the notes.

31The proof of the standard CDF property limy,— oo P[X < n] = 1 crucially uses continuity of probability, see item in Section
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