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Warmup

* Consider F(w,x,y,z). Show the algebraic form of m4 and
M47?

« Use Boolean algebra to find the minimal SOP expression
for the function, F = 2, (3,4,6,7)

« Use Boolean algebra to find the minimal POS expression
for the function, G =T1,, ,(1,3,5,7)

© Mark Redekopp, All rights reserved



USC Viterbi

School of Engineering

LOGIC SIMPLIFICATION
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Design a Circuit

* Design a circuit to implement this truth
table

° I_ — X,y,z, + X!y’z + Xy,z,
+ H = (xry+2)(xty +2) (X +y+2)
(X +y+2)(x+y +Z)

P P P P O O O OfXx
P P O O P P O O]
R O P O P O P OfN
O O O Fr O O P+ r|T
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2 & 3 Variable Theorems

T8 | XY+XZ = X(Y+2) T8 | (X+Y)(X+Z) = X+YZ

T9 [ X+XY=X T9 | X(X+Y) =X

T10 | XY + XY’ =X T10’ | (X+Y)(X+Y’) = X

T11 [ XY+ XZ+YZ= T11’ | (X+Y)(X'+Z)(Y+Z) =
XY + XZ (X+Y)(X'+2)

© Mark Redekopp, All rights reserved
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Logic Simplification Tips

* Apply DeMorgan’s to get only literals

« Factor common subexpressions (use T8/T8’),
then see If anything reduces or find something of
the form of T9-T11 and apply those

— Remember, single variables in T8-T11 can represent
entire sub-expressions in an equation

— It may be helpful to use T8/T8’ to distribute and get
the expression in SOP or POS form

* Replicate terms if needed

© Mark Redekopp, All rights reserved
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Use Your Theorems

XY+XZ = X(Y+2) T8 | (X+Y)(X+Z)= X+YZ

e G = (A +D + C)(A+ C)T9 X+XY=X Y [X(X+Y)=X

T10 | XY+ XY =X T10’ | (X+Y)(X+Y')= X
T11 IXY+XZ+YZ= T11 | (X+Y)(X'+Z)(Y+Z)=
XY + XZ (X+Y)(X'+2)

« H=(ab)'c + bc’'d + abc

© Mark Redekopp, All rights reserved
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Use Your Theorems

XY+XZ = X(Y+2) T8 | (X+Y)(X+Z)= X+YZ
— T9 [X+XY=X T9 | X(X+Y)=X
« J=abc + abc + abc’ X
T10 | XY + XY =X T10' | (X+Y)(X+Y') = X
TIL |XY+XZ+YZ= TIT | (X+Y)(X+Z)(Y+2)=
XY + XZ (X+Y)(X'+2)

« K=ab'(c+ bc'd +de)(acd)

© Mark Redekopp, All rights reserved
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Use Your Theorems

XYAXZ=X(Y4Z)  |T8 |(X+Y)(X+Z) = X+YZ
F = (X+Y) + Z(Y+Z) + X(Z+Y) T9 |X+XY=X T | X(X+Y)=X
T10 [XY+XY' =X T10" | (X+Y)(X+Y') = X
TIL (XY +XZ+YZ= T | (X+Y)(X+Z)(Y+2) =
XY +XZ (X+Y)(X+Z)

© Mark Redekopp, All rights reserved
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This doesn’t look
like it can be
simplified further
but it can.

© Mark Redekopp, All rights reserved

Simplification

F=(X+Y) + Z(Y+Z) + X(Z+Y)

= X+Y + ZY+Z7 + XZ +XY
0
= X+Y + YZ+ XZ +XY

= X+Y(1 % X) + XZ
1

= X+Y + XZ

= (X+X)(X+2) +Y

(18 and T§’)
(T5 and T1)
(T8 and T2)

(T8 and T2)
(T8’)
(T5 and T1’)
(Associativity)
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Deriving minterms or maxterms by expanding SOP/POS

EXPANSION

© Mark Redekopp, All rights reserved
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EXxpansion
W X Y Z |F
o 0 0 0olo F:W'X+Wx'y
0O 0 0 1|0 o
o o 1 olo © Producttermwx=>
0 0 1 1]0 — Checks forw,x =0,1
g i g 2 i — What combinations does that cover?
0 1|1 0 |1 — WXY'Z + WXYyzZ+ WXyz + wWXyz
S e — 0100 + 0101 + 0110 + 0111
1 O O o0 |0
LU Product term wx'y =>
- 1|1 — Checks for w,x,y =1,0,1
11 0 010 — What combinations does that cover?
1 1 0 1 |0
1 1 1 0|0 — WXYZ' + WX'yz
1 1 1 1|0 — 1010 + 1011
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Expanding using T10

« We have said in an earlier problem:

— “You will get a Good grade if you go to Class and do your
Homework”

— G =CeH

— Does your grade depend on whether you like Pizza?
— No, but we could introduce that as a variable:

— G =CeHeP’ + CeHeP

 Recall
— T10: X=XY + XY
— T10%: X = (X+Y’)(X+Y)

 If a variable doesn’t influence the function we can simply
look for both combinations of that variable

© Mark Redekopp, All rights reserved
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Expanding Product/Sum Terms

« To add in k missing variables, take the current
product/sum terms and expand it to 2% terms...
— Keep the current literals from the original
— Add missing literals in all combinations of
true/complemented form
 Examples (Add in w and y variables):
— X7 =>
* WXYZ+WXYZ+WwWXYyz+wXyz
— X+272' =>
o (WHX+Y+Z)(WHX+Y +Z) (W HX+Y+Z) (W +X+Y +Z)

© Mark Redekopp, All rights reserved
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Expand this

« What combinations of the inputs do the
following functions cover (i.e. convert the
equations to a canonical sum/product)

- y=as'+bs

« F=Z'+wXxy

HHHHHI—‘I—‘I—‘OOOOOOOOE

R P P P O O O O FP PP PP PR OO O O|X
R P O O Fr P O O FP FRP O O PFRP R O O
R O P O FP O FP O FP O FPr O Fr O Fr OofN
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Analyze this

* What is this circuit doing?
X —n—|:x;—

" B

LD_L —) >-F
z D_
F = XY + Z(X+Y)

Feop = XY + XZ +YZ Foos = (X+Z)(Y+Z)(X+Y)

© Mark Redekopp, All rights reserved
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Circuit to Equations

« Start from the output and work your way back.
« Then convert equation to canonical sum or product

X ~J 0
! SIS
pp—— -I;—-)::E>° F
D_ —
F = (X+Y’)eZ + X'eYZ
Feop = XZ+Y'Z+ XYZ
=XZ(Y+Y’) + Y’Z(X+X) + X'YZ
Expand  =XYyz + XY'Z+XY'Z+XYZ+XYZ
terms:  =XYZ +XY'Z+ XY'Z+XYZ
=m; + mg + Mg+ My =2y,(1,2,57)

© Mark Redekopp, All rights reserved
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Converting to Canonical Sum

e 3 Steps:
1. Use distributive property of T8 to convert to SOP form

2. Thenuse T10 or T5 to add in missing variables (AND the term
with the desired variable OR’ed with its complement)

3. Redistribute using T8

w(X+yz) Original Expression

WX+WYyZ T8

wxe1e1 + weleyz T10
WX(y+y')(Z+Z')+w(x+x)yz T10

WXYZ +WXYZ' + WXY'Z + WXY'Z' + WeyZ + WX'yZ T8
Mys+ Myt Mg + M+ Myy Minterms in

Canonical Sum

© Mark Redekopp, All rights reserved
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Converting to Canonical Product

e 3 Steps:
1. Use distributive property T8’ to convert to POS form

2. Thenuse T10 or T5 to add in missing variables (OR the term
with the desired variable AND’ed with its complement)

3. Redistribute using T8

W(X+yz) Original Expression

W(X+y)(X+2) T8’
(w+0+0+0)(x+y+0+0)(x+z+0+0) T1
(WHXX'+YY +2Z')(X+Yy+WW'+ZZ')(X+Z+Ww'+yY’) T5

(WHX+HY+Z) (WHX+Y+Z') (WHX+Y'+Z) (WHX+Y'+2Z') (WX +y+Z) (WX +y+Z)) g
(WHX'+Y'+Z) (WHX'+Y'+Z') (WEXHYFZ) (W HX+Y+Z) (WEXEYHTT) (W HX+HY+Z')
(WAEXFTTFZ) (WHXFYFZ) (WtXFYFZ) (W +X+Y'+Z)
Maxterms in
Mo = My = My * Mg * M, * Mg * Mg * My = Mg = Mg = My Canonical Prod.

© Mark Redekopp, All rights reserved
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Single Variable Theorem (T1)

— ’
X+0 = X (T1) Xe1 =X (TT)
X Y |Z X Y |Z
0 (0140 Hold Y 0 00
0 1]1 constant N: 0
1 [0)]1 1 0|0
1 11 ™)1
OR AND
Whenever a variable is OR’ed with O, Whenever a variable is AND’ed with
the output will be the same as the 1, the output will be the same as the
variable... variable...
“0 OR Anything equals that “4 AND Anything equals that

anything” anything”

© Mark Redekopp, All rights reserved
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Single Variable Theorem (T2)

— )

X+1 =1 (T2) X+0 =0 (T2)
X Y|Z X Y |Z
0 00 Hold Y 0, [0J] 0
0 1 constant 0 110
1 0 1" (0]| 0
1 1 1 11
OR AND

Whenever a variable is OR’ed with 1, Whenever a variable is AND’ed with
the output will be 1... 0, the output will be 0...

“1 OR anything equals 1” “0 AND anything equals 0”

© Mark Redekopp, All rights reserved
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Application: Channel Selector

Given 4 input, digital music/sound channels and
4 output channels

Given individual “select” inputs that select 1
Input channel to be routed to 1 output channel

4 Input channels

011010101001101 ICHO R OCHO
101010110101010 ICH1 OCH1
....................... » Channel > 4 OUtpUt
1010010101011 ICH2 : Selector OCH2  channels
001010101001011 |CH3 R OCH3
ot 1] LT oupu
Channel E 03 % E E E g Channel
Select 9V VG 8 8 8 8 Select

© Mark Redekopp, All rights reserved
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Application: Steering Logic

* 4-input music channels (ICHXx)
— Select one input channel (use ISELX inputs)
— Route to one output channel (use OSELX inputs)

011010101001101 ICHO

OCHO

101010110101010 ICH1

OCH1

101001010101111 IcH2

OCH2

001010101001011 ICH3

vy
YU UU

OCH3

ISEL3 —|

ISELO
ISEL1
ISEL2

© Mark Redekopp, All rights reserved
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Application: Steering Logic

« 1stLevel of AND gates act as barriers only passing 1 channel

* OR gates combines 3 streams of 0’s with the 1 channel that got
passed (i.e. ICH1)

« 2" | evel of AND gates passes the channel to only the selected

output
Connection
ICHO ICH1
)_O OCHO
0
ICH1 ICH1
)_O OCH1
0
ICH2
ICH1
)_O OCH 2
0
ICH3 |[CH1- ICH1
;_ OCH3
F |T
AND: 011010 OR: 0100111 | AND:
1 AND ICHXx = ICHXx g%gg O+ICH1+0+0 g gy)g 1 AND ICH1 = ICH1
OAND ICHx =0 - T T T = |CH1 © 00O OAND ICH1 =0

© Mark Redekopp, All rights reserved
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Your Turn

* Build a circuit that takes 3 inputs: S, INO,
IN1 and outputs a single bit Y.

* |t's functions should be:
—1fS =0, Y =INO (INO passes to Y)
—1fS=1,Y =IN1 (IN1 passes to Y)

DY
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Application: TRUST Program

* The situation...
— U.S. military consumes 1% of all chips worldwide

— More and more chips are designed in the U.S. but fabricated in
other countries (Taiwan, Korea, etc.)

— Chip designs often use some IP (=Intellectual Property =
pre-designed circuit components from another vendor)
« The problem: Sabotage in the form of...
— Malicious changes to a design before fabrication
— Introduce flaws during the fabrication process
— Add additional logic that can be triggered at some later point in
time

« Solution: DARPA'’s Trust in IC’'s program

© Mark Redekopp, All rights reserved
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Application:

FAKE Counterfeiting has
become a big problem for

the U.S. military, and bogus
packaging could disguise

a questionable chip as a
legitimate one. ...& BAKE
Baking a chip for 24 hours
after fabrication could shorten
its life span from 15 years

to a scant 6 months.

ADD EXTRA TRANSISTORS
Adding just 1000 extra
transistors during either the
design or the fabrication process
could create a kill switch or

a trapdoor. Extra transistors
could enable access for a
hidden code that shuts off

all or part of the chip.

© Mark Redekopp, All rights reserved

| NICK THE WIRE
A notch in a few interconnects
would be almost impossible
to detect but would cause
eventual mechanical failure as
the wire became overloaded.

| ADD OR RECONNECT WIRING

During the layout process,
new circuit traces and wiring
can be added to the circuit.
A skilled engineer familiar
with the chip’s blueprints
could reconnect the wires
that connect transistors,
adding gates and hooking
them up using a process

called circuit editing.
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Solutions

* Design Changes

— Simulation

» Describe the circuit to a computer, indicate what input combinations to
plug in and let software CAD tools tell us what the output will be

* Problem: 2" combinations...too many

— Formal Verification
« Given two circuits, use theorems and other methods to formally prove

that two circuits are equivalent or not
« Fabrication Errors

— Reverse Engineer a circuit: shave off one layer of a chip at a time,
taking images of each layer and let a computer reconstruct a model
of the circuit; then compare it to original design

— Other more advanced techniques (X-ray imaging, etc.)

© Mark Redekopp, All rights reserved
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Unigue Representations

« Canonical => Same functions will have same representations

« Truth Tables along with Canonical Sums and Products specify a
function uniquely

« Equations/circuit schematics are NOT inherently canonical

Truth Canonical Canonical
Table Sum Product
Xy z|P
O 0 010
0 0 10 P=> (2357) P=]]..,(0146)
0 1 01 X2 X T
0 1 1|1 rows where P=1 rows where P=0
1 0 0|0
1 0 1)1 _ _ . .
Yields SOP equation, Yields POS equation,
i 1 (])- 2 AND-OR circuit OR-AND circuit

© Mark Redekopp, All rights reserved
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« Graph (binary tree)
representation of
logic function

e Vertex =
Variable/Decision

* Edge = Variable
value (T / F)

© Mark Redekopp, All rights reserved

—> True
------- > False

BDD for F
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Canonical Representations

« As long as variable mapping between 2 functions is
known then the following can be used as a
uniqgue/canonical representation [i.e. will be the
same for the 2 functions]

« Truth Tables P=>  (2357)
: o X,¥,2
— show output for all possible combinations
— ninputs => 2" rows, only good for < 5 var’s. D=

« Canonical Sums

— indicates where a function is 1 by listing the input Q= Za,b,c (2,3,5,7)
combinations (rows) where it equals 1

« Canonical Products Yes, If x=a, y=b, z=c

— Indicates where a function is 0 by listing the input
combinations (rows) where it equals O

« Binary Decision Diagrams

— Can be compact & are helpful to represent for
computer tools

© Mark Redekopp, All rights reserved



