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Abstract

In this thesis, we extend the recently developed Lyapunov optimization technique (also
known as Max-Weight or Backpressure) for stochastic queueing networks in two important

directions: (1) guaranteeing small network delay; and (2) resolving underflows.

To achieve our objective, we first establish an explicit connection between the Lya-
punov technique and a randomized dual subgradient method. Based on this connection,
we develop a novel exponential attraction result, which states that the network queue
backlog under a Lyapunov algorithm deviates from a certain fixed point with a proba-
bility that decreases exponentially in the deviation distance. Inspired by the exponential
attraction result, we develop three delay-efficient algorithms and show that they achieve
near-optimal utility-delay tradeoffs for a general class of multi-hop communication net-
works. One of the algorithms has also been implemented on a sensor network testbed

and was shown to be able to guarantee very small network delay in practical systems.

We later consider the problem of resolving underflows in general complex network
scheduling problems. In this case, we propose the weight perturbation technique and
develop the Perturbed Max-Weight algorithm (PMW). We show that PMW effectively
resolves underflow constraints without sacrificing utility performance. We then apply
the perturbation technique to construct utility optimal scheduling algorithms for two

xiii



important classes of networks — stochastic processing networks and energy harvesting
networks.

The results developed in this thesis highlight the importance of Lagrange multiplier
engineering in queueing networks. Specifically, our results show that the queues under
the Lyapunov technique indeed correspond to the Lagrange multiplier values under the
randomized dual subgradient method. This not only helps us better understand the
Lyapunov technique, but also gives us general guidelines on how should one design its

algorithm to achieve the desire properties of the queues.

xiv



Chapter 1

Introduction

Controlled stochastic queueing networks have been one of the most common and general
models for studying complex networked systems. For instance, they can be used to model
data networks, transportation networks, manufacturing networks, cellular networks, and
social networks. Therefore, developing an optimal control theory for controlled stochas-
tic queueing networks is one of the most fundamental problems in the network science

research.

Among the many techniques that have been used for algorithm design, the Lyapunov
optimization technique (below we mainly focus on the Quadratic Lyapunov function based
Algorithm (QLA), which is also known as Backpressure or Max-Weight), first proposed in
the seminal work by Tassiulas and Ephremides [TE92], has gradually become the state-of-
the-art tool for solving controlled stochastic queueing network problems. The Lyapunov
technique is currently receiving much attention in both the theoretical and experimental
communities, due to (i) its ability to achieve optimal performance, (ii) its robustness
against time-varying network conditions, and (iii) its mathematical tractability. However,
the Lyapunov technique has the following two main limitations: (i) It has an unsatisfying

1



network delay performance for communication network problems; and (ii) The technique
does not directly apply to complex networks with “no-underflow” constraints, meaning the
network requires some queues to have a sufficiently large size to perform particular actions.
An example of a network with “no-underflow” constraints are energy harvesting networks
that require “energy queues” to have enough energy to make wireless transmissions.
Another example is a product assembly or processing network that combines two or more
types of objects before delivery to the next stage, and hence requires the number of

objects of each type to be sufficiently large.

In this thesis, we extend Lyapunov optimization theory to resolve the above two
limitations. Specifically, we present a systematic way of designing Lyapunov-type (or
Max-Weight type) delay-efficient algorithms for general communication network opti-
mization problems, as well as a novel approach to handle the no-underflow constraints.
These two extensions greatly broaden the range of problems that can be solved by the
Lyapunov technique. Resolving these two problems is highly nontrivial. For the network
delay problem, current Lyapunov algorithms are typically analyzed by Lyapunov drift
arguments, which only provide upper bounds of the network delay and the results de-
pend heavily on the choice of the Lyapunov function; this lacks a systematic approach.
For the underflow problem, the “no-underflow” constraint couples all the actions in time,
i.e., the current action may affect the feasibility of a future action. Thus, previous works
in this area typically use dynamic programming as the main tool and suffer greatly
from the “curse-of-dimensionality.” To accomplish our tasks, we establish a novel math-
ematical programming view of the Lyapunov technique. This connection between the

classic mathematical programming theory and the Lyapunov technique not only provides



us with new insights into the Lyapunov method, but also suggests new ways to design

delay-efficient /underflow-capable optimal network control algorithms.

1.1 The general stochastic network optimization problem

and the QLA (Max-Weight) algorithm

In this thesis, we consider the following general stochastic network optimization problem:
We are given a discrete-time stochastic network. The network state, which characterizes
the randomness in the network, such as the network channel condition or the random
number of arrivals, is time varying according to some probability law. At every time slot,
the network controller performs some action chosen from some feasible action set based
on the observed network state. The chosen action incurs a cost, ! but also serves some
amount of traffic and possibly generates new traffic for the network. This traffic causes
congestion, and thus leads to backlogs at nodes in the network. The goal of the controller
is to minimize its time average cost subject to the constraint that the time average total
backlog in the network is finite.

This setting is very general. Many existing network optimization works fall into this
category, and many techniques have been used to study this problem (see [YCO08] for a
survey). Also note that this framework can be used to model many stability problems,
which correspond to the case where the cost incurred by any action is the same. Out of
the many proposed approaches, the class of algorithms built upon quadratic Lyapunov

functions (called Quadratic Lyapunov function based Algorithms (QLA), also known as

1Since cost minimization is mathematically equivalent to utility maximization, in the sense that any
cost minimization problem can be written as a utility maximization problem and vice versa, below we
will use cost and utility interchangeably.



Max-Weight or Backpressure) have been receiving much recent attention. These QLA
algorithms were first proposed in the seminal work by Tassiulas et al. [TE92] for network
scheduling, and were later extended into the network utility optimization context by Neely
et al. [NMLO8]. They have been proven to be capable of solving a wide range of commu-
nication network problems, for instance, throughput optimal routing [NMRO5], network
energy minimization [Nee06c¢], network utility maximization with fairness consideration
[NMLOS], network pricing [HN10c| and cognitive radio applications [UNO08]. These QLA
algorithms are easy to construct and implement, greedy in nature, robust to network
condition changes, and most importantly, they do not require any statistical knowledge of
the complicated underlying stochastic process in the network. In the network utility op-
timization context, QLA offers a scalar control parameter V > 1 to control the distance
to the optimal utility. It has been shown in [GNTO06] that when the network state is
ii.d., QLA algorithms can guarantee a time average utility that is within O(1/V) to the
optimal. Therefore, as V' grows large, the time average utility can be pushed arbitrarily
close to the optimal. In the pure routing and scheduling context, QLA (in this context,
we will follow the convention to call it the Max-Weight algorithm and mainly refer to
the Dynamic Routing and Power Control algorithm (DRPC) in [NMRO05]) is known to be
throughput-optimal in that it can stabilize the network whenever it is possible to stabilize

it [NMRO5].

However, though being a powerful tool, QLA has two main drawbacks: (i) it usually
incurs a large network delay. Specifically, when achieving the O(1/V') close-to-optimal
utility, one can only guarantee that the incurred network delay is O(V); and (ii) it
cannot be directly applied to complex network problems that involve “no-underflow”

4



constraints. In this thesis, we extend Lyapunov network optimization theory to resolve
the two aforementioned limitations in a systematic way. The development of the results
in this thesis also provide us with more insights into designing optimal network control

algorithms.

1.2 Organization of the thesis

This thesis consists of the following components:

e Part I - Optimal Dynamic Pricing [HN10c]: This part consists of Chapter 2, and is

devoted to constructing optimal dynamic pricing algorithms for networks with random
demand and service opportunities. This problem, though being a special case of the
general utility maximization framework defined in Chapter 3, is indeed a problem of
its own interest. We develop an optimal online pricing and service scheduling policy for
network access points under demand and service opportunity uncertainties, and prove the
intriguing “Optimality of Two Prices” theorem, which states that it is always sufficient
and sometimes necessary to use a “regular price” together with a “sale price” for achieving

optimal revenue.

e Part II - Delay-Efficient Scheduling for Communication Networks [HN09] [HN11a]

[HN10d] [HNar] [HN10a] [HMNK11]: This part consists of Chapters 3, 4 and 5, and

presents a systematic solution for developing delay-efficient scheduling algorithms for
general data network problems. In this part, we first describe the general network utility
optimization model in Chapter 3 and discuss the applicability and the limitations of the
model. Then in Chapter 4, we develop delay-efficient algorithms for the general network

5



utility optimization problem defined in Chapter 3. Specifically, we first relate the QLA
algorithm to a corresponding deterministic mathematical program. We then prove that
the backlog vector under QLA is exponentially attracted to some attractor, which is the
dual optimal solution of the deterministic mathematical program. Using this exponential
attraction result, we develop the Fast-QLA algorithm (FQLA) and show that FQLA
guarantees an O([log(V)]?) network delay when the utility is pushed to within O(1/V)
of the optimal value. This contrasts with the O(V) delay incurred by QLA with the
same O(1/V) utility performance. We then develop the LIFO-Backpressure technique
and the LIFOP-Backpressure method, which admit a simpler implementation compared
to FQLA, and achieve the same [O(1/V), O([log(V)]?)] utility-delay tradeoff. Lastly,
we develop the novel “redundant constraint” method for stochastic network stability
problems in Chapter 5, which can be viewed as complementing Chapter 4 by exploring

delay reduction opportunities with respect to the network size.

e Part III - Utility Optimal Scheduling for Complex Networks [HN10b] [HN11b]: This

part contains Chapters 6 and 7. It proposes a general framework for modeling schedul-
ing problems in general complex networks that involve “no-underflow” constraints. Such
networks are very common in practice, and scheduling problems in such networks are
much more complicated than those in traditional communication networks. We pro-
vide a systematic way for designing and analyzing algorithms for scheduling problems in
such networks. In Chapter 6, we extend Lyapunov theory to networks that involve the
“no-underflow” constraints by developing the novel Perturbed Max-Weight (PMW) tech-
nique, which is greedy and has low implementation complexity, and applying it to general
stochastic processing networks. In Chapter 7, we apply the methodology developed in

6



Chapter 6 to energy harvesting networks. In this case, we develop an online algorithm
that requires no knowledge of the random harvestable energy process and show that our
algorithm can achieve a close-to-optimal utility using finite energy storage devices.

e Part IV - Conclusion and Future Work: Finally, we conclude our thesis in Chapter

8, and outline a few future research directions.

1.3 Notation

Here we introduce the notations used in this thesis:

R: the set of real numbers

e R, (or R_): the set of nonnegative (or non-positive) real numbers

e R” (or R%): the set of n dimensional column vectors, with each element being in R

(or Ry)

bold symbols a and a’: column vector and its transpose

e a = b: vector a is entrywise no less than vector b

|la — bl||: the Euclidean distance of @ and b

|la||so: the sup norm of a

0: column vector with all elements being 0

log(-): the natural log function
3 [x]+: max|z, 0]

e i.i.d.: independently and identically distributed



Part 1

Optimal Dynamic Pricing



Chapter 2

Network access point pricing: the optimality of two prices

In this chapter, we consider the profit maximization problem of an access point (AP) in
a wireless mesh network. The results in this chapter are based in part on our conference

and journal papers [HN07] and [HN10c]|.

In this network, mobile users connect to the mesh network via the AP. The AP
receives the user data and transmits it to the larger network via a wireless link. Time is
slotted with integral slot boundaries ¢ € {0,1,2, ...}, and every timeslot the AP chooses
an admission price p(t) (cost per unit packet) and announces this price to all present
mobile users. The users react to the current price by sending data, which is queued at
the AP. While the AP gains revenue by accepting this data, it in turn has to deliver all
the admitted packets by transmitting them over its wireless link. Therefore, it incurs a
transmission cost for providing this service (for example, the cost might be proportional
to the power consumed due to transmission). The mission of the AP is to find strategies
for both packet admission and packet transmission so as to maximize its time average

profit while ensuring queue stability.



This problem falls into our general utility optimization framework in Chapter 3, and
hence the general delay improvement results developed in Chapter 4 can also be applied
here. However, we note that this pricing problem also contains many aspects, such as
the two-price result and the demand blind pricing mode, that are interesting in their own
right, and hence can indeed be viewed as a problem of independent interest. It will also

serve as a demonstration of how the Lyapunov technique works.

2.1 Network model

We consider the network as shown in Fig 2.1. The network is assumed to operate in

slotted time, i.e. t € {0,1,2,...}.

~ AP

- d(cost(t),CHI(t))

F(DM(),p(1))

Figure 2.1: An Access Point (AP) that connects mobile users to a larger network.

2.1.1 Arrival model: the demand function

We first describe the packet arrival model. Let DM (¢) be the demand state at time
t. DM(t) might be the number of present mobile users, or could represent the current
demand situation, such as the demand being “High,” “Medium” or “Low.” We assume
that DM (t) evolves according to a finite state ergodic Markov chain with state space M.
Let 7, represent the steady state probability that DM (t) = m. The value of DM (t) is
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assumed known at the beginning of each slot ¢, although the transition and steady state

probabilities are potentially unknown.

Every timeslot, the AP first makes a business decision by deciding whether or not to
allow new data (this decision can be based on knowledge of the current DM (t) state).

Let Z(t) be a 0/1 variable for this decision, defined as:!

1 if the AP allows new data on slot ¢,
Z(t) = (2.1)

0 else.

If the AP chooses Z(t) = 1, it then chooses a per-unit price p(t) for incoming data and
advertises this price to the mobile users. We assume that price is restricted to a set
of price options P, so that p(t) € P for all t. We assume that the set P includes the
constraint that prices are non-negative and bounded by some finite maximum price pyqz-
Let R(t) be the total number of packets that are sent by the mobile users in reaction to

this price. The income earned by the AP on slot t is thus Z(¢)R(t)p(t).

The arrival R(t) is a random variable that depends on the demand state DM (¢) and
the current price p(t) via a demand function F' (DM (t),p(t)):

F: (DM(1),p(t) — E{R(1)}. (2:2)

Specifically, the demand function maps DM (t) and p(t) into the expected value of arrivals

E{R(t)} We further assume that there is a maximum value Ry,qz, so that R(t) < Ryaqz

for all ¢, regardless of DM (t) and p(t). The higher order statistics for R(¢) (beyond its

expectation and its maximum value) are arbitrary. The random variable R(¢) is assumed

to be conditionally independent of past history given the current DM (t) and p(t). The

!The Z(t) decisions are introduced to allow stability even in the possible situation where user demand is
so high that incoming traffic would exceed transmission capabilities, even if price were set to its maximum
value pmaz-
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demand function F'(m,p) is only assumed to satisfy 0 < F(m,p) < Rpqq for all m € M
and all p € P.

Ezample: In the case when DM (t) represents the number of mobile users in range of
the AP at time ¢, a useful example model for F(DM(t),p(t)) is:

F(DM(t),p(t)) = A(DM (1)) F(p(t)),

where [ (p) is the expected number of packets sent by a single user in reaction to price
p, a curve that is possibly obtained via empirical data; and A(DM (t)) is a non-negative
function of DM (t), e.g. A(DM(t)) = 6DM(t), 6§ > 0, which represents the “effective
number of participating users” generated by the DM (t) present users. In this case, we
assume that the A(DM(t)) is bounded by some value A,,,; and the maximum number
of packets sent by any single user is bounded by some value R so that Rnee =
Anmaz Romad.

In Section 2.4, we show that this type of demand function (i.e, F(m,p) = A(m)E(p))
leads to an interesting situation where the AP can make “demand state blind” pricing

decisions, where prices are chosen without knowledge of DM (t).

2.1.2 Transmission model: the rate-cost function

Let CH(t) represent the channel condition of the wireless link from AP to the mesh
network on slot t. We assume that the channel state process CH(t) is a finite state
ergodic Markov chain with state space CH. Let ., represent the steady state probability
that CH(t) = ch. The transition and steady state probabilities of C H(t) are potentially
unknown to the AP, although we assume that the AP knows the current C H(t) value at
the beginning of each ¢.

12



Every slot t, the AP decides how much resource to allocate for transmission. We
model this decision completely by its cost to the AP, denoted as cost(t). We assume
that cost(¢) is chosen within some set of costs C, and that C includes the constraint
0 < cost < C)az for some finite maximum cost Cy,q:. The transmission rate is then
determined by cost(t) and the channel state C H(t) according to the rate-cost? function
wu(t) = @ (cost(t), CH(t)). In our problem, we assume that ®(0, CH(t)) = 0 for all CH (t).
Further, we assume that there is a finite maximum transmission rate, so that:

® (cost(t), CH(t)) < pimas for all cost(t), CH(t),t. (2.3)
We assume that packets can be continuously split, so that u(t) = ® (cost(t), CH(t))
determines the portion of packets that can be sent over the link from AP to the network
on slot ¢ (for this reason, the rate function can also be viewed as taking units of bits).
Of course, the set C can be restricted to a finite set of costs that correspond to integral

units for ®(cost(t), CH(t)) in systems where packets cannot be split.

2.1.3 Queueing dynamics and other notations

Let ¢(t) be the queue backlog of the AP at time ¢, in units of packets.®> Note that this is
a single commodity problem as we do not distinguish packets from different users.* We

assume the following queueing dynamics for ¢(t):
q(t+1) = max[q(t) — u(t), 0] + Z(t) R(), (2.4)
where p(t) = ®(cost(t), CH(t)). And we use the queue stability criterion as follows.

=
_ A9 X
q= hftiilolp , ;E{Q(T)} < 0. (2.5)

2This is essentially the same as the rate-power curve in [NeeO6c].
3The packet units can be fractional. Alternatively, the backlog could be expressed in units of bits.
4Our analysis can be extended to treat multi-commodity models.
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2.2 Related work

Many existing works on revenue maximization can be found. Work in [PT00] [LS05]
models the problem of maximizing revenue as a dynamic program. Work in [AOS04]
and [MB02] model revenue maximization as static optimization problems. A game theo-
retic perspective is considered in [BS02], where equilibrium results are obtained. Works
[MWO06], [LCLOT7], and [SS06] also use game theoretic approaches with the goal of ob-
taining efficient strategies for both the AP and the users. The paper [FP03] looks at
the problem from a mechanism design perspective, and [KA03], [ZDT07] consider profit
maximization with Qos guarantees. Early work on network pricing in [MMV95], [Kel97a,
and [LL99] consider throughput-utility maximization rather than revenue maximization.
There, prices play the role of Lagrange multipliers, and are used mainly to facilitate bet-
ter utilization of the shared network resource. This is very different from the revenue
maximization problem that we consider, where the service provider is only interested in
its own profit. Indeed, the revenue maximization problem can be much more complex

due to non-convexity issues.

The above prior work does not directly solve the profit maximization problem for APs
in a wireless network for one or more of the following reasons: (1) Most works consider
time-invariant systems, i.e., the network condition does not change with time. (2) Works
that model the problem as an optimization problem rely heavily on the assumption that
the user utility function or the demand function is concave. (3) Many of the prior works
adopt the flow rate allocation model, where a single fixed operating point is obtained
and used for all time. However, in a wireless network, the network condition can easily
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change due to channel fading and/or node mobility, so that a fixed resource allocation
decision may not be efficient. Also, although the utility functions can generally be as-
sumed to be concave, it is easy to construct examples where the demand function is not
non-concave /non-convex even if users have concave utility functions. Indeed, profit max-
imization problems are often non-convex in nature. Hence, they are generally hard to
solve, even in the static case where the channel condition, user condition, and demand
function is fixed for all time. It is also common to look for single-price solutions in these
static network problems. Our results show that single-price solutions are not always op-
timal, and that even for static problems the AP can only maximize time average profit

“reduced price” at other

by providing a “regular” price some fraction of the time, and a
times. (4) The utility maximization problems use very different models than revenue
maximization problems. Thus, algorithms developed there cannot be directly applied
here. (5) Most network pricing work considers flow allocation that neglects the packet-
based nature of the traffic, and neglects issues of queueing delay. Below, we will use the

Lyapunov optimization technique to develop efficient algorithms for solving this general

pricing problem.

2.3 Characterizing the maximum profit

In this section, we characterize the optimal average profit that is achievable over the class
of all possible control polices that stabilize the queue at the AP. We show that it suffices
for the AP to use only two prices for every demand state DM (t) to maximize its profit.
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2.3.1 The maximum profit

To describe the maximum average profit, we use an approach that is similar to the analysis
of the capacity region in [NMRO05], [Nee03] and the minimum average power for stability
problem in [NeeO6¢]. Note that in [NMRO5], [Nee03] and [Nee06¢|, the arrival rate is taken
as a given parameter, while in our case, the AP needs to balance between the profit from
data admission and the cost for packet transmission. The following theorem shows that
one can achieve arbitrarily close to the optimality over the class of stationary randomized
pricing and transmission scheduling strategies with the following structure: Every slot
the AP observes DM (t) = m, and makes a business decision Z(t) by independently and
randomly choosing Z(t) = 1 with probability (M) (for some (™) values defined for each
m € M). If Z(t) = 1, then the AP allocates a price randomly from a countable collection
of prices {pgm), pé ), pém , ...}, with probabilities {ozk )}k 1- Similarly, the AP observes

CH(t) = ch and makes a transmission decision by choosing cost(t) randomly from a set

of costs {cost,(:h)}zozl with probabilities {5/5;6}0}20:1-

Theorem 1. (Maximum Profit with Stability) The optimal average profit for the AP, with

its queue being stable, is given by Profit’®, where Profit’®" is defined as the following:

av ’

Proﬁtgﬁt = sup {Incmneav — Costav} (2.6)
s.t. Incomeqy = Ep, { Zal&m)F (m pkm)) (m)} (2.7)
Costay = Ech{ Z 5;53%) cost,E:Ch)} (2.8)

k=1

Aav :Em{ m)Zak (m, p! >)} (2.9)
Yoy = Ch{ Zﬂ,ﬁ (cost ch) } (2.10)
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Hav = )\av (211)

0<¢M<1  VYmeM (2.12)
p™eP Wk VmeM (2.13)
cost'™ ¢, Vk,Vch e CH (2.14)
o0
SaM=1  vmeM (2.15)
k=1
S =1 VehecCH (2.16)
k=1

where sup{} denotes the supremum, E., and E,, denote the expectation over the steady

state distribution for CH(t) and DM (t), respectively, and ¢, oaém), p,(cm), l(fh), and

costlgCh) are auziliary variables with the interpretation given in the text preceding Theorem

The proof of Theorem 1 contains two parts. Part I shows that no algorithm that
stabilizes the AP can achieve an average profit that is larger than Profit??’. Part II
shows that we can achieve a profit of at least pProfit??’ (for any p such that 0 < p < 1)
with a particular stationary randomized algorithm that also yields average arrival and
transmission rates Ag, and g, that satisfy Ay < pfige. The formal proof is similar to the
proof in [HNO7] and is omitted here. The following important corollary to Theorem 1 is

simpler and is useful for analysis of the online algorithm described in Section 2.4.

Corollary 1. For any Profit’?" = Profit??! —e* > 0,%> where ¢* > 0, there exists a control
algorithm STAT* that makes stationary and randomized business and pricing decisions

Z*(t) and p*(t) depending only on the current demand state DM (t) (and independent

5The case when Profit?S?* = 0 can trivially be satisfied and thus not considered here.
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of queue backlog), and makes stationary randomized transmission decisions cost*(t) de-
pending only on the current channel state CH (t) (and independent of queue backlog) such

that:

E{Z* ()R (1)} < E{x" (1)}, (2.17)

E{Z*(t)p*(t)F (DM (t),p*(t))} — E{cost*(t)} = Profit’?"" (2.18)

av

where p*(t) = ®(cost*(t), CH(t)). The above expectations are taken with respect to the

steady state distributions for DM (t) and CH(t). Specifically:
E{Z*®R*(t)} = En{Z"(t)F(m,p*(1))},

E{pn*(t)} = Em{®(cost'(t),ch)}. O

2.3.2 The optimality of two prices

The following two theorems show that instead of considering a countably infinite collection
of prices {pgm), pém), ...} for the stationary algorithm of Corollary 1, it suffices to consider

only two price options for each distinct demand state DM (t) € M.

Theorem 2. Let ()\(m)*, Income(m)*) represent any rate-income tuple formed by a sta-

tionary randomized algorithm that chooses Z(t) € {0,1} and p(t) € P, so that:
E{Z(t)F(DM(t),p(t))| DM(t) =m} = A7,
E{Z(t)p(t)F (DM (t),p(t)) | DM(t) =m} = Income™*,
then:
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a) (A™* Income™*) can be expressed as a convex combination of at most three

points in the set Q™ defined:
QML {(ZF(m,p), ZpF(m,p))| Z € {0,1},p € P} .

b) If (™), Income(m)*) is on the boundary of the convex hull of Q™) | then it can be
expressed as a convex combination of at most two elements of Q) corresponding to at

most two business-price tuples (Z1,p1), (Z2,p2).

c¢) If the demand function F(m,p) is continuous in p for each m € M, and if the set
of price options P is connected, then any (/\(m)*, Income(m)*) point (possibly not on the
boundary of the convex hull of Q™) ) can be expressed as a convex combination of at most

two elements of Q™).

Proof. Part (a): It is known that for any vector random variable X that takes values
within a set €, the expected value E{)? } is in the convex hull of Q (see, for example,
Appendix 4.B in [Nee03]). Therefore, the 2-dimensional point (/\(m)*;Income(m)*) is in
the convex hull of the set Q(™). By Caratheodory’s theorem (see, for example, [BNO03]),
any point in the convex hull of the 2-dimensional set Q"™ can be achieved by a convex

combination of at most three elements of Q™).

Part (b): We know from part (a) that (A(™* Income(™*) can be expressed as a
convex combination of at most three elements of Q™) (say, wi, we, and ws). Suppose
these elements are distinct. Because ()\(m)*, Income(m)*) is on the boundary of the convex
hull of Q™) it cannot be in the interior of the triangle formed by w1, wo, and ws. Hence,
it must be on an edge of the triangle, so that it can be reduced to a convex combination

of two or fewer of the w; points.
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Part (¢): We know from part (a) that (A(")*, Income(™*) is in the convex hull of the
2-dimensional set Q(™). An extension to Caratheodory’s theorem in [HR51] shows that
any such point can be expressed as a convex combination of at most two points in Q™)
if Q0™ is the union of at most two connected components. The set Q0™ can clearly be

written:

Q™ = {(0;0)} U {(F(m,p); pF(m,p))| p € P},

which corresponds to the cases Z = 0 and Z = 1. Let Qm) represent the set on the
right-hand side (RHS) of the above union, so that Q™ = {(0;0)} U Q™. Because the
F(m,p) function is continuous in p for each m € M, the set QM) is the image of the
connected set P through the continuous function (F(m,p), pF(m,p)), and hence is itself
connected [Mun00]. Thus, Q0™ is the union of at most two connected components. It
follows that (A(™*; Income(™*) can be achieved via a convex combination of at most two

elements in Q™). O

Theorem 3. (Optimality of Two Prices) Let (\*, Income*) represent the rate-income tu-
ple corresponding to any stationary randomized policy Z*(t), p*(t), cost*(t), possibly being
the policies of Corollary 1 that achieve any near optimal profit Profitggpt. Specifically,
assume that the algorithm yields an average profit Profit;, (defined by the left hand side

of (2.18)), and that:
A= En{Z7(@)F(m,p" (1))},
Income® = E, {Z*(t)p*(t)F(m,p*(t))}.
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Then for each m € M, there exists two business-price tuples (me),pgm)) and (Zém),pgm))

and two probabilities qim), qém) (where qgm) + qém) = 1) such that:

2
= S e [l 2 Em ™))

meM =1

Income* < Z Z [ Z(m pzm)F(m,pgm))} .

meM i=1

That is, a new stationary randomized pricing policy can be constructed that yields the
same average arrival rate \* and an average income that is greater than or equal to

Income*, but which uses at most two prices for each state m € M.5

Proof. For the stationary randomized policy Z*(t) and p*(t), define:

A=A B2 () F(m,p*(t) | DM(t) = m},

Income(™* 2 E{Z*(t)p*(t)F (m,p*(t)) | DM(t) = m}.

Note that the point (A(m)*,lncome(m)*) can be expressed as a convex combination of
at most three points wgm), wgm), w:(,)m) in QU™ (from Theorem 2 part (a)). Then
(A(* Tncome(™*) is inside (or on an edge of) the triangle formed by wgm), wgm), w:(,)m).
Thus, for some value § > 0 the point (™), Income(™* + J) is on an edge of the triangle.
Hence, the point (A™* Income(™* + §) can be achieved by a convex combination of at

(m)

most two of the w; "’ values. Hence, for each m € M, we can find a convex combina-
tion of two elements of Q™) defining a stationary randomized pricing policy with two
business-price choices (Z}m), pgm)), (Zé ), pg m) ) and two probabilities q:(l ), qgm). This

new policy yields exactly the same average arrival rate \*, and has an average income

that is greater than or equal to Income*. O

5Because the new average income is greater than or equal to Income*, the new average profit is greater
than or equal to Profit}, when this new pricing policy is used together with the old cost™(¢) scheduling

policy.
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Most work in network pricing has focused on achieving optimality over the class of
single-price solutions, and indeed in some cases it can be shown that optimality can be
achieved over this class (so that two prices are not needed). However, such optimality
requires special properties of the demand function ([HN10c] provides a sufficient condition
for the existence of a single optimal price). Instead, Theorem 3 shows that for any
demand function F'(m, p), the AP can optimize its average profit by using only two prices
for every demand state m € M. We note that there are similar logical arguments about
using finite price options to achieve good performance in the economic literature. For
example, [McA02] shows that under certain conditions, the social value of using two price
classes is at least half of the optimal value. However, we note problems there typically
consider selling a certain amount of goods in a given time interval, e.g., [BC03], or assume
excessive demand will be lost, e.g., [CFK95], thus are different from our problem, which

can be viewed as queueing the excessive demand and serve them later.

Theorem 3 is also related to a classical result of Markov decision theory that bounds
the number of required modes for constrained optimization over the class of stationary
policies [Alt99]. Indeed, using a more detailed argument as in [Alt99] together with
the stationarity and separability of pricing and transmission scheduling that arise from
Theorems 1 and 2, our two-price result can likely be extended to show there exists a
policy that achieves maximum revenue (or arbitrarily close to it) where most demand
states m € M use only one price, while at most one demand state requires two prices.
In fact, the following example shows that the number two is tight, in that a single fixed
price does not always suffice to achieve optimality.
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2.3.3 Example demonstrating necessity of two prices

For simplicity, we consider a static situation where the transmission rate is equal to
= 1 with zero cost for all ¢ (so that ®(cost(t), CH(t)) =1 for all CH (t) and all cost(t),
including cost(t) = 0). The demand state DM () is also assumed to be fixed for all time,
so that F'(m,p) can be simply written as F'(p). Let P represent the interval 0 < p < ppqz,

with prmee = 9. We consider the following F'(p) function:

10-3p 0<p<2,
F(p) = (2.19)

2-1p 2<p<o.
)

Note that the demand curve (2.19) is convex and monotone. Indeed, it can represent a
market demand generated by two groups of customers having demands F(p) = % — %7
0 <p<2and F(p) = % — 2,0 <p <9 Such demand functions are common in
the microeconomic literature, e.g., [BZ99], for modeling real world problems. The F(p)
and pF(p) functions corresponding to (2.19) are plotted in Fig. 2.2. Now consider the
situation when the AP only uses one price. First we consider the case when Z(t) = 1
for all time. Since p = 1, in order to stabilize the queue, the AP has to choose a price
p such that A = F(p) < 1. Thus we obtain that p has to be greater than 2 (points A;
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and Aj in Fig. 2.2 show F(p) and F(p)p for p = 2).7 It is easy to show that in this case
the best single-price is p = % (point B; and B in Fig. 2.2 shows its F'(p) and F(p)p),
which yields an average profit of Profitgnge = 81/28 ~ 2.8929. However, we see that in
this case the average arrival rate F'(p) is only 9/14 ~ 0.6429, which is only about 65% of

. Now consider an alternative scheme that uses two prices p; = %3 and po = %, 8 with

probabilities of % and 19—0, respectively. Then the resulting profit is
Profitres = —F(p)ps + —F(py)
TroJilTwo = 10 b1)pP1 10 Db2)p2
1 713 9 9 9
= — .. 24 2.2 T x31001
10 2 9 + 10 2 14 ’

which is strictly larger than Profitg,g. Further, the resulting arrival rate is only

1 9

wo — —F
AT 10 (p1) +

7T 9

L + 9~09286
10 2 - ’

10 14

10F(p2) =

which is strictly less than g = 1. Therefore the queue is stable under this scheme [GNT06].

Now consider the case when the AP uses a varying Z(t) and a single fixed price.
From Theorem 1 we see that this is equivalent to using a probability 0 < ¢ < 1 to decide
whether or not to allow new data for all time.? In order to stabilize the queue, the AP
has to choose a price p such that F(p)¢ < pu. Thus the average profit in this case would
be F(p)pp < pu. If p <2, then F(p)pp < 2-1 =2 (note that this is indeed just an upper
bound); else if 2 < p < 9, F(p)pp < F(J) - = 81/28. Both are less than Profitru,

obtained above. Therefore, no single price policy is optimal.

It is interesting to note that the demand curve (2.19) actually has two unit-elasticity

points (which are usually profit maximization points in the economic literature) [BZ99]:

"Throughout this chapter, numbers of this type are numerical results and are accurate enough for our
arguments.

8These are the two prices corresponding to the two local optimum points in the F(p)p curve.

9The case when ¢=0 is trivial and thus is excluded.
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p = 1@0 and p = %. However, none of them alone achieves the optimal profit under

the capacity constraint. Furthermore, the optimal revenue is not achieved by any time
sharing between them. This indeed highlights the importance of Theorem 3 and the need

of an efficient algorithm.

2.4 Achieving the maximum profit

Even though Theorem 2 and 3 show the possibility of achieving the optimum average
profit by using only two prices for each demand state, in practice, we still need to solve
the problem in Theorem 1. This often involves a very large number of variables and
would require the exact demand state and channel state distributions, which are usually
hard to obtain. To overcome these difficulties, here we develop the dynamic Pricing and
Transmission Scheduling Algorithm (PTSA). The algorithm offers a control parameter
V' > 0 that determines the tradeoff between the queue backlog and the proximity to
the optimal average profit. For simplicity, we assume that P is compact and F'(m,p) is
continuous in p € P. Likewise, we assume that C is compact and ®(cost, ch) is continuous

in cost € C.10

Admission Control: Every slot t, the AP observes the current backlog ¢(¢) and the

user demand DM (t) and chooses the price p(t) to be the solution of the following problem:
max:  VF(DM(t),p)p — 2¢(t)F(DM(t),p)

st. peP. (2.20)

10T hese assumptions are only made to ensure the existence of a well defined maz in equations (2.20)
and (2.21). Without these assumptions, the algorithm and the analysis can similarly be described and
obtained, but are more involved.
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If for all p € P the resulting maximum is less than or equal to zero, the AP sends the
“CLOSED?” signal (Z(t) = 0) and does not accept new data. Else, it sets Z(t) = 1 and
announces the chosen p(t).

Cost/Transmission: Every slot ¢, the AP observes the current channel state CH (t)

and backlog ¢(t) and chooses cost(t) to be the solution of the following problem:
max :  2q(t)®(cost, CH(t)) — Vcost
s.t.  cost € C. (2.21)

The AP then sends out packets according to u(t) = ® (cost(t), CH(t)).

The control policy is thus decoupled into separate algorithms for pricing and trans-
mission scheduling. Note from (2.20) that a larger ¢(¢) increases the negative term
—2q(t)F(DM(t),p) in the optimization metric, and hence tends to lead to a higher price
p(t). Intuitively, such a slow down of the packet arrival helps alleviate the congestion in
the AP. Note that the metric in (2.20) can be written as F(DM (t),p)(Vp — 2q¢(t)). This

is positive only if p is larger than 2¢(¢)/V. Thus, we have the following simple fact:

Lemma 1. Under the PTSA algorithm, if 2q(t)/V > pmaz, then Z(t) =0. O

Notice that PTSA only requires the AP to solve the problems (2.20) and (2.21),
which use current DM (t) and C'H(t) states but do not require statistical knowledge of
how these states evolve. While these problems may be non-convex, we note that they
are both optimizing a function of one variable over an interval, and hence can be easily
be solved to obtain highly accurate solutions. For instance, if the pricing set P contains
100 pricing options, the pricing decision is made just by comparing the metric in (2.20)
over each option. Alternatively, for continuous price options, the function typically has
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a small number of sub-intervals over which it is piecewise linear or convex, so that the

solution can be obtained by comparing the optimums over each sub-interval.

2.4.1 Performance results

In this section we evaluate the performance of PTSA. The following theorem summarizes

the performance results:

Theorem 4. PTSA stabilizes the AP and achieves the following bounds (assuming q(0) =
0):

> Qmaxévpmax/2 + Rpaz, Vi (222)

Q

—~
~+

~
A

<| &3

Profitey, > Profit® — —, (2.23)

where:
t—1
Profita,2liminf ! ZE{Z(T)p(T)R(T) — cost(T) }
av— o 1 — 5

and where Profz'tgfjt is the optimal profit characterized by (2.6) in Theorem 1, and B is

defined in equation (2.39) of the proof, and B = O(log(V)).

Because B/V = O(log(V))/V), the V parameter can be increased to push the profit
arbitrarily close to the optimum value, while the worst case backlog bound grows linearly
with V. In fact, we can see from (2.20) and (2.21) that these results are quite intuitive:
when using a larger V', the AP is more inclined to admit packets (setting p(t) to a smaller
value and only requiring p(t) > 2¢(t)/V’). Also, a larger V implies that the AP is more
careful in choosing the transmission opportunities (indeed, ® (cost(t), CH(t)) must be
more cost effective, i.e. larger than Vcost(t)/2¢(t)). Therefore a larger V would yield a
better profit, at the cost of larger backlog. The proof of Theorem 4 is given in 2.4.3.
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2.4.2 Discussion of worst case delay

Note that in the special case of a fixed u(t) = p for all ¢, the worst case delay of any packet
is upper bounded by (%meaw + Rpaz)/p. This is a very useful result. For instance, if
the users also require the worst case delay to be no more than some constant D, the
AP can choose V to be such that D > (%meaz + Ryaz)/pe (provided this inequality
is achievable). Then the delay requirement is met and the revenue lost is less than
B/V = O(log V/V). This is due to the fact that the delay constrained optimal revenue is
no more than Profit*, while PTSA gets within B/V of Profit*. This is a unique feature
of our algorithm, previous results on QoS pricing are usually obtained based on queueing

approximations, e.g., [KA03], [ZDTO07].

2.4.3 Proof of performance

We first prove (2.22) in Theorem 4:

Proof: ((2.22) in Theorem 4) We prove this by induction. It is easy to see that (2.22)
is satisfied at time 0. Now assume that ¢(t) < Vpmaz/2 + Rmas for some integer slot
t > 0. We will prove that q(t + 1) < Vpmaz/2 + Rimaz- We have the following two cases:

(a) q(t) < Vpmaz/2: In this case, ¢(t + 1) < Vpmaz/2 + Rimaz by the definition of
Roaz.

(b) q(t) > Vpmaz/2: In this case, 2¢(t)/V > pmaz- By Lemma 1 the AP will decide
not to admit any new data. Therefore ¢(t + 1) < q¢(t) < Vpmaz/2 + Rimaz- O

In the following we prove (2.23) in Theorem 4 via a Lyapunov analysis, using the
framework of [GNTO06]. First define the Lyaponov function L(q(t)) to be: L(q(t)) =
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¢?(t). Define the one-step unconditional Lyapunov drift as A(t)2E{L(q(t+1))— L(q(t))}.
Squaring both sides of (2.4) and rearranging the terms, we see that the drift satisfies:
A(t) < 2B* — E{2q(t) [®(cost(t), CH(t)) — Z(t)R(t)] }, (2.24)
where B £ max|[Ryaz, fbmaz). For a given number V' > 0, we subtract from both sides
the instantaneous profit (scaled by V') and rearrange terms to get:
A(t) — VE{Z(t)p(t)R(t) — cost(t)} (2.25)
< 2B? — E{2q(t)®(cost(t), CH(t)) — Vcost(t) }

— E{Z(t)[Vp(t)R(t) — 2q(t)R(t)] }.

Now we see that the PTSA algorithm is designed to minimize the RHS of the drift
expression (2.25) over all alternative control decisions that could be chosen on slot t.

Thus, we have that the drift of PTSA satisfies:
AP(t) = VE{Z" (t)p" (t)RT (t) — cost” ()}
< 2B% — E{qu(t)i)(cost*(t), CH(t)) — Vcost*(t)}

~E{Z*(t)[VP*(t)R*(t) — 2¢" () R*(t)] }, (2.26)
where the decisions Z*(t), p*(t), and cost*(t) (and the resulting random arrival R*(t))
correspond to any other feasible control action that can be implemented on slot ¢ (subject
to the same constraints p*(t) € P and cost*(t) € C). Note that we have used notation
AP@#), ZP(t), pP'(t), RP(t), and cost?(t) on the left hand side of the above inequality to
emphasize that this left hand side corresponds to the variables associated with the PTSA
policy. Note also that, because the PTSA policy has been implemented up to slot ¢, the
queue backlog on the RHS at time ¢ is the backlog associated with the PTSA algorithm
and hence is also denoted ¢ (t). We emphasize that the RHS of the drift inequality
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(2.26) has been modified only in those control variables that can be chosen on slot ¢.
Note further that R*(¢) is a random variable that is conditionally independent of the

past given the p*(t) price and the current value of DM (t).

Now consider the alternative control policy ST AT* described in Corollary 1, which
chooses decisions Z*(t),p*(t) and cost*(t) on slot t as a pure function of the observed

DM (t) and CH(t) states and yields:
Profiti?" = En{Z*(t)R*(t)p*(t)} — Ecn{cost*(t)}, (2.27)

Mo EEn{Z"OR (1)} < poy = Een{n (1)}, (2.28)
where Profiti??" = Profit? — ¢ and Profitet' is the optimal average profit defined
in Theorem 1, p*(t) = ®(cost*(t), CH(t)), and R*(t) is the random arrival for a given
p*(t) and DM (t). Recall that E,,{} and E.,{} denote expectations over the steady state
distributions for DM (t) and CH (t), respectively. Of course, the expectations in (2.27)
and (2.28) cannot be directly used in the RHS of (2.26) because the DM (t) and CH(t)
distributions at time ¢ may not be the same as their steady state distributions. However,

regardless of the initial condition of DM (0) and C'H(0) we have:

t—o0

t—1
lim 1ZOE{Z* (T)p*(T)R*(7) — cost™(7)} = Profit}oP". (2.29)

Let f¥(t) represent a short-hand notation for the left-hand side of (2.26), and define

g*(t) as the RHS of (2.26), so that:
g'(t) £ 2B —E{2¢"(t)[u*(t) — Z*(t)R* ()]} (2.30)
—VE{Z*(t)p* (t)R*(t) — cost™(t)},
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where we have rearranged terms and have used p*(t) to represent ®(cost*(t), CH(t)).
Thus, the inequality (2.26) is equivalent to f¥(t) < g*(t). To compute a simple upper
bound on ¢g*(¢), note that for any integer d > 0, we have:
¢"(t — d) = dpimaz < q" (1) < ¢"(t — d) + dRpnax
These inequalities hold since the backlog at time ¢ is no smaller than the backlog at
time ¢ — d minus the maximum departures during the interval from ¢t — d to t, and is no
larger than the backlog at time ¢ — d plus the largest possible arrivals during this interval.
Plugging these two inequalities directly into the definition of g*(¢) in (2.30) yields:
g'(t) < 2B% 4 2d(iiay + Rinay) — E{2¢7 (¢ = d)[u*(t) — Z* () R* (1))}

—VE{Z*(t)p*(t)R*(t) — cost™(t)}. (2.31)
Also note that (by the law of iterated expectations):

E{¢"(t - ) [ (t) — Z° ()R (1))}

—B{a (- DE{ (1) - 2R (0] | x(e - )} | (232)
where x(t)2[DM (t), CH(t), q(t)] is the joint demand state, channel state, and queue state
of the system. Since DM (t) and C'H (t) are Markovian and both have well defined steady
state distributions, and the ST AT™* policy makes p*(t) and cost*(t) decisions as a station-
ary and random function of the observed DM (t) and C'H (t) states (and independent of
queue backlog), we see that the resulting processes p*(t) and Z*(t)R*(t) are Markovian
and have well defined steady state averages. Further, they converge exponentially fast

to their steady state values [Ros96]. Of course, we know the steady state averages are
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given by ur, and \: . respectively. Therefore there exist positive constants 61, 62, and

av?

0 < K1, k2 < 1, such that:
E{u(t) | x(t=d)} = uh, — O, (2.33)
E{Z*O)R*(t) | x(t —d)} < Ni, + 02k3. (2.34)
Plugging (2.33) and (2.34) into (2.32) yields:

E{q"(t — d)[u*(t) — Z* ()R (1)]} > —E{qp(t —d) [914 + 92@} } (2.35)
where we have used the fact that A\, < p* (from (2.28)). Plugging (2.35) directly into
(2.31) yields:

g*(t) < Br +2E{q" (t — d)(01k] + 02k3) } — VE{Z*(t)p*(t)R*(t) — cost*(t)},  (2.36)

where B122B? + 2d(2,,, + R2

max

). However, the queue backlog under PTSA is always
bounded by Gmaz (by (2.22) in Theorem 4). We now choose d large enough so that
Qi/{? < 1/(2¢maz) for i € {1,2}. Specifically, by choosing;:
d & |Vmax {qumm)}“ , (2.37)
=12 | log (1/ki)
we have 2¢mq.[01 /-;‘11 + Ggmg] < 2. Inequality (2.36) becomes:
g*(t) < B1 + 2 — VE{Z*(t)p* (t)R*(t) — cost*(t)}. (2.38)
Now define B as follows:
BEB1 +2 = (2d + 2)(Rpap + Hinas) + 2, (2-39)
where d is defined in (2.37). Because ¢maz = VPmaz/2 + Rmaz (by (2.22) in Theorem

4), the value of d is O(log(V)), and hence B = O(log(V')). Recalling that f(t) < g*(t),

where fF(t) is the left hand side of (2.26), we have:

AP = VE{Z" (t)p" (t)RT (t) — cost” (t)} < B — VE{Z*(t)p* () R*(t) — cost*(t)}.
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The above inequality holds for all ¢. Summing both sides over 7 € {0,1,...,¢t — 1} and

using AP(t) = E{L(¢"(t + 1)) — L(¢"(t)) } we get:

E{L(¢"(t))} —E{L(¢"(0))} — \/E:E{ZP (T)RP (1) — cost? (1)}
ZE{Z* )R*(7) — cost*(1)}.
Dividing by V't, using the fact that L(q ( )) >0, L(q(0)) = 0, and taking limits yields:
hmmf ZE{ZP (1)RP (1) — cost” (1)} >
fwofng?t—.B/VA:J%@fugf-e*—.B/V; (2.40)

where we have used (2.29). The left hand side of (2.40) is the liminf time average profit

of the PTSA algorithm. Now let €* — 0 completes the proof of Theorem 4.

2.4.4 Demand blind pricing

In the special case when the demand function F(m,p) takes the form of F(m,p) =
A(m)F(p) for A(m) > 0, PTSA can in fact choose the current price without looking at
the current demand state DM (t). To see this, note in this case that (2.20) can be written

max : A(DM((t)) [Vﬁ(p)p — 2q(t)ﬁ’(p)]
s.t. peP. (2.41)

Thus we see that the price set by the AP under PTSA is independent of DM (t). So in
this case, PTSA can make decisions just by looking at the queue backlog value ¢(t). This

will be very useful if acquiring the demand state incurs some cost to the AP.
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2.5 Simulation

In this section, we provide simulation results for the PTSA algorithm. We compare two
types of arrival processes. In the first case, the arrival R(t) is deterministic and is exactly
equal to F'(m, p(t)). In the other case, we assume that R(t) is a Bernoulli random variable,
i.e., R(t) = 2F(m,p(t)) or R(t) = 0 with equal probability. 1!

Now we provide our simulation results. We assume that M = {Low, High}, CH =
{Good, Bad}. The demand curve for DM (t) = Low is given by:
4 0<p<l,

F(Low,p) =1 —6p+10 1<p<3, (2.42)

—&p+32 3 <p<lo0.
The demand curve for DM (t) = High is given by:

F(High,p) =< —6p+20 2<p<3, (2.43)

~ip+ ¥ 3<p<io

The rate-cost curve is given by :
®(cost(t), CH(t)) = log(1 + v cost(t)), (2.44)
where 0 < cost < 10, yop@) = 2 if CH(t) = Good and yop () = 1 else. Both the demand
state and the channel are assumed to vary according to the two-state Markov Chain in
Fig. 2.3.
Fig. 2.4 shows the backlog and profit performance of PTSA under this dynamic
setting. We see that the profit converges quickly to the optimum value and the backlog is

no larger than the worst case bound. Let’s now also look at the prices chosen by PTSA.

"For simplicity here, we assume that R(t) can take fractional values. Alternatively, we could restrict
packet sizes to integral units and make the probabilities be such that E{R(t) | m, p(t)} = F(m,p(t)).
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Figure 2.3: The two-state Markov chain.
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Figure 2.4: Average backlog and average profit v.s. V.

We see in Fig. 2.5 that in fact PTSA quickly determines the optimum prices for each
state, and consequently determines the optimum share of the two different demand states.
In this case, we see that for each demand state, only one price is chosen. In [HN07], an
actual two price phenomenon was observed, in which case for every demand state, two

prices are used to achieve the optimal profit. Figure 2.6 also shows the prices sequence

under the case when F'(High,p) = 1 — %p2 and F(Low,p) = 1}3)2 for 0 < p <10. In
this case, we see that prices fluctuate within some interval over the whole period of time.
However, within small time intervals, we again observe the similar one-price-per-state

phenomenon as in the previous case.
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Figure 2.6: LEFT: prices chosen in the first 5 x 10% slots; RIGHT: prices chosen over an interval
of 200 slots (V=1000)

2.6 Discussion

In practice, we often see stores going on sale from time to time. It is sometimes believed
that going on sale is a way of performing price discrimination [BZ99] between customers
that are willing to wait and those who are not, so as to reap profit from different groups
of customers. However, Theorem 2 shows that indeed, there is a fundamental reason for
stores to go on sale: for achieving the maximum time average profit. We also observe
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that the prices generated by the PTSA algorithm, e.g., Fig. 2.6 are quantitatively similar
to the time-varying prices that one can usually observe in practice. These results are
rather interesting and suggest that using dynamic models like the one considered here
may better capture the real world economic behaviors.

In [HN10c], the above model was also extended to treat the case when different cus-
tomers have different service channels, e.g., different unlink channels from mobile users to
the AP. In that case, the Multi-channel PTSA (MPTSA) algorithm has been developed
and was shown to achieve the same [O(log(V')/V'), O(V)] profit-delay tradeoff. The game
theoretic issue concerning customers anticipating the prices has also been discussed. Ex-
amples are given to show that the dynamic prices generated by PTSA can in some cases

bypass the effect of user anticipation and help the AP achieve optimal profit in this case.

2.7 Chapter summary

In this chapter, we consider a network access point pricing problem. We prove the
“Optimality of Two Prices” theorem, which states that it suffices to use only two prices
to achieve optimal profit under arbitrary demand functions. We then develop the PTSA
algorithm, which is greedy and easy to implement, and prove that PTSA is able to achieve
within O(log(V)/V') of the optimal profit while ensuring a deterministic ©(V') congestion

guarantee.
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Part 11

Delay-Efficient Scheduling for Communication Networks
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Chapter 3

The general network model: the stochastic problem

In this chapter, we present the general network utility optimization problem, called the
stochastic problem, which can be used to model a wide class of network utility optimization
problems, e.g., [NMLOS8], [Nee0O6c], [UNO8], and contains as a special case the network
pricing problem in Chapter 2. This model is used in Chapters 4 and 5 for developing

delay-efficient algorithms.

3.1 System model

In this section, we specify the general network model we use. We consider a network
controller that operates a network with the goal of minimizing the time average cost,
subject to the queue stability constraint. The network is assumed to operate in slotted

time, i.e., t € {0,1,2,...}. We assume that there are r > 1 queues in the network.

3.1.1 Network state

We assume that there are a total of M different random network states, and define
S = {s1,82,...,8n} as the set of possible states. Each particular state s; indicates the
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current network parameters, such as a vector of channel conditions for each link, or a
collection of other relevant information about the current network channels and arrivals.
Let S(t) denote the network state at time ¢t. We assume that S(t) evolves according to
some general probability law, under which there exists a steady state distribution of S(¢).
For example, S(t) can be i.i.d. every time slot, or it can be a finite state irreducible and
aperiodic Markov process. We use 7, to denote its steady state probabilities of being
in state s;. We assume that the network controller can observe S(t) at the beginning
of every slot ¢, but the statistics of the S(¢) process, including the 75, probabilities and
transition probabilities (if S(t) is a Markov process), are not necessarily known. Note
that if S(¢) contains multiple components, e.g., if S(¢) is a vector of channel states of
the network, the components can be correlated with each other. See Section 3.1.4 for an

example.

3.1.2 The cost, traffic and service

At each time ¢, after observing S(¢) = s;, the controller chooses an action z(t) from a set
X6 e, z(t) = 205 for some z(5) € X)), The set X() is called the feasible action
set for network state s; and is assumed to be time-invariant and compact for all s; € S.

The cost, traffic and service generated by the chosen action z(t) = (%) are as follows:

(a) The chosen action has an associated cost given by the cost function f(t) = f(s;, (%)) :

X6 5 Ry (or X9 — R_ in the case of reward maximization problems);

(b) The amount of traffic generated to queue j by the action is determined by the traffic
function A;(t) = A;(s;, x()) : X)) — R in units of packets;

40



(c) The amount of service allocated to queue j is given by the rate function u;(t) =

e x(si)) : X(5) — R, | in units of packets;

Note that A;(t) includes both the exogenous arrivals from outside the network to queue
7, and the endogenous arrivals from other queues, i.e., the transmitted packets from other
queues, to queue j. (See Section 3.1.3 and 3.1.4 for further explanations.) We assume that
the functions f(s;,-), pj(si,-) and A;(s;,-) are time-invariant, their magnitudes are uni-
formly upper bounded by some constant 6,4, € (0,00) for all s;, j, and they are known to
the network operator. We also assume that there exists a set of actions {x,&si)}f:f”?j,””wz
with 1:,(:1') e X)) a set of probabilities {ﬁ,(:i)}f::f”?.”'j\'fw and a positive constant ¢ > 0
such that:
Do D 0 (i o) = Aj(sin )} < —e Vi (3.1)
Si k
That is, the constraints are feasible with e-slack. Thus, there exists a stationary random-
(s4)

ized policy that stabilizes all queues (where ¥, " represents the probability of choosing

action xl(:i) when S(t) = s;). In the following, we use:
A(t) = (A1), Ao(t), s A (1), (3.2)
N(t) = (i (t)v K2 (t), ooy Mo (t))Tv (3'3)

to denote the arrival and service vectors at time t. It is easy to see from above that if we

define:

B = /Tmaz, (3.4)
then since |A;(t)|, |pj(t)| < Omaa for all j, we have ||A(t) — p(t)|| < B for all t.

41



3.1.3 Queueing, average cost and the stochastic problem

Let q(t) = (q1(t),...,q-(t))T € R, t = 0,1,2, ... be the queue backlog vector process of
the network, in units of packets. We assume the following queueing dynamics:

qj(t + 1) = max [g;(t) — p;(t),0] + A;(t) Vj, (3.5)
and g(0) = 0. By using (3.5), we assume that when a queue does not have enough packets
to send, null packets are transmitted. In this chapter, we adopt the following notion of

queue stability:

T t—=1 r
) 1
E{qu} éhmsuprZE{qj(T)} < 0. (3.6)
4_ tooo U 0
j=1 7=0 j=1
We use II to denote the policy that the network controller uses to choose actions, and
use fg} to denote the time average cost induced by II, defined as:

=
{g) élimsupfZIEJ{fH(T)}, (3.7)

t—o0 t —

=0
where f1(7) is the cost incurred at time 7 by policy II. We call an action-seeking policy
feasible if at every time slot ¢ it only chooses actions from the feasible action set X5(*).
We then call a feasible action-seeking policy under which (3.6) holds a stable policy, and
use fr, to denote the optimal time average cost over all stable policies. In every slot, the
network controller observes the current network state and chooses a control action, with

the goal of minimizing the time average cost subject to network stability. This goal can

be mathematically stated as:

min: fII st (3.6).
In the rest of the chapter, we refer to this problem as the stochastic problem. Note that
our model can also be used to model stability problems, where the network is trying to

support certain traffic flows. This special case is further studied in Chapter 5.
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3.1.4 Examples of the model
3.1.4.1 The cccess point pricing problem

Now we describe how the AP pricing problem in Chapter 2 fits into our general model.
In the pricing problem, there is only a single queue in the network. Hence we have r = 1.

The network state, the action, the cost function, and the arrival and service functions are

as follows: 1

1. The network state is S(t) = (DM (t), CH(t)), i.e., the (Demand, Channel) pair, and

for s; = (m, ch), s, is the steady state probability that (DM (t),CH(t)) = (m,ch).
2. The action z(*) at time ¢ under a state s; is a tuple of (Z(), p(5), cost(s1)).
3. For each s; = (m,ch),

(a) the cost function is f(s;,2(5)) = cost(®) — Z(s)) F(m, p(:))p(si),
(b) the arrival function is A(s;, (%)) = Z() F(m, p(s)),

(¢) the service function is ju(s;, (%)) = ®(cost(®), ch).

It is also easy to see that in this case, dpar = max|[Rmaz, bmaz)-

3.1.4.2 A 2-queue energy minimization example

We provide another example to illustrate our model. Consider the 2-queue network in
Fig. 3.1. In every slot, the network operator decides whether or not to allocate one unit

of power to serve packets at each queue, so as to support all arriving traffic, i.e., maintain

!Note that in the AP pricing problem, the arrival function and cost function indeed represent the
expected value of the actual numbers. This can easily be incorporated into the analysis of our general
model.
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queue stability, with minimum energy expenditure. The number of arriving packets R(t),
is i.i.d. over slots, being either 2 or 0 with probabilities 5/8 and 3/8, respectively. Each
channel state CH;(t) or CHa(t) can be either “G=good” or “B=bad.” However, the
two channels are correlated, so that (CHi(t),CH2(t)) can only be in the channel set
CH ={(B,B),(B,G),(G,G)}. We assume that (CH;(t),CHa(t)) is i.i.d. over slots and
takes every value in CH with probability % When a link’s channel state is good, one unit
of power can serve 2 packets over the link, otherwise it can only serve one. We assume

that power can be allocated to both channels without affecting each other.

A(t) = R(Y) (1) = As(t) (1)
> () —T () —P
CH, () CH,(t)

Figure 3.1: A 2-queue system

In this case, the network state S(t) is a triple (R(t), CH(t), CHz(t)) and is i.i.d.
There are six possible network states. At each state s;, the action (59 is a pair (z1,22),
with z; being the amount of energy spent at queue j, and (21, z2) € X = {0/1,0/1}.
The cost function is f(s;, x(si)) = x1 + 22, Vs;. The network states, the traffic functions
and service rate functions are summarized in Fig. 3.2. Note here that A;(t) = R(t) is part
of S(t) and is independent of z(%); while Ay(t) = y;(t) and hence depends on z(%). Also
note that As(t) equals p;(t) instead of min[u;(t), g1 (t)] due to our idle fill assumption in
Section 3.1.3.
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S | R(t) | CHi(t) | CHa(t) | Ai(t) | Aa(t) | pa(t) | pa(t)
s1 0 B B 0 T T To
S92 0 B G 0 T Tl 2:E2
S3 0 G G 0 211 211 2x90
S4 2 B B 2 T T T
S5 2 B G 2 T1 T 2x9
S6 2 G G 2 221 211 219

Figure 3.2: Network state, traffic and rate functions

3.2 Discussion of the model

We note that our system model does not explicitly take any queueing delay constraints
into account. This is mainly due to the difficulty of charactering the exact queueing delay
under control policies in a large network [YZC09]. While problems with explicit queueing
constraints can in principle be formulated and solved using the dynamic programming
approach [Ber(07], algorithms there usually require accurate statistical knowledge of the
complicated underlying random process and easily run into the “curse of dimensionality”
problem, hence are less practical when compared to the QLA algorithms developed under

our system model.

However, though we did not specify the queueing delay constraints, we still get network
congestion bounds as a by-product of the Lyapunov analysis. And these delay bounds
are very useful. For example, suppose that our objective is to maximize a certain utility
subject to some delay constraint. Since it is difficult to capture the exact delay, we can
first solve a “relaxed” problem, i.e., replace the delay constraint with the queue stability
constraint (3.6). Then, if we can achieve a near-optimal utility with the guarantee that
the network delay is no more than the required value, we indeed obtain a control policy
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that achieves a utility close to the optimal delay-constrained utility, and ensures the delay

requirement. (Section 2.4.2 provides such an example.)
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Chapter 4

Achieving the near-optimal [O(1/V), O([log(V)]?)]

utility-delay tradeoff

In this chapter, we design delay-efficient algorithms for the general stochastic problem
defined in Chapter 3, under the assumptions that the network state S(¢) is i.i.d. and
Markovian, and that the utility function f(-,-) is not a common constant. The results
in this chapter are based in part on our conference and journal papers [HN09] [HN11a]
[HN10d] [HNar| [HN10a] [HMNK11].

The i.i.d. case has been extensively studied, e.g., in [GNT06], and it has been shown
that QLA achieves an [O(1/V),O(V)] utility-delay tradeoff for the problem. Two re-
cent papers ([Nee07] and [NeeO6b]) instead construct algorithms based on exponential
Lyapunov functions and achieve an [O(1/V),O(log(V))] tradeoff for the downlink en-
ergy minimization problem and the network flow utility maximization problem. The
Markovian case, however, has rarely been studied, and results in this case are limited to
achieving the [O(1/V), O(V)] tradeoffs for problems in single-hop networks, e.g. [Nee09a].

Rather than using the exponential Lyapunov function approach, we focus on using
simpler quadratic Lyapunov functions for constructing delay-efficient algorithms under
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both i.i.d. and Markovian network states. We carry out our task in the following steps.
In step one, we construct a deterministic mathematical program and establish a novel
connection between the QLA algorithm and a randomized dual subgradient method ap-
plied to the dual problem of the deterministic problem. We then show in the second step
that under the QLA algorithm, the network backlog vector is exponentially attracted to
some attractor, which is the dual optimal solution of the deterministic problem. In our
third step, we construct the Fast-QLA (FQLA) algorithm to subtract out a Lagrange
multiplier from the network under QLA and achieve the [O(1/V), O([log(V)]?)] utility-
delay performance. ! In the fourth step, we further show that the requirement of having
certain knowledge of the optimal Lagrange multiplier in FQLA can be removed when we
apply QLA with a Last-In-First-Out (LIFO) queueing rule (called LIFO-Backpressure).
Finally, we develop the LIFOP-Backpressure rule, which is a generalized version of LIFO-
Backpressure and uses the LIFO discipline with probability p. We show that LIFOP-

Backpressure achieves a similar tradeoff for a p fraction of the traffic.

The techniques developed in this chapter are general, and apply to general multi-
hop network problems with Markovian network states. As we will see, the connection
between the Lyapunov technique and the deterministic mathematical program, and the
constructions of the three delay-efficient algorithms, i.e., FQLA, LIFO-Backpressure and
LIFOP-Backpressure, indeed provide us with new insights into this important Lyapunov

technique and will be helpful for future algorithm design in stochastic networks. In the

'One will see from the analysis in this chapter that, we can indeed prove the [O(1/V), O(log(V))]
utility-delay tradeoffs for the proposed algorithms. However, for the ease of analysis and notation, we
instead choose to prove our results for a slightly sub-optimal tradeoff.
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following, we first provide some intuition of the deterministic mathematical program us-
ing the access point (AP) pricing problem considered in Chapter 2. We then turn to the

general network setting and develop the general results there.

4.1 QLA and the deterministic problem

In this section, we first provide a simple example explaining the connection between
the Lyapunov technique and the mathematical program. We then review the Quadratic
Lyapunov functions based Algorithms (QLA) [GNTO06] for solving the general stochastic
problem defined in Chapter 3. After that, we define the deterministic problem and its
dual problem. We also describe the ordinary subgradient method (OSM) that can be used
to solve the dual. The dual problem and OSM will also be used later for our analysis of

the steady state backlog behavior under QLA.

4.1.1 The pricing example

Here we first take a look at the relationship between QLA and a certain mathematical
program via the AP pricing problem in Chapter 2.

Recall that the network state for the pricing system is S(t) = [DM (t), CH(t)] and 75 is
the steady state probability that S(¢) = s = [m, ch]. Consider the following deterministic

mathematical program:

max : 1% Z T [Z(S)F(s,p(s))p(s) - cost(s)] (4.1)
s.t. Zﬂ' Z S)F (s .l ) < Zws cost(®
p(s) eP, Vs,
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Z®) €{0,1}, Vs,
cost® €C V¥ s.

Note that here we have written F'(m,p) and ®(cost, ch) both as functions of s. The dual

problem of (4.1) can easily be obtained to be: 2

min: g¢(vy), s.t.vy>0, (4.2)

g(v) = sup Z WS{VZ(S)F(s,p(S))p(S) — Veost®)
p(s)’cost(S),Z(S) s

—W[Z(S)F(s,p(s)) — ®(cost®, s)] }
Now consider solving (4.2) using the Randomized Incremental Subgradient Method (RISM)
[BNOO3] as follows:

RISM: Initialize v(0) = 0 and {a’ > 0}2,; at iteration ¢, observe ~(t), choose a

random state S(t) € S according to some probability law.
(1) If S(t) = s, find ), cost®), Z(5) that solves the following:
max : VZEOF(s,pNp) — Veost) — y(t) [Z(S)F(s,p(s)) — ®(cost(®, s)] (4.3)
st. p®ePcost® e,z e {0,1}
(2) Using the p®), cost®) | Z(8) found, update ~(t) according to:
v(t +1) = max |y(t) — o/ ®(cost®, s),O] + ' ZOF (s, p).
Now it is easy to see that (4.3) is the same as:
max : |VZEF(s,p®)pls) — Z(S)F(s,p(s))’y(t)] + ['y(t)fb(cost(s), s) — Veost® | (4.4)

st. p®eP,z6) e{0,1}, cost® e C.

2To facilitate reading, we have provided a very brief review on how to obtain the dual problem for a
mathematical program in the Appendix .
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We also recall that the PTSA algorithm in Chapter 2 works as follows:

Admission Control: Every slot t, the AP observes the current backlog ¢(¢) and the

user demand DM (t) and chooses the price p(t) to be the solution of the following problem:
max:  VE(DM(t),p)p — 2q(t)F(DM(t),p)
st. peP. (4.5)

If for all p € P the resulting maximum is less than or equal to zero, the AP sends the
“CLOSED?” signal (Z(t) = 0) and does not accept new data. Else, it sets Z(t) = 1 and

announces the chosen p(t).

Cost/Transmission: Every slot ¢, the AP observes the current channel state CH (t)

and backlog ¢(t) and chooses cost(t) to be the solution of the following problem:
max:  2q(t)®(cost, CH(t)) — V - cost
s.t.  cost € C. (4.6)

The AP then sends out packets according to u(t) = ® (cost(t), CH(t)).

Now let S(¢) in RISM be exactly the same as that in the AP pricing system, and
let o' =1 for all . By comparing (4.4) to (4.5) and (4.6), we see that PTSA is indeed

equivalent to RISM applied to the dual problem of (4.1) with (t) = 2q(t).

In the following, we show that this connection between the deterministic mathematical
program and QLA indeed holds for any network utility optimization problem that falls
into the framework described in Chapter 3. As we will see, this connection not only
enables a detailed analysis of the network backlog behavior under QLA, but also suggests
a very natural way to guarantee an O([log(V)]?) delay bound while achieving the O(1/V)
utility performance.
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In the rest of this chapter, we study the case when S(¢) is i.i.d.. However, the QLA
algorithm and the deterministic problem will remain the same under general ergodic S(t)
processes. The connection between the two also holds for general ergodic S(¢) processes.

See Section 4.8 for further discussion.

4.1.2 The QLA algorithm

To solve the general stochastic problem in Chapter 3 with i.i.d. S(¢) using QLA, we
first define a quadratic Lyapunov function L(q(t)) = %Z;Zl qu(t). We then define the
one-slot conditional Lyapunov drift: A(q(t)) = E{L(q(t + 1)) — L(q(t))| q(¢)}, where
the expectation is taken over the random network state S(¢) and the possible random
actions. From (3.5), we obtain the following:
r
Alq(t)) < B> —E{> q;(t)[pi(t) — A;(1)] | q()}.
j=1
Now, adding to both sides the term VE{f(t)|q(t)}, where V' > 1 is a scalar control

variable, we obtain:
Alg(t) +VE{f()| q(t)} < B® - E{ V) + D a0 [u(t) — A;(0)] | Q(t)}- (4.7)
j=1

The QLA algorithm is then obtained by choosing an action x at every time slot ¢ to

minimize the RHS of (4.7) given q(t). Specifically, the QLA algorithm works as follows:
QLA: At every time slot ¢, observe the current network state S(t) and the backlog
q(t). If S(t) = s;, choose (%) € X(%) that solves the following:
max V(s a) 4 S a5(0) (o0, 2) — Aj(si, )] (4.8)
=1
s.t. ze X, ]
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Depending on the problem structure, (4.8) can usually be decomposed into separate parts
that are easier to solve, e.g., [NeeO6¢c|, [HN10c]. Also, it can be shown, as in [GNTO06]

that when S(t) is i.i.d.,

QLA _ i+ 0(1)V), qQLA =0(V), (4.9)

av

QLA

where fg~°" and GQL A

are the expected average cost and the expected time average

network backlog size under QLA, respectively.

It has been shown, e.g., in [Nee0O6¢c|, [NMLO08|, [GNTO06], that an O(V') network delay
is typically incurred when an O(1/V) close-to-optimal utility is achieved for network
utility optimization problems. In this case, two recent papers [Nee07] and [NeeO6b] use
a more complicated algorithm design approach based on exponential Lyapunov functions
to achieve within O(1/V) of the optimal utility with only O(log(V')) delay under i.i.d.
network randomness. However, the exponential Lyapunov approach cannot be easily
extended to the case when the network state is not i.i.d., whereas the methods we are

going to present work under more general network state processes.

4.1.3 The deterministic problem

Consider the deterministic problem as follows:
min:  F(z) £V Y, f(si,2) (4.10)
st Aj(z) & fnsiAj(si, 2y <Bj(w) £ o pi(si,2a)) Y
a5 e X(:) Vi=1,2,.., M, )
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where 7, is the probability of S(t) = s; and & = (), ..., 2»))T The dual problem of

(4.10) can be obtained as follows:

max  g(7) (4.11)
s.t. ~v =0,

where g(7) is called the dual function and is defined as:

g(y)= inf {V > e fsi x) (4.12)

x(si)e){(si)
# DS A 3) = )]
J si Si
We note that g(v) can also be written in the following separable form, which is more

useful for our later analysis.

9 = nf ; s, {Vf(3i7 2t)) + Zj: 73 [Aj (50, 2) — i (si, )] } (4.13)

Here v = (y1,...,7)T is the Lagrange multiplier of (4.10). It is well known that g(v)
in (4.12) is concave in the vector =, and hence the problem (4.11) can usually be solved
efficiently, particularly when cost functions and rate functions are separable over different
network components. It is also well known that in many situations, the optimal value of

(4.11) is the same as the optimal value of (4.10), and in this case we say that there is no

duality gap [BNOO03]. (See Appendix A for more discussions.)

We note that the deterministic problem (4.10) is not necessarily convex, as the sets
X (51) are not necessarily convex, and the functions f(s;,-), A;(s;,-) and u;(s;, ) are not
necessarily convex. Therefore, there may be a duality gap between the deterministic prob-
lem (4.10) and its dual (4.11). Furthermore, solving the deterministic problem (4.10) may
not solve the stochastic problem. This is because at every network state, the stochastic
problem may require time sharing over more than one action, but the solution to the
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deterministic problem gives only a fixed operating point per network state. However,

we have shown in [HN10a] that the dual problem (4.11) gives the exact value of V f

av’?

*

o+ is the optimal time average cost for the stochastic problem, even if (4.10) is

where
Non-convex.

Among the many algorithms that can be used to solve (4.11), the following is the
most common one (for performance, see [BNOO03]). We call it the ordinary subgradient

method (OSM):

OSM: Initialize ¥(0); at every iteration ¢, observe ~y(t),

1. Find ar,(f(it)) € &) for i € {1,..., M} that achieves the infimum of the right-hand

side of (4.12).

(s1) ,.(s2) (sm)

2. Using the z ;) = (m,\/(t),xv(t), ey ZMNT found, update:

()
v;(t + 1) = max [vj(t) —at Z T, (15 (si, :c,(ys(it))) — Aj(si, x,(:(it)))] ,01. (4.14)
We use xff(it)) to highlight its dependency on ~(t). a! > 0 is called the step size at

iteration t. In the following, we always assume that o = 1 when referring to OSM.
Note that if there is only one network state, QLA and OSM will choose the same ac-
tion given () = q(t), and they differ only by (3.5) and (4.14). The term G =
(Gry),15 Goyt),25 -5 G,y(t)’,,)T, with:

V0 = Ai(@y) = Bi(zym) (4.15)

= Z e [ — p;(si, f’fif(it))) + A (si, xﬁrs(it)))] ’

is called the subgradient of g(vy) at ~(t). It is well-known, e.g., in [BNOO3], that for any
other 4 € R", we have:
(7 —v®)" Gy = 9(3) — g(7(1)). (4.16)
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Using [|Gy ()|l < B, we note that (4.16) also implies:

9(¥) —9(v) < Blly =+l V¥,v€R". (4.17)
We are now ready to study the steady state behavior of g(¢) under QLA. To simplify
notation and highlight the scaling effect of the scalar V' in QLA, we use the following

notation:

1. We use go(y) and ~{ to denote the dual objective function and an optimal solution
of (4.11) when V = 1; and use g(v) and ~j, (also called the optimal Lagrange

multiplier) for their counterparts with general V' > 1;

2. We use xfls(;)) to denote an action chosen by QLA for a given g(¢) and S(t) = s;; and

Use Ty = (x_(;é)), s .%E:(%))T to denote a solution chosen by OSM for a given ~y(t).

To simplify the analysis, we assume the following throughout: 3

T

Assumption 1. v = (V{1, .-, W,)" 5 unique for all V > 1.

Note that Assumption 1 is not very restrictive. In fact, it holds in many network utility
optimization problems, e.g., [ESO7]. In many cases, we also have v, # 0. Moreover, for
the assumption to hold for all V' > 1, it suffices to have just ~( being unique. This is

shown in the following lemma.
Lemma 2. ~j, = V~;.
Proof. From (4.13) we see that:

g/V = if > m, {f<si, 20) D5 [Aj (i 2) = (i, 25 }
S; 7

3See Section 4.6 for discussions on the importance of this assumption.
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where §; = . e is exac 0(%), and so is maximized at 4 = ~. us is
here 4; = 7. The RHS tly go(%), and d at 4 = 5. Thus g(v)

maximized at V. O

4.2 Backlog vector behavior under QLA

In this section we study the backlog vector behavior under QLA of the stochastic problem.
We first look at the case when go(7) is “locally polyhedral.” We show that q(t) is mostly
within O(log(V')) distance from 7§, in this case, even when S(t) evolves according to a
more general time homogeneous Markovian process. We then consider the case when
go(7) is “locally smooth,” and show that g(t) is mostly within O(v/V log(V')) distance
from ~7,. As we will see, these two results also explain how QLA functions. The choices
of these two types of go() functions are made based on their practical generality. See

Section 4.2.3 for further discussion.

4.2.1 When gy(-) is “locally polyhedral”

In this section, we study the backlog vector behavior under QLA for the case where go(7)
is locally polyhedral with parameters €, L, i.e., there exist ¢, L > 0, such that for all v > 0

with ||y — ¢l < €, the dual function go() satisfies:

90(70) = 90(7) + Lllvo — Il (4.18)
We show that in this case, even if S(t) is a general time homogeneous Markovian process,
the backlog vector will mostly be within O(log(V')) distance to ~},. Hence the same is
also true when S(t) is i.i.d.
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To start, we assume for this subsection that S(t) evolves according to a time ho-
mogeneous Markovian process. Now we define the following notation. Given tg, define
Ts,(to, k) to be the set of slots at which S(7) = s; for 7 € [to,to + k — 1]. For a given
v > 0, define the convergent interval T,, INMRO5] for the S(t) process to be the smallest

number of slots such that for any tg, regardless of past history, ¢ we have:

. BT, o TN Ha)}) (4.19)
i=1 v

here || 75, (to, T,))|| is the cardinality of Ty, (to,T;,), and H(to) = {S(7)}!%; denotes the
network state history up to time tg. For any v > 0, such a T}, must exist for any stationary
ergodic processes with finite state space. Thus, T, exists for S(¢) in particular. When
S(t) is i.i.d. every slot, we have T, = 1 for all v > 0, as E{||T;, (to, 1)|| | H(to)} = s,

Intuitively, T, represents the time needed for the process to reach its “near” steady state.

The following theorem summarizes the main results. Recall that B is defined in (3.4)
as the upper bound of the magnitude change of g(t) in a slot, which is a function of the

network size r and 6,,44-

Theorem 5. If go(7y) is locally polyhedral with constants €, L > 0, independent of V', then

under QLA,

(a) There exist constants v > 0, D > n > 0, all independent of V', such that D =

D(v),n =n(v), and whenever ||q(t) — ;|| > D, we have: ®

E{llg(t+T,) = vvllla(®)} < llat) =] —n. (4.20)

“In the Markov chain literature, this is called the total variation mizing time [LPWO8].
®Note that if |q(t) —~7|| > D, then ||q(t) —~3 || > 7. Thus the right-hand side of (4.20) is nonnegative.
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In particular, the constants v, D and n that satisfy (4.20) can be chosen as follows:
Choose v as any constant such that 0 < v < L/B. Then choose n as any value such

that 0 < n < T,(L — Bv). Finally, choose D as: ©

(77 +T,)B* — 1’
)1 -
2T,(L — 4+ — Bv)

D = max (4.21)

(b) For the constants v, D,n given in (a), there exist some constants c*,5* > 0, inde-

pendent of V', such that:
P(D,m) < cfe P ™, (4.22)

where P(D,m) is defined as:

t—1
1
P(D,m) 2 nmsup;ZPr{Hq(T) — |l > D+ m)}. (4.23)
t—o0 —0

Part (a) shows that when (4.18) is satisfied, if the current backlog vector is far away
from ~7{,, the action of QLA will “push” it towards ~j,. Specifically, the expected distance
between them will decrease by 1 every time. Part (b) then shows that under such a

“driving force,” the queue vector will mostly be “attracted” to ~j,. Indeed, if m =

log(V)

5= by (4.22) we have P(D,m) < % Also if a steady state distribution of ||q(t) —

~i/|| exists under QLA, e.g., when g¢;(t) only takes integer values for all j, in which
case ¢(t) is a discrete time Markov chain with countably infinite states and the limit of
1 Zt;:lo Pr{|lg(t) —v{|| > D + m} exists as t — oo, then one can replace P(D, m) with
the steady state probability that q(t) deviates from ~j, by an amount of D + m, i.e.,
Pr{llq(t) =y [l > D +m}.

Therefore, Theorem 5 can be viewed as showing that when (4.18) is satisfied, for a

large V, the backlog g(t) under QLA will mostly be within O(log(V')) distance from ~5;.

STt can be seen from (4.17) and (4.18) that B > L. Thus T, B > T, L > 7.
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This implies that the average backlog will roughly be 3 j ’y‘*/j, which is typically (V') by
Lemma 2. Tt also allows us to build FQLA upon QLA to “subtract out” roughly > W
data from the network and reduce network delay. Theorem 5, together with Theorem 8
below, highlight the important fact that the steady state behavior of the network backlog
vector q(t) is closely related to the structure of go(v). We note that (4.18) is not very
restrictive. In fact, if go(7) is polyhedral (e.g., X9 is finite for all s;), with a unique
optimal solution +§ = 0, then (4.18) can be satisfied (see Section 4.3.6 for an example).

To prove the theorem, we need the following lemma.

Lemma 3. For any v > 0, under QLA, we have for all t,
E{llat + 1) —vvIPla®)} < lla(t) =~y |? + (I} + 1) B (4.24)

2T, (9(v) — 9(a(t)) + 2T,w By — a(b)].

Proof. See Section 4.10.1. O

We now use Lemma 3 to prove Theorem 5.

Proof. (Theorem 5) Part (a): We first show that if (4.18) holds for go(7y) with L, then
it also holds for ¢g(+) with the same L. To this end, suppose (4.18) holds for go(y) for
all v satisfying [|v — (|| < e. Then for any « > 0 such that ||y —~7/| < €V, we have

lv/V =~ < €, hence:
90(70) = 90(v/V) + Llve —v/VI-
Multiplying both sides by V', we get:

Vgo(v0) =2 Vgo(y/V) + LV [lvg —~v/V|.

60



Now using vy, = V¢ and g(v) = Vgo(v/V), we have for all ||y —~i || < €V:
9(vv) = 9(v) + Ll =l (4.25)
Since g(7) is concave, we see that (4.25) indeed holds for all v > 0. Now for a given
n >0, if:
(T} + 1) B* = 2T, (9(vv) — 9(a(t))) + 2LvB|vi — a(t)]|
<’ =2nllvy —q(®)ll,  (4.26)
then by (4.24), we have:
E{lla(t+T,) =y 1* [ a(®)} < (la(t) =l =0,
which then by Jensen’s inequality implies:
E{llgt+T,) =yl a)})* < (la(t) =il —n)*
Thus (4.20) follows whenever (4.26) holds and ||q(t) — ~§/|| > 7. It suffices to choose D

and 7 such that D > 7 and that (4.26) holds whenever ||g(t) —~{/|| > D. Now note that

(4.26) can be rewritten as the following inequalty:

9(v) = 9(q(t)) + (Bv + T%)HW*V —q@)[+Y, (4.27)
where ) = W. Choose any v > 0 independent of V such that By < L and
choose n € (0,7, (L — Br)). By (4.25), if:

Llla(t) =341 = (B + )i = a0l + 9, (4:28)
then (4.27) holds. Now choosing D as defined in (4.21), we see that if ||q(t) — v}/ || > D,
then (4.28) holds, which implies (4.27), and equivalently (4.26). We also have D > n,

hence (4.20) holds.

Part (b): Now we show that (4.20) implies (4.22). Choose constants v, D and 7
that are independent of V' in (a). Denoting Y'(t) = ||q(t) — /||, we see then whenever
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Y(t) > D, we have E{Y (t + T,,) — Y (t)| q(t)} < —n. It is also easy to see that |V (¢ +

T,)—-Y(t)] <T,B, as B is defined in (3.4) as the upper bound of the magnitude change

of q(t) in a slot. Define Y (t) = max [Y(t) — D,0]. We see that whenever Y(t) > T, B,

we have:

E{Y(t+T,)~ V()| g®)} = E{Y(t+T,) - (D) a()} < —n. (4.29)

Now define a Lyapunov function of Y (¢) to be L(Y (t)) = e®Y(®) with some w > 0, and
define the T,-slot conditional drift to be:

Ar,(Y(1) £ E{LY(t+T,)) - LY ()| q(t)}

= E{e"VHT) _ VO | (1)), (4.30)

It is shown in Section 4.10.2 that by choosing w = m, we have for all Y (¢) > 0:

Ar(Y(t) < BB _ LTu¥() (4.31)

2

Taking expectation on both sides over g(t), we have:
E{ew?(t—l-Ty) o ew?(t)} < e2wT,,B - %E{ewf/(t) } (432)

Summing (4.32) over t € {to,to +1,,...,t0 + (N — 1)1, } for some to € {0,1,...,T, — 1},

we have:
~ ~ N-1 ~
E{ewY(thrNTl,) . ewY(to)} < Ne2wTvB _ Z ﬂE{ewy(toﬂTy)}_
j=0

Rearranging the terms, we have:

N-1 ) )

Z %E{ewY(toJroy)} < Ne2wTvB _i_E{ewY(to)}.

§=0

Summing the above over tg € {0,1,...,7, — 1}, we obtain:

NT,—1 ~ T,—-1 -
Z %E{ewy(t)} < NT”eQwTVB_'_ Z E{ewY(to)}'
t=0 to=0
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Dividing both sides with NT,,, we obtain:
| NLo =

T Z %E{euﬂ}(t)} < eQwTuB + ﬁ Z E{ew?(to)}_ (433)
Voot=0 Y t0=0

Taking the limsup as N goes to infinity, which is equivalent to letting t = NT, go to

infinity, we obtain:

t—1
. 1 wn %
lim sup — E —IRLewY (M) < wvB, 4.34
t—)oop t —0 2 { } - ( )

Using the fact that E{e“’?(ﬂ} > e"mPr{Y (1) > m}, we get:

t—1
1 .
limsup — Z wemer{Y(T) >m} < B, (4.35)
t—o0 t —0 2
Plug in w = m and use the definition of Y (¢):
9e2w Ty B
P(D,m) < ——e W™ (4.36)
wn
2
2(T2B? + T, Bn/3)e b3 .

_ e T332+Tl,3n/3’

72
where P(D,m) is defined in (4.23). Therefore (4.22) holds with:

2
2(T2B? + T, Bn/3)e B3
C = )

72
g* = il : (4.37)
T2B% +1T,Bn/3
It is easy to see that ¢* and 8* are both independent of V. 0

Our approach in deriving the results in Part (b) of Theorem 5 (and Theorem 8 below)
and the approach in [CL] are both based on Taylor expansion. However, [CL] can be
viewed as deriving the results from the moment generating function of the target variable.
Our approach can be viewed as using the difference of the moment generating functions
of the intermediate variables. Our approach can also be applied to deriving contraction
bounds for martingales [Dur05].
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Note from (4.33) and (4.34) that Theorem 5 indeed holds for any finite q(0). We later
use this fact to prove the performance of FQLA. The following theorem is a special case
of Theorem 5 and gives a more direct illustration of Theorem 5. Recall that P(D,m) is

defined in (4.23). Define:

t—1
1
PO(D,m) £ limsup— > Pr{llq(r) — ¥illsc > D +m} (4.38)
t—o0 t —0
t—1
: 1 : x
= limsup — Z Pr{3j,|q;j(1) — ;| > D +m} (4.39)
t—o00 t —0

Theorem 6. If the condition in Theorem 5 holds and S(t) is i.i.d., then under QLA, for

any ¢ > 0:
P(Dy,cK;log(V)) < ‘C/—TC, (4.40)
PU(Dy, o1 log(V)) < “371 (4.41)
where D1 = % + %, K = 32271/92”6 and ¢ = B(BZJFBLL/S)‘Z#M )

Proof. First we note that when S(¢) is i.i.d., we have T, = 1 for v = 0. Now choose
v=0,T,=1and n= L/2, then we see from (4.21) that

2B —12/4 L 2B L
D:max[/ ] < —

L "9 I 1

Now by (4.37) we see that (4.22) holds with ¢* = ¢} and p* = #gL/G‘ Thus by taking

2
D, = —25 + %, we have:

P(Dy,cKilog(V)) < cre cK1B loa(V)

_ CTG_CIOg(V),

where the last step follows since 5*K; = 1. Thus (4.40) follows. Equation (4.41) follows

from (4.40) by using the fact that for any constant ¢, the events & = {||q(7) —7}/|lec > ¢}
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and & = {[lq(7) =y [| > (} satisfy &1 C &. Thus: Pr{||lq(7) =¥ |lec > ¢} < Pr{[lq(7) -

Yol > ¢} O

Theorem 6 can be viewed as showing that for a large V, the probability for ¢;(t) to
deviate from the j** component of vy, is exponentially decreasing in the distance. Thus
it rarely deviates from 7y, ; by more than O(log(V)) distance. Note that one can similarly

prove the following theorem for OSM:

Theorem 7. If the condition in Theorem 5 holds, then there exist positive constants D =

O(1) and n = O(1), i.e, independent of V', such that, under OSM, if ||y(t) — i/ || = D,

@+ 1) =l < lv(@) = vl = (4.42)

Proof. 1t is easy to show that under OSM, Lemma 3 holds with v = 0, 7T, = 1 and
without the expectation. Indeed, by (4.14), (4.15) and Lemma 5 in Section 4.10.1, we

have:

Iyt +1) =7l < v @) =l +28% = 2(vi — (1) G-
Now by (4.16) we have: (v} —v())" G4 > 9(v}) — g(¥(t)). Plug this into the above
equation, we obtain:

Iyt +1) =77 < v —vl* +2B% = 2(9(77) — 9(v(1))-

The theorem then follows by using the same argument as in the proof of Theorem 5. [

Therefore, when there is a single network state, in which case QLA is equivalent to
OSM, we see that given (4.18), the backlog process converges to a neighborhood of size
©(1) around ~j,.
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4.2.2 When gy(-) is “locally smooth”

In this section, we consider the backlog behavior under QLA, for the case where the dual
function go(7) is “locally smooth” at ~{. Specifically, we say that the function go(7y) is
locally smooth at ~§ with parameters e, L > 0 if for all 4 > 0 such that ||v —~§|| < e, we

have:

90(75) = 90(7) + Lllv = 5%, (4.43)
This condition contains the case when go(y) is twice differentiable with Vg(v) = 0 and
a’V2g(y)a < —2L||a||?, Va for any v with ||v§—~|| < . Such a case usually occurs when
the sets X9 ¢ = 1,..., M are convex, i.e., a “continuous” set of actions are available.
Notice that (4.43) is a looser condition than (4.18) in the neighborhood of ~§. As we

will see, such structural difference of go(7y) in the neighborhood of +{ greatly affects the

behavior of backlogs under QLA.

Theorem 8. If go(7y) is locally smooth at v with parameters €, L > 0, independent of

V', then under QLA with a sufficiently large V , we have:

(a) There exists D = ©(\/V) such that whenever ||q(t) — ~v%|| > D, we have:
1

E{llgt+1) =yl a®)} < llat) vl - N (4.44)

(b) P(D,m) < c¢*e ™, where P(D,m) is defined in (4.23), ¢t = (V) and B* =

o(1/VV).

Theorem 8 can be viewed as showing that, when go(7) is locally smooth at ~¢, the
backlog vector will mostly be within O(v/V log(V)) distance from ~3,. This contrasts
with Theorem 5, which shows that the backlog will mostly be within O(log(V)) distance
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from ~7,. Intuitively, this is due to the fact that under local smoothness, the drift towards
vy, is smaller as g(t) gets closer to +§,, hence a @(\/V ) distance is needed to guarantee
a drift of size ©(1/vV); whereas under (4.18), any nonzero ©(1) deviation from ~i,
roughly generates a drift of size ©(1) towards ~7,, ensuring that the backlog stays within

O(log(V)) distance from 7.

To prove Theorem 8, we need the following corollary of Lemma 3.

Corollary 2. If S(t) is i.i.d., then under QLA,

E{llg(t+1) —vI* [ a(®)} < la(t) =47 |* +2B* = 2(9(vv) — 9(a(®))).

Proof. When S(t) is i.i.d., we have T, = 1 for v = 0. O

Proof. (Theorem 8) Part (a): We first see that for any « with ||v —~§/|| < eV, we have

lv/V —~§ll < e. Therefore,

90(¥8) = go(v/V) + Llv/V — 5> (4.45)

Multiplying both sides with V', we get:

*

L *
9(v) = 90 + 7llv = . (4.46)
Similar to the proof of Theorem 5 and by Corollary 2, we see that for (4.44) to hold, we

only need ||g(t) — vy || > ﬁ and:
282~ 2(g(v) — 9(a(t) < = — —=llat) - 7|
- V \/V )
which can be rewritten as:
(i) 2 9la(®) + —=lla(t) — vi | + 2T (4.47)
9g\vv) =2 9\q \/‘7 q TYv . .
By (4.46), we see that for (4.47) to hold, it suffices to have:
Llla) = vil2 = —=lla(®) - 7ol + B (4.48)
% q v - \/‘7 q v . .
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By solving the quadratic inequality (4.48), we see that (4.48) holds whenever:

2
TNV V4V BV
2LV B 2L '

lg(t) = vl =

Denote D = @. We see that when V' is large, (4.44) holds for any g(t) with

D < ||q(t) =~ |l < eV. Now since g(vy) is concave, one can show that (4.47) holds for
all ||g(t) —~i/|| > D. Hence (4.44) holds for all ||g(t) — ~v{/|| > D, proving Part (a).

Part (b): By an argument that is similar to the proof of Theorem 5, we see that Part

6
(b) fOHOWS with: 6* = m and C>'< = 2(VB2 =+ B\/V/3)@3B\/V+1 . OJ

Notice in this case we can also prove a similar result as Theorem 7 for OSM, with the

only difference that D = ©(v/V).

4.2.3 Discussion of the choices of gy(v)

In our analysis, we have focused only on the dual function gg(7y) being either locally
polyhedral or locally smooth. These choices are made based on their practical generality.
To be more precise, assume that without loss of generality that there is only one network
state and the set of feasible actions is a compact subset of R". In practice, this action
set is usually finite due to digitization. Thus we see from the definition of go(v) that an
action, if chosen given a Lagrange multiplier -+, remains the chosen action for a range
of Lagrange multipliers around ~. Hence go(7) is polyhedral in this case. Now as the
granularity of the action sets becomes finer and finer, we can expect the dual function
go(y) to be “smoother and smoother,” in the sense that moving from one action to
another close-by action does not affect the value of go(v) by much. Eventually when the
granularity is fine enough, the action set can be viewed as convex. Now if the optimal
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network performance is achieved at some action not at the boundary of the action set,
then we see that in a small neighborhood around ~j,, we usually have a locally smooth
go(y) function. Further note that in both cases, the structure of go(7y) is independent of

V. Hence the conditions in Theorem 5 and 8 can typically be satisfied in practice.

Though we have focused on the cases when ¢(-) is either polyhedral or smooth, our
analysis approach can also be applied to dual functions satisfying other conditions. For

instance,

90(70) = 90(v) + LIy — ~oll”, (4.49)

with p > 1. In this case, we get a sufficient condition similar to (4.48):

1

vz la®) =i+ B2, (4.50)

L

yrlla®) —vll” =
We can similarly obtain a value D, which is a function of p and V', and prove similar
exponential attraction results. For some values of p, we may not be able to get closed

form solutions. However, (4.50) will still be useful in practice because we can use it to

compute numerical solutions.

4.2.4 The importance of the e-slack condition

Throughout the above derivation, we have assumed that there exists a randomized policy
that achieves the e-slackness for our problem. This assumption is crucial to all the results
in this thesis. Indeed, the e-slack assumption guarantees that the optimal Lagrange
multiplier «¢ has bounded magnitude, see, e.g., Page 524 in [BNOO3]. In this case,
Lemma 2 ensures that ||vi/|| = ©(V), which subsequently implies that the time average
backlog in the network is ©(V'). Without this slackness condition, the value vj, = oo will
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also be a maximizer of the dual function g(v). © Thus, it is possible that the network

congestion will go unbounded under QLA.

4.2.5 Implications of Theorem 5 and 8

Consider the following simple problem: an operator operates a single queue and tries to
support a Bernoulli arrival, i.e., either 1 or 0 packet arrives every slot, with rate A = 0.5
(the rate may be unknown to the operator) with minimum energy expenditure. The
channel is time-invariant. The rate-power curve over the channel is given by: pu(t) =
log(1 + P(t)), where P(t) is the allocated power at time t. Thus to obtain a rate of p(t),
we need P(t) = et — 1. In every time slot, the operator decides how much power to
allocate and serves the queue at the corresponding rate, with the goal of minimizing the
time average power consumption subject to queue stability. Let ® denote the time average
energy expenditure incurred by the optimal policy. It can be shown that ® = €%? —1. To
see this, note that the optimal strategy is to allocate power such that the average service
rate is exactly equal to the arrival rate. Thus, by the convexity of the power-rate curve,

the optimal strategy is to use P(t) = ¢%® — 1 for all time.
Now we look at the deterministic problem:
min : V(e! —1), st 0.5<p
In this case, the dual function is given by: g(v) = inf, {V(e* — 1) + v(0.5 — p) }. Hence
by the KKT conditions [BNOO3] one obtains that v, = Ve and the optimal policy is

to serve the queue at the constant rate pu* = 0.5. Suppose now that QLA is applied to

"From a queueing network point of view, this corresponds to the case when the arrival vector is on the
boundary of the capacity region of the network.
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the problem. Then at slot ¢, if ¢(t) = ¢, QLA chooses the power to achieve the rate u(t)

such that ([a]* = max[a, 0]):

p(t) € argmin{V(e* — 1) + q(0.5 — p)} = [log(%)]f (4.51)

which incurs an instantanous power consumption of P(t) ~ @ —1. In this case, it can be

shown that Theorem 8 applies. Thus for most of the time q(t) € [y} — V'V, +VV], i.e.,

q(t) € [VeP® —/V, Vel ++/V]. Hence it is almost always the case that: log(e® — #) <

u(t) < log(e®d + ﬁ), which implies: 0.5 — 1V < u(t) <05+ # Thus by a similar

3

argument as in [Nee07], one can show that P < ® + O(1/V), where P is the average

power consumption.

Now consider the case when we can only choose to operate at u € {0, %, %, 1}, with
the corresponding power consumptions being: P € {0, et — 1, el — 1,e — 1}. One can
similarly obtain ® = %(e% + ei) and vy, = 2V(e% - ei). In this case, ® is achieved by
time sharing the two rates { %, %} with equal portion of time. It can also be shown that
Theorem 5 applies in this case. Thus we see that under QLA ¢(t) is mostly within log(V)
distance to 7y,. Hence by (4.51), we see that QLA almost always chooses between the

two rates {i, %}, and uses them with almost equal frequencies. Hence QLA is also able

to achieve P = ® + O(1/V) in this case.

The above argument can be generalized to many stochastic network optimization
problems. Thus, we see that Theorem 5 and 8 not only provide us with probabilistic
deviation bounds of g(t) from ~j,, but also help to explain why QLA is able to achieve
the desired utility performance: under QLA, q(t) always stays close to ~3,, hence the
chosen action is always close to the set of optimal actions.
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4.2.6 More backlog bounds when there is a single queue

We note that when there is a single queue, i.e., » = 1, in the network, e.g., [HN10c], one
can obtain deterministic upper and lower bounds of the backlog value under arbitrary
network state distribution and the way S(t) evolves. We also note that in this single
queue case, one can also obtain exponential attraction results similar to Theorem 5 and
8, without assuming the locally polyhedral or locally smooth conditions. For details, see

[HN11al.

4.3 The FQLA algorithm

In this section, we propose a family of Fast Quadratic Lyapunov based Algorithms (FQLA)
for general stochastic network optimization problems. We first provide an example to
illustrate the idea of FQLA. We then describe FQLA with known ~7,, called FQLA-Ideal,
and study its performance. After that, we describe the more general FQLA without such
knowledge, called FQLA-General. For brevity, we only describe FQLA for the case when

go(7y) is locally polyhedral. FQLA for the other case is discussed in [HN11a].

4.3.1 FQLA: a single queue example

To illustrate the idea of FQLA, we first look at an example. Figure 4.1 shows a 10%-slot
sample backlog process under QLA.® We see that after roughly 1500 slots, q(t) always
stays very close to ~;,, which is a ©(V') scalar in this case. To reduce delay, we can first

find W € (0, v;,) such that under QLA, there exists a time to so that g(tp) > W and once

8This sample backlog process is one sample backlog process of queue 1 of the system considered in
Section 4.3.6, under QLA with V' = 50.
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q(t) > W, it remains so for all time (the solid line in Fig. 4.1 shows one for these 10*
slots). We then place W fake bits (called place-holder bits [NUOS8]) in the queue at time
0, i.e., initialize ¢(0) = W, and run QLA. It can be shown, as in [GNTO06], that the utility
performance of QLA will remain the same with this change, and the average backlog is
now reduced by WW. However, such a W may require W = ~;, — ©(V'). Thus, the average

backlog may still be ©(V).

/ Start here 4+
/

Number of place
f holder bits W 2

—a-W(H-W

——

q(t)
_o— max[W(t)-W, 0] +5ma

X

0 I I I I I I I I 4k I I I I I I I I I I
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 -5 0 5 10 15 20 25 30 35 40 45

Figure 4.1: Left: A sample backlog process; Right: An example of W (t) and ¢(t).

FQLA instead finds a W such that in steady state, the backlog process under QLA
rarely goes below it, and places W place-holder bits in the queue at time 0. FQLA then
uses an auxiliary process W (t), called the virtual backlog process, to keep track of the
backlog process that should have been generated if QLA has been used. Specifically,
FQLA initializes W(0) = W. Then at every slot, QLA is run using W (t) as the queue
size, and W (t) is updated according to QLA. With W (t) and W, FQLA works as follows:
At time ¢, if W(t) > W, FQLA performs QLA’s action (obtained based on S(t) and
W(t)); else if W(t) < W, FQLA carefully modifies QLA’s action so as to maintain
q(t) = max[W(t) — W, 0] for all ¢ (see Fig. 4.1 for an example). Similar as above, this
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roughly reduces the average backlog by W. The difference is that now we can show
that W = max[y{, — [log(V)]?, 0] meets the requirement. Thus, it is possible to bring
the average backlog down to O([log(V)]?). Also, since W (t) can be viewed as a backlog
process generated by QLA, it rarely goes below W in steady state. Hence FQLA is
almost always the same as QLA. Thus, is able to achieve an O(1/V) close-to-optimal

utility performance.

4.3.2 The FQLA-Ideal algorithm

In this section, we present the FQLA-Ideal algorithm. We assume that the value ~{, =

(Yiris s vir) T is known a-priori.

FQLA-Ideal:

(I) Determining place-holder bits: For each j, define:

W; = max ['y‘*/j — [log(V))?, 0], (4.52)

as the number of place-holder bits of queue j.

(IT) Place-holder-bit based action: Initialize

g;(0) =0, W;(0) =W;, Vj.
For t > 1, observe the network state S(t), solve (4.8) with W (¢) in place of q(t).
Perform the chosen action with the following modification: Let A(t) and p(t) be
the arrival and service rate vectors generated by the action. For each queue j, do

(If queue j does not have enough packets to send, null packets can be transmitted):
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(a) If W;(t) > W;: admit A;(t) arrivals, serve p;(t) data, i.e., update the backlog
by:

qj(t + 1) = max [q]'(t) — ,u,j(t), 0] + Aj(t).

(b) If W;(t) < Wj: admit A;(t) = max [A;(t) —W;+W;(t),0] arrivals, serve ()

data, i.e., update the backlog by:

q;(t + 1) = max [g;(t) — p;(t),0] + A;(t).
(c) Update W;(t) by:

Wj(t + 1) = max [W](t) — uj(t), 0] + Aj(t).

w time w i time
_> J :‘
i i time time
X LR

arrival gen. by QLA actual arrival gen. by QLA actual
based on W(t) admitted based on W(t) admitted

Figure 4.2: Demonstration of the FQLA algorithm for » = 1: FQLA is the same as QLA when
W (t) > W, otherwise it only admits the excessive packets.

Fig. 4.2 shows how FQLA works. From the above, we see that FQLA-Ideal is the same
as QLA based on W (t) when W;(t) > W; for all j. When W;(t) < W; for some queue
J, FQLA-Ideal admits roughly the excessive packets after W;(t) is brought back to be
above W; for the queue. Thus for problems where QLA admits an easy implementation,
e.g., [NeeO6c], [HN10c], it is also easy to implement FQLA. However, we also notice two
different features of FQLA: (1) By (4.52), W; can be 0. However, when V is large, this
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happens only when ~5; = ’y‘*/j = 0 according to Lemma 2. In this case W, = ’y‘*/j =0, and
queue j indeed needs zero place-holder bits. (2) Packets may be dropped in Step II-(b)
upon their arrival, or after they are admitted into the network in a multihop problem.
Such packet dropping is natural in many flow control problems and does not change the
nature of these problems. In other problems, where such an option is not available, the
packet dropping option is introduced to achieve the desired delay performance, and it
can be shown that the fraction of packets dropped can be made arbitrarily small. Note
that packet dropping here is to compensate for the deviation from the desired Lagrange
multiplier. Thus it is different from that in [NeeO6a], where packet dropping is used for

drift steering.

4.3.3 Performance of FQLA-Ideal

We look at the performance of FQLA-Ideal in this section. We first have the following
lemma showing the relationship between q(t) and W (¢) under FQLA-Ideal. We use it
later to prove the delay bound of FQLA. Note that the lemma also holds for FQLA-
General described later, as FQLA-Ideal/General differ only in the way of determining

W =W, .. W)".

Lemma 4. Under FQLA-Ideal/General, we have ¥ j,t:
max [W;(t) — W;,0] < ¢;(t) < max [W;(t) — W;,0] + dmaz (4.53)
where dmae 15 defined in Section 3.1.2 to be the upper bound of the number of arriving or

departing packets of a queue.

Proof. See Section 4.10.3. O
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The following theorem summarizes the main performance results of FQLA-Ideal. Re-
call that for a given policy II, fII denotes its average cost defined in (3.7) and f'(t)

denotes the cost induced by II at time t.

Theorem 9. If the condition in Theorem 5 holds and a steady state distribution exists
for the backlog process generated by QLA, then with a sufficiently large V', we have under

FQLA-Ideal that,

7 = Ofllog(V)]?) (154)
w = fot+O0/V), (4.55)
Pdrap = O(l/VCOIOg(V))v (456)

FI

where co = O(1), q is the time average network backlog, f,,

s the expected time average
cost of FQLA-Ideal, fy, is the optimal time average cost and Py, is the time average

fraction of packets that are dropped in Step-1I (b).

Proof. Since a steady state distribution exists for the backlog process generated by QLA,
we see that P(D,m) in (4.23) represents the steady state probability of the event that
the backlog vector deviates from ~j, by distance D +m. Now since W (t) can be viewed
as a backlog process generated by QLA, with W (0) = W instead of 0, we see from the
proof of Theorem 5 that Theorem 5 and 6 hold for W (t), and by [GNT06], QLA based

on W (t) achieves an average cost of f¥ + O(1/V). Hence by Theorem 6, there exist

constants Dy, K1,¢f = O(1) so that: P")(Dy,cK;log(V)) < \C/{c. By the definition of

P)(Dy, cK;log(V)), this implies that in steady state:
Pr{W;(t) > 1% + D1 +m} < cfe” %1,
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Now let: Q;(t) = max[W;(t) — 7{; — D1,0]. We see that Pr{Q;(t) > m} < cje %1,
Vm > 0. We thus have Q; = O(1), where Q; is the time average value of Q,(t). Now it
can be seen from (4.52) and (4.53) that g;(t) < Q;(t) + [log(V)]? + D1 + Sz for all ¢.
Thus (4.54) follows since for a large V:

7 < Qj + [1og(V)]? + D1 + bz = O([log(V)]), ¥ j.
Now consider the average cost. To save space, we use FI for FQLA-Ideal. From above, we
see that QLA based on W (t) achieves an expected average cost of f, + O(1/V). Thus

it suffices to show that FQLA-Ideal performs almost the same as QLA based on W ().

First we have for all ¢ > 1 that:

1 t—1 1 t—1 1 t—1
7 > ) = n > ) pE + 7 > e,
=0 =0 =0

Here 1p, is the indicator function of the event E(7), E(7) is the event that FQLA-Ideal
performs the same action as QLA at time 7, and 1ge(;) = 1 — 1g(;). Taking expectation
on both sides and using the fact that when FQLA-Ideal takes the same action as QLA,
fFL(r) = fREA(T), we have:

= = =

2 B0} < 2D B Oemn 4 ) B Omaslpen )

7=0 7=0 7=0

Taking the limit as ¢ goes to infinity on both sides and using fQLA(T)lE(T) < fRLA(T) |

we get:

A

t—1
1
A .
i o +(5maztli>rglot§_%E{1EC(T)}

t—1
1
= J&" + Oma Jim =3 Pr{E(r)}. (4.57)
=0
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However, E¢(7) is included in the event that there exists a j such that W;(r) < W;.
Therefore by (4.41) in Theorem 6, for a large V such that 3[log(V)]? > D and log(V) >
8K,
lim 1§Pr{Ec(7)} < PO(Dy, [log(V)]? = D1)

oot 25 -

= Ofe;/v =)

= O(1/v%). (4.58)
Using this fact in (4.57), we obtain:

w = A OGman/ V) = f1, + OV,
where the last equality holds since foF4 = f* + O(1/V). This proves (4.55). (4.56)
follows since packets are dropped at time 7 only if E¢(7) happens, thus by (4.58), the
fraction of time when packet dropping happens is O(1/V°8(V)) with ¢y = ﬁ =0(1),

and each time no more than /r B packets can be dropped. ]

4.3.4 The FQLA-General algorithm

Now we describe the FQLA algorithm without any a-priori knowledge of ~7,, called
FQLA-General. FQLA-General first runs the system for a long enough time 7', such that
the system enters its steady state. Then it chooses a sample of the queue vector value to

estimate ~{, and uses that to decide on W.

FQLA-General:

(I) Determining place-holder bits:
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(a) Choose a large time T (see Section 4.3.5 for the size of T') and initialize W (0) =
0. Run the QLA algorithm with parameter V, at every time slot ¢, update
W (t) according to the QLA algorithm and obtain W (T').
(b) For each queue j, define:
W; = max [W;(T) — [log(V)]?, 0], (4.59)

as the number of place-holder bits.

(IT) Place-holder-bit based action: same as FQLA-Ideal.
The performance of FQLA-General is summarized as follows:

Theorem 10. Assume that the conditions in Theorem 9 hold and the system is in steady
state at time T. Then, under FQLA-General with a sufficiently large V, with proba-
bility 1 — O(): (a) @ = Olllog(V)]2), (b) FEG = fr, + O(1/V), and (c) Paroy =
O(1/veoloeV)) where ¢g = O(1) and fEC is the expected time average cost of FQLA-

General.

Proof. We will show that with probability 1—O(), Wj is close to max[v}, i~ [log(V)]?,0].
The rest can then be proven similarly as in the proof of Theorem 9.

For each queue j, define:

.1 - .1
U;-r =w;t 5[10g(v)]2, v; = max [ — 5[108;(‘/)]2, 0].
Note that v} is defined with a max|[-, -| operator. This is due to the fact that Vv, can be
zero. As in (4.58), we see that by Theorem 6, there exists D; = (1), K; = (1) such

that if V satisfies 1[log(V)]? > Dy and log(V) > 16K}, then:

Pr{3j, Wi(T) ¢ [v7, 7]} < P(T)(Dl,%[log(V)]Q—Dl)
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= O(1/v%.
Thus Pr{W;(T) € [vj_,vﬂVj} =1-0(1/V*), implying:

J

Pr{W; € [o;,0}] Vj}=1-0(1/V*%),

where @;r = max [’y{k/j — 2log(V)]?,0] and b, = max [’y‘*/j — 3log(V)]?,0]. Hence for
large V', with probability 1 — O(%), if vy,; > 0, we have ~j,; — Slog(V)]? < W, <
Vi — llog(V)]?; else if Yy; = 0, we have W; = 77,,. The rest of the proof is similar to

the proof of Theorem 9. O

4.3.5 Practical issues

From Lemma 2 we see that the magnitude of 4§, can be ©(V'). This means that 7" in
FQLA-General may need to be Q(V'), which is not very desirable when V is large. We
can instead use the following heuristic method to accelerate the process of determining
W: For every queue j, guess a very large W;. Then start with this W and run the QLA
algorithm for some T, say vV slots. Observe the resulting backlog process. Modify the
guess for each queue j using a bisection algorithm until a proper W is found, i.e. when
running QLA from W, we observe fluctuations of W;(t) around W; instead of a nearly
constant increase or decrease for all j. Then let W; = max[W; — [log(V)]?,0]. To further

reduce the error probability, one can repeat Step-I (a) multiple times and use the average

value as W(T).

4.3.6 Simulation

In this section we provide simulation results for the FQLA algorithms. For simplicity, we
only consider the case where go(7y) is locally polyhedral. We consider a five queue system
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similar to the example in Section 3.1.4. In this case r = 5. The system is shown in Fig.
4.3. The goal is to perform power allocation at each node so as to support the arrivals

with minimum energy expenditure.

R) CH, (1) CH,(t) CH,(t) CH,(1) CH(t)
—| q;t) [—| ax(t) |[—B| a5(t) [—B> | q,(1) |— | a5(t) |[—>>

Figure 4.3: A five queue system

In this example, the random network state S(t) is the vector (R(t), CH;(t),i = 1,..,5).
Similar to Section 3.1.4, we have: A(t) = (R(t), u1(t), pa(t), us(t), ua(t))” and p(t) =
(Ml(t)vM2(t)7u3(t)7,u4(t)7,u5(t>)T7 Le., Al(t) = R(t)7 Az(t) = Mi—l(t) for i > 2, where

wi(t) is the service rate obtained by queue i at time t. R(t) is 0 or 2 with probabilities

5
87

% and respectively. CH;(t) can be “Good” or “Bad” with equal probabilities for
1 <4 < 5. When the channel is good, one unit of power can serve two packets; otherwise
it can serve only one. We assume that the C'H;(t) are all independent, and all channels
can be activated at the same time without affecting others. It can be verified that
vy = (5V,4V,3V,2V, V)T is unique. In this example, the backlog vector process evolves
as a Markov chain with countably many states. Thus there exists a stationary distribution
for the backlog vector under QLA.

We simulate FQLA-Ideal and FQLA-General with V' = 50, 100, 200, 500, 1000 and
2000. We run each case for 5 - 10° slots. For FQLA-General, we use T = 50V in Step-I
and repeat Step-I 100 times and use their average as W (T'). The top-left plot in Fig.
4.4 shows that the average queue sizes under both FQLAs are always close to the value
5[log(V)]? (r = 5). The top-right plot shows that the percentage of packets dropped

decreases rapidly and gets below 104 when V' > 500 under both FQLAs. These plots
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Figure 4.4: FQLA-Ideal performance: Up-Left - Average queue size; Up-Right - Percentage of
packets dropped; Bottom - Sample (W7 (t), Wa(t)) process for ¢ € [10000,110000] and V' = 1000
under FQLA-Ideal.
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show that in practice, V' may not have to be very large for Theorem 9 and 10 to hold. The
bottom plot shows a sample (W(t), Wa(t)) process for a 105-slot interval under FQLA-
Ideal with V' = 1000, considering only the first two queues of Fig. 4.3. We see that
(Wh(t), Wa(t)) always remains close to (7{1,7y) = (6V,4V), and Wy (t) > Wy = 4952,
Woh(t) > Wy = 3952. For all V' values, the average power expenditure is very close to
3.75, which is the optimal energy expenditure, and the average of > j W;(t) is very close

to 15V.

Interestingly, the “attraction phenomenon” in the bottom plot of Fig. 4.4 was also
observed in the system implementation paper [MSKG10], which implemented the QLA al-
gorithm in a 40-node wireless sensor network testbed. It has also been shown in [MSKG10)]
that by using QLA plus Last-In-First-Out (LIFO), one can reduce the delay experienced
by all but a small fraction of the network traffic by more than 90%. While this fact can
not be explained by any previous results on QLA, it can easily be explained using Theo-
rems 5 and 8 as follows: Consider a node j. First suppose that First-In-First-Out (FIFO)
is used. Then, a packet entering node j is placed at the end of the buffer. By Theorems 5
and 8, the backlog size ¢; at node j always stays close to 7‘*,]» = ©(V). Thus, a new packet
has to wait for roughly 77, j packets before getting served, resulting in a delay linear in V.
Now if LIFO is used, then packets entering node j are placed at the front of the buffer.
We know that ¢; € Z = [yy,; — [log(V)]?, Y+ [log(V)]?] for most of the time. Thus most
packets enter and leave node j when ¢; € Z. Hence for most packets, node j is a queue
with on average no more than 2[log(V)]? packets. Therefore, on average, most packets
need to wait for no more than ©([log(V)]?) packets before getting served. This intuitive
argument is made rigorous in the following section.
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4.4 'The LIFO-Backpressure algorithm

We see from the above discussion that the FQLA algorithms are able to achieve the
near optimal utility-delay tradeoff for general network optimization problems. Below, we
show that such a near optimal performance can also be achieved by only changing the
queueing discipline of the network nodes from First-In-First-Out (FIFO) to Last-In-First-
Out (LIFO). This LIFO version of the QLA algorithm was first proposed in a system
implementation work [MSKG10], and was demonstrated to yield orders of magnitude
delay improvement over the FIFO version, although they did not provide any theoretical
performance guarantee. In this section, we provide a rigorous theoretical analysis for
this method. The importance of this method, as we will see, is that it does not require
any knowledge of «j,. This greatly simplifies the implementation of the algorithm, and
avoids the potential utility lost due to the error that can occur during the leaning phase

of FQLA.

We first state this LIFO version of the QLA algorithm below (QLA was stated in
Section 4.1.2). We will also follow the convention and call it the LIFO-Backpressure

algorithm.

LIFO-Backpressure: At every time slot ¢, observe the current network state S(¢) and

the backlog q(t). If S(t) = s;, choose (%) € X(%) that solves the following:
max =V f(si, )+ Y q;(t) [ (si, ) — Aj(si,z)] (4.60)
j=1
s.t. xe X)),

Then serve the packets in each queue using the LIFO discipline.
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We show in Theorem 13 that, under the conditions of Theorem 6, under LIFO-
Backpressure, the time average delay for almost all packets entering the network is
O([log(V)]?) when the utility is pushed to within O(1/V) of the optimal value. Note
that the implementation complexity of LIFO-Backpressure is the same as the original
Backpressure, and LIFO-Backpressure only requires the knowledge of the instantaneous
network condition. This is a remarkable feature that distinguishes it from the previous
algorithms achieving similar poly-logarithmic tradeoffs in the i.i.d. case, e.g., [NeeO6b]
[Nee07] [HN11a], which all require knowledge of some implicit network parameters other

than the instant network state.

4.4.1 Performance of LIFO-Backpressure

In this section, we analyze the performance LIFO-Backpressure. Below, we first provide
a simple example to demonstrate the need for careful treatment of the usage of LIFO in
Backpressure algorithms, and then present a modified Little’s theorem that will be used

for our proof.

4.4.1.1 A simple example on the LIFO delay

Consider a slotted system where two packets arrive at time 0, and one packet periodically
arrives every slot thereafter (at times 1,2,3,...). The system is initially empty and can
serve exactly one packet per slot. The arrival rate X is clearly 1 packet/slot (so that
A = 1). Further, under either FIFO or LIFO service, there are always 2 packets in the
system, so Q = 2.
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Under FIFO service, the first packet has a delay of 1 and all packets thereafter have
a delay of 2:

WlFIFOZI’ WZ,FIFOZQ Vle {273747"'}7

where W[TFO is the delay of the " packet under FIFO (WO is similarly defined for
LIFO). We thus have:

K
572 F AN 1 FIFO
A e 2 W
1=

Thus, AW 79 =1.2=92 0 =2, and so \W' 7 = Q indeed holds.

Now consider the same system under LIFO service. We still have A = 1, Q = 2.
However, in this case the first packet never departs, while all other packets have a delay
equal to 1 slot:

WlLIFO =00, WiLIFO =1Vie{234,..}.

Thus, for all integers K > 0:
1K
Z LIFO
? WZ B = OQ.
i=1

and so WLIFO = o0. Clearly )\WLIFO # @. On the other hand, if we ignore the one

packet with infinite delay, we note that all other packets get a delay of 1 (exactly half the
delay in the FIFO system). Thus, in this example, LIFO service significantly improves

delay for all but the first packet.

For the above LIFO example, it is interesting to note that if we define Q and W as
the average backlog and delay associated only with those packets that eventually depart,
then we have Q = 1, W = 1, and the equation AW = Q indeed holds. This motivates the
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theorem in the next subsection, which considers a time average only over those packets

that eventually depart.

4.4.1.2 A Modified Little’s Theorem for LIFO systems

We now present the modified Little’s theorem. Let B represent a finite set of buffer
locations for a LIFO queueing system. Let N(¢) be the number of arrivals that use a
buffer location within set B up to time ¢. Let D(¢) be the number of departures from a
buffer location within the set B up to time ¢. Let W; be the delay of the ith job to depart

from the set B. ? Define W as the limsup average delay considering only those jobs that

depart:
D(t)
WE limsup —— W;.
Fae (1) 2}

We then have the following theorem:

Theorem 11. Suppose that the LIFO queueing discipline is used, that there is a constant

Amin > 0 such that with probability 1:
N(?)

liminf —= > A\,
t—o00 t

Further suppose that limy_, o D(t) = oo with probability 1 (so the number of departures is

infinite). Then the average delay W satisfies:

1 PO
W2 limsup —— W; < |Bl/A\min,
o 1y 3 Wi < 181
where |B| is the size of the finite set B.
Proof. See Section 4.10.4. O

9Note here that, since we consider a LIFO system, a packet departs from any location in the set B will
leave the queue and not re-enter B.
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4.4.1.3 LIFO-Backpressure proof

We now provide the analysis of LIFO-Backpressure. To prove our result, we first have
the following theorem, which is the first to show that Backpressure (with either FIFO or
LIFO) achieves the exact [O(1/V'),O(V)] utility-delay tradeoff under a Markovian net-
work state process. It generalizes the [O(1/V), O(V')] performance result of Backpressure

in the i.i.d. case in [GNTO06].

Theorem 12. Suppose that S(t) is a finite state irreducible and aperiodic Markov chain!®

and condition (3.1) holds. Then, Backpressure (with either FIFO or LIFO) achieves the

following:

o = fay +O(/V), 7 =0(V), (4.61)
where fBP and GBY are the expected time average cost and backlog under Backpressure.
Proof. See Section 4.10.5. O

Theorem 12 thus shows that LIFO-Backpressure guarantees an average backlog of
O(V) when pushing the utility to within O(1/V) of the optimal value. We now consider
the delay performance of LIFO-Backpressure.

Below, the notion “average arrival rate” is defined as follows: Let A;(t) be the number
of packets entering queue j at time ¢t. Then the time average arrival rate of these packets
is defined (assuming it exists): A; = limy—oo + th_:lo A;(7). For the theorem, we assume
that time averages under Backpressure exist with probability 1. This is a reasonable

assumption, and holds whenever the resulting discrete time Markov chain for the queue

%Tn Section 4.10.5, we prove the theorem under more general Markovian S(t) processes that include
the S(t) process assumed here.
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vector g(t) under Backpressure is countably infinite and irreducible. Note that the state
space is indeed countably infinite if we assume that packets arrive in integer units. If the
system is also irreducible then the finite average backlog result of Theorem 12 implies

that all states are positive recurrent.

Let Dy, K1, ¢§ be constants as defined in Theorem 6, and recall that these are all ©(1)

(independent of V). Assume that V' > 1, and define Q; nigh and @ Low as:
Qjmigh = Y+ D1+ Kiflog(V)]%, (4.62)
QjLow 2 max[yj; — D1 — Ki[log(V)]?,0]. (4.63)
Define the interval Bjé[QjLow, Q; aigh). The following theorem considers the rate and

delay of packets that enter when ¢;(t) € B; and that eventually depart.

Theorem 13. Suppose that V' > 1, that vy, is unique, that the slackness assumption

(8.1) holds, and that the dual function g(vy) satisfies:

9(Ww) =z 9(v) + Lilvy =+l Vv =0, (4.64)
for some constant L > 0 independent of V.. Define D1, K1, c] as in Theorem 6, and define
Bj as above. Then for any queue j with a time average input rate \; > 0, we have under

LIFO-Backpressure that:

(a) The rate /N\j of packets that both arrive to queue j when ¢;j(t) € B; and that

eventually depart the queue satisfies:

N 5mamC* *
Aj >N > [Aj — Vlog(v)} . (4.65)

(b) The average delay of these packets is at most Wyouna, where:

Wboundéle + 2K, [10g(V)]2 + 5max]//\j'
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This theorem says that the delay of packets that enter when ¢;(t) € B; and that
eventually depart is at most O([log(V)]?). Further, by (4.65), when V is large, these
packets represent the overwhelming majority, in that the rate of packets not in this set

is at most O(1/V&(V)),

Proof. (Theorem 13) Theorem 12 shows that average queue backlog is finite. Thus, there
can be at most a finite number of packets that enter the queue and never depart, so the
rate of packets arriving that never depart must be 0. It follows that 5\]- is equal to the
rate at which packets arrive when ¢;(t) € B;j. Define the indicator function 1;(¢) to be 1

if ¢;(t) ¢ B;, and 0 else. Define /N\jé)\‘ — \j. Then with probability 1 we get: '*
t—1

1
= i AL i | S B0

Then using the fact that A;(t) < dpmae for all j,t:
E{4;()1;(t)} = E{A;(t)le;(t) ¢ B;}Pr{g;(t) ¢ B;)
< 5maxPr(Qj (t) ¢ [Qj,LO’LU7 Qj,High])'

Therefore:
t—1

)\5 < dmax hm ZPI“ q] ) ¢ [Qj,Low:Qj,High])

t—1
1 «
< 5mamtliglotZOPr(IQj(T)_’7V,j’ >D1+K1m)7
T=

where we define m2[log(V)]?, and note that m > 0 because V > 1. From Theorem 6 we

thus have:

0< )

< Gapciem = dmarh (4.66)
= Ymax®“1 VlOg(V) . .

1The time average expectation is the same as the pure time average by the Lebesgue Dominated
Convergence Theorem [Fol99], because we assume that the pure time average exists with probability 1,
and that 0 < A;(t) < dmaz V.
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This completes the proof of part (a). Now define Bj = é[QLLow, Qj High + Omaa]. Since
B; C Bj, we see that the rate of the packets that enter Z§j is at least S\j. Part (b)
then follows from Theorem 11 and the facts that queue j is stable and that |B;| <

2D + 2K [log(V)]? + Smaz- O

Note that if A\; = O(1), we see from Theorem 13 that, under LIFO-Backpressure,
the time average delay for almost all packets going through queue j is only O([log(V)]?).
Applying this argument to all network queues with ©(1) input rates, we see that all but a
tiny fraction of the traffic entering the network only experiences a delay of O([log(V)]?).
This contrasts with the delay performance result of the usual Backpressure with FIFO,
which states that the time average delay will be ©(V) for all packets [HN11a]. The
downside is that, under LIFO-Backpressure, some packets may stay in the queue for a very
long time. This problem can be compensated by introducing certain coding techniques,

e.g., fountain codes [Mit04], into the LIFO-Backpressure algorithm.

4.4.2 Simulation

In this section, we provide simulation results of the LIFO-Backpressure algorithm. We
consider the network shown in Fig. 4.5, where we try to support a flow sourced by Node
1 destined for Node 7 with minimum energy consumption.

We assume that A(t) evolves according to the 2-state Markov chain in Fig. 4.6. When
the state is HIGH, A(t) = 3, else A(t) = 0. We assume that the condition of each link
can either be HIGH or LOW at a time. All the links except link (2,4) and link (6,7) are
assumed to be i.i.d. every time slot, whereas the conditions of link (2,4) and link (6,7)
are assumed to be evolving according to independent 2-state Markov chains in Fig. 4.6.
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Figure 4.5: A multihop network. (a,b) represents the HIGH probability a and the rate b obtained
with one unit of power when HIGH.

Each link’s HIGH probability and unit power rate at the HIGH state is shown in Fig. 4.5.
The unit power rates of the links at the LOW state are all assumed to be 1. We assume
that the link states are all independent and there is no interference. However, each node
can only spend one unit of power per slot to transmit over one outgoing link, although
it can simultaneously receive from multiple incoming links. The goal is to minimize the

time average power while maintaining network stability.

S8 Os
w /)

0.3

Figure 4.6: The two state Markov chain with the transition probabilities.

We simulate Backpressure with both LIFO and FIFO for 10° slots with V' € {20, 50, 100,
200, 500}. The backlog vector converges to a unique attractor as V increases in this case.
The left two plots in Fig. 4.7 show the average power consumption and the average
backlog under LIFO-Backpressure. The average power quickly converges to the optimal
value and the average backlog grows linearly in V. The right plot of Fig. 4.7 shows the

percentage of time when there exists a g; whose value deviates from fy{‘/j by more than
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2[log(V)]2. As we can see, this percentage is always very small, i.e., between 0.002 and

0.013, showing a good match between the theory and the simulation results.
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Figure 4.7: LEFT: average network power consumption. MIDDLE: average network backlog size.
RIGHT: percentage of time when 3 ¢; such that |g; — 5| > 2[log(V)]?.

Fig. 4.8 compares the delay statistics of LIFO and FIFO for more than 99.9% of the
packets that leave the system before the simulation ends, under the cases V' = 100 and
V = 500. We see that LIFO not only dramatically reduces the average packet delay for
these packets, but also greatly reduces the delay for most of these packets. For instance,
when V = 500, under FIFO, almost all packets experience a delay that is equal to the
average delay, which is around 1220 slots. Under LIFO, the average packet delay is
brought down to 78. Moreover, 52.9% of the packets only experience delay less than 20
slots, and 90.4% of the packets experience delay less than 100 slots. Hence most packets’
delay are reduced by a factor of 12 under LIFO as compared to that under FIFO!

Fig. 4.9 also shows the delay for the first 20000 packets that enter the network in
the case when V' = 500. We see that under Backpressure plus LIFO, most of the packets
experience very small delay; under Backpressure with FIFO, each packet experiences
roughly the average delay.
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V=100
Case | Avg. DL | % DL <20 | % DL <50 | % DL < 100
LIFO 55.4 55.0 82.1 91.8
FIFO 260.6 0 0 0
V=500
Case | Ave. DL | % DL <20 | % DL <50 | % DL < 100
LIFO 78.3 52.9 80.4 90.4
FIFO 1219.8 0 0 0

Figure 4.8: Delay statistics under Backpressure with LIFO and FIFO for packets that leave the
system before simulation ends (more than 99.9%). %DL < a is the percentage of packets that
enter the network and have delay less than a.
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Figure 4.9: Packet delay under Backpressure with LIFO and FIFO

4.5 The LIFOP-Backpressure algorithm

In this section, we generalized the LIFO-Backpressure technique to allow interleaving
between both LIFO and FIFO. Specifically, at every time slot, each queue will randomly
decide to serve packets from either the back of the queue or the front of the queue. The
motivation of this interleaving approach is that a few packets may get stuck in the queues

for a very long time under LIFO-Backpressure. Thus we want to resolve this problem by
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also allowing the FIFO discipline. We parameterize the algorithm by a single parameter
p € [0,1], 2 which represents the probability that a queue serves the packets from the back

of the queue at a given time. We call this approach the LIFOP-Backpressure algorithm.

4.5.1 The algorithm

The idea of LIFOP-Backpressure is shown in Fig. 4.10: We first pre-specify a probability
p. 13 Then at every time slot, after choosing all the network action decisions according
to Backpressure, the queue serves packets from its end with probability p; and from the
front otherwise. Note that this back/front decision is independent of the action taken by
Backpressure, and is independent for each queue. As we vary p from 0 to 1, the algorithm
basically goes from the usual (FIFO) Backpressure algorithm to the LIFO-Backpressure

algorithm.

Server

p b 1-p
. v .
Queue *+.  Queue
End ~ . JFront
z : A

M -
Qimigh Wi  Qirvow

Arrival

Figure 4.10: The LIFO-FIFO interleaving technique. A packet is either served when the queue
is serving the end of the queue, or it gradually moves to the right towards the front of the queue
and is served when the queue is serving the packets from the front of the queue.

12 A1l the results in this section hold even if we choose different probabilities for different queues.
13This p value is pre-determined and not be changed. It is possible to use a p value that is a function
of time in implementation. However, the analysis will be very challenging.
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4.5.2 Performance analysis

We analyze the performance of the LIFOP-Backpressure algorithm. First note that since
all the sample path queue processes here are the same as those under the regular Backpres-
sure, the O(1/V) close-to-optimal utility performance bounds still apply. Our following
theorem shows that LIFOP-Backpressure ensures that roughly a fraction p of the packets
experience only O([log(V)]?) queueing delay. This result generalizes Theorem 13. In the

theorem, we use @Q; nigh and Q) row defined in (4.62) and (4.63), i.e.,

QjHigh = W+ D1+ K log(V)]?,

QjLow = max[yj; — D1 — K log(V)]?, 0],
as well as:

QjLow = max[yy; — D1 — K log(V)]? = 6maz, 0].
Note that Qj7LOW is a bit different from the Q;1ow and is chosen to make the analysis
easier. Then we similarly define
B; £ [Q Low, Qj,High): (4.67)

and assume throughout the theorem that all the corresponding limits exist.

Theorem 14. Suppose that V > 1, that ~j, is unique, that the slackness assumption

(8.1) holds, and that the dual function g(7y) satisfies:

9(vv) 2 9(v) + Lilvy =l Vv =0, (4.68)
for some constant L > 0 independent of V. Define D1, K1, c] as in Theorem 6, and define
Bj as in (4.67) above. Then for any queue j with a time average input rate A\j > 0, we
have under LIFOP-Backpressure that:

(a) All the packets eventually leave the queue if 0 < p < 1.
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(b) There exists a set of packets Pjo that arrive to queue j when ¢;(t) € Bj, that depart
before they move to the right of Qj,Low; and that are served when the queue is serving the

back of the queue. And Pjo has an average rate Ap,, that satisfies:

Jr

5maa:CT
p/\j > )‘P]‘o > p)\j - O(Vlog(V)) . (469)

(c) If )quo > 0, the average delay of these packets is at most Wbomd, where:

I/Vboundé2(l)1 + Kl [log(v)]z + 5max)/)\ﬂ”j0‘

Theorem 14 says that by allocating a portion of the time serving the packets from
the front of the queue, the problem of packets being stuck in the queue can be resolved.
If the p parameter is chosen to be very close to one, then LIFOP-Backpressure achieves
almost the same performance guarantee as LIFO-Backpressure, while ensuring that all

the packets are delivered.

The formal proof of Theorem 14 is given in Section 4.10.6. Here we sketch the proof
idea: under the LIFOP-Backpressure policy, for any queue j with an input rate A\; > 0,
the fraction of the packets that are served when the queue is serving the back of the
queue is pAj. Now we look at these packets that are served from the back. First, we
see that they will almost all arrive to the queue when ¢; € Bj by Theorem 6. Second,
they will also almost all leave the queue before they move to the right of Qj,LOW. The
reason for this is that if a packet moves to the right of Qj,LOW7 i.e., it moves into a buffer
spot in [0, Qj7LOW), then since g;(t) rarely gets below Q; row ~ Qj7LOW + Mmaz, it is very
unlikely that this packet will be served from the back of the queue. And it can only
gradually move to the front of the queue and be served there. Therefore, almost all the
packets that are served from the back will enter and leave the queue when they are in
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the interval B;, which is of size O([log(V)]?), and they have an average rate of roughly

pAj. Using Theorem 11, we see that they experience an average delay of no more than

O([log(V)]?)/pA;-

4.6 Discussion of assumption 1: the uniqueness of the optimal

Lagrange multiplier

Without Assumption 1, all the exponential attraction results developed in Section 4.2
will still hold, provided that we replace ||y —~i/|| with dist(+, I'j,), where I'j, is the set of
optimal Lagrange multipliers to the dual problem under a given V' value, and dist(a, X)
is the Euclidean distance between the set X and vector a. In other words, the backlog

vector is exponentially attracted to a set.

However, the assumption is needed for the development of all the delay-efficient al-
gorithms, i.e., FQLA, LIFO-Backpressure and LIFOP-Backpressure. This is not because
the algorithms are not “clever” enough. Indeed, if the assumption is violated, I'j, will
be a set of size ©(V) by Lemma 2. In this case, the backlog vector can take any value
within this set, and still make optimal control actions. This situation makes it impossi-
ble to design delay-efficient algorithms using only quadratic Lyapunov functions. It also
raises the interesting open problem on how to modify the deterministic problem so as to
make I'j, a singleton in a stochastic setting to enable the development of delay-efficient
algorithms, for networks where Assumption 1 does not hold.
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4.7 Comparing QLA and the greedy primal-dual approach

Another general online algorithm design technique is the greedy primal-dual approach
(GPD) developed in [BNO7]. Although GPD looks similar to QLA considered in this

chapter, they differ from each other in the following:

e QLA applies to problems with stochastic inputs and concerns about asymptotic
system performance. The performance guarantee is usually given in terms of the
utility loss. GPD is able to handle general sample path inputs, and focuses more
on finite horizon system utility. The performance measure of GPD algorithms is

the ratio between the achieved performance and the optimal value.

e QLA applies to problems with general constraints and objectives; GPD applies to

problems that can be formulated as a packing-covering program.

e QLA is closely related to the dual subgradient method, and relies on using time
averages to ensure that the constraints are met. The queue vector under QLA
naturally represents the Lagrange multiplier, which makes QLA an ideal tool for
controlled queueing network problems. GPD instead relies on a general method
for updating the primal and dual variables, and LP rounding techniques [Vaz03].
Under GPD, it is possible that the constraints are violated. The technique is very

useful for general combinatorial optimization problems.
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4.8 Lagrange Multiplier: “shadow price” and “network gravity”

It is well known that Lagrange Multipliers can play the role of “shadow prices” to regulate
flows in many flow-based problems with different objectives, e.g., [Kel97b]. This impor-
tant feature has enabled the development of many distributed algorithms in resource
allocation problems, e.g., [CNTO05]. However, a problem of this type typically requires
data transmissions to be represented as flows. Thus in a network that is discrete in na-
ture, e.g., time slotted or packetized transmission, a rate allocation solution obtained by

solving such a flow-based problem does not immediately specify a scheduling policy.

Recently, several Lyapunov algorithms have been proposed to solve utility optimiza-
tion problems under discrete network settings. In these algorithms, backlog vectors act
as the “gravity” of the network and allow optimal scheduling to be built upon them. It is
also revealed in [NMRO5] that QLA is closely related to the dual subgradient method and
backlogs play the same role as Lagrange multipliers in a time invariant network. Now
we see by Theorem 5 and 8 that the backlogs indeed play the same role as Lagrange

multipliers even under a more general stochastic network.

In fact, the backlog process under QLA can be closely related to a sequence of updated
Lagrange multipliers under a subgradient method. Consider the following important
variant of OSM, called the randomized incremental subgradient method (RISM) [BNOO3],
which makes use of the separable nature of (4.13) and solves the dual problem (4.11) as
follows:
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RISM: Initialize «¥(0); at iteration ¢, observe «(t), choose a random state S(t) € S
according to some probability law. (1) If S(t) = s;, find a:,(ysit)) € X() that solves the

following:
min : Vf(Sz,I') +ZV](t) [A](Slax) _Mj(sivx)]
J
st xext) (4.70)

(si)

~(0) found, update ~(t) according to: 4

(2) Choose a step size a!. Using the z
vj(t + 1) = max [fyj(t) — ol p;(si, xE:("'t))), O] + ol Aj(s, x,(;(it))).

As an example, S(t) can be chosen by independently choosing S(t) = s; with proba-
bility 7s, every time slot. In this case S(¢) is i.i.d. Note that in the stochastic problem,
a network state s; is chosen randomly by nature as the physical system state at time ¢,
while here a state is chosen artificially by RISM according to some probability law. Now
we see from (4.8) and (4.70) that given q(t) = ~(t) and s;, QLA and RISM choose an
action in the same way. If also o' = 1 for all ¢, and S(¢) under RISM evolves according
to the same probability law as S(¢) of the physical system, we see that applying QLA
to the network is indeed equivalent to applying RISM to the dual problem of (4.10), with
the network state being chosen by nature, and the network backlog being the Lagrange
multiplier. Therefore, Lagrange Multipliers under such stochastic discrete network set-
tings act as the “network gravity,” thus allowing scheduling to be done optimally and
adaptively based on them. This “network gravity” functionality of Lagrange Multipliers
in discrete network problems can thus be viewed as the counterpart of their “shadow

price” functionality in the flow-based problems. Further more, the “network gravity”

"“Note that this update rule is different from RISM’s usual rule, i.e., v;(t4+1) = max [; (t)—a’pu;(si, z)+
a'Aj(si, ), O], but it almost does not affect the performance of RISM.
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property of Lagrange Multipliers enables the use of place holder bits to reduce network
delay in network utility optimization problems. This is a unique feature not possessed by
its “price” counterpart. We can also see from this connection that, the convergence time
of QLA can be characterized by studying the convergence time of the equivalent RISM

algorithm, which has been previously studied in [BNOO3].

4.9 Chapter summary

In this chapter, we study the backlog behavior under the QLA algorithm for a class of
stochastic network optimization problems. We show that for every such problem, under
some mild conditions, the network backlog is “exponentially attracted” to an attractor,
which is the dual optimal solution of a corresponding deterministic optimization prob-
lem. Based on this finding, we develop three algorithms, i.e., FQLA, LIFO-Backpressure,
LIFOP-Backpressure, to achieve an [O(1/V), O([log(V)]?)] utility-delay tradeoff for prob-
lems with a discrete set of action options, and a square-root tradeoff for continuous
problems. The results in this chapter demonstrate how the Lyapunov networking tech-
nique is connected to the classic subgradient methods, and provide new insights into the

Lyapunov technique.

4.10 Proofs of the chapter

4.10.1 Proof of Lemma 3

Here we prove Lemma 3. First we prove the following:
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Lemma 5. Under queueing dynamic (3.5), we have:

latt+1) =¥l < lla®) = 7vl? +2B = 2(vi —a(t)) (A®t) - p(®)).

Proof. (Lemma 5) From (3.5), we see that g(¢t+1) is obtained by first projecting q(t)— ()
onto R, and then adding A(t). Thus we have (we use [a]t to denote the projection of a

onto R, ):
lgt+1) =il = llla®) — n®]" + A®) — 77|
= (la() — p@)]" + A®) —7)" ([a@®) - pO + A) - 77)
= (la®) — p@)] =) (la®) — @] =)
+2(lq(t) — p@]F —41) AWM +IIAGI (@471

By the non expansive property of projection [BNOO3], we have:

(la(®) = n®O = )" (lat) = O =)
< (g(t) = p(t) = 73) " (a(®) — p(t) = 7))
= lla®) = v + (I = 2(a(®) = 7)) t).
Plug this into (4.71), we have:
lgt+1) =2 < lla@®) =i+ [e@)? - 2a(t) =) nE)  (472)
HIA®? + 2([g®) — w@)] =) A®).
Now since q(t), pu(t), A(t) = 0, it is casy to see that:
(la(t) — n®])" A1) < a)" A#). (4.73)
By (4.72) and (4.73) we have:
lgt+1) =2 < la@®) = Al + @) - 2a) - i) 1)

HIADI? +2(a(t) — 1) A)



< la(t) = Al +2B% = 2(vi — a(t) " (A(#) - u(t)),

where the last inequality follows since || A(¢)||? < B? and ||u(t)||?> < B2 O
We now prove Lemma 3.

Proof. (Lemma 3) By Lemma 5 we see that when S(t) = s;, we have the following for
any network state s; with a given q(t) (here we add superscripts to g(t + 1), A(t) and

p(t) to indicate their dependence on s;):
g (t + 1) =7 |1* < lla(t) = 71 |1* + 2B

—2(7i — a(®))" (AL (1) — pC(2)). (4.74)
By definition, Ag-si)(t) = Aj(si,xflsé))), and ,ug-si)(t) = uj(si,x((;é))), with act(ls(;)) being the

solution of (4.8) for the given g(¢). Now consider the deterministic problem (4.10) with

only a single network state s;, then the corresponding dual function (4.12) becomes:

g(y) = inf {Vf<si, 20) D A (i, 2 ) = (i, ™)) } (4.75)
Therefore, by (4.15) we see that (A (t) ]—u(si)(t)) is a subgradient of g, (v) at q(t).
Thus, by (4.16) we have:

(Y = )" (A (1) = pBI () = g5, (V) — 95, (a(1))- (4.76)
Plugging (4.76) into (4.74), we get:

g )t +1) = 11* < lla(t) =217 +2B% = 2(g5,(v1) — 9s:(a(1)).  (477)
More generally, we have:
la(t+1) =712 < llg(t) =¥ 11* +2B* = 2(950) (V) — g5 (a(1)))- (4.78)
Now fixing v > 0 and summing up (4.78) from time ¢ to ¢t + T, — 1, we obtain:
la(t +T) =~ 1* < la(t) — v | + 2T, B (4.79)
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T,—1

—2 Z (9541 (V) = g5y (@t +7))].
7=0

Adding and subtracting the term 2 ZZ”:_OI gs(t+r)(q(t)) from the RHS, we obtain:

la(t+T,) — v 1? < lla(t) — vy |I” + 2T, B> (4.80)
T, —1 T,—1
-2 Z (95647 (V) — gs@+n) (@(t)] +2 Z (95 (@t + 7)) = gspn (a(t))].
=0 7=0

Since ||q(t) — q(t +7)|| < 7B and ||A) (¢) — p6) (4)|| < B, using (4.76) and the fact

that for any two vectors a and b, a’b < ||al|||b||, we have:

95+ (@t + 7)) — g5+ (a(t) < 7B (4.81)
Hence:
T,—1 T,—1 1
Z (9547 (@t + 7)) = gs4m)(a(t))] < Z (rB?) = §(TEB2 —T,B%).
7=0 7=0

Plugging this into (4.80), we have:

la(t + 1) = vII* < la(t) = v I* + (T7 + T,) B2 (4.82)
T,—1
=2 )" [gsien (V1) = gsern (@(t))]-
7=0
Now denote Z(t) = (H(t), q(t)), i.e., the pair of the history up to time ¢, H(t) = {S(7)}._{

and the current backlog. Taking expectations on both sides of (4.82), conditioning on

Z(t), we have:

E{llat +T,) =vvIP1 2@0)} < E{lla@t) =~ I°| 2(0)} + (T7 + 1) B
T,—1

—2B{ > [g50+r) (V) — gsien (@) | Z(t)}.

7=0

Since the number of times g5, () appears in the interval [¢,¢ + T, — 1] is || 75, (¢, T0) ||,
we can rewrite the above as:
E{lgtt+T) =y I? 1 20} < E{lla(t) = |*| 2()} + (T7 + T,) B

M
o 3 T i) g )] | 20},
i=1 v
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Adding and subtracting 27, sz\i1 T [9s:(¥) — g5, (@(t))] from the RHS, we have:
E{llgt +T,) = I*| 2(t)} < E{Hq w20} + (T + T,)B*  (4.83)

—2T,, Z i [95: (V) — 95: (a(1))]
i=1

—2T, E{Z['m ¢, 7) — g, | %
[951 (7V) - g&‘(‘](ﬂ)] | Z(t)}

Denote the term inside the last expectation of (4.83) as Q, i.e.,

0- Z IBCLN ] g ) - gtato))]. (48)

Using the fact that g, ('y ) — gs;(q(t)) is a constant given Z(t), we have:

[E{||7;,.(t,§z)ll | Z(t)} W} % [9: (V) — g, (a(t))]

<%

E{Q|2()} =

1= 2

1

(2

E{||7, (& T)I 2()}
T,

% |95, (Y1) — 95, (a(1))]-

M-

—

(2

By (4.76), 9s; ('Y*V) gsz(

/‘\II

t)) < B||vi, — q(t)|], thus we have:

E{|I7, &, T)|l| Z(t)} _
T, 5

M
Blvy —a(t)ll x )

=1
vB|vy —a()], (4.85)

E{Q]| Z(t)}

IN

IN

where the last step follows from the definition of 7,,. Now by (4.13) and (4.75):
M
Z Ts; [gSi (7*‘/) — Js; (q(t))] = g(’ﬂ(/) - g(q(t)>'
i=1
Plug this and (4.85) into (4.83), we have:
E{lg(t+ 1) —vv I’ 1 2®)} < E{llg@t) - |*| 2} + (T + T,)B
=27, (9(vv) — 9(a(t)) + 21w B|~vi, — q()])-

Recall that Z(t) = (H(t),q(t)). Taking expectation over H(t) on both sides proves the

lemma. O
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4.10.2 Proof of (4.31)

Here we prove that for Y (¢) defined in the proof of part (b) of Theorem 5, we have for

all Y(t) > 0 that:

Ar,(Y(t) < eQwTvB_%ew?u).

Proof. If Y (t) > T}, B, denote §(t) = Y (t+1T,) — Y (t). It is easy to see that |6(t)| < T, B.
Rewrite (4.30) as:

Ar,(Y(t) = e VOR{(e*® —1)]q(t)}. (4.86)
By a Taylor expansion, we have that:

252
0 — 1 st + 2 6°(t)

H(wd(t)), (4.87)

where [(y) =2> 77, y;ﬁ = 2(69;21—;/) [CL] has the following properties:

1. 1(0) =1; l(y) <1 for y < 0; I(y) is monotone increasing for y > 0;

2. For y < 3,
o k-2 0O k-2
y y 1
() =2 S <Y s =
pe k pet 3 1—y/3
Thus by (4.87) we have:
2TQB2
e < 14 wi(t) + wT”l(wT,,B). (4.88)

Plugging this into (4.86), and noting that Y (t) > T, B, so by (4.29) we have E{6(t)] q(t)} <

—n. Hence:
- - 2T2B2
A, (Y () < eYO(—wn+ wT”l(wTyB)). (4.89)
Choosing w = m, we see that wT, B < 3, thus:
2T2B2 2T2B2 1
wil’l(le,B) <y =
2 2 1_wl,B/3 2
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where the last equality follows since:

B n
YT T2 Y T,Bn/3

= w(T2B*+T,Bn/3) =1

= wTl’B*=17n—wTl,Bn/3

1
= wI?B*— =y
T —wr,Bj3
Therefore (4.89) becomes:
ATU (f/(t)) < _%ew?(t) < eQwTuB _ %ew?(t)‘ (4‘90)

Now if Y'(t) < T, B, it is easy to see that Aq, (Y (¢)) < e20TvB_ew¥(®) < eQWTVB—%ew?(t),
since Y (t+7,,) < T,B+Y (t) < 2T, B and St <1,asn < T, B. Therefore for all Y (t) >0,

we see that (4.31) holds. O

4.10.3 Proof of Lemma 4

Here we prove Lemma 4. To save space, we sometimes use [a]t to denote max|a, 0].

Proof. 1t suffices to show that (4.53) holds for a single queue j. Also, when W; = 0,
(4.53) trivially holds, thus we only consider W; > 0.

Part (A): We first prove ¢;(t) < max[W;(t) — W;,0] + dpmae. First we see that it
holds at t = 0, since W;(0) = W, and ¢;(t) = 0. It also holds for ¢ = 1. Since
¢;(0) = 0 and W;(0) = W;, we have ¢;(1) = A;(0) < 0pmaz. Thus we have ¢;(1) <
max[W;(1) — W;, 0] + dpaz-

Now assume that ¢;(t) < max[W;(t) — W;,0] + 6mqz holds for t = 0,1,2,..., k, we
want to show that it also holds for ¢t = k 4+ 1. We first note that if g;(k) < p;(k), the the
result holds since then ¢;(k + 1) = [g;(k) — p;(k)]T + A;(k) = Aj(k) < dpmga. Thus we
only consider gj(k) > p;(k) in the following:
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(A-I) Suppose that W;(k) > W;. Note that in this case we have:
q;(k) < Wj(k) = Wj + dmaa- (4.91)
Also, ¢;(t + 1) = max[q;(t) — p;(t),0] + A;(t). Since gj(k) > p;(k), we have:
gik+1) = q;(k) — pi(k) + A;(k)
< Wi(k) = Wi + Omaz — 1 (k) + A;(k)
< Wi(k) = g (k) + A3 (R) = Wil + G
< [W5k) = (R + Aj(R) = W3] + Opnas
= max[W;(k+1) = W;,0] + 6maz,
where the first inequality is due to (4.91), the second and third inequalities are due to

the [a]™ operator, and the last equality follows from the definition of W;(k + 1).

(A-IT) Now suppose that W;(k) < W;. In this case we have q;(k) < dmaz, Aj(k) =

[4;(k) = W; + W;(k)]" and:
¢j(k +1) = [q;(k) — pi ()] + A;(k).
First consider the case when W;(k) < W; — A;(k). In this case A;(k) = 0, so we have:
qj(k +1) = q;(k) = pj(k) < dmaz — 15 (k) < dma
which implies g;(k+1) < max[W;(k+1)—Wj;,0]+dmaz. Elseif W;—A;(k) < W;(k) < W,
we have:
gk +1) = qi(k) — p(k) + Aj (k) = W + W;(k)
< Wilk) = Wj + Smaz — (k) + A;(k)
< max(Wj(k + 1) — W;, 0] + maa,

where the first inequality uses ¢j(k) < dmqz and the second inequality follows as in (A-I).
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Part (B): We now show that ¢;(t) > max[W;(t) — W;,0]. First we see that it holds
for t = 0 since W;(0) = W;. We also have for ¢t = 1 that:
W5 (1) =WiI" = [W5(0) = (O] + A;(0) = W]
< [W500) = s (0) = Wi + 4;0)]
= 4;(0)
Thus ¢;(1) > max[W;(1) — W;,0] since ¢;(1) = A;(0). Now suppose that g¢;(t) >
max[W;(t) — W;,0] holds for t = 0,1,...,k, we will show that it holds for t = k + 1.
We note that if W;(k + 1) < Wj;, then max[W;(k + 1) — W;,0] = 0 and we are done. So
we consider Wj(k+1) > W;.
(B-1) First if W;(k) > W, we have A;(k) = A;(k). Hence:
Wik +1) =Wil" = [W;(k) — (k)] + A; (k) = W;
< [Wi(k) — (k) = WiIT + A;(k)
< [Wik) = Wil — (k)™ + Az (k)
< g (k) = (R)]T + Aj(k),
where the first two inequalities are due to the [a]* operator and the last inequality is due
to g;(k) > [W;(k) — W;|*. This implies [W;(k + 1) — W;]T < q;(k+ 1).
(B-II) Suppose that W;(k) < W;. Since Wj(k + 1) > W;, we have W; — A;(k) <
W, (k) < Wj, for otherwise W, (k) < W;—A;(k) and W;(k+1) = [W;(k)—p;(£)]T+A4,(t) <
W;. Hence in this case A;(k) = A;(k) — W; + W;(k) > 0.
Wik +1) =Wil" = [W;(k) — (k)] + A;(k) = W;
< [Wilk) + (k) — pi (R)]™ + Aj(k) =W
< lgi(k) — i (R)]T + Aj(k) — Wj + W;(k)
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= gqj(k+1),

where the two inequalities are due to the fact that ¢;(k) > 0 and W;(k) > 0. O

4.10.4 Proof of Theorem 11

Here we provide the proof of Theorem 11.

Proof. Consider a sample path for which the liminf arrival rate is at least Ap;, and
for which we have an infinite number of departures (this happens with probability 1 by
assumption). There must be a non-empty subset of B consisting of buffer locations that
experience an infinite number of departures. Call this subset B. Now for a buffer slot
be B, let Wi(b) be the delay of the i*" departure from b, and let D®)(¢) denote the number
of departures from b up to time ¢, and use Q) (¢) to denote the occupancy of the buffer

slot b at time ¢. Note that Q) (t) is either 0 or 1. For all ¢ > 0, it can be shown that:

t
S ow? < / Q® (r)dr. (4.92)
i=1 0
This can be seen from Fig. 4.11 below.
Py | WO W) w. ()
1] 1.
0 t

Figure 4.11: An illustration of inequality (4.92) for a particular buffer location b. At time ¢ in
the figure, we have D(®)(t) = 3.
Therefore, we have:

w®

7
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(]

D) (t)
1

/t Z Q(b) (1)dr
0 cB

t ~
/ \Bldr
0

1=

o\
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< |Blt. (4.93)

The left-hand-side of the above inequality is equal to the sum of all delays of jobs that
depart from locations in B up to time ¢. All other buffer locations (in B but not in B)
experience only a finite number of departures. Let J represent an index set that indexes
all of the (finite number) of jobs that depart from these other locations. Note that the
delay W; for each job j € J is finite (because, by definition, job j eventually departs).

We thus have:

DO (¢)
ZW <SS WPy w
pbel i=1 JjeTJ

where the inequality is because the second term on the right-hand-side sums over jobs
in J, and these jobs may not have departed by time ¢. Combining the above and (4.93)

yields for all t > 0:

D(t)
Z Wi < |Blt+ Y W
JjeT
Dividing by D(t) yields:
D(#)

1 Bt 1
D(t);Wlé—i_D%

Taking a limsup as ¢t — oo yields:

lim bup Z W; <limsup —— B[t

, 4.94
t—o0 t—o00 D(t) ( )

where we have used the fact that Zjej W is a finite number, and D(t) — oo as t — oo,

so that:

1
limsup —— Z W; = 0.
t—o00 D(t) jeg
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Now note that, because each buffer location in B can hold at most one job, the number

of departures D(t) is at least N(¢) — |B|, which is a positive number for sufficiently large

t. Thus:
" limsu @ < limsu [’Bt]
el D(t) Y [N(8) — |B]
= limsup [|B|}
t—oo [N()/t =B/t
Using this in (4.94) proves the result. O

4.10.5 [O(1/V),0(V)] performance of QLA under Markovian dynamics

In this section, we prove that under the Markovian network state dynamics, QLA achieves
an exact [O(+), O(V)] utility-delay tradeoff for the stochastic problem. This is the first
formal proof of this result. It generalizes the [O(3), O(V)] performance result of QLA
in the i.i.d. case in [GNTO06]. To prove the result, we use a variable multi-slot Lyapunov
drift argument. Different from previous multi-slot drift arguments, e.g., [NMRO05] and
[NeelOb], where the drift is usually computed over a fixed number of slots, the slot number
here is a random variable corresponding to the return time of the network states. As we
will see, this variable multi-slot drift analysis allows us to obtain the exact [O({), O(V)]
utility-delay tradeoff for QLA. Moreover, it also allows us to state QLA’s performance in

terms of explicit parameters of the Markovian S(t) process.
In the following, we define T;(tg) to be the first return time of S(¢) to state s; given
that S(tg) = s;, i.e.,
Ti(tg) =inf{T > 0, s.t.S(to+T) = s;| S(to) = s;}-
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We see that T;(tp) has the same distribution for all ¢y. Thus, we use T; to denote the
expected value of T;(t) for any ts.t.S(t) = s; and use Tj2 to denote its second moment.

By Theorem 3 in Chapter 5 of [Gal96], we have for all states s; that:

— 1
T; = — < o0, (4.95)

T,

K3

i.e., the expected return time of any state s; is finite. In the following, we also use T};(to)
to denote the first hitting time for S(t) to enter the state s; given that S(tg) = s;. It is
again easy to see that Tj;(t9) has the same distribution at all ¢y. Hence we similarly use
Tj; and Tj% to denote its first and second moments. Throughout the analysis, we make

the following assumption:

Assumption 2. There exists a state sy such that:

sz1 < oo, V.

That is, starting from any state s; (including s1), the random time needed to get into
state s; has a finite second moment. This condition is not very restrictive and can be

satisfied in many cases, e.g., when S is finite.

We now have the following theorem summarizing QLA’s performance under the

Markovian network state dynamics:

Theorem 15. Suppose (3.1) holds. Then under the Markovian network state process

S(t), the QLA algorithm achieves the following:

CB?
QLA < 2 4.96
av — fav VTl Y ( )
d CB?+T\Vénae DB?
g < ! + (4.97)
Jj=1 " 2
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where n > 0 is the slack parameter defined in (3.1) in Section 3.1.2, and C, D are defined
as:

C=T:+T, D=T-Tr, (4.98)
i.e., C" and D are the sum and difference of the first and second moments of the return

time associated with s1.

Note that n,C,D = ©(1) in (4.97), i.e., independent of V. Hence Theorem 15
shows that QLA indeed achieves an exact [O(1/V'), O(V)] utility-delay tradeoff for general
stochastic network optimization problems with Markovian network dynamics. Although
our bounds may be loose when the number of states is large, we note that Theorem 15
also applies to the case when S(t) evolves according to a Markov modulated i.i.d. process,
in which case there is a Markov chain of only a few states, but in each Markov state,
there can be many i.i.d. randomness. For example, suppose S(t) is i.i.d. with 10* states.
Then we can view S(t) as having one Markov state, but within the Markov state, it has
10% i.i.d. random choices. In this case, Theorem 15 will apply with C = 2 and D = 0.
These Markov modulated processes can easily be incorporated into our analysis by taking
expectation over the ii.d. randomness of the current Markov state in Equation (4.99).
These Markov modulated processes are important in stochastic modeling and include the

ON/OFF processes for modeling time-correlated arrivals processes, e.g., [Nee09a].

Proof. (Theorem 15) To prove the theorem, we first define the Lyapunov function L(t) =

% Z§:1 q]2~ (t). By using the queueing dynamic equation (3.5), it is easy to obtain that:

SB+1) = SE(0) < B + 45 (O[A1(0) — i (0)
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Summing over all j = 1,...,r and adding to both sides the term V f(¢), we obtain:
L(t+1) = L(t) + Vf(t) < B* + {Vf(t) + )4 (0)[4(t) uj(t)]}- (4.99)
j=1
We see from (4.8) then given the network state S(t), QLA chooses an action to minimize

the right-hand side (RHS) at time t. Now compare the term in {} in the RHS of (4.99)

with (4.75), we see that we indeed have:
L(t+1) = L)+ VfOt) < B*+gs)(at), (4.100)
where we use f9(t) = f(29L4(t)) to denote the utility incurred by QLA’s action at time

t, and gg()(-) is the function (4.75) with the network state being S(t).

(Part A: Proof of Utility) We first prove the utility performance. Consider ¢ = 0 and
first assume that S(0) = s;. Summing up the inequality (4.100) from time ¢t = 0 to time

t =T1(0) — 1, we have:

Tl(O)fl
L(T1(0) Z VfQ < Ty(0)B? Z 9s5(1)(q(1))-
t=0
This can be rewritten as:
Tl(O) 1
L(T1(0) Z Vf9(t) < T1(0)B? (4.101)
T1(0)—1 T1(0)—1

+ > gsw@0)+ D [gsw(at) — gsw(a0)].
t=0

=0
Using (4.75) and the fact that ||g(t + 7) — g(t)|| < 7B, we see that the final term can be

bounded by:
T1(0)-1 Ti(0)—1 1 1
> losw@®) —gsw@o)]| < > B> = [S(Tu(0))* - 5T1(0)] B>,
2 2
t=0 t=0

T1(0)—1 X T1(0)—1
L(Ty(0) = L(0)+ > Vfo1t)<CB*+ 95((a(0))
t=0 t=0
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Here nz}(o) (to) denotes the number of times the network state s; appears in the period
[to,to + T1(0) — 1]. Now we take expectations over 77(0) on both sides conditioning on

S(0) = s; and ¢(0), we have:
Ty (0)—1
E{L(T1(0)) — L(0) | 5(0),q(0)} +E{ > V/9(t)|5(0),q(0)} (4.102)
t=0
<CB*+ Y E{n[1(0) | 5(0),4(0)}gs,(q(0))

Here C' = ]E{é | 5(0),q(0)} = %[TTQ+71] The above equation uses the fact that gs,(g(0))

is a constant given q(0). Now by Theorem 2 in Page 154 of [Gal96] we have that:

E{ni”(0) | 5(0),q(0)} = : (4.103)
Plug this into (4.102), we have:
T1(0)—1
E{L(T1(0)) — L(0) | $(0),q(0)} + E{ Z Vf9(t) | 5(0),q(0)} (4.104)

Now using (4.13) and (4.95), i.e., Ty = 1/my, and g(v) = >_, 75,95, (), We obtain:
T1(0)—1

E{L(T1(0)) — L(0) | 5(0),q(0)} +E{ > Vf2(t)| 5(0).q(0)} (4.105)
t=0
< OB? + Tig(q(0)).

It is shown in [HN10a] that g(g(0)) < g(~v*) < V f¥,. Thus we conclude that:
T1(0)—1

E{L(T1(0)) — L(0) | S(0),q(0)} +E{ > Vf(t)] S(0),q(0)} (4.106)
t=0
<CB*+T\Vfi,.
More generally, if ¢, = ty_1 + Ti(tp—1) with to = 0 is the k™" time after time 0 when

S(t) = s1, we have:

tp41—1

E{L(tes1) — L(tx) | S(tr), q(tr) } + E{ D VFQ) | S(tr), q(te) } (4.107)

t=ty

<CB*+ TV,
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Now taking expectations over q(tx) on both sides, we have:

tpr1—1

E{L(tr+1) = L(ty) | St)} +E{ Y VW) | S(te)} < CB* + TV 7.

t=ty

Note that given S(0) = s1, we have the complete information of S(tx) for all k. Hence

the above is the same as:

tpr1—1
E{L(ter1) — L(te) | SO} +E{ > VfOt)| S0} <CB*+ TV [, (4.108)
t=ti

Summing the above from k£ =0 to K — 1, we get:

tr—1
E{L(tx) — L(0) | S(0) = s1} +E{ > _ V() | 5(0) = s1} (4.109)
< KCB*+ KTV f,.
Using the facts that |f(¢)| < 6maz, [KT1] < KT1 + 1, L(0) = 0 and L(t) > 0 for all ¢, we
have:
[KT1]-1
E{ Y Vfet)|S(0)=s} < KCB®>+ KTV [, + Vomas

+V ma;cE{’KTl — tK‘ ’ S = 81}

Dividing both sides by V[KTy], we get:

[KTy]— 25 _
=51} < CBK + £ KTV Vomas (4.110)
V[KTY] [KTy] [KTi]
tK KT1 maa:
+B{|=——150 1}

Since tx = ZkK:_Ol T;(t) with to = 0, and each Ty (t;) is i.i.d. distributed with mean T}

and second moment T? < oo, we have:

B{l=%—

tg — KTl tg — KT1 ﬁ

|[5(0) =s1} <E{y ‘|S(0):sl}§f1. (4.111)
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This implies that the term E{}%‘ | S(0) = s1} — 0as K — oo. It is also easy

to see that [KTy]

[K Ty (4.111) and taking a

limsup as K — oo in (4.110), we have:
[KTi]-1 2

S w180 =n) <

lim sup
K—o

+ fao-

Now consider the case when the starting state is s; # s1. In this case, let Tj1(0)
be the first time the system enters state s;. Then we see that the above argument can
be repeated for the system starting at time 7j1(0). The only difference is that now the

“Initial” backlog in this case is given by q(7}1(0)). Specifically, we have from (4.109)

that:
tK 1
E{L(tx) — L(Zj1(0)) | Tj1(0), 5(0) = s;} + E{ Y V)| Tj2(0), 5(0) = 55}
t=T}1(0)

< KCB*+ KTiV f,.

Here ¢y is the K" return time of S(t) to s; after time 7};1(0). We thus obtain:

tK 1
VE{ Y f9t) | T51(0),5(0) = s;}
t= le(O)
< KCB? + KTV f3, + E{L(T;1(0)) | T;1(0), S(0) = s;}.

However, since the increment of each queue is no more than 4,4, every time slot, we see
that L(T;1(0)) < [Tj1(0)]2B?/2. Also using the fact that |f(t)| < Smaz for all 0 < ¢ <

T51(0), we have:

tKl

VE{ ZfQ ) | Tj1(0), 5(0) = s}
< K032 + KTV £, + [Tj1(0)2B%/2 + Tj1(0)V 6 maz-
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Now taking expectations over T;1(0) on both sides, and using a similar argument as

(4.110), we get that for any starting state s;, we have:

[Tj1+KTi]—1
) CB? .
fQ(t) ‘ S(O) = Sj} < —= +fav'

1
lim sup
Vi

Koo |T 1+KT11E{ Z

t=0
This proves the utility part (4.96).
(Part B: Proof of Backlog) Now we look at the backlog performance of QLA. We

similarly first assume that S(0) = s;. Recall that equation (4.105) says:
T1(0)—

E{L(T1(0)) — L(0) | S(0),q(0)} + E{ Z VfQ 5(0),q(0)} (4.112)
< CB? +Tig(q(0)).

Now we define the following “convexified” dual function g.(7):
r+2

ge(v) = inf ) ZWSZ{VZCL(SZ)J‘“ 8§, ) (4.113)

2 ex(si) ol
r42 r+2
‘f‘Z”YJ[ZCLSZ S“azgjz) Zak 1 ( sz,xk ))]}
Here the a,(fi) variables are chosen to from the set: {a,(fi) >0,> . ap (s0) 1, Vs;}. Now by
comparing (4.113) and (4.13), we see that g.(7y) = g() for all v = 0. This is so because
at any v = 0, we first have g.(v) < g(7), due to the use of the a,(:i) variables. And if

{z(5)}%°  are the minimizers of g(v), then {:c J}f 11’2 7T with x,gsi) = (%), agsi) =1

and a,(:i) =0 if k£ # 1, will also be the minimizers of g.(7y).

Using the definition of g.(7) defined in (4.113), and plugging the set of variables
{191(951')}?::11,’227’.:"”2 and the set of actions {x,&si)}?::f”;”.:"r” in the slackness assumption
(3.1), and using the facts that g(v) = g.(7) and 0 < f(¢) < dpaz, it can be shown that

g(~y) satisfies:

9(Y) < Vimaz — 1Y _ - (4.114)
j=1
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Using this in (4.112), we have:

E{L(T1(0)) — L(0) | 5(0),q(0)} + E{ Tli_lVfQ(t) | 5(0),q(0)} (4.115)
< CB® + T1Vmaz — T1) Z g;(0).
More generally, we have: "
E{L(tes1) — L(tx) | S(tx), a(th) } (4.116)

r
< CBz + TIV(Smaz - Tﬂ] Z Qj(tk)~
j=1

Here t;, is the k' return time of S(t) to state s; after time 0. Taking expectations on

both sides over g(tx) and rearranging the terms, we get:

E{L(ter1) — L(te) | S(tr)} + Tin Y E{q;(tx) | S(te)} < CB* + T1Vaz.  (4.117)
j=1

Now using the fact that conditioning on S(#) is the same as conditioning on S(0), we

have:

E{L(tke) — L(t) | SO)} +Tin Y E{g;(t) | S©O)} < OB 4+ T{Vpge.  (4.118)
j=1

Summing over k = 0, ..., K — 1, rearranging the terms, and using the facts that L(0) =0

and L(t) > 0 for all ¢:

K—-1 r
> Tind E{q(te) | S(0)} < KCB? + KTV (4.119)
k=0 j=1
Dividing both sides by KT1n, we get:
K-1 r =
1 CB? + TV émar
7 2. 2 E{gi(te) | S(0)} < T (4.120)
k=0 j=1

Now using the fact that |g;(t + 7) — ¢;(t)| < T0maz, we have:

tk41—1 r

> S ai) < Tt o ast) + [ (Ti(1)? — S Ta(te)] B

=ty j=1 j=1
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Taking expectations on both sides conditioning on S(0) (which is the same as conditioning

on S(tx)), we get:

tg41—1 r r
E{ Y S ¢ |50)} <E{Ti(t:) Y q;(tn) | S©)} + 1T2—%T1]B
T=t j=1 j=1

= TEE( Y a(0) | SO} + 577 - 5THB,

In the last step, we have used the fact that T3 (tx) is independent of q(tx). Summing the

above equation over k =0,1,..., K — 1, we have:
tgk—1 r 72 1 o2
T —T1]B
BLY Y 0| SO) < zwz% w) | s} + S TE
t=0 j=1

Dividing both sides by K and using (4.120) we have:

tg—1 r T2 1 R2
LY Y }<*ZE{Z%’5HS i

t=0 j=1
< 032 +T1V5mm N [T2 — T7] B2 |

n 2
Now notice that we always have tx > K. Hence:
1 K-1 r tgk—1 r
LS B w0150} < L5 5 Y 0
t=0 j=1 t=0 j=1
- CB? 4+ T1Vimax N [T} —2T1]BZ'
Ui

This proves (4.97) for the case when S(0) = s;. The case when S(0) = s; # s; can be
treated in a similar way as in Part A. It can be shown that the above backlog bound still
holds, as the effect of the backlog values before the first hitting time 7}1(0) will vanish
as time increases. This proves the backlog bound (4.97). Theorem 15 thus follows by

combining the two proofs. O

4.10.6 Proof of Theorem 14

Here we prove Theorem 14.

123



Proof. First we see that under the conditions of Theorem 14, the network is stable. Thus
the average rate out of any queue j is equal to \j, which is the total input rate. That is,
letting p;(t) be the number of packets that depart from queue j at time ¢, we have:

Hi = tlif& t Z (T
Now we use e;(t) to denote the event that queue j decides to serve packets from the end
of the queue, and let ,uf be the time average arrival rate of the packets that are served

during the times when queue j serves the end of the queue. It is easy to see that:

E 2
Hi = tliglotzuj e](T

—
*
~

Jim — ZE{M e}
= lim - ZE{,U,] )}p:p)\j.

t—oo t
Here 1y is the indicator function, and (*) follows from the fact that the limit exists, that
0 < pu(7)1je(r)] < Omaz, and the Lebesgue Dominated Convergence Theorem [Fol99]. As
a result, the average rate of the packets that are served when the queue serves the front
of the queue, denoted by uf, is (1 —p)Aj. Thus, if 0 < p < 1, we see that M] ,u] > 0.
This implies that every packet will eventually leave the queue. To see this, suppose this
is not the case. Then there exists at least one packet P* that never leaves the queue.
In this case, for any finite number K > 0, there must be more than K packets in the
queue when P* arrives, since the packets are drained out from the front with an average

rate uf > (. However, this implies that the queue size must be infinite when P* arrives,

which contradicts the fact that the queue is stable. This proves Part (a).

Now define Pjq to be the set of packets that (i) arrive to the queue when q;(t) € B,
and (i) are served before they move to the right of Qj,Low and (iii) are served when the
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queue is serving the end of the queue. Let Ap,, be the average rate of the packets in Pjq.

It is easy to see that Ap,, < pA;. We want to show that:

ey > [phs - Ot (1.121)
Then using the fact that the packets from Pjo occupy an interval of size at most Q; mign +
Amaz — Qj,Low < 2(D1+ K1[log(V)]?2 + 6maz) = O([log(V)]?), we can use Theorem 11 and
conclude from (4.121) that the average delay for the packets in Pjg is O([log(V)]?)/Ap,,
if Ap;, > 0.

To prove (4.121), we first note that the packets that are served when the queue is

serving the end of the queue consist of the following packet sets:
1. Pj()

2. IP;1, the set of packets that arrive when g¢;(t) € Bj, and move to the right of Qj,Low

but are still served from the end of the queue

3. PPjo, the set of packets that are served from the end of the queue but arrive to the

queue when ¢;(t) > Q; High

4. IP;3, the set of packets that are served from the end of the queue but arrive to the

queue when ¢;(t) < Qj,Low

Now define Ap,,, Ap;, and Ap, to be the average rate of the packets in Pj1, Pjo and Pjs,
respectively. We immediately have:
pE =pAj = Ap,o + Ap,, + Apy, + A,
This immediately implies that:
AP,y = PAj — (Ap,;; + Ap;y + Apjs)- (4.122)
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Therefore, to prove (4.121), it suffices to show that A\p,, = O(é’[ﬁﬁ%) for j =1,2,3. Todo

this, we first note that Ap,, and Ap;, are upper bounded by the total arrival rates of the
packets that enter the queue when ¢;(t) > Q; nigh and g;(t) < ijLOW, respectively. Using

the definition of Q; mign and Qj,LOW and Theorem 6, we have \p,, = O(%),)\pﬂ =

6ma1‘ T
O( Vlog(\c/l) )

We now compute an upper bound on Ap,. Note that when the queue decides to serve
packets from the end of the queue, in order for it to serve a packet in IPj1, i.e., a packet
that arrives to the queue when ¢;(t) € B; but moves to the right of Qj,LOW, we must
have ¢;(t) < Qj1ow. Therefore, if we denote p;1(¢) the number of packets in Pj; that are

served at time ¢, we easily see that ;1 (t) < Pmaz1g;(£)<Q; row] Le; (1)) for all ¢t. Therefore,

t—o00

. 1 t—1
/\le = lim n ZE{MJI(T)}
=0
1 t—1
< Jim oY B jtmarigy (1) <Qponl Hes (]}
7=0

t—1
o1
=  Plmazx tllglo E Z) Pr(Qj (T) < Q]}Low)
pﬂmax,P(Dla K, [log(V)]2)

*
Omag C1

Vlog(V) "

Here (*) uses the fact that e;(t) is independent of the queue process, and (k) follows

from the definition of P(Dy, Ki[log(V)]?). Now using the fact that Ap,, = O(S/’};ﬁ%) for

i=1,2,3 in (4.122), we conclude that:

OmazCh
Xe,o > [pA; — O(Vloﬁvl)m- (4.123)

This proves Part (b).
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Now by the definition of PP;9, we see that the packets in IPjg only occupy an interval of
size no more than Q; migh — QjLow + Apmaz < 2(D1 + K1[log(V)]2 + 6maz) = ©([log(V)]?).
Thus, using Theorem 11, the average delay for the packets in Pjq is O([log(V)]?)/ Ap;, if

Ap,, > 0. This proves Part (c) and completes the proof of the theorem. ]
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Chapter 5

On order-optimal scheduling: the redundant constraint

approach

In this chapter, we consider the problem of delay-efficient routing in stochastic networks.
This corresponds to having a common constant cost function for all actions in the general
model described in Chapter 3. In this case, we try to explore the possible delay reduc-
tion opportunities with respect to the network size under the Lyapunov technique. The
algorithms developed in this chapter can be combined with those in Chapter 4 to further
reduce the network delay. For ease of understanding, we state the specialized problem
settings below rather than working on the abstract model presented in Chapter 3. Our
solution is motivated by the connection between the Lyapunov technique and the RISM
algorithm established in Section 4.8.
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Figure 5.1: An example of flows going through a multihop network, where the arrows indicate
the routes of the flows.

5.1 The redundant constraint approach: the intuition

In this section, we consider improving the delay performance of the Max-Weight type
(QLA type) scheduling algorithm using appropriate “redundant constraints.” To provide

a good motivation of this approach, we first look at a simple example.

Consider the example in Fig. 5.1, where we try to support three commodity flows
f1, fo, f3 with arrival rates Aq, Ao, A\3. We assume that the routes are all fixed. Suppose
all channels are static, i.e., no channel variation. At each time, we need to allocate power
and rates to the links for data transmission. Assume that due to physical constraints, e.g.,
interference, the obtained transmission rates are restricted to be in some rate allocation

set X. Now let uf

[;1 ) De the rate allocated to flow f; over link [m,n]. Using the results in

Chapter 4, we see that the Max-Weight algorithm Dynamic Routing and Power Control
algorithm (DRPC) in [NMRO5] applied to this problem is closely related to solving the

following optimization problem by a dual subgradient method:

(P1) min: 1, (5.1)



st A S Hfig iy < Mg
Az < u{;g], uf;ﬁ?,] < u{?fﬂ?
Xs < iy,
(i i =1,2,3,¥im,n] € £)" € X.
Here £ denote the set of communication links. Now consider modifying (P1) by adding
two redundant constraints as follows:
(P2) min : 1, (5.2)

f f f b b f f:
s.t. A1 < M[ig]a M[ll73] < /1«[31,5]7 Ag < /11[22’3]7 N[;’g} < M[Bif)}’)\3 < U[;Ap (5.3)

O+ (L= Opfy y < iy, 00+ (1= Ol < s, (5.4)

(ufiy e i =123, Vlm.n] € )T € X.

The optimal solutions of (P1) and (P2) are always the same. Also, it has been ob-
served in the optimization context, e.g., [Ber03], that adding the redundant constraints

in (5.4) usually leads to faster convergence of the variables u{fn n)

to their target values
under gradient type methods, due to the fact that these additional constraints effectively
“reduce” the search space of the optimal solutions for the optimization methods. Thus,
in the network scheduling problem, we add to the original network queues a set of accel-
erating queues, which mimic the functionality of the constraints in (5.4). As we will see,

by doing so one can indeed improve the convergence time of the allocated rate to each

flow, which will likely lead to a better delay guarantee for the flows.

Interestingly, the recent work in [Nee09b], which proves that the Max-Weight schedul-
ing algorithm achieves order-optimal (i.e., delay only scales as a function of the flow path
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lengths, but not the number of flows) delay for downlink systems, can be viewed as con-
sidering all possible redundant constraints in the corresponding deterministic problem
in the delay analysis. Thus this redundant constraint approach may be a potential tool
for designing delay-order-optimal (delay increases only linearly in the flow path length)

scheduling algorithms for general multihop network problems.

5.2 Network model

We consider a network operator that operates a general multihop network as shown in
Fig. 5.1. The network is modeled as a graph G = (N, £), where N’ = {1,2, ..., N} denotes
the set of N nodes and £ denotes the set of L directed links in the network. Here a link
[m,n] where m,n € N is in L if there is a communication link from node m to node n.
The network is assumed to operate in slotted time, i.e., t € {0,1,2,...}. The goal of the
operator is to support a set of flows going through the network and to achieve good delay

performance.

5.2.1 The flow and routing model

We assume that there are a total of M flows going through the network. We denote the
set of flows as F = {1,2,..., M}. Each flow f € F enters the network from its source
node sy and needs to be routed to its destination node dy. Let A¢(t) denote the number
of packets of flow f arriving at its source node at time t. We assume that A¢(t) is i.i.d.
every slot and let Ay = E{Af(¢)}. The operator can observe the value of A(t) at every
slot. However, the statistics of Af(t) may be unknown. We assume that there exists some
constant Ap,q, < 0o such that A¢(t) < Apa, for all f and t.

131



For each pair of nodes s, d, we define an acyclic path P between them to be a sequence
of nodes P = (ny,na,...,ng+1) such that [n;,n;41] € £ for all i = 1,...,K, ny = s,
nig+1 = d and n; # n; if ¢ # j. In order to highlight the scheduling component and to
convey the idea of our algorithm, we first assume that every flow f is routed via a single
given fixed path Py to its destination. The case when every flow is routed over multiple
paths to its destination is considered in Section 5.8. We define the length of the path
Py = {sy = n, o MK 41 = d¢} for flow f to be Ky. This denotes the number of links
that every packet from flow f has to be transmitted over. We use kf(n) to denote node
n’s order in the path Py for all n € Py, e.g., kf(sy) = 1 and ky(dy) = Ky + 1. For any
node n with k¢(n) > 2, we use u/ (n) to denote its upstream node in the path Py; for any
node n with k¢(n) < Ky, we use I/(n) to denote its downstream node in the path Py.

Note that this routing model is different from the multihop network considered in
[NMRO5], [GJO7], where no route information is needed. However, this assumption is not
very restrictive. In many cases, e.g., the internet, such route information can easily be

obtained.

5.2.2 The transmission model

We assume that the channel states of the links are potentially time varying. We use
S(t) = (Smn(t),m,n € N), where Sy, (t) is the channel condition between nodes m and
n, to denote the aggregate channel state vector of the network. Note that S(t) contains
information of channels between all pairs of nodes in the network, even pairs that do not
have a communication link in between. This is to capture the fact that in some cases,
though one node can not communicate with another node, their transmissions can still
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interfere with each other. We assume that S(¢) takes values in a finite state space 8. For
simplicity, we also assume that S(t) is i.i.d. over slots, but the components of S(t) are
allowed to be correlated. The network operator can observe the aggregate channel state
information S(¢) at every time slot, but the distribution of S(t) is not necessarily known.

At every time ¢, after observing the channel state vector S(t), the network operator
allocates power to each link for data transmission. It does so by choosing a power alloca-
tion vector P(t) = (P, (t), [m,n] € L), where Py, ,(t) denotes the power allocated to
link [m,n]. We assume that if S(t) =S € S, then P(t) is chosen from a feasible power
allocation set associated with S, denoted by P(5). We assume that for any S € S, P(5) is
compact and time invariant. Given the channel state S(t) and the power vector P(t), the
rate over link [m,n] at time t is given by fi, ) (t) = Py, ) (S(2), P(t)), for some general
rate-power function @, (-, ). Now let ,uf;%n] (t) be the rate allocated to flow f over link
[m,n] at time ¢, chosen subject to the following constraint: ,uf;n’n} (t) < g (). Tt
is evident that if m # u/(n), i.e., m is not the upstream node of n in the path Py, then

uf:n n (t) = 0 Vt. In the following, we assume that there exists some ;4 < 00 such that

Pimon)(t) < fimae for all [m,n] € £, 8 € S and P € PS),

5.2.3 Queueing dynamics and network capacity region

Let Q(t) = (Q,{(t), fe€F,nePs)and t =0,1,2,... be the queue backlog vector of the
network, in units of packets. ! Note that the queues are associated with the nodes. We

assume that the following queueing dynamics for all nodes n € Py with ky(n) < Ky:

Qut +1) < max( @A) = 4, 1) (1), O] + 11 ) (O) (5.5)

Nodes that are not used by any flow are assumed to always have zero backlog for all flows.
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In the above equation, we assume that when k¢(n) = 1, i.e., when node n is the source
node of flow f, M{uf ()] (t) = Ay(t) for all t. The inequality is due to the fact that the
upstream node may not have enough packets to send. When ky(n) = Ky +1,ie., n = dy,
we always assume that Qfl(t) = u{n ’ (n)](t) = 0 for all ¢. Throughout this chapter, we

assume the following notion of queue stability:

t—1
0~ liggpig]fZE{Qﬁ(T)} < 0. (5.6)

Define A C RM to be the network capacity region, which is the closure of all arrival rate
vectors A = (A1, ..., A\pr)7 for which under the routing and transmission configurations
of the network, e.g., fixed path routing, there exists a stabilizing control algorithm that
ensures (5.6). The following theorem from [GNT06] gives a useful characterization of the

capacity region in our setting and will be useful in the following analysis.

Theorem 16. The capacity region A is the set of arrival vectors X = (A1, ..., \yr)? € Rf
(R is the set of nonnegative real numbers) such that there exists a stationary randomized
power allocation and scheduling algorithm that allocates power and flow rates purely as a

function of S(t) and achieves
E{t] 1s @} = Aps ¥ f € Fin € Py i ky(n) < K, (5.7)
where the expectation is taken with respect to the random channel states and the (possibly)

random power allocation and scheduling actions. O

In the following, we use S-only policies to refer to stationary randomized policies that
allocate power and flow rates purely as functions of the aggregate channel state S(t).
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5.2.4 The delay efficient scheduling problem

Our goal is to find a joint power allocation and scheduling algorithm that, at every
time slot, chooses the right power allocation vector and transmits the right amount of
packets for each flow, so as to maintain queue stability in the network and yield good
delay performance. We refer to this problem as the Delay Efficient Scheduling Problem

(DESP).

5.3 Related work

This framework has been studied in many previous articles, e.g., [TE92], [NMRO05]. It is
also well known that Max-Weight type algorithms in, e.g., [NMRO05], [GNTO06], can be
used to stabilize the network whenever the arrival rate vector is in the network capacity
region. However, the best known delay bounds of Max-Weight algorithms are not order
optimal. Indeed, all the known delay-efficient results for Max-Weight algorithms are for
single-hop networks, e.g., [TE93]|, [Nee09b]. For multihop networks, the Max-Weight
algorithm usually incurs a time average network delay which grows at least quadratically
in the network size [BSS09], and many algorithms, both Max-Weight type or non-Max-
Weight type, have thus been proposed trying to improve its delay performance, e.g.,
[YSTO8], [YSR09], [BSS09], [GJO7]|, [NZJ09], [SAV09], [SSS04] and [VLO07]. However,
though the proposed schemes are intuitively delay efficient, it is usually difficult to obtain
explicit delay bounds for the non-Max-Weight type algorithms, and the analytical bounds
for the Max-Weight type schemes are usually not better than those of DRPC in [NMRO5].
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5.4 Towards better delay performance

In this section, we develop the Delay-Efficient SCheduling algorithm (DESC).

5.4.1 Accelerating queues and redundant constraints in optimization

We first define the notion of an accelerating queue (AQ). For each flow f traversing
a path Py = (n{,ng,...,nﬁfﬂ), we create Ky accelerating queues (AQ) H,{(t), n €

{n{ , ng, . nf(f} that evolve as follows:

HI(t+1) = max [Hf(t) u[f; 15y (8 0] +0A45(8) + (1~ e)uf; @y (5:8)
where 6 € (0, 1] is a parameter that is chosen independent of the network size and rout-
ing configurations. We similarly define ,uf;f(n)’n} (t) = Ap(t) if k' (n) = 1, ie., n = sy If
k'(n) = Ky + 1, i.e., n = dy, we also define Hi(t) = I’L{;,l-f(n)] (t) = 0,Vt. These AQs are
used to propagate the instantaneous traffic arrival information to all downstream nodes.
We emphasize that these AQs are virtual queues (or counters) and can be easily imple-
mented in software. The actual queues in the system still obey the queueing dynamics in
(5.5). We relate the AQs to redundant constraints in (5.4). Consider solving the problem

(P2) in (5.2) with a dual subgradient method and assign to the redundant constraints in

(5.4) Lagrange multipliers Hgl and H:,{c?. Then Hgl and HZ{2 are updated according to:
H (1 41) = [Hf (1) = w5 (0] + 07 + (1= 0 (1)
B+ 1) = () = 1l 0] + 0%+ (1 - 0l )

Comparing these with the update rules (5.8), we see that the AQs correspond exactly to

the Lagrange multipliers of the redundant constraints.
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5.4.2 The DESC algorithm

In this section, we develop the Delay Efficient SCheduling algorithm (DESC) that will be

applied to the DESP problem.

Delay Efficient SCheduling Algorithm (DESC): Choose a parameter 6 € (0, 1] inde-

pendent of the network size and routing configurations. At every time slot ¢, observe all

queue values Qf;(t) and H,J:(t), and do:

(1) Link Weight Computing: For all [m,n] € L such that there exists a flow f with

m = u/(n), find the flow f[*;ﬂ n) Such that (ties broken arbitrarily)

ftoq= agmax {@fna) QL)+ HL(t) — (1 - o) <t>}. (5.9)
feFm=ul(n)

Then define the weight of the link [m,n] to be:
* ‘f*m,n ftn,n
Wiin,n (t) = max [ m () — Q™ (8) (5.10)
S n)

CHIm ) — (1= g)Hm (t),O].

If no such f exists, i.e., [m,n| is not used by any flow, define W[’:n ] (t) =0Vt.

(2) Power Allocation: Observe the aggregate channel state S(t), if S(¢) = S, choose

P(t) € P9 such that:
P(t) = argmax Z Himn) (Wi (1), (5.11)
Pep(S)
[m,n]eL
where Him,n] (t) = (I)[m,n]<sv P<t))

(8) Scheduling: For each link [m,n| € L, allocate the transmission rate as follows:

Hm,n] (t) iff = f[tn,n] and W[tn,n] (t) >0

0 else.
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That is, the full transmission rate over each link [m,n] at time ¢ is allocated to the flow

f [tn ,n]

i) that achieves the maximum positive weight Wy, (t) of the link. If [ (t) >

Ih . .
™™ (t), null bits are transmitted if needed.

(4) Queue Update: Update Qfl(t) and Hﬂ:(t), V f,n € Py, according to (5.5) and (5.8),

respectively.

We note that DESC inherits almost all properties of previous Max-Weight type algo-
rithms: it does not require statistical knowledge of the arrival or channels, and it guar-
antees network stability whenever the arrival rate is inside the network capacity region.
DESC is also not very difficult to implement. The link weights can easily be computed
locally. The scheduling part can be done node-by-node. The AQs are virtual queues
implemented in software and can easily be updated by message passing the information
of A¢(t) to all the nodes in Py, similar to the assumptions of the internet flow models
in [LPCO08], [LL99]. Although DESC requires routing information, such information is
usually not difficult to obtain in many contexts, e.g., the internet. The most complex
part is the power allocation computation, which in general can be NP-hard. However, it
can easily be solved in some special cases, e.g., when transmissions over different links do
not interfere with each other, e.g., internet, or it can be easily approximated at the cost

of some network capacity loss [GNTO06].

We finally note that DESC is similar to the DRPC algorithm developed in [NMRO05],
in terms of power allocation and scheduling. Indeed, the major difference is the use
of AQs in DESC. However, we will see later that this simple distinction can lead to a

significant difference in algorithm performance.
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5.5 DESC: stability and delay performance

Now we present the performance results of DESC and discuss their implications, using the
DRPC algorithm in [NMRO5] as the benchmark algorithm for comparison. The proofs are
presented in Section 5.6. Our first result characterizes the performance of DESC in terms
of queue stability. In particular, we show that whenever the arrival rate vector is within
the capacity region, both the actual queues and the AQs are stable. This result shows
that the DESC algorithm is throughput optimal. Our second result concerns the difference
between the aggregate packet arrival rates and the aggregate service rates allocated to
the flows. This result, as we will see, states that under DESC, the service rates allocated
to each flow over its path converge quickly to their desired rate values. We now have our

first performance result of DESC. In the rest of this chapter, the notation z(t) is defined:
T-1

z(t) = limsup% ZE{x(t)}, (5.12)

T—o0 —0

which denotes the expected time average of a sequence {z(t),t =0,1,2,...}.

Theorem 17. Suppose that there exists an € > 0 such that A+ 1e € A. Then, under the

DESC' algorithm, we have:

7 7 1o
Z Z Q[n{(t) < : _Z Z Hn(t)[ekf(l(;*’(l 9)], (5.13)

F nepy 1 f neP;

25, KiB2 QL (1)
f fr sf
Sy e < LU 00 (319
f nEPf f
where 1 is the M -dimensional column vector with every entry equal to 1, B = max|Amaz, tmaz]-

Here the expectation is taken over the randomness of the arrivals and link states.

Note that here A+1e € A means that (A1 +€, A2 +e¢, ..., \ar+¢€)T € A. In other words,
we can increase the arrival rates of all flows by the same amount ¢ and the rate vector
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is still supportable. Thus € can be viewed as measuring how far the current rate vector
is from the boundary of the capacity region A. Also note that the bound (5.13) contains
the parameters Ky on the left-hand side, which are the path lengths of the flows. This is
due to the following: When analyzing the average total backlog size, one has to compare
the drift under DESC with the drift under an S-only strategy. To obtain bounds on the
total network backlog, the S-only strategy has to simultaneously ensure that for each
flow f, its average output rate at every node n € P¢(n # dy) is larger than its average
input rate into that node by some 55 > 0. To guarantee such a stationary randomized
policy exists, we need Py 6,{ < e. In our case, all 57{ are chosen to be equal, hence

5 =¢ /K¢ and Ky appears on the left-hand side.

We note that the bound (5.13) has the potential to be strictly better than the bounds
of the DRPC and EDRPC algorithms in [NMRO05]. Indeed, the corresponding congestion

bound under DRPC can be shown to be

f K;B?
t
Yy G < 2 319
f nEPf f €
Hence if the second term in (5.13) is large, then (5.13) can be strictly better than (5.15).

As we will see in the simulation section, the second term is indeed large and thus the

bound in (5.13) can actually be better than (5.15) for DRPC.

We also note that the bound for the AQs in (5.14) is smaller than the bound (5.15) for
the actual queues under DRPC roughly by a factor 6Ky /2. Since the AQ sizes measure
the convergence speed of the allocated rates under DESC and the actual queue sizes
measure the convergence speed of the allocated rates under DRPC, we see from (5.14)
and (5.15) that the allocated rates under DESC converge faster to their target values
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than under DRPC. To see this better, we define the following total approximate network

service lag function Lag(t) at time ¢ as:

Lag(t) = ) [KfAf = > w0t =1 (5.16)
f nEPf
t—1 t—1
where Af[0,t —1] = > " Af(7) and ,uf:”f(n)} 0,t—1]=>""4 ,uf;’lf(n)} (1) are the total
number of arrivals of flow f and the total amount of rate allocated to flow f over link
[n,17(n)] in the time period [0, — 1]. Since every arrival from Ay(t) needs to be trans-
mitted K times before reaching the destination, the quantity Lag(t) can be viewed as
approximating the total amount of “effective unserved data” that is currently in the net-
work. Hence any delay efficient algorithm is expected to have a small time average value

of Lag(t). The following theorem characterizes the performance of DESC with respect to

the Lag(t) metric.

Theorem 18. Suppose that there exists an € > 0 such that A+ 1e € A. Then, under the

DESC algorithm, we have:

2
Lag(t) < M—ZQ : (5.17)

where the notion x(t) is defined in (5.12).

Note that if >, Ky = O(N), e.g., M = O(1), and € = ©(1), then (5.17) implies that

the average total service lag in the network grows only linearly in the network size.

5.5.1 Example

As a concrete demonstration of Theorems 17 and 18, we look at a simple example shown
in Fig. 5.2, where a flow is going through an N 4 1 node line wireless network, with the
source being node 1 and the destination being node N + 1.
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Figure 5.2: A flow traversing a tandem.

In this case we see that the path length Ky = N. Suppose that we choose # = 1 in

the DESC algorithm Then, Theorems 17 and 18 state that under DESC, we have:

_ 2N?B? N
ZQn < — > " nHyu(t) (5.18)
n=1
N
2NB2
ZHTL Ql(t)v (519)
N t—1
2NB2
Lag NZA Z Zﬂ[n n+1] (5'20)
n=17=0

Suppose the network parameters are such that A = O(1) and € = O(1). Then, we see
that the term nyzl nH,(t) = Q(N?). By subtracting out this term, the bound in (5.18)
can likely be small. (5.19) shows that the time average value of the AQs is O(NV), which
implies that the rates allocated to the links converge in O(NV) time to their target values.
(5.20) shows that the average total network service lag at all the nodes is no more than
some O(N) constant, whereas the average service lag under DRPC is Q(NN?) in this case.

We will see in the simulation section that under the DESC algorithm, the time average

actual queue backlog can indeed be ©O(NN) when A = ©(1) and € = O(1).

5.5.2 Discussion of the choice of §

We note that the results in Theorems 17 and 18 hold for any 6 € (0, 1]. Hence the bounds
may be optimized by choosing the best 6. Intuitively, using a larger 0, e.g., 8 = 1 will
lead to a faster convergence of the allocated rates. However, using a 6 # 1 may also be
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beneficial in some cases when we want to reduce the impact of the arrival information,

for example, when the propagated traffic information may become noisy.

5.6 Performance analysis

In this section we analyze the DESC algorithm. To start, we first have the following
lemma, which shows that if the current rate vector is strictly inside A, then we can find
an S-only policy that offers “perturbed” rates to all the nodes along the paths for all

flows.

Lemma 6. Suppose that there exists an € > 0 such that X+ 1e € A. Then, there exists

an S-only policy under which:
E{ithy sy} = Ar + 8], Yn € Pyikp(n) < Ky, (5.21)

for any =Xy < 5 < e and for all f € F.

Proof. By Theorem 16, we see that if A + 1e € A, then there exists an S-only policy 11
that achieves:
E{ul s ()} =Ar+e Vfn€Ppikp(n) <Ky,

Now we create a new S-only policy II'’ by modifying IT as follows. In every time slot,
allocate rates to nodes using the policy II. However, for each n € Py, in every time slot,
transmit packets for flow f with the corresponding rate with probability (s +80) /(A f+e)
(this is a valid probability since —Ay < 55 < €). We see that II' is an S-only policy, and
that (5.21) is satisfied under IT'. O
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We now analyze the performance of DESC. To start, we define the following Lyapunov

function:

r@). H0) = 33 Y (100 + {0}, (5.22)

f nEPf
Denote Z(t) = (Q(t), H(t)), and define the one-slot conditional Lyapunov drift to be

Alt) = E{L({t+1)—L@)|Z(t)}, (5.23)
where we use L(t) as a short-hand notation for L(Q(t), H(t)). We have the following

lemma:

Lemma 7. The drift A(t) defined in (5.23) satisfies:

)< C— Zf: ; HYOE{ ] 11y O = (L= 0l () = 0AL(D) | Z()} (5.24)
nely
- ; Zl; QEOEL il 1y ) = 0 D ] Z®)},
nely

where C'=23%; KB
Proof. See Section 5.12.1. O

We are now ready to prove Theorem 17. We use the following theorem, which is

Lemma 5.3 in Page 81 in [GNTO06].

Theorem 19. Let Q(t) be a vector process of queue backlogs that evolves according to
some probability law, and let L(Q(t)) be a non-negative function of Q(t). If there exists

processes f(t) and g(t) and positive constants a,b > 0 such that at all times t, we have:

A(t) < ag(t) —bf(t),

then
= =
bhﬁigpth{f(T)} < aliﬁigpt;)E{g(T)
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Proof. (Theorem 17) Rearranging the terms in (5.24), we obtain:

Aty <C+Y D 0HI(OE{As(t) | Z(1)} (5.25)
f nEPf
+Z Qf —0)H{, (O]E{A;(0) | Z(1)}

—Z > Bl ®[QL®) — @, ®
f nGPf:kf(n)SKf
+H](t) = (1= 0)H; (D] | Z(1)}-
Comparing (5.25) and DESC, and recalling that puy, ,(t) = @, . (S(t), P(t)), we see
that at every time slot, the DESC algorithm chooses the power allocation vector and

allocates transmission rates to flows to minimize the right-hand side (RHS) of the drift

expression (5.25). Because the RHS of (5.24) and (5.25) are equivalent, the drift value

satisfies:
)< C =30 HIOE{ ) i () = (1= Ol o (0) = 0A(1) | Z(1)}
f TLGPf
=D > QUOE{ 1 oy B = sy ) 1 Z(1)], (5.26)
f nEPf

where ,uE;{’lf(n)} (t) corresponds to the rate allocated to Flow f on link [n,1f(n)] at time ¢

by any other alternative algorithms.

Now since A + € € A, by Lemma 6, we see that there exists an S-only policy that
chooses the power allocation vector P(t) and allocates transmission rates Mf; 1 ()] (t)

purely as a function of the aggregate channel state S(t), and yields:
kf(n)e

E{u) 1y (8 | Z(8)} = Ag + : (5.27)
{ [n,1f (n) } f K;
for all f € F and n € Py :ks(n) < Ky. Thus,
kg(n)e
E{u! 0} = A+ (5.28)
" ke(n) —1)e
E{M['L{f(n),n](t)} = )‘f+(f(K)f)- (5.29)
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Plugging this alternative algorithm into (5.26), we have:

t<ﬂ?22ﬁf€—zzmn%)gkw,®w

f nGPf f nEPf

which by Theorem 19 implies

7 s n _ 2% K;B?
EZZ{%?+HWW@%+GHW<CZI&-f, (5.31)

T € €
f nEPf

Rearranging terms, we have:

ZZ — — QL) 2ZfoB ZZ t)[0ks(n) + (1 - 0)]

f nepPy f nePy f
This proves (5.13). Now similar to the derivation of (5.30), but plug in (5.26) another

alternative S-only policy that yields for all f € F:
E{N[n 1 (n)] (t)| Z(t)} = Af+€ n€ Pr:kg(n) < Ky (5.32)

Such an algorithm exists by Lemma 6. We then obtain

Aty <C=> QL (e=>_ > HI( 96—2 (5.33)
!

f nEPf
Using the fact that Hf t)(1 - 6?)6 >0, Vt, (5.33) 1mphes that
Qi ( 22 K;B?
>9SSl < 22 30
f f nGPf
proving the theorem. O

Now we prove Theorem 18:

Proof. (Theorem 18) For a flow f € F, let its path be Py = {nq,n2,...,nk,+1}, where
n1 = sy and ng, 1 = dy. From (5.8), it can be shown as in [GNT06] that for all ¢, we

have

t—1 t—1
NOED IV DI Ao}
7=0 7=0

which implies

Z ’u[m n2] Z Af ) (5'35)
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Repeating the above for ny, we have
t—1

HI,(6) > D 0Ap(r) + (=0, (7)) Zu[m,ng]

7=0

t—1 t—1
> D A= pd, (1) = (A =0)H], (1),
7=0 T7=0

where the second inequality follows from (5.35). Hence,

t—1 t—1
HE () + (1= 0)HL (1) > Y Ap(r) =Sl (1)
7=0 7=0

More generally, we have for all t =1, ..., K f that
i t—1
f
>_(L=0)H] (1) = ZAf =2 Hingms)(7)
j=1 =0
Summing up all i = 1,2, ..., K¢, we have

3 t—1
ZZl—gz IH] (¢ >Z[2Af Zﬂfjwﬂ](f)}
=0

i=1 j=1 i=1 -7=0

However, we see that

Ky i Ky—i 1 Ky
3P RIIIBTINIES SAURD SRS ot
i=1 j—1 j=0 i=1

which implies

t—1
1[2Af DI ANRC) 92 A

i= 7=0 7=0

Summing this over all f € F and using (5.14) in Theorem 17 proves Theorem 18. O

5.7 DESC under delayed arrival information

Here we consider the case when the time required to propagate the arrival information
A(t) is nonzero. Such a case can happen, for instance, when there is no central controller,
and thus, message passing is required to propagate the Af(t) values. Let D{(t) be the
delay (in number of slots) to propagate the Af(t) information from sy to node n €
Py at time t. We assume that there exists a constant D < oo such that Dﬁ(t) <D
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for all f,n,t. Note that in this case, we can no longer use (5.8) to update the AQs
due to the message passing delay. Instead, we modify the DESC algorithm to use the
“delayed” traffic information. Specifically, we create a set of AQs using the “delayed”
traffic information Af(t — D) as follows: For all 0 <t < D, let Hj(t) = 0, and for all
t > D, we update the AQs according to:

HI(t+1) = max [HI(t) — uf; IGNY (5.36)

+OAf(t = D) + (1= Ol s (D).

We then define the following Delayed-DESC algorithm to perform power allocation and

scheduling.

Delayed-DESC: Choose a parameter 6 € (0, 1] independent of the network size and

routing configurations. At every time slot, observe all queue values Qfl(t — D) and i (1),

and do the followings

1. Link Weight Computing: For all [m,n| € L such that there exists a flow f with

m = uf (n), find the flow S n) Such that (ties broken arbitrarily):

finm = argmax {an(t —-D)-Ql(t-D)+HI(t)-(1 - Q)Hg(t)}. (5.37)
feFm=uf(n)

Then define the weight of the link [m,n| to be:
Wi (8) = (- D) — Qi (¢ - D) (5.38)
[m,n] = max m n .
FHI () — (1 - 0)HA™ (8), 0} .

If no such f exists, i.e., [m,n] is not used by any flow, define I/V[*;1 ] (t) =0Vt.

2. Power Allocation and Scheduling are the same as DESC except that the weights

are now given by (5.38).
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3. Queue Update: Update QL (t) and Hj,(t) for all n, f according to (5.5) and (5.36),

respectively.

Specifically, Delayed-DESC is the same as DESC except that it uses (Q(t— D), H(t))
as the queue backlog vector to perform power and rate allocation, and the AQ values
are updated according to (5.36) instead of (5.8). The performance of Delayed-DESC is

summarized in the following theorem.

Theorem 20. Suppose that there exists an € > 0 such that X+ 1le € A. Then under the

Delayed-DESC algorithm with parameter D, we have:

«— «— QL) 2Zf Kf(l +D)B* 1)[0kf(n) + (1 — 0)¢]
;n;f ;”;f f ’
23 K(1+ D)B?

f
ZZH#;@)S i _Zng(t)’

f nePy f

2Zfo( BQ_zQ

Lag(t) <

where x(t) represents the expected time average of the sequence {z(t)}32, and is defined

in (5.12).

Note that since we typically only need a few bits to represent the Af(t) values, and we
can pass this AQ information at a much faster time scale, i.e., not necessarily once per slot,
the D value is typically very small. In this case, Theorem 20 states that Delayed-DESC

performs nearly as well as DESC.

Proof. (Theorem 20) Let Z(t) = (Q(t — D), H(t)) be the delayed queue state and define
the drift to be
A(t) 2 E{L(t+1)— L(t) | Z(t)},
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where if t — D < 0 we define Qfl(t — D) =0. Now using Lemma 7, we see that

Ay<Cc=>>"H] (t)IE{uf; @ (5.39)

f nEPf

~(1 = Ol 5y (1) = 0As(t = D) | Z(1)}

>3 ELQUO 1 1oy B = sy D] | 21}

f TLGPf
where C' =23, K;B? and B = max[Apnqq, fimasz). Denote the RHS of (5.39) as Ag(t).

Using the fact that for any f and n € Py, we get
Ql(t—D)—- DB <Q/(t) <Qf(t- D)+ DB,

we have:

> D QA il 1) = By @] = =D Y 2DB?

f nEPf f TLGPf

‘1'2 Z Qf t— ,U[n 1 (n)] (t) — .Uf;f(n)m] (t)]v

f nEPf

Plugging this into (5.39), we get

Agp(t)<C+2> K;DB? (5.40)

=30 > QU= DIE{uL 1y (8) = 1y () 1 Z(0)}

f TLEPf

=30 HIOE{], 1y ) = L= Ol g 0 (8) = 0As(t = D) | Z(1)}.
f nGPf
We can similarly see that the power and rate allocation of Delayed-DESC minimizes the

RHS of (5.40). Hence the above inequality holds if we plug in any alternative power and

rate allocation policy. Thus under Delayed-DESC, we have:

At)<C+2) K;DB’ (5.41)

- Z Z Qg(t - D)E{Mf,ilf(n)](t) - U?Jf(n),n](t) ‘ Z(t)}

f nGPf

=3 > HIWE (0= (L= 00y )y (0) = 045t = D) | Z (1)},

f TLEPf
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where ”Fr{lf(n)} (t) is the rate allocated to flow f over link [n,17(n)] by any alternative
policy. The rest of the proof follows by using a similar argument as in the proofs of

Theorem 17 and 18. O

5.8 M-DESC for multi-path routing

In this section, we extend the DESC algorithm to the case where each flow can be routed
via several acyclic paths to its destination. Specifically, we assume that each flow f uses
a set of J; paths, denoted by Py = {Pl,PJ?, ...,P]}]f}.

We assume that each path is acyclic and that P; N PJ’? = {sf,ds} for all P’ , PJ’f € Py
with j # k. That is, all paths are node-disjoint except for the source and destination
nodes. 2 Such a setting allows more flexibility in routing packets to destinations. As
in the single-path routing case, we denote by K} the path length of the path P’ , and
denote by k:gc(n) the order of node n € PJZ, for each node n € P; (Recall that s¢ is the
1% node and dy is the (K} + 1)* node in path PJZ) In the following, it is also useful to
denote by §§c the second node in the path P; of the flow f (the first node in each path
is always the source node). For any node n € PJZ with k;(n) > 2, we again use u/(n) to
denote the set of upstream nodes of node n. Note that u/(n) contains only one node for
any n # dy, since all the paths are node-disjoint. For any n € PJ‘Z with k}(n) < K}, we
use 17 (n) to denote its set of downstream nodes. Similarly f(n) contains only one node

when n # s;. In this case, an actual queue Qﬁ(t) again evolves according to the queueing

2This assumption is made mainly for notation simplicity. The results can easily be generalized to the
case where paths share nodes other than the source and the destination nodes.
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dynamic (5.5) if n is not the source node for the flow f, i.e., n # sy. When n = sy, we

see that Q,];(t) evolves according to
Qf,(t+1) = max[Q], Z i, Aj] 0] + As(t). (5.42)
Before stating the DESC algorithm for thls multi-path routing case, we first state
a theorem which can be proven similarly to Theorem 16, and which characterizes the
capacity region in this multi-path routing case. In the theorem, we use the notion of a
feasible network rate splitting vector. Specifically, we say that a vector v, = ('y}, ey fnyf )7

is a feasible rate splitting vector for flow f if there exists an S-only policy under which:

E{ul, @} = 7 (5.43)
for all n € PJZ with k:gc( n) < K}, and for all PJz. That is, 'y} represents the time average
rate achieved over the path P; for flow f. Here the expectation is taken with respect
to the random channel states and the (possibly) random power allocation and routing

actions. If there exists an S-only policy that simultaneously achieves v, for each f, we

call the vector & = (4, ...,Yy)? a feasible network rate splitting vector.

Theorem 21. The capacity region A in the multi-path routing case is the set of arrival
rate vectors X = (A1, ..., \y)T € ]Ri/[ such that there exists a feasible network rate spitting
vector & with:
V1= SR L0} =, (5.44)
J

for all flows f € F. O

We now describe the DESC algorithm for this multi-path case. Under this setting,
we can no longer use the AQs as before. This is the due to the fact that the arrivals to

the source will no longer be all routed via a single path. In this case, we again create a
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set of AQs. However, for each AQ, we use the arrival to the second node §§c in each path
as part of its input. Specifically, for each path P’ , we create K } — 1 AQs as follows: for

each n € PJZ with 2 < k;(n) < Kj;, we have:

HE (¢ 1) = max [HA() = o,y (0,0 + 007 (0)+ (1= 0)u,y

L - (5.45)

For notation simplicity, we also define HY ;) =H C{f (t) = 0 for all ¢ and all f. We now
present the DESC algorithm for this multi-path routing case.

Multi-path DESC (M-DESC): Choose a parameter 6 € (0, 1] independent of the net-

work size and routing configuration. At every time slot ¢, observe all queue values Qfl(t)
and H(t), and do the following

(1) Link Weight Computing: For all [m,n] € L such that there exists a flow f with

m € u/(n), compute a weight W[fn ] (t) for the flow f over [m,n| as follows:

1. Ifm=sf5,n¢€ Pj, ie,n= §§c, then:

Wi, (£) = max [Qf;(t) Qi) —(1—0)H[ () -0 Y H.@1) ] (5.46)

neP}
2. If m# sy, m,n € PJZ, then:

W, (t) = max [Qf;(t) — QL) + H,(t) — (1 — 0)H (1), 0} . (5.47)

Find the flow f; , such that (ties broken arbitrarily):

fimn = argmax W[m ] (t).
feFmeus (n)

Then define the weight of the link [m,n] to be:

* f’:n,n
Wi () = Wm0 (1), (5.48)

If no such f exists, i.e., [m,n| is not used by any flow, define Wi (t) =0Vt.

(2) Power Allocation: same as DESC, except that the weights are now given by (5.48).
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(8) Routing: Define transmission rates as follows:

Pimn) (1) AL = fi, g and WE 0 (8) > 0
Wl () = [, ] ]
0 else.

For each link [m,n], transmit flow f[jn n) data according to the rate i, ) (t). If node m
does not have enough packets to send over all its outgoing links, null bits are delivered.

4) Queue Update: Update Q£ t) and Hﬂ: t), Vf, Pj,n € Pj,n # s¢, according to
f f

(5.5) and (5.45), respectively. Update ng (t) according to (5.42) for all f.

We note that M-DESC is very similar to the DESC algorithm. Indeed, the main
difference here is that M-DESC has to decide which path to route the packets through.
For this part, we see from (5.46) that the weights of the links from the source nodes to
their second-hop nodes are calculated differently. We also note that (5.46) requires the
AQ values over the entire routing path. Such information is easy to obtain if centralized
control is available. In the case when obtaining such information incurs a nonzero delay,
one can also use an approach similar to the one used by Delayed-DESC in Section 5.7.

The following theorem states the performance results of M-DESC:

Theorem 22. Suppose X is such that there exists a feasible network rate splitting vector
5 that achieves y; + €l for each flow f with Zj 7; = Ay for some € > 0. Then under

M-DESC, we have the following bounds:

DD > Hiw Seé ZZQf (5.49)

J J J
! P} neP] f Py

ZQSJ’ er+> > Y Q;((J) (5.50)

f P; nEPJ nFEs g f

C kp(n) = 1) + (1-6)
3 P) (e s ]
f Pl nep] I
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Here C = B? dof [%(JJ% +1)+ 2ZP]'(KJ]; —1)], ¢ = ZPJ ~7» and the notation x(t) is
f 2y

defined in (5.12).

We note that the performance result for M-DESC has one additional requirement:
we need each element of the rate splitting vector v, for each flow f to be feasible after
an € increment. This implies that the arrival rate of flow f is at €J; distance from the
boundary of the capacity region (since flow f is served by Jy paths). This additional
requirement is due to the fact that when multiple routes are available, M-DESC will
explore all of them. Hence we must take into account the effective load on each path
when analyzing the congestion in the entire network. We also note that similar results
as Theorem 18 on the network service lag can be obtained in this case. We can similarly
see from (5.49) that if M = O(1), Jy = O(1) and € = O(1) for all f, then the average

total network service lag will again only grow linearly in the network size.

Proof. (Theorem 22) In this case, we use the following Lyapunov function that is similar

to the one defined in (5.22):

L@ H0) =3 5% 3 (10l + ).

f Pl nep]
We similarly define Z(t) = (Q(t), H(t)). Using the same approach as in Lemma 7, we

can compute the drift as:

=Y E{QL Ok, )0 - 40] | Z(1)}
f PJ'
->.>. > E{ef [M[nlf(n)]( )~ “f;f(n),n](t)] |Z(t)}  (5.51)

f sz nGPj:n;éch

_ZZ ZE{H ’u[nlf n)]()

J J
! P} neP]

=On, () = (L= Oy (O] | 2O}
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where C' = B2 >f [(J}% +1)+2 ZP]( —1)]. Now by rearranging the terms, we have:

<Cy ZE{Qg; (A1) | Z(1)}
- Z IR TAMCICHORIZAD

f PJ
—(1- éi; ()—60 Y Hi®)]|2Z(1)}

J
nGPf

DD E{Mf;,lf(n)] ([Q%(t) — Qlff(n) (t)

f Pl nePlmssy

+H{(t) = (1= 0)H}; (0] | Z()}.

(5.52)

Thus we see that the M-DESC algorithm chooses a power allocation vector and allocates

rates to the flows to minimize the RHS of (5.51) at every time slot. Hence using the same

argument as in the proof of Theorem 17, we can now plug into (5.52) an S-only policy

that achieves for each flow f,

{H[sf SO 1Z1)} =7,

with Y2, 7} = Ay, V £, and for each n € P with 2 < k(n) < K7 that:

E{p], sy @) | (D)} =] +e

Using (5.51), we thus obtain:

SO-222.Q0We=3.3 . > beHi() =3 > Hy(®
fop f P} nep} P

Using Theorem 19 and the fact that Hsfj (t) > 0, Yt, we have:

3D SDBRZIUETES 9p ST

f Pl nep] fp
This proves (5.49).

Now we plug in (5.52) another S-only policy that achieves for each flow f:

 K(n)
!
E{p!, o) | Z(8)} =7} + ¢ R

(5.53)

(5.54)

(5.55)

(5.56)
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for each n € PJ with 1 < k:;(n) < Kj;, where . fy} = Af, V f. Using (5.51) again, we

f
see that:
o e
NUELEDICHUID DI ED 9D DD SIe:! <>Kj
! P} f f Pf] nEPj nFES g
O(kh(n) — 1)+ (1 -6
“SONTNT Hi(t)e () Kz Sanll)
! P} nEPJZ f
Now denoting c; = ZPJ w7 e have:
f
Qh(t)
Sdu Yy ¥ o
! P; nGPJ sy !
S 3 3 DRIt
f Pl nep] I
This proves (5.50) and completes the proof of Theorem 22. O

It is not difficult to show, as in [Nee03], that under this multi-path routing case, the

congestion bound under DRPC is given by:

DEATEO DD %O 9, (5:57)

J
! PJZ nEP MFESf f

where C' = B2 >t [%(JJ% + 1)+ > pi (K} —1)]. Comparing this bound with (5.49) and
7

(5.50), we see again that the backlog bound of M-DESC can potentially be better than

that of DRPC, and the rate convergence speed is faster under M-DESC.

5.9 Simulation

Here we provide simulation results of our algorithms. For simplicity, we only simulate
the DESC algorithm and the M-DESC algorithm, and compare them with the DRPC
algorithm.
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5.9.1 The single-path case

The network topology and flow configuration are shown in Fig. 5.3. We assume that
the channel conditions are independent and each link [m,n] is i.i.d., every slot being
ON with probability 0.8 and OFF with probability 0.2. When the channel is “ON,” we
can allocate one unit of power and transmit two packets; otherwise we can send zero
packets. We further assume that all links can be activated without affecting others.
However, a node can only transmit over one link at a time, though it can simultaneously
receive packets from multiple nodes. Each flow f; is an independent Bernoulli process
with Ay (t) = 2 with probability A;/2 and Ay, (t) = 0 else. The rate vector is given by
A = (A1, A2, A3, M)T = (0.8,0.4,0.2,0.6)". We simulate the system with (h = 4,0 = 1),
where 7, h and v are parameters in Fig. 5.3. Note that in this case, N = 377’ + 7. The n

value is chosen to be {10, 50, 100, 200,500}. We use § = 0.5.

Y
(oo (o= ony » () (O (o)
TR

foT0

Figure 5.3: A Network with 4 Flows. 7 is f1’s path length, h measures the path overlap length
of f1 and f5, and v is the vertical path length of fs.

Fig. 5.4 and Fig. 5.5 show the simulation results. Fig. 5.4 shows that under DESC,
the average total backlogs of Flow 1 and 2 scale only linearly in N. This is in contrast to
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the example provided in [BSS09], which shows that the average backlog grows quadrati-
cally with N under the usual Max-Weight scheduling policy. We also see that the average

total backlog of Flows 3 and 4 remains roughly the same. This is intuitive, as their path

lengths do not grow with N. Interestingly, we observe that ZnePf HY (t) > ZnePf Ql (1),

V f. By equation (5.14) of Theorem 17, this implies that :

Sy =y s o < 2=

f nEPf f nEPf
Since we also have >, Ky = O(N) and e = O(1) in this example, we see that indeed

dof ZnePf Qfl(t) = O(N) in this case. This suggests that DESC can potentially be a
way to achieve delay-order-optimal scheduling in general multihop networks. Fig. 5.5
shows that the total average rates (running averages) allocated to Flows 1 and 2 over
their paths, i.e., ﬁ ZmEPfl uf:f%lfl(m)] [0,¢ — 1] and ﬁ ZTL]'GPfQ “f:j,lh(nj)] [0,t — 1]
with ,ufi;,lfk (n)] [0,t—1] = Zt;:lo ’uf;];,lfk (n)] (1), converge quickly from above to the actual
average arrival rates i.e., %A £10,t — 1]; on the other hand the corresponding rates under
DRPC converge very slowly from below to the actual average arrival rate. These plots

suggest that the poor delay performance of many Max-Weight type algorithms in multihop

networks can be due to slow convergence of the corresponding service rates.

5.9.2 The multi-path case

We now look at the multi-path routing case. We consider a simple network having two
paths as shown in Fig. 5.6. Each flow uses both paths. The two paths are given by
P, = (n1,n2,...,nkg,) and P, = (my,ma,...,mg,), where K1 = n, Ko = n/2, and 7 is
chosen to be {10, 50,100, 200,500}. Similar as above, we assume that each link is i.i.d.
ON with probability 0.6, and OFF with probability 0.4. When ON, we can allocate one
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Figure 5.4: Q; and H;, i = 1,2,3,4, are the average total actual and AQ backlog sizes of flow 1,
respectively.

unit of power to serve 2 packets; otherwise we cannot serve any. We assume that all
the transmissions over the links are independent, and do not affect others. A node can
simultaneously receive from multiple nodes, but can only send over one outgoing link.
A1 (t) is i.i.d., being 2 with probability Ay = 0.5, and being 0 else. As(t) is i.i.d., being 2

with probability Ao = 0.3 and being 0 else. We use 6§ = 0.5.

We see from Fig.5.7 that as in the single path routing case, the network backlog only
increases linearly in the network size. In this case, though the average total actual backlog
size is not always below the average total AQ backlog size, as in Fig. 5.4, we see that the
total AQ size is always above the total actual queue size excluding the source nodes. As
in the single-path case, this result can also be used together with (5.49) to show that in
this example, M-DESC achieves a total network backlog that grows only linearly in the

network size.

Similar to Fig. 5.5 in the single path routing case, Fig. 5.8 also shows the aggregate
rates of the two flows over their paths versus their arrival rates. We again see that the
rates converge faster under M-DESC than under the DRPC algorithm.
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Figure 5.5: UP: the average rate allocated to Flow 1 (n = 100); DOWN: the average rate allocated
to Flow 2 (n = 100).

Oy OO0
SO OO0
Figure 5.6: Two flows going through a network with two paths.

5.10 Further discussion

The redundant constraint approach can also be applied to network utility optimization
problems. In this case, the method can also be combined with any of the delay-reduction
techniques, i.e., FQLA, LIFO-Backpressure and LIFOP-Backpressure, to further improve

the delay performance of the algorithms.

As in Section 4.2.4, the assumption that there exists ¢ > 0 such that A +¢l1 € T’
is important for deriving the queueing bounds. When this assumption is violated, the
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Figure 5.7: Here Q; and H;, i = 1,2 denote the time average actual and AQ backlog sizes.
i = 1,2 denotes the average total actual backlog without the source nodes.

arrival rate vector is either on the boundary, or outside the capacity region. In both

cases, the network congestion will go unbounded.

5.11 Chapter summary

In this chapter, we consider the problem of delay-efficient scheduling in general multihop
networks. We develop a Max-Weight type Delay Efficient SCheduling Algorithm (DESC).
We show that DESC is throughput optimal and derive a queueing bound which can
potentially be better than previous congestion bounds on Max-Weight type algorithms.
We also show that under DESC, the time required for the allocated rates to converge to
their target values scales only linearly in the network size. This contrasts with the usual
Max-Weight algorithms, which typically require a time that is at least quadratic in the
network size.
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Figure 5.8: UP: the average rate allocated to Flow 1 (n = 100); DOWN: the average rate allocated
to Flow 2 (n = 100).

5.12 Proofs of the chapter

5.12.1 Proof of Lemma 7

Proof. Define B = max[Amaz, fhmaz)- From the queueing dynamic equation (5.5) we have

for all node n € Py with kf(n) < Ky that:

QU+ = (1Q4®) = il oy O+ 1l @)

2

= (14 =t 1r (g D)+ [t ) g (B
F2(Q50) = 1l 1y OV il 1y g
< Q1) = il 1y oy OF + B> +2Q0(0nd 1) (©)-
The inequality holds since ([Qa(t) = a1, s (V1 )ilys () () < QAL 5 (), and

[,

for any z € R, we have ([2]T)? < 2. We also use in the above equation that if ks(n) = 1,
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i.e., node n is the source node of flow f, then '“f;f(n) . (t) = Af(t) for all t. Thus by

expanding the term [Q4(t) — Mf;,lf(n)] (t)]%, we have for all n € Py with ks(n) < K that:

[Q?fl(t + 1)]2 < [Q?fl(t)]2 +2B% — QQf( )[ nlf(n)]( ) — N{;f(n),n](t)]
Note that if k¢(n) = Ky + 1, i.e., n = dy, we have Qﬁ(t) = 0 for all ¢, and so [Q,{(t +

1)]? - [Qi(t)]2 = 0, Vt. Summing the above over all n, f, and multiply by %, we have:

*ZZQ”H —*ZZQJC (5.58)

f nGPf f TLGPf

< YiB2 Z Z Q :U'[n 1f(n ( ) - /”Lf;f(n),n] (t)]’

f nGPf
where Y1 = >, Ky. Repeat the above argument on the term _, ZnePf [Hﬂf(t +1)2 -

27 ZnGPf[ f(t)]Q, we obtain:

5 Z > Hf(t+ %Z > A (5.59)

f nEPf f nEPf

SVB® =30 D HAOf, sy (8) = (1= Oy (1) = 045(1)):
f nEPf
Now adding (5.58) to (5.59), taking expectations conditioning on Z(t) = (Q(t), H(t)),

and letting C = 2Y,B? = 2 Zf K ;B? proves the lemma. O
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Chapter 6

Resolving underflows in complex network scheduling

problems

In this chapter, we consider the problem of optimal scheduling in general complex net-
works that involve the “no-underflow” constraint. This network class contains the impor-
tant class of processing networks, which are generalizations of traditional communication
networks. Such scheduling problems are usually hard to solve, and the dynamic pro-
gramming technique is often used. We instead develop the novel perturbed Max-Weight
approach for algorithm design for these networks. This approach has low complexity
and avoids the “curse of dimensionality” of dynamic programming. The results devel-
oped in this chapter can be applied to areas such as manufacturing networks, information
processing, network coding and energy harvesting networks.
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6.1 A data processing example

In this section, we study a data processing example and develop the Perturbed Max-
Weight algorithm (PMW) in this case. This example demonstrates the main idea of this

chapter. We later present the general model in Section 6.2.

6.1.1 Network settings

We consider a network shown in Fig. 6.1, where the network performs 2-stage data

processing for the arriving data. In this network, there are two random data streams

Ra(t) @ M2(t)
Ma(t)
R1(t)—> I @ —>-—> Output

Figure 6.1: An example network consisting of three queues q1, g2, g3 and two processors Py, Ps.

Ry (t), Ra(t), which represent, e.g., sensed data that arrives, or video and voice data that
need to be mixed. We assume that R;(t) = 1 or 0, equally likely, for i = 1,2. At every
time slot, the network controller first decides whether or not to admit the new arrivals,
given that accepting any one new arrival unit incurs a cost of 1. The controller then
has to decide how to activate the two processors Pj, P, for data processing. We assume
that both processors can be activated simultaneously. When activated, P; consumes one
unit of data from both ¢; and g2, and generates one unit of fused data into ¢3. This
data needs further processing that is done by P». When P is activated, it consumes one
unit of data from g3, and generates one unit of processed data. We assume that each
unit of successfully fused and processed data generates a profit of p(t), where p(t) is i.i.d.
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and takes value 3 or 1 with equal probabilities. The network controller’s objective is to
maximize the average utility, i.e., profit minus cost, subject to queue stability.

For ease of presenting the general model later, we define a network state S(t) =
(R1(t), Ra(t), p(t)), ! which describes the current network random state. We also denote
the controller’s action at time t by x(t) = (D1(t), Da(t), I1(t), I2(t)), where D;(t) =1
(D;(t) = 0) means to admit (reject) the new arrivals into queue j, and I;(t) = 1 (1;(t) = 0)
means that processor P; is activated (turned off). The following no-underflow constraints

must be met at all times when we activate processors Pi, Ps:

L(t) < qi(t), [1(t) < q2(t), Ia(t) < gs3(t). (6.1)
That is, [;(t) = 1 only when ¢; and gy are both nonempty, and I»(¢) = 1 only if g3 is
nonempty. Note that [JW09] is the first paper to identify such no-underflow constraints
and propose an explicit solution that shows that the fraction of time that these constraints
are violated converges to zero under certain network assumptions. Here we propose a
different approach that ensures that the constraints are never violated, and holds for a
broader class of problems. Subject to (6.1), we can write the amount of arrivals into
q1, 92, q3, and the service rates of the queues at time ¢ as functions of the network state

S(#) and the action z(t), i.e.,
A5() = A(S(),2(0)) = D (OR; (1), 5 =12, As(t) = As(S(0),x(t) = Li(1).  (6.2)
wi(0) = iy (S, 2(0) = Ti(t), §=1,2,  pa(t) = pa(S(0), 2(t)) = Lo(t). (6.3)

Then we see that the queues evolve according to the following:

Qj(t+1) = qj(t)—uj(t)—i—Aj(t), 7 =1,2,3, Vt. (6.4)

!The network state here contains just Ri(t), R2(t) and p(t). More complicated settings, where the
amount consumed from queues may also depend on the random link conditions between queues and
processors can also be modeled by incorporating the link components into the network state, e.g., [HN11a].
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The instantaneous utility is given by:

f@t) = f(S),z(t)) = p(t)12(t) — Di(t)Ri(t) — Da(t)Ra(t). (6.5)

The goal is to maximize the time average value of f(¢) subject to network stability.

The constraint (6.1) greatly complicates the design of an optimal scheduling algorithm.
This is because the decision made at time t may affect the queue states in future time
slots, which can in turn affect the set of possible actions in the future. In the following,
we develop the Perturbed Max-Weight algorithm (PMW) for this example. The idea of
PMW is to use the usual Max-Weight algorithm, but perturb the weights so as to push
the queue sizes towards certain nonzero values. By carefully designing the perturbation,
we can simultaneously ensure that the queues always have enough data for processing

and the achieved utility is close to optimal.

6.1.2 The perturbed Max-Weight algorithm (PMW)

We now present the construction of the PMW algorithm for this simple example (This is
extended to general network models in Section 6.4.) To start, we first define a perturbation
vector @ = (01,02,03)T and the Lyapunov function L(t) = %Z?Zl[qj(t) —0;]%. We then
define the one-slot conditional drift as:

A(t) = E{L(t +1) — L(1) | q(1)}. (6.6)
where the expectation is taken over the random network state S(¢) and the randomness

over the actions. Using the queueing dynamics (6.4), it is easy to obtain that:
3
A(t) < B =Y E{(a;(t) = 0)[;(t) = A;(0)] | a(t) },
j=1
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where B = 3. Now we use the “drift-plus-penalty” approach, i.e., QLA, in Chapter
4 to design our algorithm for this problem. To do so, we define a control parameter

V' > 1, which will affect our utility-backlog tradeoff, and add to both sides the term

~VE{f(t) | q(t)} to get: 2

A(t) = VE{f(t) | q(t)} < B—VE{f(t) | q(t)} (6.7)
3
S TE{(g5(t) — 0)[n(t) — A; ()] | a(t)}
j=1

Denote Ay (t) = A(t) — VE{f(t) | q(t)}, and plug (6.2), (6.3) and (6.5) into the above,

to get:
Av(t) < BHE{Di(®)R:i()[a(t) — 61+ V]| a(t)} (6.8)
+E{Da(t)Ra(t)[a2(t) — b2+ V] | a(t) }
~E{L()[gs(t) — 5 + p(H)V] | a(t)}
—E{L()[q1(t) — 61 + q2(t) — 02 — (g3(t) — 03)] | (1)}
We now develop our PMW algorithm by choosing an action at every time slot to minimize

the right-hand side (RHS) of (6.8) subject to (6.1). The algorithm then works as follows:

PMW: At every time slot, observe S(t) and g(¢), and do the following:

1. Data Admission: For each j = 1,2, choose D;(t) = 1, i.e., admit the new arrivals
to g; if:
q;(t) —0; +V <0, (6.9)

else set D;(t) = 0 and reject the arrivals.

2The construction is the same as QLA in Section 4.1.2 of Chapter 4.
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2. Processor Activation: Choose I1(t) = 1, i.e., activate processor Pj, if ¢1(t) > 1,

q2(t) > 1, and
q1(t) — 01 + qao(t) — 02 — (g3(t) — 03) > 0, (6.10)
else choose I;(t) = 0. Similarly, choose I5(t) = 1, i.e., activate processor Ps, if
qs(t) > 1, and
q3(t) — 03+ p(t)V > 0, (6.11)

else choose I»(t) = 0.

3. Queueing update: Update ¢;(t), Vj, according to (6.4).

One important thing to notice here is that if we use the usual Max-Weight algorithm, i.e.,
do not use perturbation and set #; = 0, V 7, then (6.9) implies that we admit a new arrival
to g; only when ¢; + V' < 0, which is impossible because ¢; > 0 and V' > 1. Hence, this
example clearly demonstrates the fact that the usual Maz- Weight may not be applicable
to processing network problems. Below, we show that the use of perturbation effectively
resolves this problem. The fundamental reason why Max-Weight does not work, and that

perturbation is able to resolve this problem are discussed in Section 6.8.

6.1.3 Performance of PMW

Here we analyze the performance of PMW. We first prove the following important claim:
under a proper 0 vector, PMW minimizes the RHS of (6.8) over all possible policies of
arrival admission and processor activation, including those that choose actions regardless
of the constraint (6.1). We then use this claim to analyze the performance of PMW, by
comparing the value of the RHS of (6.8) under PMW to that under an alternative policy.
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To prove the claim, we first see that the policy that minimizes the RHS of (6.8)
without the constraint (6.1) differs from PMW only in the processor activation part,
where PMW also considers the constraints ¢i(t) > 1, g2(¢t) > 1 and ¢3(¢t) > 1. Thus if
one can show that these constraints are indeed redundant in the PMW algorithm under
a proper 6 vector, i.e., one can activate the processors without considering them but still
ensure them, then PMW minimizes the RHS of (6.8) over all possible policies. In the

following, we use the following 6; values:
O =2V +1, 03 =2V +1, 3 =3V +1. (6.12)
We also assume that ¢;(0) = 1 for all j = 1,2,3. This can easily be satisfied by storing

an initial backlog in the queues.

We now look at the queue sizes ¢;(t),j = 1,2,3. From (6.11), P> is activated, i.e.,
I5(t) = 1 if and only if:
q3(t) > 605 —p(t)V +1, and g3(t) > 1. (6.13)
Since p(t) = 3 or 1, we see that Is(t) = 1 whenever ¢3(t) > 03 — V 4+ 1, but Iy(t) = 0
unless ¢3(t) > 63 — 3V + 1. Since g3 can receive and deliver at most one unit of data at
a time, we get:
05—V +1> qs(t) > 05— 3V, V1. (6.14)
Using 03 = 3V + 1, this implies:
W +2>qs(t) >1, Vit (6.15)
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This shows that with 63 = 3V, the activations of P, are always feasible even if the
constraint ¢s(¢t) > 1 is removed. We now look at ¢1(t) and g2(t). We see from (6.9) that
for 61,609 >V, we have:
qi(t) <0; =V, j=1,2. (6.16)
Also, using (6.10) and (6.14), we see that when [;(t) = 1, i.e., when Pj is turned on, we
have:
q1(t) — b1 + q2(t) — 02 > q3(t) — 03 > —3V. (6.17)
Combining (6.17) with (6.16), we see that if I;(¢) = 1, we have:
g(t)>2, j=1,2. (6.18)
This is so because, e.g., if 1 () < 1, then ¢;(t) —61 < 1—60; = —2V. Since ¢2(t) —02 < -V
by (6.16), we have:
q1(t) — 01+ q2(t) — 02 < =2V -V = =3V,
which cannot be greater than —3V in (6.17). Thus by (6.15), (6.18), and the fact that
¢;(0) > 1, Vj, we have:
Gt >1, j=1,23 V¢t (6.19)
This shows that by using the 6; values in (6.12), PMW automatically ensures that no
queue underflow happens, and hence PMW minimizes the RHS of (6.8) over all possible

policies. In other words, the perturbation enables us to ignore the no-underflow constraint

(6.1) when doing scheduling, by properly modifying the weights.

Given the above observation, the utility performance of PMW can now be analyzed
using a similar argument as in [NH10]. Specifically, we can first prove that there exists a
stationary and randomized policy which chooses scheduling actions purely as a function
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of S(t), and achieves E{p;(t) — A;(t) | q(t)} = 0 for all j and E{f(t) | q(t)} = f2, = 3,

av

*

where fr,

is the optimal average utility. Then we can compare the drift under PMW
with that under this optimal policy. Note that this analysis approach would not have
been possible here without using the perturbation to ensure (6.19). Now plugging this

policy into (6.7), we obtain:
At) = VE{f(t)| q(t)} < B =V fz, (6.20)
Taking expectations over g(t) on both sides and summing it over ¢t = 0,1,....,7 — 1, we

get:
T-1

E{L(T) - L(0)} =V Z E{f(t)} <TB-VTf;,. (6.21)
t=0

Now rearranging the terms, dividing both sides by V7', and using the fact that L(¢) > 0,

we get:
T-1
1 B  E{L(0)}
=y E{f®)} > fo,— = — —". .22
Taking a liminf as T — oo, and using E{L(0)} < oo,
1 B
PMW _ i *
av :hTHi)loIéfT ;E{f(t)} > fav_V7 (623)

where fEMW denotes the time average utility achieved by PMW. This shows that PMW
is able to achieve a time average utility that is within O(1/V) of the optimal value, and
guarantees ¢;(t) < O(V) for all times (recall Equations (6.12), (6.15) and (6.16)). Note
that PMW is similar to the DMW algorithm developed in [JW09]. However, DMW allows

the queues to be empty when activating processors, which may lead to “deficit,” whereas

PMW effectively avoids this by using a perturbation vector.

In the following, we present the general processing network utility optimization model,
and analyze the performance of the general PMW algorithm under this general model.
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Our analysis uses a novel combination of Lyapunov drift analysis and duality theory,
and is different from that in [NH10]. As we will see, our approach allows one to analyze
the algorithm performance without proving the existence of an optimal stationary and

randomized algorithm.

6.2 General system model

In this section, we present the general network model. We consider a network controller
that operates a general network with the goal of maximizing the time average utility,
subject to network stability. The network is assumed to operate in slotted time, i.e.,

t €40,1,2,...}. We assume that there are r > 1 queues in the network.

6.2.1 Network state

In every slot ¢, we use S(t) to denote the current network state, which indicates the
current network parameters, such as a vector of channel conditions for each link, or a
collection of other relevant information about the current network links and arrivals. We
assume that S(¢) is i.i.d. every time slot, with a total of M different random network
states denoted by S = {s1,s2,...,5m}. 3 We let ms, = Pr{S(t) = s;}. The network
controller can observe S(t) at the beginning of every slot ¢, but the 75, probabilities are

not necessarily known.

3Note that all our results can easily be extended to the case when S(t) evolves according to a finite
state aperiodic and irreducible Markov chain, by using the results developed in [HN10a].
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6.2.2 The utility, traffic, and service

At each time ¢, after observing S(t) = s; and the network backlog vector, the controller
performs an action x(¢). This action represents the aggregate decisions made by the
controller at ¢, which can include (such as in the previous example), the set of processors
to turn on, the amount of arriving contents to accept, etc.

We denote by X)) the set of all possible actions for network state s;, assuming that
all the queues contain enough content to meet the scheduling requirements. Note that
we always have z(t) = (%) for some (%) € X() whenever S(t) = s;. The set X% is
assumed to be time-invariant and compact for all s; € S. If the chosen action z(t) = x(%:)
at time t can be performed, i.e., it is possible and all the queues have enough content,

then the utility, traffic, and service generated by z(t) are as follows:

(a) The chosen action has an associated utility given by the utility function f(¢) =

f(si, x50y X060 S R;

(b) The amount of content generated by the action to queue j is determined by the

traffic function A;(t) = A;(s;, 2(*)) . x(5) 5 R, in units of content;

(c) The amount of content consumed from queue j by the action is given by the rate

function p;(t) = pj(s;, 2%)) : X) — R, in units of content.

Note that A;(t) includes both the exogenous arrivals from outside the network to queue
j, and the endogenous arrivals from other queues, i.e., the newly generated contents by

processing contents in some other queues, to queue j. We assume that the functions

“Here we implicitly assume that each action takes only one unit time. We further discuss this issue in
Section 6.2.4.
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f(si,-), pj(si,-) and Aj(s;,-) are continuous, time-invariant, their magnitudes are uni-
formly upper bounded by some constant d,,q, € (0,00) for all s;, j, and they are known

to the network operator.

In any actual algorithm implementation, however, we see that not all actions in the
set X1 can be performed when S (t) = s;, due to the fact that some queues may not
have enough contents for the action. We say that an action z(5) e X(%)) is feasible at

time ¢ with S(¢) = s; only when the following general no-underflow constraint is satisfied:

qi(t) > pj(ss, 2%0), V. (6.24)

That is, all the queues must have contents greater than or equal to what will be consumed.
. . . (8:)1k=1,2,..,74+2 .

In the following, we assume that there exists a set of actions {z,”"'}, "7/~ with

x](ji) € X)) and some variables 19,(:0 > 0 for all s; and k& with ZZJ;? ﬂ,(ji) =1 for all s,

such that:

r+42
> omadd I 1A (s, 20) = (i)} < -, (6.25)
Si k=1

for some 1 > 0 for all 5. That is, the “stability constraints” are feasible with n-slack.
® The slackness condition here is slightly different from the one assumed in Chapter
4. There, we consider communication networks and the actions correspond to packet
transmissions/receptions. Thus, all the actions are feasible even when the queues are
empty. Hence the slackness condition translates into the existence of a stationary and
randomized policy that stabilizes the network. Here, the condition ignores the feasibility

constraint (6.24) of the network actions, i.e., when they are performed, they need enough

®The use of r + 2 actions here is due to the use of Caratheodory’s theorem [BNOO03] in the proof of
Theorem 23.
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content in the queues. Thus, it does not immediately imply the existence of such a feasible

stationary randomized policy.

6.2.3 Queueing, average cost, and the objective

Let q(t) = (q1(t),...,q-(t))T € R, t = 0,1,2, ... be the queue backlog vector process of
the network, in units of contents. Due to the feasibility condition (6.24) of the actions,

we see that the queues evolve according to the following dynamics:

q;(t +1) = q;(t) — p;(t) + A;(t), V5, t =0, (6.26)
with some ||g(0)|| < co. Note that using a nonzero ¢;(0) can be viewed as placing an
“initial stock” in the queues to facilitate algorithm implementation. In this chapter, we

adopt the following notion of queue stability:

1t—l r
G £ limsup — E{q, ) 6.27
q 1&21011)257;”21 {q;(1)} < o0 (6.27)

We also use fll to denote the time average utility induced by an action-choosing policy
II, defined as:
=
maq - I
fav - htlglogf ; ZE{f (7—)}7 (628)
7=0
where fU(7) is the utility accrued at time 7 by policy II. We call an action-choosing
policy feasible if at every time slot ¢ it only chooses actions from the possible action set
X®) that satisfy (6.24). We then call a feasible action-choosing policy under which
(6.27) holds a stable policy, and use f7, to denote the optimal time average utility over
all stable policies.
In every slot, the network controller observes the current network state and the queue

backlog vector, and chooses a feasible control action that ensures (6.24), with the objective
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of maximizing the time average utility subject to network stability. Note that if (6.24)
can be ignored, and if any processor only requires contents from a single queue, then this
problem falls into the general stochastic network optimization framework considered in
[GNTO06], in which case it can be solved by using the usual Max-Weight algorithm to
achieve a utility that is within O(1/V') of the optimal while ensuring that the average

network backlog is O(V).

6.2.4 Discussion of the model

We note that the model is very general and can be used to model many problems that
involve such no-underflow constraints. For instance, manufacturing networks where parts
are assembled into products, or energy harvesting networks that are powered by finite

capacity energy storage devices.

Our model assumes that the network operates in slotted time. This implicitly implies
that all the network actions must consume only one unit time. However, in many appli-
cations, e.g., stream processing, different processors may take different amounts of time
to process different data. Although this problem can easily be incorporated into our net-
work by using a large slot size, such an easy fix may lead to utility loss. Quantifying the
utility loss due to slot length selection and designing algorithms that allow for arbitrary
heterogeneous action times are interesting problems of our future research.
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6.3 Upper bounding the optimal utility

In this section, we first obtain an upper bound on the optimal utility that the network
controller can achieve. This upper bound will later be used to analyze the performance

of our algorithm. The result is summarized in the following theorem.

Theorem 23. Suppose that the initial queue backlog q(t) satisfies E{qj(())} < oo for all

j=1,...,r. Then we have:
Vfaw < 0%, (6.29)

where ¢* is the optimal value of the following deterministic optimization problem:

r42
max: ¢ = Zwslvz ak f(s4, xk ) (6.30)
7'+2 r+2
Zﬂ's Zak y s,,xk Zﬂ'szza 1 (i, ), 2)), (6.31)
2 ¢ XW Vs, k, (6.32)
o) > 0,¥si,k, > af =1,¥s;. (6.33)
k
Proof. See Section 6.10.1. O

Note that the problem (6.30) only requires that the time average input rate into a
queue is equal to its time average output rate. This requirement ignores the action feasibil-
ity constraint (6.24), and makes (6.30) easier to solve than the actual scheduling problem.
We now look at the dual problem of the problem (6.30). The following lemma shows that
the dual problem of (6.30) does not have to include the variables {ak ) }k 1’ ’T+2 This

lemma will also be useful for our later analysis.

Lemma 8. The dual problem of (6.30) is given by:

min: g(vy), st veER, (6.34)
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where the function g(7y) is defined as follows:

g(y) = sup Z {Vf Si, T (SZ) Z’YJ j(si, @ ) Mj(sivx(Si))]}' (6.35)

x5 ex(s)

Moreover, letting v* be any optimal solutzon of (6.34), we have g(~v*) > ¢*.

Proof. See Section 6.10.2. 0

For our later analysis, it is useful to define the following function:

gs;(y) = sup {Vf S, T Z’yj (s, 2%0)) — ,u,](sl,x( ))] } (6.36)
z(si)cx(si)
That is, gs, () is the dual function of (6.30) When there is a single network state s;. We

can see from (6.35) and (6.36) that:

= Z Ts:9s: (7)- (6.37)

In the following, we use v* = (77, ...,7)? to denote an optimal solution of the problem

(6.34).

6.4 The general perturbed Max-Weight algorithm and its

performance

In this section, we develop the general Perturbed Max-Weight algorithm (PMW) to solve
our scheduling problem. To start, we first choose a perturbation vector 8 = (61, ...,0,)T.
Then we define the following weighted perturbed Lyapunov function with some positive

constants {w;}7_,
1 2
=52 wila;(t) —0;)" (6.38)
j=1
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We then define the one-slot conditional drift as in (6.7), ie., A(t) = E{L(t + 1) —
L(t) | q(t)}. We similarly use the “drift-plus-penalty” approach in Section 6.1 to con-
struct the algorithm. Specifically, we first use the queueing dynamic equation (6.26), and

have the following lemma:

Lemma 9. Under any feasible control policy that can be implemented at time t, we have:
A —-VE{f(t)[a(t)} < B-VE{f(t)|q(t)} (6.39)

—Zwy g;(t) — 0;)E{ (1) — A;(0] | a(t)},

_ 52 r ,
where B = 0305 51 Wj-

Proof. See Section 6.10.3. O

The general Perturbed Max-Weight algorithm (PMW) is then obtained by choosing
an action z(t) € XW) at time t to minimize the right-hand side (RHS) of (6.39) subject

o0 (6.24). Specifically, define the function Désg)(t) () as

Déf;)(t)( )2 Vf(si,x)+ ij q;(t [u](sl,:n) — Aj(si,m)]. (6.40)
We see that the function Dé q)(t) (z) is indeed the term inside the conditional expectation
on the RHS of (6.39) when S(t) = s;. We now also define D(Sl)( p to be the optimal value

of the following problem:

max : Dyl (2), st 20 e x00), (6.41)
Hence Dész)(*t) is the maximum value of D((,S;)(t) over all possible policies, including those
that may not consider the no-underflow constraint (6.24). The general Perturbed Max-

Weight algorithm (PMW) then works as follows:
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PMW: Initialize the perturbation vector 8. At every time slot ¢, observe the current
network state S(t) and the backlog q(t). If S(t) = s;, choose () € X(%) subject to

(6.24) that minimizes ngs’;)(t) (x).

Note that depending on the problem structure, the PMW algorithm can usually be
implemented easily, e.g., [NH10], [Nee06c]. Now we analyze the performance of the PMW

algorithm. We prove our result under the following condition:

Condition 1. There exists some finite constant C' > 0, such that at every time slot t

with a network state S(t), the value of Désq(gg (x) under PMW is at least Désq(g;* -C.

The immediate consequence of Condition 1 is that PMW also minimizes the RHS of
(6.39), i.e., the conditional expectation, to within C' of its minimum value over all possible
policies. If C' = 0, then PMW simultaneously ensures (6.24) and minimizes the RHS of

(6.39), e.g., as in the example in Section 6.1. However, we note that Condition 1 does

(5())

(S(t))*
0,q(t) D

0.q(t) - This allows for

not require the value of D (z) to be exactly the same as
more flexibility in constructing the PMW algorithm. (See Section 6.6 for an example.)
We also note that Condition 1 can be ensured, e.g., by carefully choosing the ¢; values
to ensure ¢;(t) > Omaq for all times [NH10]. We show that, under Condition 1, PMW
achieves a time average utility that is within O(1/V') of f7,, while guaranteeing that the
time average network queue size is O(V) + -, w;0;, which is O(V) if 6 = ©(V) and

w; = O(1), Vj. The following theorem summarizes PMW’s performance results.
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Theorem 24. Suppose that (6.25) holds, that Condition 1 holds, and that E{qj(O)} < o0

for all j =1,...,r. Then under PMW, we have: ©

puw e B (6.42)
Vv
B+C 2V5max
v < 2O ijj (6.43)

Here B = 62, Z;Zl wj, 1 is the slackness parameter in Sectzon 6.2.2, fEMW s defined
in (6.28) to be the time average expected utility of PMW, and g"MW is the time average

expected weighted network backlog under PMW, defined:

"MW A limsup ~ ZZMJE{%

=00 7'0] 1

Proof. See Section 6.10.4. O

Theorem 24 shows that if Condition 1 holds, then PMW can be used as in previous
networking problems, e.g., [Nee06¢c|, [HN10c], to obtain explicit utility-backlog tradeoffs.
We note that a condition similar to Condition 1 was assumed in [DL05]. However, [DLO05]
only considers the usual Max-Weight algorithm, in which case (6.24) may not be satisfied
for all time slots. PMW instead resolves this problem by carefully choosing the perturba-
tion vector. One such example of PMW is the recent work [NH10], which applies PMW
to an assembly line scheduling problem and achieves an [O(1/V'), O(V)] utility-backlog
tradeoff.

We emphasize that though the results in Theorem 24 look similar to those in the
data network problems [GNT06], the proof techniques are very different. Our analysis
uses a novel combination of Lyapunov drift analysis and duality theory, and allows one

to obtain the performance result without proving the existence of an optimal stationary

5We see that (6.43) ensures (6.27), hence the network is stable under PMW.
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and randomized policy. Also, though the no-underflow constraints make the problems
in this chapter very different from the communication network problems, the method-
ology developed in Chapter 4 for obtaining improved tradeoffs can still be applied to
such problems. Indeed, in Chapter 7, we develop a novel algorithm for achieving the
[O(1/V), O([log(V)]?)] utility-buffer tradeoff for energy harvesting networks, which also

involve such no-underflow constraints.

6.5 Discussion of finding the perturbation value

In the PMW algorithm, we have assumed that the value of the perturbation vector @
can be chosen to ensure Condition 1. However, developing a systematic approach for
finding such a perturbation value is still an open problem. In the following section, we
show how to find the @ value for a general class of processing networks. This section
highlights the fact that although the value of @ is application-specific, we can still find
its value efficiently in many cases. More discussions regarding the role of € can be found

in Section 6.8.

6.6 Constructing PMW for stochastic processing networks

with output reward

In this section, we look at a specific yet general processing network model, and explicitly
construct a PMW algorithm, including finding the proper 8 vector and choosing actions
at each time slot.
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6.6.1 Network model

We assume that the network is modeled by an acyclic directed graph G = (Q, P, L).
Here Q = Q° U Q™ is the set of queues, consisting of the set of source queues Q° where
arrivals enter the network, and the set of internal queues Q™ where content are stored
for further processing. P = P™UP? is the set of processors, consisting of a set of internal
processors P, which generate partially processed contents for further processing at other
processors, and output processors P°, which generate fully processed contents and deliver
them to the output. £ is the set of directed links that connects Q@ and P. Note that a link
only exists between a queue in Q and a processor in P. We denote N;” = [P, Ny =[P

and NV, = N;;” + Ny. We also denote N = [Q°], Né” =|Q™| and N, = NG+ Né".

Each processor P,, when activated, consumes a certain amount of content from a set
of supply queues, denoted by QF, and generates some amount of new contents. These
new contents either go to a set of demand queues, denoted by Q. if P, € P™, or are
delivered to the output if P, € P°. For any queue ¢; € Q, we use ]P’f to denote the set of
processors that g; serves as a supply queue, and use IP’? to denote the set of processors
that g; serves as a demand queue. An example of such a network is shown in Fig. 6.2.

In the following, we assume that ]QZD | =1,V P € P™, i.e., each processor only generates

contents for a single demand queue.

We use 3,,; to denote the amount processor P, consumes from a queue g; in Q;?: when

it is activated. For each P; € P, we also use a;;, to denote the amount P; generates

D

into the queue ¢, if ¢, = Q;”, when it is activated. For a processor P, € P°, we use
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Qo to denote the amount of output generated by it when it is turned on. © We denote
Bmaz = Max;j Bij, Bmin = min; j Bi; and umee = max; j oy, o). We assume that
Bmins Bmaz, ¥maz > 0. We also define M,, to be the maximum number of supply queues
that any processor can have, define Mgl to be the maximum number of processors that
any queue can serve as a demand queue for, and define M to be the maximum number
of processors that any queue can serve as a supply queue for. We use R;(t) to denote the
amount of content arriving at a source queue ¢; € Q° at time t. We assume that R;(t) is
iid. every slot, and that R;(t) < Ryqs for all ¢; € Q° and all t. We assume that there

are no exogenous arrivals at the queues in Q.

Output 1

2O Ong

4

. Output 2
—>

Figure 6.2: A general processing network. A dotted line between two processors means that the
processors share some common resources and thus cannot be activated at the same time.

We assume that in every slot ¢, admitting any unit amount of R;(t) arrival incurs a
cost of ¢j(t), and that activating any internal processor P; € P™ incurs a cost of C;(t),
whereas activating any output processor P, € P° generates a profit of pi(f) per unit

output content. ® We assume that c;(t), Ci(t), pr(t) are all i.i.d. every time slot. In the

"Note that here we only consider binary actions of processors, i.e., ON/OFF. Our results can also be
generalized to the case when there are multiple operation levels under which different amounts of content
are consumed and generated.

8This can be viewed as the difference between profit and cost associated with these processors.
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following, we also assume that ppin < pr(t) < Dmaz, and that cpin < ¢j(t) < cmar and
Cmin < Ci(t) < Chpag for all k, 7,4 and for all time.

Below, we use I,(t) = 1 to denote the activation decision of P,, i.e., I,(t) = 1
(In(t) = 0) means that P, is activated (turned off). We also use D;(t) € [0, 1] to denote
the portion of arrivals from R;(t) that are admitted into ¢;. We assume that there
exist some general constraints on how the processors can be activated, which can be due
to, e.g., resource sharing among processors. We model these constraints by defining an
activation vector I(t) = (I1(t),...,In,(t)), and then assume that I(t) € T for all times,
where Z denotes the set of all possible processor activation decision vectors, assuming all
the queues have enough contents for processing. We assume that if a vector I € Z, then
by changing one element of I from one to zero, the newly obtained vector I’ satisfies
I' € 7. Note that the chosen vector I(t) must always ensure the constraint (6.24), which

in this case implies that I(¢) has to satisfy the following constraint:

> In(t)Bnj, Vi=1,..r (6.44)
nEPf

Under this constraint, we see that the queues evolve according to the following queueing

dynamics:

gi(t+1) =q;(t Z In(t)Bnj + D;(1)R;(t), Vj € Q°,

nEPS
G(t+1) = q;(t) = Y L(O)Baj+ > In(t)an;, Vi € Q™.
nG]P’f nelP’f’

Note that we have used j € Q to represent ¢; € Q, and use n € P to represent P, € P in
the above for notation simplicity. The objective is to maximize the time average of the

following utility function:

23 Lpr(tare — Y Di(OR;(t)e;(t) — > Li(t)Ci(t). (6.45)

kePpe jEQS iepin
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Our model with the objective function (6.45) can be used to model applications where

generating completely processed contents is the primary target, e.g., [NH10].

6.6.2 Relation to the general model

We see that in this network, the network state, the action, and the traffic and service

functions are as follows:
e The network state is given by: S(t) = (¢;(t),j € Q%,Ci(t),i € P, pr(t), k € P°).
e The action z(t) = (D;(t),j € Q%, I,(t),n € P).

e The arrival functions are given by: A;(t) = A;(S(¢),z(t)) = D;(t)R;(t), Vg¢; € Q°,

and A;(t) = A;(S(1), 2(t) = X epp In(t)am, Vq; € Q™
e The service functions are given by: p;(t) = p;(S(t), z(t)) = >, cps In(t)Bnj, V J.
J

Thus, we see that this network model falls into the general processing network framework
in Section 6.2, and Theorem 24 applies in this case. Therefore, to ensure the algorithm
performance, we only have to construct our PMW algorithm to ensure that Condition 1
holds. Also note that in this case, we have:

Smaz = Max [Vmaz, Ny PmazOmaz, N RimazCmae + N;"Cmaz]. (6.46)
Here vy,qz 1s defined:

Vmazx £ max [Mgamaxa Riaz, M;ﬁmax] . (647)

6.6.3 The PMW algorithm

We now obtain the PMW algorithm for this general network. In this case, we look for

a perturbation vector that is the same in all entries, i.e., @ = 1. We first compute the
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“drift-plus-penalty” expression using the weighted perturbed Lyapunov function defined

in (6.38) under some given positive constants {w;};_; and some nonzero constant 6:

At) - VE{f(t) | a(t)} (6.48)
<B—= Y Efw;g;(t) = 0] [ D In(t)Bn; — Ri()D;(1)] | a(t)}
JjEQS nGIPS
- Z E{w] q;(t Z In(t) By — Z In( any | q( )}
jeQin ne]P’S nE]P’D
~VE{ Z I (t)pr(t) oo — Z Dj( i(t) — Z L(t)Ci(t) | a(t)}-
kepeo jEQS igpin

Here B = 07,4, >_; wj With dpnq, defined in (6.46). Rearranging the terms in (6.48), we

get the following:
A(t) = VE{f(t) | a(t)} (6.49)

<B+ Y E{[Ve;(t) +wilg;(t) — 0)| D () R;(t) | q(t)}

JjeQs
ST R[S wilgi () — 08k + Voo | a(t)}
kepe ]EQS
- Z E{L(t) Z wj(q;(t) — 0)Bij — wa(gn(t) — O)ain — VCi(t)] | q(t)}.
iepin jeQ?

Here in the last term ¢, = QZ»D . We now present the PMW algorithm. We see that in this

case the DY ))( ) function is given by:

0,q(t)
Diyan(®) = = 3 [Veye) + ()= 9D 08,0 (6.50)
JEQ?®
+ 37 L[ Y wig(t) — 0)8k; + Vor(t o)
kePe jGQf
+ ) L[ wilg;(t) — 0)Bi; — wlgn(t) — O)ain — VCi(t)].
iepin jeQs
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Our goal is to design PMW in a way such that under any network state S(t), the value of
Désézg (x) is close to Désé'ég*(x), which is the maximum value of Désézg () without the

no-underflow constraint (6.44), i.e.,

(S())* (5(1)
D = D .
0at) ") = ) o yer Dot ()
Specifically, PMW works as follows:
PMW: Initialize 6 (to be specified in (6.55)). At every time slot ¢, observe S(t) and

q(t), and do the following;:

1. Content Admission: Choose D;(t) =1, i.e., admit all new arrivals to ¢; € Q° if:
Ves(t) +wjlas(t) — ) <0, (6.51)

else set D;(t) = 0.

2. Processor Activation: For each P; € P, define its weight I/Vi(m) (t) as:

W) = [ 3 wylas() = 0185 — walan(t) — Olaw = VO], (6.52)
7;€Q7

where g, = QF. Similarly, for each P € P°, define its weight W,go) (t) as:

W) = [ wila;(t) — 0)Brs + Vor(t)an) ™ (6.53)
7;€QF
Then, choose an activation vector I(t) € Z to maximize:

wt)2 Y Lew ™M + S Low ), (6.54)
icpin kepe

subject to the following queue edge constraints:

(a) For each P; € P, set I;(t) = 1, i.e., activate processor P;, only if:
® q;j(t) > M Bma for all ¢; € QY & qn(t) < 0, where g, = QP.
(b) For each Py, € P°, choose I;(t) = 1 only if:

° qj(t) > M;ﬁmax for all ¢; € Qg
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The approach of imposing the queue edge constraints was inspired by the work [NeelOa],

where similar constraints are imposed for routing problems. Note that without these

queue edge constraints, PMW is the same as the action that maximizes Désfl)( n (x) without

the no-underflow constraint (6.44).

6.6.4 Performance

Here we show that PMW indeed ensures that the value of Désq(g)) (x) is within some

t))*
t

additive constant of D(S(
0,q(1)

(2). In the following, we denote wyq, = max; w; and Wiip =

min; w;. We also assume that:

VomazPmaz Vemin

: + M; Binaz) - (6.55)

0 > max [
We also assume that the {w; };’:1 values are chosen such that for any processor P; € P
with demand queue g, we have for any supply queue ¢; € Q;S that:
w;ifij > Wh,. (6.56)
As we will see in the proof of Lemma 10, these w; values are chosen to resolve the technical
issues caused by the different content generation and consumption rates. We note that
(6.55) can easily be satisfied and only requires § = ©(V'). A way of choosing the {w;}}_;
values to satisfy (6.56) is given in Section 6.10.5. Note that in the special case when
Bij = ayj = 1 for all ¢, j, simply using w; = 1, Vj meets the condition (6.56).
We first look at the queueing bounds. By (6.51), ¢; admits new arrivals only when
q;(t) < 0 — Vemin/w;. Thus:

qj(t) <6 - chm/wj + Rmaz, VY q; € o°,t. (6.57)
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Now by the processor activation rule, we also see that:
0<qi(t) <0+ Mlomas, Vgj€Qmt. (6.58)
This is because under the PMW algorithm, a processor is activated only when all its
supply queues have at least M Bmq, units of contents, and when its demand queue has at
most 0 units of contents. The first requirement ensures that when we activate a processor,
all its supply queues have enough contents, while the second requirement ensures that
q;(t) < 9+Mgamax. Using the definition of v, in (6.47), we can compactly write (6.57)

and (6.58) as:

0<gqj(t) <O+ Vna, Vg€t (6.59)
Recall that by the discussion in Section 6.6.2, the problem described in this section falls
into the general framework presented in Section 6.2. Hence, to prove the performance of
the PMW algorithm, it suffices to prove the following lemma, which shows that Condition

1 holds for some finite constant C under PMW.

Lemma 10. Suppose that (6.55) and (6.56) hold. Then under PMW, Déséz;(m) >
Dé“igzg*(:z:) — C, where C' = NpWmaz MpVmazBmaz -
Proof. See Section 6.10.6. O

We now use Theorem 24 to have the following corollary concerning the performance

of PMW in this case:

Corollary 3. Suppose that (6.25), (6.55) and (6.56) hold. Then under PMW, (6.59)

holds, and that:

. B+C
£)MW > fav_

(6.60)
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B+ C+2Viman -
AP + Z +9ij7 (6.61)
j=1

where C' = NpWmaz MpVmaz Bmaz ff;M W and gPMW are the time average erpected utility
and time average expected weighted backlog under PMW, respectively, and dpqy is given

in (6.46). W

Also, since (6.55) only requires § = O(V), and w; = O(1) for all j (shown in Section

6.10.5), we see that PMW achieves an [O(1/V'), O(V)] utility-backlog tradeoff in this case.

6.7 Simulation

In this section, we simulate the example given in Fig. 6.2. In this example, we assume
that each R;(t) is Bernoulli being 0 or 2 with equal probability. For each P; € P e,
Py, Py, P, Ci(t) is assumed to be 1 or 10 with probabilities 0.3 and 0.7, respectively.
For the output processors P € P, i.e., Py and Ps, we assume that pg(t) = 1 or 5 with
probabilities 0.8 and 0.2, respectively. We assume that each processor, when activated,
takes one unit of content from each of its supply queues and generates two units of
contents into its demand queue (or to the output if it is an output processor). Due to
the activation constraints, P; and P, can not be activated at the same time. Also, only
one among P53, Py, P; can be turned on at any time. Note that in this case, we have
cj(t) = 0 for all source queues ¢;. It can be seen that in this case M, = M, = M;l =2,
Bmaz = Bmin = 1, and e, = 2. Using the results in Section 6.10.5, we choose wg = 1,
w1, = wyq = ws = 2, we = wg = 4. We also use § = 10V according to (6.55). We simulate
the PMW algorithm for V € {5,7,10, 15, 20,50, 100}. Each simulation is run over 5 x 10°
slots.
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Fig. 6.3 shows the utility and backlog performance of the PMW algorithm. We see
that as V increases, the average utility performance quickly converges to the optimal

value. The average backlog size also only grows linearly in V. Fig. 6.4 also shows three
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Figure 6.3: Utility and backlog performance of PMW.

sample path queue processes in the first 10% slots under V' = 100. We see that no queue
has an underflow. This shows that all the activation decisions of PMW are feasible.

It is also easy to verify that the queueing bounds (6.57) and (6.58) hold. We observe
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Figure 6.4: Sample path backlog processes with V' = 100.

in Fig. 6.4 that the queue sizes usually fluctuate around certain fixed values. This is
consistent with the exponential attraction result in Theorem 6. Hence our results can
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also be extended, using the results developed in [HN11al, to achieve an average utility

that is within O(1/V') of the optimal with only ©([log(V)]?) average backlog size.

6.8 Perturbation and tracking the Lagrange multiplier

Note that although the main difference between the PMW algorithm and the usual Max-
Weight algorithm is the use of the perturbation vector 8, this seemingly small modification
has a large effect on algorithm design for processing networks. To see this, first recall that
we have shown in Section 6.1.2 that the usual Maz-Weight algorithm cannot be applied

to this problem.

The reason perturbation resolves this issue is as follows. It has been shown in Chapter
4 that Max-Weight applied to a queueing problem is equivalent to solving a correspond-
ing deterministic optimization problem using the randomized incremental subgradient
method (RISM) [BNOO3], with the backlog vector being the Lagrange multiplier. Thus
Mazx-Weight relies on using the backlog vector to track the optimal Lagrange multiplier
value for achieving the desired utility performance, and the backlog vector under Max-
Weight will move towards the optimal Lagrange multiplier. However, in processing net-
work problems, due to the equality constraints in (6.32), the optimal Lagrange multiplier
value may be negative. In this case, we can no longer use only the queue size to represent
the Lagrange multiplier as the queue will be stuck at zero and the Max-Weight algorithm

will not run properly. This is shown in Fig. 6.5.
The PMW algorithm instead resolves this problem by using the queue size minus

the perturbation to represent the Lagrange multiplier. This is equivalent to “lifting” the
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Lagrange multiplier by the perturbation value, and making it trackable by the queue
size. If we choose the perturbation carefully enough to ensure that no further deviation
from the optimal Lagrange multiplier will happen, we can guarantee that no underflow
ever happens. Then under the PMW algorithm, the queue size minus the perturbation
will move towards the optimal Lagrange multiplier and we can thus achieve the close-to-

optimal utility performance, as in the data network case.

/ Start Here

Before Perturbation After Perturbation

*

Y*+0

Can't happen!

Figure 6.5: An explanation on why perturbation is needed and effective.

6.9 Chapter summary

In this chapter, we develop the Perturbed Max-Weight algorithm (PMW) for utility op-
timization problems in complex networks that involve the “no-underflow” constraints.
PMW is based on the usual Max-Weight algorithm for data networks. It has two main
functionalities: queue underflow prevention and utility optimal scheduling. PMW simul-
taneously achieves both objectives by carefully perturbing the weights used in the usual
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Max-Weight algorithm. We show that PMW is able to achieve an [O(1/V'), O(V)] utility-
backlog tradeoff. The PMW algorithm developed here can be applied to problems in the

areas of data fusion, stream processing and cloud computing.

6.10 Proofs of the chapter

6.10.1 Proof of Theorem 23

We prove Theorem 23 in this section, using an argument similar to the one used in

[HN10c].

Proof. (Theorem 23) Consider any stable scheduling policy II, i.e., the conditions (6.24)
and (6.27) are satisfied under II. Let {(f(0), A(0), 1(0)), (f(1), A(1), (1)), ...} be a se-
quence of (utility, arrival, service) triple generated by II. Then there exists a subsequence
of times {Ti}izl’gw, such that T; — oo and that the limiting time average utility over
times 7; is equal to the liminf average utility under II (defined by (6.28)). Now define

the conditional average of utility, and arrival minus service over T slots to be:

T-1
i Si S 1
(O(T); ™ (T)s s P)(T)) 2 2 D E{F O 106 () | S(1) = i),
t=0
where €;(t) = A;(t)—p;(t). Using Caratheodory’s theorem, it can be shown, as in [HN10c]
that, there exists a set of variables {a,(:")(T)}Zﬁ and a set of actions {:n,(:Z)(T)}Zﬁ such

that:
r—+2

oCNT) =" al (1) f (50, 2(T)),
k=1

and for all j =1, ...,r that:

r+42
ST = 3 al (T)A (i 2H(T)) = g (siy o (D))
k=1
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Now using the continuity of f(s;,-), A;(si,-), pj(si,-), and the compactness of all the
actions sets X(si), we can thus find a sub-subsequence Tz — o0 of {ﬂ}i:1727__. that:
CL](jl)(T) — aéSZ)vxl(gSi)<ﬁ)> — -%'E:i)v (b(sz)(Tz) - (ﬁ(si)? EESZ)(TZ) - €§Si)7 Vi=1,..,r

Therefore the time average utility under the policy II can be expressed as:
r+2

- Zﬂsﬂb(sz Zﬂ—s Zak )f (56,2 ) (6.62)

Similarly, the average arrival rate minus the average service rate under II can be written

as:
e = Zﬁsﬁfi) (6.63)
) r+2
= ZmZZa“Z (i) = (s, 2]
< 0.2

The last inequality is due to the fact that II is a stable policy and that E{qj (0)} < 00,
hence the average arrival rate to any ¢; must be no more than the average service rate
of the queue [Nee03]. However, by (6.24) we see that what is consumed from a queue is
always no more that what is generated into the queue. This implies that the input rate
into a queue is always no less than its output rate. Thus, €; > 0 for all j. Therefore we
conclude that €; = 0 for all j. Using this fact and (6.62), we see that V fII < ¢*, where

¢* is given in (6.30). This proves Theorem 23. O

6.10.2 Proof of Lemma 8

We prove Lemma 8 here.
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Proof. (Lemma 8) It is easy to see from (6.30) that the dual function is given by:

r+2
g(v) = sup ZWSZ{ZCL Vf(si,x ) (6.64)

(él) (sl)

r+2
—Z%Za Ay (s, 2) — w(si,x,(:i))]}.
J

Due to the use of the {a/,c ’)}k 1’ ’TH variables, it is easy to see that g(v) > g(). How-

a](ﬂ )}k: 1, LT+2

[ARS}

ever, if {z(*)}M is a set of maximizers of g(7), then the set of variables {a:,(:i),
where for each s;, 33,(:1') = 2059 for all k, and agsi) = 1 with a,(:i) =0 for all k£ > 2, will
also be maximizers of g(v). Thus g(v) > (7). This shows that g(v) = §(v), and hence

g(7y) is the dual function of (6.30). g(v*) > ¢* follows from weak duality [BNOO03]. [

6.10.3 Proof of Lemma 9

Here we prove Lemma 9.

Proof. Using the queueing equation (6.26), we have:
[a;(t +1) = 0517 = [(a;(t) — i () + A;(1) — 6,)°
= lgj(t) = 030 + (u(t) = A;(1))% — 2(a;(t) — 0) [ () — A; ()]
< g5(8) = 0317 + 207,00 — 2(a5(8) — 07) [ (1) — A;(1)]-
Multiplying both sides with ﬂ and summing the above over j = 1,...,7, we see that:
Lt +1) - L(t) < B - ij g;(t) = 05) [ (t) — A; (1)),
where B = 62, > j—1wj. Now add to both sides the term —V f(t), we get:
L(t+1) - L(t) =V [f(t) < B-V[(t) ij qj(t) = 0;) i (1) — A;(1)].  (6.65)
Taking expectations over the random network state S(t) on both sides conditioning on

q(t) proves the lemma. O
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6.10.4 Proof of Theorem 24

Here we prove Theorem 24. We first have the following simple lemma.

Lemma 11. For any network state s;, we have:
Dy = g5, ((a(t) — ) © w), (6.66)

where w = (wy, ...,w.)T and a @b = (a1by, ..., anby)T.

Proof. By comparing (6.41) with (6.36), we see that the lemma follows. O

Proof. (Theorem 24) We first recall the equation (6.65) as follows:
L(t+1) = L(t) =V f(t) < B -V [(t) - Zr: w; (g5 (t) — 05) [u; (1) — A; ()] (6.67)
j=1
Using Déf;)(t) () defined in (6.40), this can be written as:
L(t+1) = L(t) = V(t) < B — D) (x(1).
Here z(t) is PMW’s action at time t. According to Condition 1, we see that for any
network state S(t) = s;, PMW ensures (6.24), and that:
Dogt(®) 2 Dty = C.
Using (6.66), this implies that under PMW,
Lit+1)—L(t)—Vf(t) <B—-ygs(qt)—0)@w)+C.
Taking expectations over the random network state on both sides conditioning on gq(t),
and using (6.37), i.e., g(v) = >_,, 75,95, (7), we get:
A(t) - VE{f(t) | q(t)} < B+C—g((q(t) - 0) ®w). (6.68)
Now using Theorem 23 and Lemma 8, we have:
Viw < 0" <9(v") < g((q(t) — 0) @ w).
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Therefore,
Alt)—VE{f®) |qt)} <B+C-Vf,. (6.69)
Taking expectations over g(t) on both sides and summing the above over ¢t =0, ...,7 — 1,

we get:
T-1

E{L(T) - L(0)} = Y _VE{f(t)} <T(B+C) - TVf;,.
t=0

Rearranging terms, dividing both sides by VT, using the facts that L(t) > 0 and
IE{L(O)} < 00, and taking the liminf as T' — oo, we get:
a2 fay = (B+O)V. (6.70)

This proves (6.42). Now we prove (6.43). First, by using the definition of §(v) in (6.64),

(s4)

and plugging in the {x,(:i), v, pr=lor 2

i1\ variables in the n-slackness assumption (6.25)

in Section 6.2.2, we see that:

9((q(t) —0) @ w) >n > wjlg;(t) — 0;] = Vimaa. (6.71)
j=1

This by Lemma 8 implies that:

9((q(t) —0) @ w) > 7 Z w;g;(t) = 0] — Vimaa-

Using this in (6.68), we get:

A(t) = VE{f(t) | qt)} < B+C + Vmar — 1Y wjlg;(t) — 05].

j=1
We can now use a similar argument as above to get:
T—1 r
1> > wiB{[g;(t) — 0;]} < T(B+ C) +2TVimas + E{L(0)}.
t=0 j=1

Dividing both sides by nT" and taking the limsup as T" — oo, we get:

B+C+2V§ .
Y < SEEEEI S,
7j=1

This completes the proof the theorem. O
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6.10.5 Choosing the {w;}j_, values

Here we describe how to choose the {w; }7]7:1 values to satisfy (6.56). We first let K be the
maximum number of processors that any path going from a queue to an output processor
can have. We have that K < |N,| since there is no cycle in the network. The following
algorithm terminates in K iterations. We use w;(k) to denote the value of w; in the kth

iteration. In the following, we use ¢p, to denote the demand queue of a processor P,.

1. At Iteration 1, denote the set of queues that serve as supply queues for any output

processor by Qll, ie.,

Qi = {g; : Py NP" # ¢}.
Then, set w;(1) = 1 for each ¢; € Q). Also, set w;(1) = 0 for all other ¢; ¢ Q!.

2. At Iteration k = 2, ..., K, denote by QL the set of queues that serve as supply queues

for any processor whose demand queue is in @271, ie.,
Q.={¢;:3P, € IP’JS st. QP el ,}.

Then, set:

k-1
wj(k) = max [w;(k — 1), max Why )anhn]’

6.72
nEIF”;g an ( )

where a,,, is the amount P, generates into gy, , which is the demand queue of P,.

Also, set w;(k) = w;(k — 1) for all ¢; ¢ Q!.
3. Output the {w;}7_; values.

The following lemma shows that the above algorithm outputs a set of {w;}7_; values that

satisfy (6.56).
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Lemma 12. The {w;}’_, values generated by the above algorithm satisfy (6.56).

Proof. (Proof of Lemma 12) The proof consists of two main steps. In the first step, we
show that the algorithm updates each w; value at least once. This shows that all the w;
values for all the queues that serve as demand queues are updated at least once. In the
second step, we show that if ¢, is the demand queue of a processor P; € P, then every
time after wy, is updated, the algorithm will also update w; for any ¢; € Qf before it

terminates. This ensures that (6.56) holds for any P; € P and hence proves the lemma.

First we see that after K iterations, we must have Q C Ule QL. This is because at
Iteration k, we include in Uljzl QlT all the queues starting from which there exists a path
to an output processor that contains k processors. Thus all the w; values are updated at

least once.

Now consider a queue g,. Suppose g, is the demand queue of a processor P; € P,
We see that there exists a time k¥ < K at which wy, is last modified. Suppose wy, is last
modified at Iteration k < K , in which case ¢, € Q%. Then all the queues ¢; € Qf will be
in Q%H' Thus their w; values will be modified at Iteration k+1< K. This implies that
at Iteration k + 1, we will have wj(l% +1)Bi; > wh(l%)aih. Since gy, ¢ Qfg for k> k+1, we
have wy,(k) = wy (k) for all k > k + 1. Therefore w;(k)Bij > wi(k)auy ¥ k+1<k<K,

because w;(k) is not decreasing.

Therefore the only case when the algorithm can fail is when wy, is updated at Iteration
k = K, in which case wj may increase but the w; values for ¢; € Qf are not modified
accordingly. However, since wy, is updated at Iteration £k = K, this implies that there
exists a path from g to an output processor that has K processors. This in turn implies
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that starting from any ¢; € Qf , there exists a path to an output processor that contains

K + 1 processors. This contradicts the definition of K. Thus the lemma follows. O

As a concrete example, we consider the example in Fig. 6.2, with the assumption
that each processor, when activated, consumes one unit of content from each of its supply
queues and generates two units of contents into its demand queue. In this example, we

see that K = 3. Thus the algorithm works as follows:

1. Tteration 1, denote Q) = {qu,q5,q6}, set wy(1) = ws(1) = wg(1) = 1. For all other

queues, set w;(1) = 0.

2. Iteration 2, denote QZQ ={q1,92,93,q4, G5}, set w1(2) = w2(2) = w3(2) = wy(2) =

w5(2) = 2. Set w6(2) =1.

3. Tteration 3, denote Q4 = {q2,q3}, set wa(3) = w3(3) = 4. Set w1(3) = w4(3) =

w5(3) == 2, ’w(,(?)) =1.

4. Terminate and output w; = wy = ws = 2, wo = w3z = 4, weg = 1.

6.10.6 Proof of Lemma 10

Here we prove Lemma 10 by comparing the values of the three terms in D( ((Zg( ) in

(6.50) under PMW versus their values under the action that maximizes D(S(E)g( ) in

(6.50) subject to only the constraints D;(t) € [0,1], Vj € Q° and I(t) € Z, called the
max-action. That is, under the max-action, Déség;( ) = D(Sq((l)t;*( ). Note that the max-

action differs from PMW only in that it does not consider the queue edge constraint.
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Proof. (A) We see that the first term, i.e., =3 os [Vej(t) +wj(g;(t) — 0)] D, (t)R;(t) is
maximized under PMW. Thus its value is the same as that under the max-action.

(B) We now show that for any processor P, € P, if it violates the queue edge con-
straint, then its weight is bounded by MpwmazVmazBmaz- This will then be used in
Part (C) below to show that the value of Déségg (z) under PMW is within a constant of

(S())x
Dqu( ) (x).
(B-1) For any P; € P™, the following are the only two cases under which P; violates

the queue edge constraint.

1. Its demand queue gx(t) > 6. In this case, it is easy to see from (6.52) and (6.59)

that:

WZ(Zn) (t) < Z ijmaxBij < Mpwmaxymaxﬂmaa:- (673)
jeQ?

2. At least one of P;’s supply queue has a queue size less than Mg Bma,. In this case,

we denote QF = {q; € Q7 : ¢;(t) > M Bmaz}- Then, we see that:

W @) = 37 wjla(t) = 018 — walan(t) — Oloin + Y wjlg;(t) — 018y — VCilt)

j€Q? 7€QF/QF
< Z WjVmazBij + wpbagy + Z w; [ My Bmaz — 0]Bi5-
jeQf JEQF /QF

Here g, = QP. Now by our selection of {w;}i_y, wiBi; > whayy for any g; € Q7.
Also using vmaz > M Bimaz, we have:

W(ln) (t) < Mpwmaxl/maxﬂma:c- (674)

(2

(B - II) For any Py, € P°, we see that it violates the queue edge constraint only when

at least one of its supply queues has size less than M B4, In this case, we see that:

W) < 37 wilaj(t) — 0B + Vor®awo + Y wi (M Bimas — 0)By
jeQ@3 J€QF /QF
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< Mpwmaa}Vmawﬁmam + Vamaacpmaaz - wmzneﬁmm

This by (6.55) implies that:
Wi (t) < MytmazVmaz Braz- (6.75)
Using (6.73), (6.74) and (6.75), we see that whenever a processor violates the queue edge
constraint, its weight is at most MpwmazVmazBmaz-
(C) We now show that the value of Déségg (z) under PMW satisfies Désézg () >

Déiil(tg*(l‘) o C’ where €' = NpMpwmameax/Bmax-

To see this, let I*(¢) be the activation vector obtained by the max-action, and let
W*(t) be the value of (6.54) under I*(t). We also use T"MW(t) and WFPMW (t) to de-
note the activation vector chosen by the PMW algorithm and the value of (6.54) under
I”MW (1), We now construct an alternate activation vector I(t) by changing all elements
in I*(t) corresponding to the processors that violate the queue edge constraints to zero.
Note then I(t) € T is a feasible activation vector at time ¢, under which no processor

violates the queue edge constraint. By Part (B) above, we see that the value of (6.54)

under I(t), denoted by W (t), satisfies:

W(t) > W (t) - NpMpwmameaa:Bmam-

IPMW (t)

Now since maximizes the value of (6.54) subject to the queue edge constraints,

we have:
WPMW (t) > W(t) > w* (t) - prmaprVmaxﬂmax-
Thus, by combining the above and Part (A), we see that PMW maximizes the Désézg (x)

to within C' = N, MpwimazVmazBmaz of the maximum. ]

207



Chapter 7

Utility optimal scheduling in energy harvesting networks

Recent developments in hardware design have enabled many general wireless networks
to support themselves by harvesting energy from the environment, for instance, by con-
verting mechanical vibration into energy [MMMA™01], by using solar panels [RKH'05],
by utilizing thermoeletric generators [CCO8], or by converting ambient radio power into
energy [GKK™109]. Such harvesting methods are also referred to as “recycling” energy
[enel0]. This energy harvesting ability is crucial for many network design problems. It
frees the network devices from having an “always on” energy source and provides a way
of operating the network with a potentially infinite lifetime. These two advantages are
particularly useful for networks that work autonomously, e.g., wireless sensor networks
that perform monitoring tasks in dangerous fields [WALJ106], tactical networks [HC10],

or wireless handheld devices that operate over a longer period [GR09].

However, to take full advantage of the energy harvesting technology, efficient schedul-
ing algorithms must consider the finite capacity for energy storage at each network node,
and the “no-energy-outage” constraint which requires that the network nodes cannot
spend more energy than what is stored. These two constraints impose great challenges
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on algorithm design for such networks. In this chapter, we propose a general framework
for modeling energy harvesting network problems based on the general complex network
model presented in Chapter 6, and develop an optimal online energy harvesting and

scheduling algorithm using the perturbation technique developed in Chapter 6.

7.1 The network model

We consider a general interconnected multi-hop network that operates in slotted time.
The network is modeled by a directed graph G = (N, £), where N' = {1,2, ..., N} is the set
of the N nodes in the network, and £ = {[n,m], n,m € N'} is the set of communication
links in the network. For each node n, we use N,&O) to denote the set of nodes b with
[n,b] € L, and use N to denote the set of nodes a with [a,n] € L. We then define
dmaz = maxn(|/\/,§m)], \NT(LO)]) to be the maximum in-degree/out-degree that any node

n € N can have.

7.1.1 The traffic and utility model

At every time slot, the network decides how many packets destined for node ¢ to admit
at node n. We call these packets the commodity ¢ data and use Rgf) (t) to denote the
amount of new commodity ¢ data admitted. We assume that 0 < R,(f) (t) < Ry for all
n, ¢ with some finite Rqe at all time. ! We assume that each commodity ¢ at every node

(c)

n is associated with a utility function Uy’ (7€), where 7"¢ is the time average rate of the

Note that this setting implicitly assumes that nodes always have packets to admit. The case when the
number of packets available is random can also be incorporated into our model and solved by introducing
auxiliary variables, as in [NMLO08]. Also note that this traffic admission model can be viewed as “shaping”
the arrivals from some external sending nodes. One future extension of our model is to also evaluate the
backlogs at these sending nodes.
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. . . — . 1 x~t-1
commodity ¢ traffic admitted into node n, defined as 7¢ = lim; , 3 ZTZOE{RS) (m)}
(assume to exist for now). Each Uéc)(r) function is assumed to be increasing, continuously
differentiable, and strictly concave in r with a bounded first derivative and A (0) =0.

We use ¢ to denote the maximum first derivative of Ul (r), i.e., g = (U,(LC))’(O) and

denote

B £ max ™. (7.1)

n,c

7.1.2 The transmission model

2 In order to deliver the data to their destinations, each node needs to allocate power
over its outgoing links for data transmission at every time slot. To model the effect
that the transmission rates typically also depend on the link conditions and that the link
conditions may be time varying, we let S(t) be the network channel state, i.e., the N-
by-N matrix where the (n,m) component of S(t) denotes the channel condition between
nodes n and m. We assume that S(t) takes values in some finite set S = (s1,..., Sa,)-
We assume in the following that the energy state (defined later) and S(t) pair is i.i.d.
every slot. At every time slot, if S(¢) = s;, then the power allocation vector P(t) =
(Pnm (1), [n,m] € L), where P, ,1(t) is the power allocated to link [n, m] at time ¢, must
be chosen from some feasible power allocation set P(:). We assume that P is compact
for all s;, and that every power vector in P satisfies the constraint that for each node
n, 0 < Zbe AL P[mb] (t) < Phag for some Pq, < 00. Also, we assume that setting any
Py,m) in a vector P € Pi) to zero yields another power vector that is still in P9,

Given the channel state S(¢) and the power allocation vector P(t), the transmission rate

2The transmission model is similar to the one used in Chapter 5. We restate it here for completeness.
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over the link [n,m] is given by the rate-power function i, ;) (t) = ftjn,m) (S(t), P(t)). For

each s;, we assume that the function p, ,,(s;, P) satisfies the following properties:

Property 1. For any P, P’ € P, where P’ is obtained by changing any single com-

ponent Py, ) in P to zero, we have for some finite constant § > 0 that: 3

:U'[n,m](siu P) < :U’[n,m](sia Pl) + 5P[n,m] (72)

Property 2. If P’ is obtained by setting the entry Py, in P to zero, then:

M[a,m](Si’P) < N[a,m](siv P/)7 v [a’m] # [n7 b] (7.3)

Property 1 states that the rate obtained over a link [n,m] is upper bounded by some
linear function of the power allocated to it; whereas Property 2 states that reducing the
power over any link does not reduce the rate over any other links. We see that Properties
1 and 2 can be satisfied by most rate-power functions, e.g., when the rate function is
differentiable and has finite directional derivatives with respect to power [NeeO6c|, and

the link rates do not improve with increased interference.

We also assume that there exists some finite constant imqz such that g, (t) < tmaz
for all time slots under any power allocation vector and any channel state S(¢). 4 In the
(c)

following, we also use Hpnty (t) to denote the rate allocated to the commodity ¢ data over

link [n,b] at time ¢. At every time ¢, we have:

S w0 < iy (£), ¥ [n,0]. (7.4)

3This is also known as Lipschitz-continuity [BNOO3].

4In our transmission model, we did not explicitly take into account the reception power. We can easily
incorporate that it our model at the expense of more complicated notation. In that case, our algorithm
will also optimize over the reception power consumption, and the results in this chapter still hold.
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7.1.3 The energy queue model

We now specify the energy model. Every node in the network is assumed to be powered
by a finite capacity energy storage device, e.g., a battery or ultra-capacitor [SMJG10].
We model such a device using an energy queue. We use the energy queue size at node n
at time ¢, denoted by F,(t), to measure the amount of energy left in the storage device at
node n at time t. We assume that each node n knows its own current energy availability
E,(t). In any time slot ¢, the power allocation vector P(t) must satisfy the following

“energy-availability” constraint: °

D> Puyt) <Eu(t), Vn (7.5)
beNL”

That is, the consumed power must be no more than what is available. Each node in
the network is assumed to be capable of harvesting energy from the environment, using,
for instance, solar panels [SMJG10]. However, the amount of harvestable energy in a
time slot is typically not fixed and varies over time. We use h,,(t) to denote the amount
of energy harvestable by node n at time ¢, and denote by h(t) = (hi(t),...,hn(t)) the
harvestable energy vector at time ¢, called the energy state. We assume that h(t) takes
values in some finite set # = {h1, ..., hy, }. In the following, we carry out the algorithm
construction and analysis assuming that the pair [h(t), S(t)] is i.i.d. over slots (possibly
correlated in the same slot), with distribution s and marginal distributions 7, and
s, , respectively. We then extend the results to the case when they are Markovian.

We assume that there exists hpqe < 0o such that hy, (t) < by for all n,t. The energy

harvested at time t is assumed to be available for use at time t + 1. In the following,

®We measure time in unit size “slots,” so that our power Py, 4)(t) has units of energy/slot, and P, 4 (t) %
(1slot) is the resulting energy use in one slot. For simplicity, we suppress the implicit multiplication by
1 slot when converting between power and energy.
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it is convenient for us to assume that each energy queue has infinite capacity, and that
each node can decide whether or not to harvest energy in each slot. We model this
harvesting decision by using e, (t) € [0,h,(t)] to denote the amount of energy that is
actually harvested at time t. We show later that our algorithm always harvests energy
when the energy queue is below a finite threshold of size O(1/¢) and drops it otherwise.
Thus, it can be implemented with finite capacity storage devices. We also discuss why

the algorithms developed under our model is also very useful in practice.

7.1.4 Queueing dynamics

Let Q(t) = ( (C)( t),n,c € N), t = 0,1,2,... be the data queue backlog vector in the
network, where ng) (t) is the amount of commodity ¢ data queued at node n. We assume

the following queueing dynamics:

ngc) (t+1) < Q(c Z H[n b] Z N[a n] R(C)( t), (7.6)
beEN” aeN™
with Q,(f)(O) =0 foralln,ce N, Qgc) (t) = 0 Vt. The inequality in (7.6) is due to the fact

that some nodes may not have enough commodity ¢ packets to fill the allocated rates. In

this chapter, we say that the network is stable if the following is met:

Q41 1msup ZZE{Q(C 7)} < 0. (7.7)

TOnc
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Similarly, let E(t) = (E,(t),n € N) be the vector of the energy queue sizes. Due to
the energy availability constraint (7.5), we see that for each node n, the energy queue

E,(t) evolves according to the following: ©

Bult+1) = Ea(t) = S Buy(t) + ealt) (7.8)
beN
with E,(0) = 0 for all n. 7 Note again that by using the queueing dynamic (7.8), we

start by assuming that each energy queue has infinite capacity. Later we show that under
our algorithms, all the E,, (t) values are determinstically upper bounded. Thus, we only

need a finite energy capacity in algorithm implementation.

7.1.5 Utility maximization with energy management

The goal of the network is thus to design a joint flow control, routing and scheduling, and
energy management algorithm that at every time slot admits the right amount of data
RY (t), chooses a power allocation vector P(t) € P() subject to (7.5), and transmits

packets accordingly, so as to maximize the utility function:
Uit (T) = Y U F™), (7.9)
n,c
subject to the network stability constraint (7.7). Here ¥ = (7"¢,Vn,c € N) is the vector
of the average expected admitted rates. Below, we refer to this problem as the Utility

Mazimization with Energy Management problem (UMEM).

5Note that we do not explicitly consider energy leakage due to the imperfections of the energy storage
devices. This is a valid assumption if the rate of energy leakage is very small compared to the amount
spent in each time slot.

"We can also pre-store energy in the energy queue and initialize E,(0) to any finite positive value up
to its capacity. The results here will not be affected.
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7.1.6 Discussion of the model

(I) Our model is quite general and can be used to model many networks where nodes
are powered by finite capacity batteries, for instance, a field monitoring sensor network
[WALJ'06], or many mobile ad hoc networks [PPCO06]. Also, our model allows the
harvestable energy to be correlated among network nodes. This is particularly useful: in

practice, nodes that are colocated may have similar harvestable energy conditions.

(IT) Although our model looks similar to the utility maximization model considered
in [GNTO06] and Chapter 4, the problem considered here is much more complicated.
The main difficulty here is imposed by the constraint (7.5). Indeed, (7.5) couples the
current power allocation action and future actions, in that a current action may cause
the energy queue to be empty and hence block some power allocation actions in the future.
The work in [GGT10] overcomes this “no-underflow” requirement by enforcing a positive
drift constraint on the harvested energy and using Lyapunov optimization with this new
constraint. Our approach is different and uses a modified Lyapunov function, which
simplifies analysis and provides more explicit performance guarantees for the multi-hop
case. Our MESA algorithm also fundamentally improves the resulting buffer size tradeoffs

from O(1/¢) to O([log(1/€)]?).

(III) Finally, note that our algorithm can also be shown to perform well under arbitrary
S(t) and h(t) processes using the universal scheduling technique developed in [NeelOa].
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7.2 Related work

There have been many previous articles developing algorithms for energy harvesting net-
works. [SMJG10] develops algorithms for a single sensor node for achieving maximum
capacity and minimizing delay when the rate-power curve is linear. [KHZSO07] consid-
ers the problem of optimal power management for sensor nodes, under the assumption
that the harvested energy satisfies a leaky-bucket type property. [SK10] looks at the
problem of designing energy-efficient schemes for maximizing the decay exponent of the
queue length. [GGT10] develops scheduling algorithms to achieve close-to-optimal utility
for energy harvesting networks with time varying channels. [L.SS05] develops an energy-
aware routing scheme that approaches optimality as the network size increases. Outside
the energy harvesting context, [LSS07| considers the problem of maximizing the lifetime
of a network with finite energy capacity and constructs a scheme that achieves a close-
to-maximum lifetime. [NeeO6c] and [Nee07] develop algorithms for minimizing the time
average network energy consumption for stochastic networks with “always on” energy
sources. However, most of the existing results focus on single-hop networks and often
require sufficient statistical knowledge of the harvestable energy, and results for multi-
hop networks often do not give explicit queueing bounds and do not provide explicit

characterizations of the needed energy storage capacities.

7.3 Upper bounding the optimal network utility

In this section, we first obtain an upper bound on the optimal utility. This upper bound
will be useful for our later analysis. The result is presented in the following theorem, in
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which we use 7* to denote the optimal solution of the UMEM problem, subject to the
constraint that the network nodes are powered by finite capacity energy storage devices.
The V parameter in the theorem can be any positive constant that is greater or equal to

1, and is included for our later analysis.

Theorem 25. The optimal network utility Uor(r*) satisfies: VU(7*) < ¢*, where ¢*
1s obtained over the class of stationary and randomized policies that have the following
structure: allocate constant admission rates r™° every slot; when S(t) = s;, choose a power
vector P,(:i) and allocate service rate ufgb](si, P,(:i)) to node n with probability g,(:i); and

harvest energy egf,i) with probability cpéhi) when h(t) = h;, subject to (7.4), (7.6) and

(7.8), without regard to the energy availability constraint (7.5), to satisfy:

max: ¢ =V Z Uéc) (r™©) (7.10)
K
st 4 3w, S0l S (s, PP
Si k=1 (ZGNy(Lin>

K
<Dom a3 iyl PUDY (e, (1)
k=1

S beN ()

K K
Z Ts; Z Q,(:i) Z P]gjs[;),b} = Z Th, Z cp,(ghj)egl”lé),‘v’n, (7.12)
si k=1 h; k=1

beN
P](:Z) S 7)(31)’0 < Q](:i)agol(ghj) < 17vsi)k7h’j7

K K
S o =136 =1,9si,hy,
k=1 k=1

0 < 7" < Rinaz, ¥ (n,0),0 < 2 < h3), ¥ n k. hy.

< n,
Here ms; and wp; are the marginal distribution of the random channel state s; and energy

state h;, and K =N?>4+ N +2. 8

8The number K is due to the use of Caratheodory’s Theorem in the proof argument used in Chapter
6.
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Proof. The proof argument is essentially the same as the one used in proving Theorem

23 in Chapter 6. Hence we omit it here. ]

In the theorem, (7.11) says that the rate of incoming data to node nm is no more
than the transmission rate out, and the equality constraint (7.12) says that the rate of
harvested energy is equal to the energy consumption rate. We note that Theorem 25
indeed holds under more general ergodic S(t) and h(t) processes, e.g., when S(t) and

h(t) evolve according to some finite state irreducible and aperiodic Markov chains.

7.4 Engineering the queues

In this section, we present our Energy-limited Scheduling Algorithm (ESA) for the UMEM
problem. ESA is designed based on the Lyapunov optimization technique developed in
Chapter 6 and [GNTO06]. The idea of ESA is to construct a Lyapunov scheduling algorithm
with perturbed weights for determining the energy harvesting, power allocation, routing
and scheduling decisions. We show that, by carefully perturbing the weights, one can
ensure that whenever we allocate power to the links, there is always enough energy in the

energy queues.

7.4.1 The ESA Algorithm

To start, we first choose a perturbation vector 8 = (6,,,n € N') (to be specified later). We

then define a perturbed Lyapunov function as follows:

L) 25 S [P +5 3 (B~ 6. (7.13)

n,ceEN neN
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The intuition behind the use of the @ vector is that by keeping the Lyapunov function
value small, we indeed “push” the E,(t) value towards 6,. Thus by carefully choosing
the value of 6,, we can ensure that the energy queues always have enough energy for

transmission. This is shown in Fig. 7.1.

queue
size

0

Figure 7.1: The intuition behind perturbation

Now denote Z(t) = (Q(t), E(t)), and define a one-slot conditional Lyapunov drift as
follows:

Aty EE{L(t+1)—L(t) | Z(t)}. (7.14)
Here the expectation is taken over the randomness of the channel state and the energy
state, as well as the randomness in choosing the data admission action, the power allo-
cation action, the routing and scheduling action, and the energy harvesting action. For

notational simplicity, we also define:
Av(t) 2 At) = VE{ D U RY®) | Z(t)}. (7.15)

n,c

We have the following lemma regarding the drift:
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Lemma 13. Under any data admission action, power allocation action, routing and
scheduling action, and energy harvesting action, which satisfies the energy availability

constraint (7.5), that can be implemented at time t, we have:

)< B+ > (En(t) — 0n)E{en(t) | Z(1)} (7.16)

neN

—E{Z VUS(RD (1) - QY (RY (D] | Z(t)}

(5 [E X Aolenn-eiol

€ beN?

HE) =0 5 Pun)] 1 20},
beNL”
Here B = N2(3d2, .12 100 + R2as) + 5 (Praz + himaz)?, and diag is defined in Section

7.1 as the mazximum in-degree or out-degree of any node in the network.

Proof. See Section 7.9.1. O

We now present the ESA algorithm. The idea of the algorithm is to approximately
minimize the right-hand side (RHS) of (7.16) subject to the energy-availability constraint
(7.5). In ESA, we use a parameter v 2 Ryaz + dmaz fimaz, Which is used in the link weight

definition to allow deterministic upper bounds on queue sizes.

Energy-limited Scheduling Algorithm (ESA): Initialize 8. At every slot t, observe

Q(t), E(t), S(t), and do:

e Energy Harvesting: If E,(t) — 6, < 0, perform energy harvesting and store the

harvested energy, i.e., e,(t) = hy,(t). Else set e, (t) = 0. Note that this decision on
en(t) indeed minimizes the (E,(t) — 0,,)E{e,(t) | Z(t)} term in (7.16).

220



e Data Admission: Choose RT(«LC) (t) to be the optimal solution of the following opti-

mization problem:
max : VU (r) — QW (t)r, st.0 <7 < Ryge. (7.17)

Note that this decision minimizes the terms involving R (t) in the RHS of (7.16).

e Power Allocation: Define the weight of the commodity ¢ data over link [n,b] as:

Wiy (0 2 [0 - @7 (1)~ ™. (7.13)
Then define the link weight Wy, (t) = max, W[(nc)b] (t), and choose P(t) € P9 to

maximize:

P2 | S MW 0) + (B0 ~00) 5 Pa@)], (719
T beN beN
subject to the energy availability constraint (7.5).

e Routing and Scheduling: For every node n, find any ¢* € argmax, W[(nc)b] (t). If

W) > 0, set:

i () = pny (0), (7.20)
that is, allocate the full rate over the link [n,b] to any commodity that achieves the
maximum positive weight over the link. Use idle-fill if needed. If W[(;;% (t) =0, set

:“f;?b] (t) = 0 for all ¢ over link [n,d]. *

e Queue Update: Update ng) (t) and E,(t) according to the dynamics (7.6) and (7.8),

respectively.

Note that we still use the same power allocation P}, 3)(t) (can be nonzero) in the case when W[(:’a(t) =

0, although all the rates uffl)b] (t) are zero. We show that doing this still yields performance that can be
pushed arbitrarily close to optimal. In the actual implementation, however, we can always save the power
Py 3 (t) when ,uffl)b] (t) = 0 Ve. Similar performance results can also be obtained.
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The combined Power Allocation and Routing and Scheduling step would have minimized
the terms involving ,uffl)’b] (t) and P(t) in the RHS of (7.16) if we had defined v = 0.
However, we have included a non-zero v in the differential backlog definition (7.18),
resulting in a decision that comes within an additive constant of minimizing the RHS
of (7.16). The advantage of using this v is that it leads to a deterministic bound on all
queue sizes, as we show in the next section.

In the energy harvesting step of ESA, node n performs energy harvesting only when
the energy volume is less than 6,,, and hence E,(t) < 60, + hpqy for all . This feature
is very important because it allows one to implement ESA with finite energy storage
capacity. More importantly, we show in later sections that it provides us with a very easy
way to size our energy storage devices if we want to achieve a utility that is within O(e)
of the optimal: use energy storage devices of size O(1/¢). In practice, once the energy
storage capacity is determined, we can always modify ESA by having the nodes perform

energy harvesting in every time slot, in which case nodes always have more energy than

that under ESA, and the same utility performance can be achieved.

7.4.2 Implementation of ESA

(I) First we note that ESA only requires the knowledge of the instant channel state S(t),
the queue sizes Q(t) and E(t). It does not even require any knowledge of the energy state
process h(t). This is very useful in practice when the knowledge of the energy source
is difficult to obtain. ESA is also very different from previous algorithms for energy
harvesting networks, e.g., [SMJG10] [KHZS07], where sufficient statistical knowledge of
the energy source is often required.
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(IT) Note that the implementation of ESA involves maximizing (7.19). Thus ESA’s
complexity is the same as the widely used Max-Weight algorithms, which in general
requires centralized control and can be NP-hard [GNT06]. However, in cases when the
links do not interfere with each other, ESA can easily be implemented in a distributed
manner, where each node only has to know about the queue sizes at its neighbor nodes and
can decide on the power allocation locally. Moreover, one can look for constant factor
approximation solutions of (7.19), e.g., [LS06] and Sections 4.7 and 5.2.1 in [GNTO06].
Such approximation results can usually be found in a distributed manner in polynomial
time, and ESA can be shown to achieve a utility that is at least a constant factor of

Utot(r*) under these solutions.

7.5 Performance analysis

We now present the performance results of the ESA algorithm. In the following, we first
present the results under i.i.d. network randomness and give its proof in Section 7.9. We
later extend the performance results of ESA to the case when the network randomness is
Markovian. Below, the parameter 3 is the largest first derivative of the utility functions

defined in (7.1), and the parameter 6, is defined

0 = 08V + Pras- (7.21)

7.5.1 ESA under I.I.D. randomness

Theorem 26. Under the ESA algorithm with 5 and 0, defined in (7.1) and (7.21), we
have the following:
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(a) The data queues and the energy queues satisfy the following for all time steps under

any arbitrary S(t) and h(t) processes:

0< Q%C) (t) < BV + Riaz, V (ny C), (7.22)
0 < En(t) < 0n + hinaa, ¥ 1. (7.23)

Moreover, when a node n allocates nonzero power to any of its outgoing links,

En(t) > Pmaa:'

(b) Let 7(T') = (7"(T),V (n,c)) be the time average admitted rate vector achieved by
ESA up to time T, i.e., 7°(T) = £ tT;()l E{RSLC) (t)}. Then:

, (7.24)

<| 3

s — — Tim ] (¢) (=nc > *®\
lim inf Uy (7(T')) th;lO%f;Un (F(T)) > Upor (%)
where v* is an optimal solution of the UMEM problem, and B = B+ N%vd ae tomaz

which is ©(1), i.e., independent of V.

Proof. See Section 7.9.2. O

We note the following of Theorem 26:

(I) Part (a) is a sample path result. Hence, it holds even under non-stationary S(t)

and h(t) processes.

(IT) By taking e = 1/V, Part (a) implies that the average data queue size is O(1/e).
Combining this with Part (b), we see that ESA achieves an [O(e), O(1/¢)] utility-

backlog tradeoff for the UMEM problem.

(ITIT) We see from Part (a) that the energy queue size is deterministically upper bounded
by a constant of size O(1/¢). This provides an explicit characterization of the size
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of the energy storage device needed for achieving the desired utility performance.

Such explicit bounds are particularly useful for practical system deployments.

(IV) Note that we prove a utility performance bound, i.e., (7.24), that is slightly different
from the objective of Ut (limp_,o0 7(T)). The reason is that the limit limg_,o, 7(7")
may not exist. However, whenever the limit does exist, we can replace lim inf with
the regular limit and push the limit inside the summation. Then, (7.24) becomes

Utot(hmT—mo F(11)) > Utot(r*) -

<l

7.5.2 ESA under Markovian randomness

We now extend our results to the more general setting where the channel state S(¢) and
the energy state h(t) both evolve according to some finite state irreducible and aperiodic
Markov chains. In this case m,, and 7, represent the steady state probability of the
events {S(t) = s;} and {h(t) = h;}, respectively. In this case, the performance results of

ESA are summarized in the following theorem:

Theorem 27. Suppose that [S(t), h(t)] evolves according to some finite state irreducible
and aperiodic Markov chain. Then under ESA, we have: (a) the bounds (7.22) and (7.23)
still hold; (b) the average utility is within O(1/V') of Uiet(r*), i.e., liminfr_ o U (F(T')) =

liminfr o Y, , Us” (7(T)) = Usor(r*) — O(1/V).

Proof. Part (a) follows from Theorem 26, since (7.22) and (7.23) are sample-path results.

The utility performance follows from Section 4.10.5 in Chapter 4.
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7.6 Reducing the buffer size

In this section, we show that it is possible to achieve the same O(e) close-to-optimal
utility performance guarantee using energy storage devices of only O([log(1/¢)]?) sizes,
while guaranteeing a much smaller average data queue size, i.e., O([log(1/€)]?). Our
algorithm is motivated by the “exponential attraction” result developed in Chapter 4,
which states that the probability for the network backlog vector to deviate from some
fixed point typically decreases exponentially with the deviation distance. This suggests
that most of the queue backlogs are kept in the queues to maintain a “proper” queue vector
value to base the decisions on. If we can somehow learn the value of this vector, then
we can “subtract out” a large amount of data and energy backlog from the network and
reduce the required buffer sizes. Below, we present the Modified-ESA (MESA) algorithm

to achieve this goal.

7.6.1 The Modified-ESA algorithm

To start, for a given e, we let V = 1/¢, and define M = 4[log(V)]2. We then associate
with each node n a virtual energy queue process En(t) and a set of virtual data queues
A,(f) (t), V. We also associate with each node n an actual energy queue with size M. We
assume that V' is chosen to be such that % > Qmaz = max|Praz, Pmaz]. MESA consists
of two phases: Phase I runs the system using the virtual queue processes, to discover the
“attraction point” values of the queues (as explained below). Phase II then uses these
values to carefully perform the actions so as to ensure energy availability and reduce
network delay. We emphasize that, although MESA looks similar to the FQLA algorithms
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developed in Chapter 4, it only uses finite energy storage capacities. This feature makes
it very different from FQLA and requires a new analysis for its performance.

Modified-ESA (MESA): Initialize 6. Perform:

e Phase I: Choose a sufficiently large T'. From time ¢t = 0, ..., T, run ESA using Q(t)
and E(t) as the data and energy queues. Obtain two vectors Q@ = (QSf), Y (n,c))

and & = (£, ¥n) with O} = [Q(T) — 4]* and &, = [E(T) - 4.

e Phase II: Reset ¢ = 0. Initialize E(0) = € and Q(0) = Q. Also set Q(0) = 0
and E(0) = 0. In every time slot, first run the ESA algorithm based on Q(t),
E(t), and S(t), to obtain the action variables, i.e., the corresponding e, (t), R (1),

(o)

and Hi (t) values. Perform Data Admisson, Power Allocation, and Routing and

Scheduling exactly as ESA, plus the following:

— Energy harvesting: If E,,(t) < &, let &,(t) = [en(t) — (En — En(t))]*. Harvest

é(t) amount of energy, i.e., update E,(t) as follows:

En(t+1) =min [[E,(t) = Y Py +én(t), M].
beN
Else if En(t) > &, + M, do not spend any power and update E,(t) according

to:
E,(t+1) = min [E,(t) + en(t), M].
Else update E,(t) according to:

Eu(t+1) =min [E.(t) = Y Pyl +ea(t), M].
beN

— Packet Dropping: For any node n with E‘n(t) < &, + Pz OT En(t) >En+M,

drop all the packets that should have been transmitted, i.e., change the input
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into any ng) (t) to (use idle fill whenever a node does not have enough data to
send):

AOW) =ROW+ S pl (Ol
aENy(Lin)

Here 1) is the indicator function and F,(t) is the event that Eu(t) € [Ea +
Pz, Eq + M]. Then further modify the routing and scheduling action under

ESA as follows:

10 Q1) < O tet AP (1) = [49 (1)~ [QF) — QY (1], update Q1 1)

by:

QY+1) <[P~ > uPym]T+AP).
beN
* If ng) (t) > ng), update ng) (t) by:

QYU+ <[QY®) - > wy ]+ A0 ),

beN ()

— Update E(t) and Q(t) using (7.8) and (7.6).

Note here we have used the [-]* operator for updating F, () in the energy harvesting
part. This is due to the fact that the power allocation decisions are now made based
on E(t) but not E(t). If E,(t) never gets below &, or above &, + M, then we always
have Ep(t) = E,(t) — &,. Similarly, if ng) (t) is always above 0\ and E, (t) is always in
[En + Prag, En + M], then we always have Q,(f) (t) = ng) (t) — (9. MESA is designed to
ensure that ng) (t) and En(t) mostly stay in these “right” ranges. We see in the following
lemma, that, although QT(f) (t) and En(t) can go out of the ranges, our algorithm ensures

that the queue processes are in fact close to each other.
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Lemma 14. For all time steps t, we have the following:

0< QYY) <[QY(1) — QT +7. V(ne), (7.25)
min [[E,(t) — £,)7, M| < E,(t), Vn. (7.26)
Proof. See Section 7.9.3. O

By Lemma 14, when E,(t) € [, + Praz, En + M], we have E, (t) > [E,(t) — &)t >
Ppaz. Thus all the power allocations are valid under MESA, i.e., under MESA, although

the power allocation decision is made based on E(t), the energy availability constraint is

still ensured for all time.

7.6.2 Performance of MESA

To study the performance of MESA, we first denote by g(v,v) the dual function of
the problem (7.10). The following lemma shows that the dual function can be written
in a form that is without the variables Q,(Csi) and gp,(gh"). This fact greatly simplifies the

evaluation of the dual function.

Lemma 15. The dual problem of (7.10) is given by:
min: g(v,v), st. v=0,veRY, (7.27)

where v = (U%C),V(n, ), v = (vn,¥n), and g(v,v) is the dual function defined by

g(v,v) = sup Zws th {VZUC) ey

pe,plos) o) %5

— Zvn Z u[a ] (si, PG)) (7.28)

aEN(m)

- 5 e PN - Sl T - el
beN” n beN”
Proof. The proof is the same as that of Lemma 8 in Chapter 6. O
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We now summarize the performance results of MESA in the following theorem. In

the theorem, we denote y = (v, v), and write g(v,v) as a function of y.

Theorem 28. Suppose that y* = (v*,v*) is finite and unique, that 6 is chosen such that
0, + v} >0,V n, and that for all y = (v,v) with v = 0,v € RN the dual function g(y)

satisfies:

9(y") =2 9(y) + Llly" - yl|, (7.29)

for some constant L > 0 independent of V', that the system is in steady state at time T,

and that a steady state distribution for the queues exists under ESA. Then under MESA
with a sufficiently large V', with probability 1 — O(%), we have:

Q < O(log(V)P), (7.30)

ot U (7(1) > Usn(r*) — O(1/V), (7.31)

where Ut (F(T')) is defined in Theorem 26. Furthermore, the fraction of packets dropped

1

in the packet dropping step is O(m)

Proof. See Section 7.9.4. O

Note that the theorem also holds when [S(t),h(t)] are Markovian as in Theorem
27. The condition (7.29) is indeed the condition needed for proving the exponential
attraction result (Theorem 5) in Chapter 4. It has been observed that (7.29) typically
holds in practice, particularly when the network action set is finite, in which case the dual
function g(y) is polyhedral in y (see Section 4.2.3 in Chapter 4 for more discussion). It has
been shown that in this case, the queue backlog vector pair is “exponentially attracted”
to the fixed point (v*,v* + 0) = ©(V), in that the probability of deviating decreases
exponentially with the deviation distance. Therefore, the probability of deviating by
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some O ([log(V)]?) distance is 1/V'°8(V) which is very small when V is large. Theorem
28 then shows that under this condition, one can significantly reduce the energy capacity
needed to achieve the O(e) close-to-optimal utility performance and greatly reduce the

network congestion.

7.7 Simulation

In this section, we provide simulation results of our algorithms. We consider a data
collection network shown in Fig. 7.2. Such a network typically appears in the sensor
network scenario where sensors are used to sense data and forward them to the sink. In
this network, there are 6 nodes. The node S represents the sink node, the nodes 1,2,3

sense data and deliver them to node S via the relay of nodes 4, 5.

R1—» L1
Ls
R2 —» L2 @
La
Le
Rs —» Ls

Figure 7.2: A data collection network.

The channel state of each communication link, represented by a directed edge, is i.i.d.
every time slot and can be either “G=Good” or “B=Bad” with equal probability. One
unit of power can serve two packets over a link when the channel state is good, but can only
serve one when the channel is bad. We assume that R,,,, = 3 and the utility functions
are given by: Ul(s)(r) = UQ(S)(T‘) = z]ES)(T) = log(1 + r) and Uis)(r) = 5(5)(7“) = 0.
For simplicity, we also assume that all the links do not interfere with each other. We
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assume that for each node, the available energy hy,(¢) is i.i.d. and h,(t) = 2/0 with equal
probability.

It is easy to see that in this case, we can use 8 =1, § = 2, tmazr = 2, dmae = 2,
Praz = 2, and ¥ = dmazimaz + Rmae = 7. Using Theorem 26, we set 0, = 68V + Pz =
2V + 2. We simulate V' € {20, 30, 40, 50,80, 100,200}. Each simulation is run for 10°
slots. The simulation results are plotted in Fig. 7.3. We see that the total network utility
converges quickly to very close to the optimal value, which can be shown to be roughly
2.03, and that the average data queue size and the average energy queue size both grow
linearly in V.
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Figure 7.8: Simulation results of ESA.

Fig. 7.4 also shows two sample-path data queue processes and two energy queue
processes under V' = 100. It can be verified that all the queue sizes satisfy the queueing
bounds in Theorem 26. We also observe the “exponential attraction” behavior of the
queues, as shown in Chapter 4. However, different from the simulation results in Chapter
4, we see that the queue size of Qgs) (t) does not approach the fixed point from below. It
instead first has a “burst” in the early time slots. This is due to the fact that the system
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“waits” for F1(t) to come close enough to its fixed point. Such an effect can be mitigated

by storing an initial energy of size ¢ in the energy queue.
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Figure 7.4: Sample path queue processes.

We also simulate the MESA algorithm for the same network with the same 6 vector.
We use T' = 50V in Phase I for obtaining the vectors £ and Q. Fig. 7.5 plots the
performance results. We observe that no packet is dropped throughout the simulations
under any V values. The utility again quickly converges to the optimal as V increases.
We also see from the second and third plots that the actual queues only grow poly-
logarithmically in V| i.e., O([log(V)]?), while the virtual queues, which are the same as
the actual queues under ESA, grows linearly in V. This shows a good match between the
simulations and Theorem 28.
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Figure 7.5: Simulation results of MESA. 5M is the total network energy buffer size.

7.8 Chapter summary

In this chapter, we use the perturbation technique in Chapter 6 to develop the Energy-
limited Scheduling Algorithm (ESA) for achieving optimal utility in general energy har-
vesting networks equipped with finite capacity energy storage device. ESA is an online
algorithm and does not require any knowledge of the harvestable energy processes. We
show that ESA achieves an average utility that is within O(e) of the optimal for any € > 0
using energy storage devices of size O(1/¢), while guaranteeing that the time average net-
work congestion is O(1/€). We then also develop the Modified-ESA algorithm (MESA),
and show that MESA can achieve the same O(e) utility performance using energy storage

devices of only size O([log(1)]?).

7.9 Proofs of the chapter

7.9.1 Proof of Lemma 13

Here we prove Lemma 13.
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Proof. First by squaring both sides of (7.6), and using the fact that for any =z € R,

([z]1)? < 22, we have:

QW+ 1P =[R2 <[ > wly®F+1 > pld (t)+ RO (1) (7.32)
beN? ae/\/ff”)
Z N’[nb] Z 'u’[an ()(t)]
beN(") aeN™

Multiplying both sides by 3, and defining B= %d?naxu,%wx +R2 .., 10 we have:

1 B
SR+ P - [QP®P) < B (7.33)
_Q C) Z M[”b] Z 'u'[an gb)(t)]
beN(") aeNg™
Using a similar approach, we get that:
1
5([En(t + 1) - en]Q - [En(t) - an]2) (734)

< B, - [En(t) - Hn][ Z P[n,b} (t) - en(t)]a
bEN S
where B’ = +(Praz + hmaz)?. Now by summing (7.33) over all (n,¢) and (7.34) over all

n, and by defining B = N2B+ NB' = N2(3d2, ., 12100 + R2az) + 2N (Praz + hinaz)?, we

have:

L(t+1)—L(t) < B— ZQC) Z N[nb] Z N[an 1(1)( )]

beN(”) aeN{™

- Z[En (t) - an] [ Z P[n,b] (t) —€n (t)] :
" beN
Taking expectations on both sides over the random channel and energy states and the

randomness over actions conditioning on Z(t), subtracting from both sides the term
VE{ done A (R ) (t)) | Z(t)}, and rearranging the terms, we see that the lemma follows.

O]

10T his uses Zbe/\"ﬁ”) uffz),b](t) < dmazbmaz and ZaeNﬁ“‘) F‘ES?n] () + Rglc) (t) < dmaztimas + Rmaz-
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7.9.2 Proof of Theorem 26

Here we prove Theorem 26.

Proof. (Part (a)) We first prove (7.22) using a similar argument as in [Nee06c|. It is easy
to see that it holds for ¢ = 0, since ng)(O) = 0 for all (n,c). Now assume that ng) (t) <
BV + Rpag for all (n,c) at t, we want to show that it holds for time ¢ + 1. First, if node
n does not receive any new commodity ¢ data, then ng) (t) < fo) (t+1) < BV + Rpaa-
Second, if node n receives endogenous commodity ¢ data from any other node b, then we

must have:

ngc) (t) S Qz(,C) (t) -7 S /BV + Rmam -

However, since any node can receive at most v commodity ¢ packets in every slot, we

have Qq(f) (t+1) < BV + Ryqs- Finally, if node n does not receives endogenous arrivals

but receives exogenous packets from outside, then according to (7.17), we must have
glc)(t) < V. Hence ng)(t +1) < BV + Riga-

Now it is also easy to see from the energy storage part of ESA that E,(t) < 0, +hmaz,
which proves (7.23).

We now show that if F,(t) < Py, then G(P(t)) in (7.19) will be maximized by
choosing P, ,,,)(t) = 0 for all m € N at node n. To see this, first note that since all the
data queues are upper bounded by BV + Riaz, we have: Wi,y (t) < [ﬂV - dmaxumax] *
for all [n,b] and for all time.

Now let the power vector that maximizes G(P(t)) be P* and assume that there

exists some P[*;L m] that is positive. We now create a new power allocation vector P by
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setting only P[’:l m = 0 in P*. Then we have the following, in which we have written
Pin,m) (S(t), P(t)) only as a function of P(t) to simplify notation:

G(P*) - G(P)

=3 [ (P) = gy (P Wi () + (En(t) = 02) P,
" e )

< (W) (P™) = 1, (P) Wi () + (En(t) = 00) P, -
Here in the last step we have used (7.3) in Property 2 of pi, (-, P), which implies that
i) (P*) = pipnp) (P) < 0 for all b # m. Now suppose E,(t) < Ppnaz. We see then
En(t) — 0, < —6BV. Using Property 1 and the fact that Wy, ,,)(t) < [ﬁV — dmaxumm]+,
the above implies:
G(P*) = G(P) < [BV = duasttmaz] OB,y — 6BV Ef, 1y < 0.

This shows that P* cannot have been the power vector that maximizes G(t) if E,(t) <
Praz- Therefore E,,(t) > Ppq, whenever node n allocates any nonzero power over any of
its outgoing links. Hence all the power allocation decisions are feasible. This shows that

the constraint (7.5) is indeed redundant in ESA and completes the proof of Part (a).

(Part (b)) We now prove Part (b). We first show that ESA approximately minimizes
the RHS of (7.16). To see this, note from Part (A) that ESA indeed minimizes the

following function at time ¢:

D(t) = Z (En(t) - en)en(t) (7‘35)
neN
- 3 [VUPRP®) - QYR (1)]
n,ceN’
-2 [Z S ORI — @) =] + (Ealt) = 60) > P[n,b]m],
neN S e pent) b
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subject to only the constraints: e,(t) € [0, h,(t)], R,(f)(t) € [0, Rimazl), P(t) € P(si) and

(7.4), i.e., without the energy-availability constraint (7.5). Now define D(t) as follows:

D(t) = D (Bu(t) = bn)en(?) (7.36)

neN

= > [VUE(RE () - QPR (1)]

n, ceN

X T i 0[080 - Q0] + (B - 0) X P
neN = e pepn(? NS
Note that D(t) is indeed the function inside the expectation on the RHS of the drift

bound (7.16). It is easy to see from the above that:

DI IED DAL
° [nbleNy”
Since ESA minimizes D(t), we see that:

ALT c)ALT
+2.2. 2 i (07 < D O+2.2. 2 Hay
€ beN” N
where the superscript F represents the ESA algorithm, and ALT represents any other

alternate policy. Since

0< Z Z Z ,U[n b] ’7 < N? Ydmazmaz

nC pen
we have:

DE(t) < DM (L) + N*ydmazftmaa- (7.37)
That is, the value of D(t) under ESA is no greater than its value under any other
alternative policy plus a constant, including the ones that ignore the energy availability
constraint (7.5). Further, Part (a) shows that the energy availability constraint (7.5) is
naturally satisfied under ESA without explicitly being enforced. Now using the definition

of D(t), (7.16) can be rewritten as:

~VE{Y_UPRI )| Z(t)} < B+E{D"(t)| Z(t)}.

238



Using (7.37), we get:

A(t) = VE{D URO®) | Z2(t)} < B+E{DY7T(t)| Z(t)}, (7.38)
where B= B+ N Q'ydmw;;am. Plugging into (7.38) the policy in Theorem 25, which by
comparing (7.10) and (7.36) can easily be shown to result in E{DALT(t) | Z(t)} = ¢,

and using the fact that ¢* > VU, (r*), we have:

At) - VE{Y UPRY @) | Z(t)} < B = VU (r7).

n,c

Taking expectations over Z(t) and summing the above over t =0, ...,T — 1, we have:

T-1
E{L(T) - L(0)} = VY E{> U RY )} <TB - TVUp(r*).
t=0 n,c
Rearranging the terms, using the facts that L(t) > 0 and L(0) = 0, dividing both sides

by VT, we get:

T-1
= SB[ UPRO W)} > Uunlr) - BJV.
t=0

n,c

Using Jensen’s inequality, we see that:

DU

n,c t=

Taking a liminf as 7 — oo and using the definition of 7¢(T), i.e., 7*¢(T) = & ZZ:OI E{R%C) ()},

T—-1
E{RO(t)}) > Usou(r*) — B/V.

Nl =

we have
liminf Y U (F(T)) > Uy (r*) — B/ V.
T—00 o
This completes the proof of Part (b). O

7.9.3 Proof of Lemma 14

Here we prove Lemma 14. We recall that M = 4[log(V)]? is the size of the energy buffer.

Proof. We first prove (7.25). Define an intermediate process ng) (t) that evolves exactly
as ng) (t) except that it does not discard packets when En(t) < &, + Pz OT E‘n(t) >
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En + M. We see then ng) (t) < QT(«LC) (t). Using Lemma 4 in Chapter 4, we see that:
29 < [0 () — Q)+ + 4. Hence Q1 () < [0 (1) — Q91+ + v and (7.25) follows.

11

We now look at (7.26). First, it holds at time 0 since 0 = E,(0) — &, = E,(0). Now
suppose that it holds for ¢ = 0,1, ..., k. We want to show that it holds for ¢t = k+ 1. First
note that if E,(k + 1) < &,, then (7.26) always holds because E, (k) is nonnegative for

all k. Therefore, in the following we only consider the case when E,(k+ 1) > &,, i.e.,
[En(k+1) = &t = En(k+1) — &, (7.39)
Also note that since all the actions are made based on Q(k) and E(k), by Theorem 26,

we always have E, (k) > > pen@ Py (k), thus:

En(k+1) = En(k) = Y Ppy(k) +en(k). (7.40)
beNL?
We consider the following three cases:

A~

(I) En(k) < &,. Since En(k +1) > &,, we must have &, — FE,(k) < e,(k). Then

according to the harvesting rule,

A

Eu(k+1) = min [[By(k) = Y Pry(k)]" + en(k) — £+ En(k), M]

beNL?
> min [[En(k) + En(k) = Y Poy(k)] + en(k) — En, M]
beN ()
> min [En(k) = Y Pgy(k) + en(k) — En, M)
beNL?

n[En(k+1) — &, M|

= min [[En(k + 1) — &7, M].

"Note that Lemma 4 in Chapter 4 concerns only about data queues; whereas here we also have the
energy queues. However, by neglecting the effect of them, the same lemma applies.
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Here the first inequality uses the property of [-]*, and the second inequality uses E,, (k) > 0
and Ey(k) >3, w0 Py (R).

(I1) E, (k) > &, + M. In this case, we see by the induction assumption that E, (k) >
min [[E, (k) — &,]*, M] = M, which implies that E,(k) = M. Then, by the update rule,
we see that:

En(k+1) = min [E, (k) + en(k), M| = M. (7.41)
Thus (7.26) still holds.

(I1) &, < En(k) < &, + M. In this case, we have by induction that:

Epn(k) > min [[E,(k) — &)1, M] = En(k) — & (7.42)
We have two sub-cases:

(IIT-A) If E, (k4 1) — &, < M, then using (7.39) and (7.40), we have:

min [[En(k+1) = &7, M| = En(k)— Y Py(k) +en(k) — &

beN
< min[[[Ba(k) = &7 = Y Puy(®)] " +en(k), M]
beN
< min [[Ba(k) = Y Py (0]t +en(k), M]
beN
= E,(k+1).

Here the first inequality uses the property of the operator [-]*, and the second inequality
uses the induction that E,(k) > min [[E, (k) — ), M| = [E,(k) — &)

(III-B) If En(k +1)— &, > M, then we must have En(k) > &, + M — ez, and that

E.(k) > E, (k) — &, > M — oyaes. Using the fact that Mo~ Umaz 2> Pmaz, We see that
g 5 = =
E.(k)—> bENL®) Py (k) > 0. Thus:

En(k + 1) = min [En(k) - Z P[n,b](k) =+ en(k)7 M}
beN
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> min [En(k) = Y Py(k) + en(k) — En, M]
beN ()
= min[E,(k+1) — &, M],

which implies E,,(k+1) = M. Thus (7.26) holds. This completes the proof of (7.26) and

proves the lemma. O

7.9.4 Proof of Theorem 28

Here we prove Theorem 28. We use the following “exponential attraction” theorem, which
is a modified version of Theorem 6 in Chapter 4. In the theorem, we write g(v,v) as a

function of y = (v,v), and use y* to denote an optimal solution of ¢g(y).

Theorem 29. Suppose that [h(t),S(t)] evolves according some finite state irreducible and
aperiodic Markov chain, that y* = (v*,v*) is finite and unique, that 0 is chosen such
that 0, + v} > 0, ¥ n, and that for all y = (v,v) with v = 0,v € RV the dual function
9(y) satisfies:

9(y") = 9(y) + Llly™ — yll, (7.43)
for some constant L > 0 independent of V.. Then y* = ©(V), and that under ESA, there

exists constants D, K,c* = O(1), i.e., all independent of V', such that for any m € Ry,

PUY(D,Km) < c'e ™, (7.44)
where P)(D, Km) is defined:
=
PU(D, Km) £ limsup - Z Pr{&(t,m)}, (7.45)
t—oo —0

with E(t,m) being the following deviation event:
E(t,m) = {3 (n,e),|QW(t) — v9*| > D+ Km} (7.46)
U{3n, (E.(t) —6,) —v| > D+ Km}.
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Proof. The proof is similar to the proof of Theorem 5 in Chapter 4 and is thus omitted

here. ]
Now we present the proof of Theorem 28.

Proof. (Theorem 28) Since a steady state distribution for the queues exists under the
ESA algorithm, we see that P(") (D, Km) is the steady state probability that event £(t, m)
happens. Now consider a large V value that satisfies % = L[log(V)]? > 2D and log(V) >

16K, and define:

2 3llog(V)P =D _ gllog(V)]?
K =K

m*

> 4log(V). (7.47)

Since at time T, the system is in its steady state, by using (7.44) and (7.47), we see that

sllog(V)]? — D

Pr(E(T,m*)) = Pr(&(T, e )

< cfe™
< cretloalV) =0(1/V*).

Using the definition of £(¢,m), we see that when V is large enough, i.e., when (7.47)

holds, with probability 1 —O(1/V4), the vectors E(T') and Q(T) satisfy the following for

all n, c:
A M . M
Q) o) < 2B (1) — (0, 403 < - (7.48)
Using the fact that o) = [ ) (T) - %]"” and &, = [E,(T) — %]*‘, (7.48) and the facts

that M = 4[log(V)]? and y* = (v*,v*) = O(V), we see that when V is large enough,

with probability 1 — O(1/V*), we have:

_% > Q) _ (@ > _% ¥ (n,e) st vl £0, (7.49)
ng) = Uff)*, Y (n,c) s.t. vq(f)* =0, (7.50)
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3M oM
> 8 = (04U > -, Vn. (7.51)
8 8
Having established (7.49)-(7.51), (7.30) can now be proven using (7.25) in Lemma 14 and

a same argument as in the proof of Theorem 9 in Chapter 4.

Now we consider (7.31). Since at every time ¢, MESA performs ESA’s data admission,
and routing and scheduling actions, if there was no packet dropping, then MESA achieves
the same utility performance as ESA. However, since all the utility functions have bounded
derivatives, to prove the utility performance of MESA, it suffices to show that the average

rate of the packets dropped is O(e) = O(1/V).

To prove this, we first see that packet dropping happens at time ¢ only when the

following event & (t) happens, i.e.,

E)={3n, Ey(t) < En+ Prazt (7.52)
U{3 n, E,(t) > &, + M}
U{3 (n,0), Q1 (1) < Q1.
However, assuming (7.49)-(7.51) hold, we have: &, + Pnaz < (0, + 1)) — % + Praz,

En+M>(0,+v))+ % and ng) < Uﬁf)* - % for all Uq(f)* = 0. Therefore the following

event must happen for £(t) to happen:

~ N

Et) = {3n, Ent) < (On+v,) — % + Pz}

. M
U(E3n, Balt) > (60 +v3) + 5
U3 (), (1) < o — 2L ol £ 0).
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Therefore £(t) C E(t). However, it is casy to see from (7.46) that £(t) C £(t,7m) with

i = (2% — Proe — D) /K = (3[log(V)]?> — Prmas — D)/ K. Therefore £(t) C £(t, 7). Using

(7.44) again, we see that:

t—1 t—1
1 4 1
lim sup — Pr(&(r < limsup - Pr(E(r,m
msup - SPHE(R) < limoup g Y Pr(E(rm)
=0 =0
< c*e_(gllogg‘/ﬂ2 ~Pmaz=D)/K (7.53)

Using the facts that 3[log(V)]? > 2D and log(V) > 16K, we see that:
3[10g2(V)]2 _p SllesW)?

> 4 > ) .54
I > e > 201log(V) (7.54)
Thus we conclude that: 2
i1 R C*era;c/K
= r=0

Since at every time slot, the total amount of packets dropped is no more than 2/N? (4. +
N R4z, We see that the average rate of packets dropped is O(1/V).
3log(V)

Finally, by (7.53) and (7.54), we see that the packet drop rate is O(1/V 2 ). This

completes the proof of Theorem 28. O

12Note here that the term ﬁ is due to the M value we choose. We can choose a different M value to
get a different exponent.
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Part IV

Conclusion and Future Work
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Chapter 8

Conclusion and future work

In this thesis, we extend the Lyapunov network optimization technique to resolve two im-
portant and challenging problems in the queueing network area, i.e., delay and underflow.
By establishing a novel connection between the Lyapunov technique and a deterministic
optimization program, we develop two extensions of the Lyapunov technique. Specifically,
we present two systematic ways for constructing algorithms to achieve good delay per-
formance for optimization problems in communication networks, and to perform optimal
scheduling in complex networks in the presence of no-underflow constraints. These two
extensions greatly enlarge the range of problems that can be solved by the Lyapunov opti-
mization technique and contribute to developing an optimal control theory for stochastic
networks. The development of the results provides us with the following insights into

algorithm design for queueing network problems.

e Queue as Lagrange multiplier: To achieve optimal network utility, Max-Weight al-

gorithms use the queue vector to represent the Lagrange multiplier. Thus, the imple-
mentation of Max-Weight can be viewed as applying a dual subgradient method to an
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underlying optimization problem. This important feature ensures the performance of the

Max-Weight algorithms.

e Delay reduction as Lagrange multiplier engineering: The problem of reducing net-

work queueing delay is equivalent to engineering the Lagrange multiplier, so that it goes
through a trajectory that has a small sum value. In this case, to develop delay-efficient
algorithms, it is very important to take the structure of the underlying dual function into

account.

e Underflow prevention as lifting the Lagrange multiplier: The no-underflow constraint

requires that the output rates of some queues in the network must be exactly equal to
their input rates. This requirement makes some entries of the Lagrange multiplier nega-
tive. Hence, Max-Weight can no longer be applied, because it only uses the nonnegative
queue vector to track the Lagrange multiplier. In this case, perturbation resolves this
problem by lifting the Lagrange multiplier values to make it entry-wise positive. This
again highlights the importance of Lagrange multiplier engineering for queueing network
algorithm design.

There are many interesting directions in which the results in this thesis can be further

extended.

e Better buffer provision with respect to network size: The results developed in Chap-

ters 4, 6 and 7, though being effective, all treat the network sizes as given parameters,
and only explore buffer reduction with respect to the proximity to the optimal utility.
Specifically, the results show that the required buffer sizes are O(1/€) for an O(e) close-to-
optimal utility. However, the constants multiplying these order terms are ©(N?), where
N is the network size. Such an scaling law can be very inefficient, and incur large network
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congestion when the network size is large. Thus, it is important to construction algo-
rithms that have smaller multiplicative constants, e.g., O(N). The redundant constraint

approach developed in Chapter 5 can likely be useful in this case.

e Multi-time-scale network control: The models in this thesis all assume time-slotted

systems, where the network dynamics and actions change every time slot. However,
in practice, different components of the network may evolve according to different time
scales. For instance, in a sensor network, the nodes may go to sleep and wake up every tens
of seconds, whereas they may schedule packet transmissions and receptions every hundred
milliseconds. As another example, in a processing network, assembling two different parts
may take a longer time than painting each one of them. Thus, one important extension
of the current work is to develop multi-time-scale stochastic network control techniques.
Such an extension is very challenging, and will find applications in many important

networking problems as well as in the operations research area.

e Game theoretic optimal network control: The results in this work can be viewed as

being derived in the optimal network control regime, where all the network components
are assumed to comply with the rules and behave accordingly. However, in practice, due
to the abundant information available to the network components, as well as the self-
interests of them, the network nodes may not always behave in this “normal” manner.
For instance, in a transportation network, the nodes may want to reduce its own delay
and choose to traverse a path that is less congested, rather than going to a suggested
route by the controller, or customers using a network access point may want to anticipate
the prices and transmit packets strategically, rather than being price-takers. In this case,
it is important to develop network control algorithms that also take into account such
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selfish behavior of the network components. Such algorithms will be very useful in areas
such as transportation networks and the Smart Grid.

e Delay-efficient low-complexity algorithm design: Another interesting problem is to

see how the techniques developed here can be combined with the low-complexity CSMA
algorithm design technique developed recently in [JW10]. This CSMA-type technique is
very suitable for distributed algorithm design in, e.g., peer-to-peer systems. However,
these CSMA-type algorithms tend to have unsatisfying delay performance. Also, it is not
clear whether it can easily be applied to problems involving the no-underflow constraints.
It will therefore be interesting to see how the results here can be used together with this

technique to develop low-complexity algorithms for queueing networks.
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Appendix

Duality

In this appendix, we provide a very brief review of the duality theory. The materials here
are based on books [BNOO03| and [BV04]. The notation is a little bit different from those
in [BNOO3] and [BV04], and is chosen to be consistent with the notation used in this

thesis.

We consider the following problem:

min:  f(x) (-1)
s.t hj($)§0, V], (2)
xekX. (.3)

Here X is a subset of R”, f(x) : X — R, g;(x) : X — R, Vj, are given functions.
This problem is referred to as the primal problem. Note that equality constraints, i.e.,
hj(x) = 0 can also be included in the problem ( .1) - (.3), by writing every such constraint
as two inequality constraints, i.e., hj(x) <0 and —hj(x) < 0.
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To obtain the dual problem of ( .1), we associate with each constraint in ( .2) a

multiplier v;, and form the following Lagrangian

Lz, ) £ f(z) + ) _ k(). (-4)
J
The Lagrangian is a function of the primal variable « and the dual variable v = (71, ..., )T,
which is also called the Lagrange multiplier. The dual function g(«) is given by
gtv) = inf L(x,7) (:5)
= if {f(w) + Z’thj(w)}-
J
The dual problem is then given by:
max:  g(v) (:6)
s.t. ~ = 0. (.7)

The constraint (.7) is due to the fact that the primal constraints are inequality constraints.
In this appendix, we assume that both the primal problem and the dual problem have

finite optimal values, and denote them by f* and g%, i.e.,

*x A . *x A
= inf x = su . .8
f wex,gj(w)gof( ), 9 vtIég('Y) (-8)
In many cases, for example, when the functions f(-), g;(-) are convex, the feasible set
X is convex and certain qualifying conditions such as slackness, are met, we have g* = f*,
in which cases we say that there is no duality gap. However, for any general f(-) and

g;(-) functions and feasible set X', we always have the following theorem, which is more

important for the results in this thesis.

260



Theorem 30. (Weak Duality) We have g* < f*.
Proof. Consider any v = 0. For any € X with g;(x) < 0 for all j, we have

reX

o) = int { @)+ S hs(@)} < fl@) + X hye) < Sl

Thus,

*=su < inf x) = f*,
g ﬁ%g(v) _mex’gj(m)gof( )=f

completing the proof. O
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