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Abstract

LDV systems are linear systems with parameters that varying accord-
ing to a nonlinear dynamical system. This paper examines the robust
stability of such systems in the face of perturbations of the nonlinear sys-
tem. Three classes of perturbation are examined; differentiable functions,
Lipschitz continuous functions and continuous functions. It is found that
in the first two cases the system remain stable. Whereas, if the per-
turbation are among continuous functions, the closed-loop may not be
asymptotically stable, but, instead, is asymptotically bounded with the
diameter of the residual set bounded by a function that is continuous in
the size of the perturbation. It is also shown that in the case of differential
perturbations, the resulting optimal LDV controller is continuous in the
size of the perturbation. An example is presented that illustrates the con-
tinuity of the variation of the controller in the case of a non-structurally
stable dynamical system.

1 Introduction

Linear parametrically varying (LPV) systems have been the focus of extensive

research [8], [1], [14]. Essentially, a LPV system is a linear system with pa-
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rameters that may vary over some set. This paper examines the specific case
where the variation of the parameters is described by a given dynamical system.
Such systems are known as linear dynamically varying (LDV) systems and have
applications in nonlinear tracking. A LDV system can be decomposed into two
subsystems; a linear system and a nonlinear system, where the nonlinear sys-
tem drives the parameters of the linear system. While both linear quadratic [2]
and H* [3] controllers have been developed for LDV systems, some questions
regarding the robustness of the closed loop system remain unanswered. In the
case of time-invariant linear systems, robust stability refers to the stability in
the face of some uncertain parameter. While such concerns are valid for LDV
systems, they can be handled in much the same way as they are in the case of
time-invariant linear systems. However, stability in the face of uncertainty in
the nonlinear subsystem is a unique concern to LDV systems and is the subject
of this paper. Specifically, the variation of the parameters of the linear system
is given by nonlinear system 6 (k + 1) = f (6 (k)). It will be shown that a sta-
ble LDV system remains stable in the face of small perturbation of f. Three
cases are examined; where the perturbations are over C'functions, Lipschitz
continuous functions and C° functions. In the first two cases it is shown that
stability is maintained. In the case of continuous perturbations, it is not pos-
sible to guarantee asymptotic stability. Instead, it is shown that the system is
asymptotically bounded, i.e. the state of the linear system converges to a small
neighborhood of the origin.

A related issue is the variation of the optimal LDV controller due to vari-
ation of the dynamical system f. This issue is the structural stability of the
LDV controller. It will shown that the linear quadratic controller is structurally
stable. This type of stability has applications in the development of computa-

tional methods for LDV controllers. As discussed in [2], an efficient method to



compute the controller relies on making a small perturbation in the dynamical
system f and finding the controller for this perturbed system. The controller
for this nearby system is easily found. The question as to whether the controller
of nearby system is an approximation of the controller for the original system
is answered affirmatively in this paper.

The paper proceeds as follows: Section 2 formalizes LDV systems, briefly
reviews previous results necessary for this paper and state some required defini-
tions. Section 3 discusses conjugacy. Section 4 presents the main results of the
paper. Finally, Section 5 presents an example of a structurally unstable system

with a structurally stable LDV controller.

2 Background

An LDV system is defined as

z(k +1) = Agryz(k) + Boryu(k) 1)
Coimyx(k
2y = | G0 (k)
Dg(ryu(k)

0k +1) = f(O(k)) with 2(0) = 0, 0(0) =0,

where f : R — R" is a continuous map with f(S) = S, with S a compact
set, A : R" - R™™" B :R" - R™™ (C : R" - RP*" and D : R" —
RP*™ A continuous LDV is an LDV where the maps A, B, C' and D are
continuous. This paper only considers continuous LDV systems. The pair (A4, f)
is exponentially stable if system (1) is exponentially stable. That is, for u = 0
and 6, € S there exists an « (6,) < 1 and a 5 (6,) < oo such that if 6 (0) = 6,,
then ||z (k)| < B(6,)a(6,)" |z (0)]. Similarly, the pair (A, f) is uniformly
exponentially stable if the pair (A, f) is exponentially stable and « and 3 can be

chosen independent of 8 (0). The triple (A, B, f) is stabilizable if there exists a



bounded feedback F : S — R™*" such that (A + BF, f) is exponentially stable.
The triple (4, C, f) is uniformly detectable if there is a uniformly bounded map
H : S — R"P such that (A+ HC, f) is uniformly exponentially stable, that
is, there exists oy < 1 and 4 < oo such that [lz(k)|| < Ba® |z(0)|| where
z(k+1) = (Asr(o,) + Hyro,)Crprio,)) (k).

LDV systems naturally arise when controlling nonlinear dynamical systems.
Let f: R" x R™ — R", £(5,0) C S, f € C! and let S be compact. Consider

the nonlinear tracking problem

p(k+1) = f(p(k), u(k)), ¢(0) = o, (2)
O(k+1)=f(6(k),0), 6(0)=0,€S.
The objective is to find a control w such that ||¢(k) — (k)| — 0. In this context

O(k) is the desired trajectory and ¢ is the state of the system under control.
Define the tracking error z(k) = ¢(k) — 6(k). Then system (2) becomes

z(k+1) = f(p(k), u(k)) — f (0(F),0)) = (3)

Aoy (k) + Boryu(k) + ne (z (k) ,u (k)0 (k) @ (k) + 1u (z (k) ,u (k) 0 (k) u (k) ,

where (4g), ; = 54 (0,0), (Bo),; = 5 (0,0) and 1, (,u,0) 2 + n, (z,u,0) u
accounts for the high order terms. Since f € C!, if z and u are small, then
Ne(x,u,0) and n,(z,u,0) are small. Thus, when x and u are small, system
(3) is well approximated by system (1) with f(6) := f(0,0). In this case
the LDV is said to be induced by f. It was shown in [2] and [3] that if the
LDV system (1) induced by f with control u is uniformly exponentially stable,
then the nonlinear system (2), with control u, is locally uniformly exponentially
stable. By definition locally uniformly exponentially stable means that there
exist @ < 1, 8 < oo and 7y > 0 such that if ||z(0)] = [|¢(0) — 6 (0)|| < 7 then
llz(k)|| < Ba¥ ||z(0)|| where , B and 7 can be taken independent of the initial

condition 6,, i.e. uniformly in 8, and locally in . Thus, if the LDV system



induced by the nonlinear dynamically system f is LDV stabilizable, then the
LDV system (%, %, f) is stabilizable.

The following theorems are needed in the sequel:

Theorem 1  Suppose (A, C, f) is uniformly detectable. Then (A, f) is uni-
formly exponentially stable if and only if there exists a bounded function X :
S — R™™ with Xy = Xg > 0 such that Ay X ) Ag — Xog < —CyCy. Moreover,
a and B in the definition of uniformly exponentially stable can be chosen to de-

pend only on the bound on X and ag and By in the definition of detectability.
Proof.This is a simple extension of theorem 7.1 in [4]H

Theorem 2  Suppose (1) is a continuous LDV system. If (A, B, f) is stabi-
lizable, (A, C, f) is uniformly detectable and DyDg > 0 for 8 € S, then there
exists a bounded and continuous function X : S — R™*"™ with Xé =Xy >0 and

satisfying the functional discrete time algebraic Riccati equation
-1
Xy = AleXf(g)Ag + CéCe — AleXf(g)Bg (DéDg + BéXf(g)B(.)) BéXf(g)Ae (4)

The control

1
By X (o)) Aoz ()
(5)

urq(k) = Fypryz (k) = — (Dé(k)De(k) + Bé(k)Xf(e(k))Be(k))

is optimal in the sense that it minimizes the quadratic cost

oo

V(GO, u, J)O) = Z $(k)/0}k(00)0fk(90)$(k) + U(kﬁ)/D}k(go)ka(go)u(k‘).
k=0

Furthermore, this control uniformly exponentially stabilizes the system and x/, Xy x, =

ming, V(0,,u,x,).

Proof.See [2].1
Given a stabilizable map f, we will study maps close to f in the following

topologies:



Definition 1  Let f7f : R™ x R™ — R™ with f,f € C'. The C* topology is

generated by the metric

N : of of
dcl (f7 f) - zG]Ril,quER’” f(I,U) - f(I, U)H + mERil,lfeR"" %(Ia u) - al’(z7U)||
of of
R w (,u) = 5 (2,u)
where %(Jc,u) is the Jacobian matriz of f with respect to x and ||-|| is the lo

induced matriz norm.

Definition 2 Let f,f : R™ x R™ — R™, with f,f € LC, where LC denotes
the set of Lipschitz continuous functions. The LC topology is generated by the

metric

due (£9) = s[5 — e+ s fle) ~fiw ) (e~ fiw )|
z€R" , u€R™ Z:ggli:l \/”x _ y||2 4l — ’U||2

1€[1,n]

Definition 3  Let f,f :R™ x R™ — R™, with f,f € CY. The C° topology is

generated by the metric

deo (£.0) = sup || f@,w) = f (@)

zeR™ ueR™

Remark 1  The supremums in the last three definitions are over x € R™ and
u € R™. This can be eased to the supremum over N where N C R"™ x R™
is a tubular neighborhood of S x {0}. This modification has no effect on the
development that follows if N is large enough, i.e. forallz € S, sup,ep, |y — |

is large enough, where E, := {y € N : x := argmin,es ||y — v||}.

In the definition of system (1), the set S is invariant, i.e. f(S)= 5. As the

map f varies it is likely that S is no longer invariant. Indeed, it is possible that



arbitrarily small variations in the map f lead to drastic changes in invariant
sets. This is problematic since X, the solution to the Riccati equation (4), is
only defined on S where S is invariant. It is difficult to discuss the dependence
of X on f if as f varies the domain of X greatly varies. Thus we will restrict
our attention to variations in f such that S only varies slightly. That is, we will
require

d. (f, f) v H (5, S) <&, with £(S) = S, and f(s) -3 (6)
where H (-,-) is the Hausdorff metric, i.e.

H (S’,S’) ‘= max supinf{H@ — éH 0 e S}, supinf{HH — éH 10 € S} .
0es 0es

In the sequel it will be understood that S is an invariant set of f and S is an
invariant set of f .

Next we extend the feedback F' : S — R"*™ defined by equation (5) to all

of R™ by Fé = Fe(é)where
H(é)zargmin{HH—éH:GES}. (7)

The cost quadratic X can be extended to X in the same fashion. Note that
0 (é) is not necessarily well defined and X might not be continuous. How-
ever, by perhaps invoking the axiom of choice, one can properly define 6 (é)
-

is small. Finally, let X : S — R™ and

is small and é,@ e S uUS

Furthermore, X is continuous on S and if

with H (S, S’) small, then H)Z'é — X¢

X:8 R"™; define

ds,s} (X, X) ‘= max (sup HXg — Xé(g)‘

,sup | X4 —XH .
) 51 )

oe

Now, if f is a hyperbolic on S (see section 3), then H (S, S‘) is small

whenever dc (f, f) is small [7]. Furthermore, if f : S — S is hyperbolic on



S and S is a manifold (i.e. f is an Anosov diffeomorphism) and if des ( 1, f)
is small enough, f is hyperbolic on S and S is invariant. Therefore, if f is an
Anosov diffeomorphism, H (S, S) =0 and dS,S (X, X) =dco (X, X) On the
other hand, suppose that S is an attractor for f, that is for all ¢ € N (S), we
have limg_,o f* () C S, where A (S) is any small enough neighborhood of S.
Then it is a generic property for such diffeomorphisms that H (S, 5’) is small
whenever dgo ( /s f) is small [9], where S is an attractor for f. Hence, in these
three cases d1 ( 1 f) small implies H (S, S’) is small, and therefore condition
(6) is repetitious. Nonetheless, to maintain generality, condition (6) will be
assumed. On the other hand, for dynamical systems that are not structurally
stable, it is possible that H (S, S) -+ 0 as d¢ (f, f) — 0. Clearly, the LDV
controller is not structurally stable in these situations, therefore it is assumed

that f is such that d¢ (f, f) — 0 implies that H (S, S) — 0.

3 Conjugacy

Conjugacy provides an equivalence relationship between dynamical systems.
In this section C'and C° conjugacy are examined. It will be shown that C*
conjugacy preserves LDV stabilizability and the conjugacy maps can be used to
transform the controller. However, in the case of C° conjugacy, LDV stabiliz-
ability is not preserved. Since structural stability of dynamical systems implies
C° conjugacy with nearby systems [7], structural stability of the dynamical sys-
tem alone does not imply the structural stability of LDV stabilizaility or of the
LDV controller.

Let f be LDV stabilizable and let f and f be C! conjugate. That is, there

exists diffeomorphisms

g:R"=>R" ¢g(5)=29, and h:R™ —R™



such that f(0,u) = g~ (f (9.6, h.(w))). Define G (6) = 5% (6), H (6) = 3.

Since g and h are diffeomorphisms, G and H are invertible. Therefore the

following diagram commutes:

TS xR 4. TS
\: b
Sxrm L5
(G, H) (9.1) 7 91 G
Sxr™  H 8
T T
\LTéxrm M) opg

Thus, if (A, B, f) is the LDV system induced by f and (fl, B, f) is the LDV
system induced by f, then Ag(g) = Gg(g)AGG;(}Q), Bg(g) = Gg(g)BeH;(é). If F:
S — R™*™ uniformly exponentially stabilizes (A, B, f) then Fg(g) = HgFgG;(le)
uniformly exponentially stabilizes (A, B, f) Thus, LDV stabilizability is pre-
served under C'! conjugacy. Similarly, LDV uniformly detectability is preserved
under C! conjugacy.

Now, suppose (A4, B, f) is stabilizable, (A, C, f) is uniformly detectable,
DyDy > 0 for 0 € S, Cyp) = CoGp and Dy = DgHy'. Since f € O,
the LDV system induced by f is continuous and Theorem 2 implies that there
exists a continuous function X : S — R™*™ that solves equation (4). It is clear
that Xg(g) = (G;@)l XoG g9 solves the Riccati equation associated with the
LDV system (fl, B,C, D, f) Therefore, LDV systems and quadratic controllers
are well defined in a coordinate free approach. The topological and geometric
issues associated with LDV systems on a non-orientable or non-parallelizable
manifolds S are addressed in [6].

Now, if f is hyperbolic and f is C' close to f, then f is hyperbolic and

f is topologically conjugate to f (for exact result see [7]). However, f and



f are not necessarily C' conjugate. If hyperbolicity implied f and f are C!
conjugate, then LDV would clearly be structurally stable in the hyperbolic
case. Note that in the case of topological conjugacy, the nonlinear control
a(k) = h= (Foky (971 (¢(k)) — g~ (6 (k)))) might not exponentially stabilize

f . Consider, for example, a system with no input:

e =ge  5=|0g]

and the induced LDV system

x(k+1):%x(k). (8)

Under homeomorphisms ¢ (¢) = — (log (¢))” " and ¢! () = e~ %, the conju-

gate system becomes

/A 1 ~ ~
f(e)zl_élog(%)f), §=

and the induced LDV system is

1

i+l =|—
(1+é(k)1n2)

i), kD =F(0m). O

The above system is not uniformly exponentially stable because for every 5 < oo
and o < 1, |2 (k)| > Ba* ||z (0)]| for some k. Of course f*(#) — 0, just not
exponentially fast. Thus, f and f are topologically conjugate, yet (9) is LDV
stabilizable and (8) is not. Therefore, since hyperbolicity only leads to topo-
logical conjugacy, hyperbolicity will not help to prove the structural stability of
LDV stabilizability. We must rely on the fact that f and f are C'! close to infer

LDV stabilizability of f.

Remark 2 The example above illustrated the weakness of the LDV approach
compared to nonlinear methods. The LDV approach implies that f is not stable,

when, in fact, it is stable.



4 Structural Stability

In this section it will be shown that if f is near an LDV stabilizable f in the
C* topology and H (S, S) is small, then f is LDV stabilizable (proposition 1).
In fact, the LDV optimal quadratic cost varies continuously with dg: ( 1, f) +
H (S, S’) - that is the map (f,S) — X is continuous where X is the positive
semi-definite function which solves equation (4) (proposition 2). Furthermore,
if f is near f in the Lipschitz topology and H (S, 5‘) is small, then f is also
LDV stabilizable (proposition 3). Finally, if f is near f in the C° topology and
H (S, S’) is small, then an LDV controller may only stabilize f in the sense that

lim sup,, ||z(k)|| < €, where the control objective is z(k) — 0 (proposition 4).

Lemma 1  Let system (1) be a continuous LDV. If the pair (A, f) is uni-
formly exponentially stable, then there exists an € > 0 such that if doo(f, f) +
dco (A, A) +H (S7 S’) < g, then the pair (121, f) s uniformly exponentially sta-

ble. Furthermore, the a and B in the definition of uniform exponential stability

of (fl, f) can be taken to only depend on A, f and €.

Note, this lemma is only examining LDV systems and therefore does not
require that A = %.

Proof.Fix K D N (5), where K is compact and N (S) a tubular neigh-
borhood of S. Define £1 such that H (S’, S’) < g1 implies that S c K. Since
(A4, f) is uniformly exponentially stable, Theorem 2 implies that there exists a

continuous positive semi-definite function X such that for feK,

Aoy Xs(0(9))Ao(0) = Xo() = (10)

where 0 (é) is defined by (7). Since X is continuous, there exists a ¢ > 0 such

that |j¢ — 6] < & implies || X, — Xp|| < § where A = sup{A4y:60 € K}.

1
A1

Furthermore, since f is uniformly continuous over K, there exists a v > 0 such



that for 6,0 € K, and H9 — éH < 7, we have Hf(@) —f (é)

‘ < g. Therefore, if

dco (f, f) +H (S, S) < min (g,’y,sl) = g9, then for e S, we have

Jo(#(@) - (¢ ()] <
|o€#@) =7 @)+ 17 () = £ @)+ £ (0) =1 ()] <

and thus ”XQ(f(é)) fo(e(é))H < %A%H' Hence, if 8 € S and d¢o (A,A) <

)1
V-1

min (%%%,\/g, 1) =:6; and d (f, f) + H (S, S) < €9, then with a bit of

elementary manipulation it can be shown that

. . o R
AIéX9(f(é))Aé = Ang(H)AG + (AG - Ae) Xt (Ae — Aa)

. Y R .
— ApXy(6) (Ae - Ae) - (Ae - Ae) Xy(0)Ao + Ap (Xf(e) - Xf(f))) Ag
1
<X, —=1.
< Xoo) 5!
Set « =1 — m and 8 = ﬁzzim Since X is bounded and

continuous, S compact and X > 0, o and 8 are finite. Since Xy solves
equation (10), it is not hard to show (for example see [12]) that o < 1 and if
z(k+1) = Afk(éo)w(k), then ||x(k)| < Bak ||z(0)||. W

Proposition 1 Assume f € C! induces a stabilizable LDV system, that is,
there exists a continuous map F : S — R™*™ such that (A+ BF, f) is uni-
formly exponentially stable. Then there exists a § > 0 such that if dor (f, f) +
H (S’, S’) < 4, then f is LDV stabilizable and is stabilized by the feedback F.
Furthermore, with this feedback, the o, B and 7y in the definition of locally uni-
formly exponentially stability can be chosen to depend only on f, F and §. Thus

LDV stabilizability is a structurally stable.

~ 8 r ~ 8 7 ~ ~
Proof.Define A; = % (9,0) + o (9,0) Fy(j)- Then doy (A,A) <
Cden (f, f) where C is a constant that depends on F. Lemma 1 implies that
there exists an € > 0 such that if dgo(f, f) + dco (A, fl) + H (S, 3) < g, then



([1, f) is stable. Hence, there exists a § > 0 such that if do1 (f, f) +H (S, S’) <
4, then (g—g (é, 0) 7%5 (@0) ,f) is stabilizable. Lemma 1 further states that
the parameters of stability, o and S, only depend on A 4+ BF', f and . Since
¢ and A+ BF depend on F, and A and B are the partial derivative of f, we
conclude that o and 3 can be taken to only depend on f, F and .l

Thus, if the feedback F' stabilizes f, then F' also stabilizes any function
f near f in the C' topology. A natural question is, how good of a controller
is F'?7 For instance, if F' is the LDV quadratic controller for the LDV system
induced by f, how far is it from the LDV quadratic controller for f. That is,
are LDV quadratic controllers structurally stable? First, note that detectability

is a structurally stable property. That is:

Lemma 2  Assume that A,C and f are continuous and (A,C, f) is uni-
formly detectable. In this case there exists a § > 0, such that if deo ( f, f) +
deo (A,A) + deo (C, é) + H(S, S) < &, then (A,é, f) is uniformly de-
tectable. That is, there exists a Gq < 1 and fa < oo such that if deo (£, f) +
deo (A,A) +deo (C, é) v H (S, S) < &, then there exists a feedback I such
that ||€(k)|| < Bad% ||€(0)]] where £(k 4 1) = (21 + ié) (k). Furthermore, éy
and B4 only depend on A, C, f, and §.

Proof.The proof is nearly identical to the proof of Lemma 1.0

Proposition 2 Let f € C'. Assume that the LDV induced by f is stabilizable,
(A, C, f) is uniformly detectable and DyDg > 0 for all 8 € R™. Then for all
€ > 0, there exists a § > 0 such that if der (f, f) +dco (C, C’) +dco (D, ﬁ) +
H (S, S’) < 0, then ds,S (X, X) < €, where X 1is the positive semi-definite
solution to the Riccati equation (4) induced by (C,D, f) and X is the positive
semi-definite solution induced by (C’, D, f)

Proof.Let ¢ > 0. By Proposition 1, there exists «, 8 and ; such



that if des (f, f) + H(S, s) < & and 8, € 8, then ||& (k)| < Ba* || (0)]
where Z(k+1) = (flfk(éo) JrBefk(éo)Fe(fk(éo))) Z (k) and F is the optimal
LQ feedback gain for (A, B,C, D, f). Therefore, it is possible to show that if
den (f, f) +deo (C, (5) +deo (D, f)) v H (S, S) < 6, and

oo

7o Ko, w0 = min > #(K) Ch g, Cjea 2) + ulk) Do) Do, ulh)
k=0

subject to &(k + 1) = A \E(K) + B (g, ulk) ,

then HXQH < X, where X := 2L ((C'+ 51)2 + F? (D—|—51)2), C = maxgex ||Cyl,

1—a?

D := maxgex Dol , F := maxges [ £

Lemma 2 shows that if dgs (f, f) + dgo (C, C’) + H (S, S) < d9 then
(A, é’, f) is detectable with paramters & and B that do not depend only on §5,
C, and f.

Theorem 1 can then be applied to show that the closed-loop system
(fl + BI:_', f) is uniformly exponentially stable with stability parameters that

only depend on 41, d2, C, D and f. Therefore there eixsts a N < oo such that

#(V + 1) < |/ 35 = 12O, (1)

where % is given by & (k’ + 1) = (Afk(éo) + Bfk(éo)pfk(éo)> ;ﬁ(k‘)
Let 4y . denote the optimal control due to initial conditions 6,, x (0) for
the system with parameters (/1, B,C, D, f) Define “;a,x(o) similarly, but for

the system with parameters (A, B, C, D, f). Define

X
Uy := {u € 5[0, N] : ||u 2 < — } ,
N 2[ ] || H[O,N] %lanEKQ(DlgDO)

where ¢ (DyDyp) is the minimum singular value of DjyDy. Therefore, there is a
83 > 0 such that if des ( f, f) +deo (C, é) Fdeo (D, f)) v H (S, S) < 63, then
{a;mo) (k) 1 k< N} € Un. Note that Uy is compact since N < oo, where N

is such that equation (11) holds.



Let 2, (k+1) = Apeo,)Ta; (k+1) + Byrg,u(k), and define £, ;
similarly. Since N < oo, if we fix (4, B, f), u € Uy, 6, € S and z (0) with
[z (0)]] <1, then @y, (N +1) =2, 5 (N +1) is continuous in A, B, f and 8,
and since Uy, K and {z (0) : ||z (0)|| < 1} are compact, there exists a d4 > 0,
which can be taken independently of u, 6, and x (0) such that if dgo (f, f) +
deo (A, A) +deo (B,B) Y H (S, S) < &4, then

Therefore, if den ( f, f) Fdeo (c, é) Fdgo (D, i)) +H (S, S) < wmin (8o, 81,82, 83, 04),

Tup(a,) (N +1) =, 4, (N + 1)H V% (12)

and ||z (0)]] < 1, then equations (11) and (12) yield,

2
X ||z, o(0,) NV +1) =X ||z, o(0,) N +1) =35 5 (N+1)+35. 5 (N+1)
6,zq’ ° 6,zq’ ° 6,207 ¢ 6,297 ¢
B 2 2
X ||ge O(é)(N—'_l)_i'ﬁ’f o, N+ +X|d5. 5 (N+1) (13)
6,29’ \"° 6,29’ ° 0,207 ¢
!
2 (g, oy (V4D =y 5 (N4D)) 8y 5 (V4155
6,2q’ ° 6,29’ ¢ 0,207 ¢ 4
Likewise,
2
- €
- ) <E
X x“é,mo*e(e(’) (N-‘r 1) =7 (14)
Note that xﬂg,xo’e(éo) (N + 1) is the state after the non-optimal control ue(éo),x(o)
is applied; the optimal control is uz 2(0)°
Define
N
z(0)'Wy(u, N,0,)x(0) := Zx(k)C}k(au)ka(go)x(k) +u(k) D'y g,y D (0, ulk)
k=0
(15)

where z(k + 1) = Ak g, 2(k) + Byrp,yu(k) and x (0) = z (0).

Define i:(O)’Wf(ﬂ,N, 0,)2(0) similarly. Since N < oo, 2(0)'W; (u, N, 6) z(0) —
i‘(O)’WJ; (u,N, é) %(0) is continuous in (A,B,C’,f),f) and 6. Furthermore,

since Uy and K are compact, if ||z (0)]] < 1, there exists a d5 > 0 such that if




den (f, f) +deo (C, O) +deo (D,Jf)) +H (s, ) < &5, then

7 (u,N,éo) x(O)H < % for all w € Uy and 6, € S.

(16)

Let dCl (f, f) + dco (C, é) + dco (D,f)) + H (S, S) < min (52,54755).
Then, for ||z (0)|| < 1, inequalities (13) and (16) yield,

<O Wr (5 0 N0 (00)) 2O 42 ooy N+ (Xpsas(oan)) Za: (o) NV +1)

60,2(0)" uéo,m(o)’

Vi (ago,z(o)’ N, éo) z(0) —wg 5 (N+1) (szv+1(go)) T 45 (N+1)

o,2(0)""° b6o,2(0)""°

Similarly, (14) and (16) yield
z(0) Xéox (0) — z (0) Xa(éo)x (0) <e.

Therefore, if ||z (0)[| < 1, then sup;_g ‘x(O)X (0 (éo)) z(0) — z(0)X ((90) :U(O)‘ <
€. Similarly, it can be shown that supge g ‘x(O)X (0) z(0) — z(0)X (é (0)) :U(O)‘ <
€, and thus dS,S (X,X) <ell

Next we weaken the assumptions in Proposition 1. First, we examine the
case where f € LC with dp¢ (f, f) < g, and find that the above results still
hold. Then the case where f € C° with d¢o ( 1 f) < ¢ is examined. It is
shown that such system can be made stable, but not necessarily asymptotically

stable.

Proposition 3 Let f € C' induce a stabilizable LDV. Then there exists an
e > 0 such that if f € LC and dpo ( 1, f) T H (S, S) < 5, then the LDV

controller induced by f locally uniformly exponentially stabilizes f .



Proof.Since f € C*, defining the tracking error # (k) = ¢(k+1) —

0 (k + 1), we see that error dynamics are given by

Pk +1) =0 (k+1) = f(o(k),a(k) - f (9(76)’ 0) (17)
Aji(5,) 8 (k) + B g,ya(k) + n(@(k), a(k), (k)

+ (fetk) atk) - F (8(k),0) = (k) atk) £ (6(k)))) |

where n(2(k), @(k),8(k)) accounts for the nonlinear parts neglected in linear
approximation. By Lemma 1 it is clear that if dic ( f, f) +H (S, S) is small

enough, the LDV system (fl + BF , f) is uniformly exponetially stable. It can

be shown (see [2]) that 5(z, u, §) can be decomposed as

n(x,u,0) = n(z,u,0)x + ny(x,u, 0)u

and that

N (T, u, é) + nu(x,u,é)Fe(é)H — 0 as z,u — 0. Define p (z, Fyz,0) €

R"™ Xn+m by

(fi(x+6‘7F9$)_fi(evo)_(fi(m+97F9m)_fi (9,0))) T for j <n

p(z, Fox,0),; ; ==

Thus,

o Fagaye) = J (w0, Fy(ayw) =F (0,0)=(7 (2 + 0, Fygaye) = 1 (9))
(18)
p (x,Fe(é)zﬁA)H < /ndrc (f, f) Therefore, we see that (17)

can be written as a uniformly exponetially stable linear system, with a pertu-

and sup|g) <,

bation that can be bounded by a O (172) function. It is well know that such
systems are asymptoically stable. [13]).H
If we only restrict deco ( 1 f) < € then asymptotic stability cannot be

guaranteed. For example, consider the dynamical system f (¢, u) = 2¢. Then f

" 10(0) = 6(0)).

is globally uniformly exponentially stable with |p(k) — (k)| < &

2 2 :
]| + (| Foz| (Fox);_,, forn<j<n+m



Define f(go,u) = %cp + esin (f% Then dgo ( ) < ¢ and f has three fixed
points corresponding to the solutions of sin (f%) = 2%. Hence, +¢ are stable
fixed points and zero is an unstable fixed point. Thus, if ¢ > 0 and § < 0,
then |p(k) — 0(k)| - 0. However, limsup |o(k) — 6(k)| < 2. Therefore, f
is stable, but not asymptotically stable, instead asymptotically ¢ (k) — 6 (k)
approaches a small set around zero. This form of stability is often referred to as

asymptotically bounded and the attractive set that ¢ (k) — 6 (k) enters is called

a residual set.

Proposition 4 Let f € C' be LDV stabilizable via the feedback F. Then there
exists an € > 0 such that if dco (f, f) +H (S, 5’) < g, then the feedback I makes

f asymptotically bounded, with the diameter of the residual set continuous in

g.

Proof.Since (A + BF, f) is uniformly exponentially stable, Lemma 1 im-
plies that there exists an € > 0 such that (A + BF, f) is uniformly exponen-
tially stable if dco (f, f) + H (S, S) < &, where Fé = Fg(é). Consider the

system

z(k+1) (19)

= £ (k) + £ (00) . By u o,y () = £ (£ (60),0)

= (Afwo) + Bfwo)Fe(f(en))) z (k)

10 (2 R) By o) ()5 5 (00)) 0 (k) (2 (R) s Fy g oy (B) % (00)) B,y (R)-
where 7, and 7, account for the error due to linearization. Since (A + BF, f)

is uniformly exponentially stable, Lemma 1, ||, || and ||n,|| — 0 and = and u go

to zero, and the fact that uniformly exponentially stable linear system remain

stable under small gain perturbation, we conclude that the nonlinear system



(19 ) is locally uniformly stable. Now, consider the system

AsY
—~
Sy
N~—
|
>
—
Bl
N
~—
~—
|
~
~~
—~
By
S~—"
jen)

=f (@(k% Fo(am) (

)

0
+ (F (200 Fygauy (200) = 808)) ) = £ (800),0) =1 (k). o) (#00) = 6)) ) = 1 (9(8),0) )

We see that (20) is a locally uniformly stable nonlinear system with a extraanous
noise input. It is not difficult to show that such systems are asymptotically

bounded W

Remark 3  Typically one assumes that control methods of nonlinear maps
based on linear approximation are only applicable to differentiable maps. How-

ever, the last two propositions show that this assumption is not necessary.

5 Structural Stability of the Optimal LDV Con-
troller of the Hénon Map

The Hénon map is defined as

1— (a+u(k)) (1 (k) + g2 ()
by (k)

plk+1)=

The LDV approximation of this system is:

z(k+1)= ~2ab, (k) 1 x (k)+ (o1 (k) wk),  O(k+1)=f(0(k),0).
b 0 0

The Hénon map has been studied for a wide variety of parameters. It was first
introduced with @ = 1.4 and b = 0.3 [5]. With these parameters it is not yet
known if this system is chaotic. However, computer simulations show that the
system has an attractor. An LDV controller for the Hénon map was found

in [2]. Since the Hénon map has an attractor [11], one can expect that the



)

N
log ((I@’@(X,XA)) Y °

0F o © o °

Figure 1: Optimal quadratic cost versus system perturbation

attractor does not change for small perturbation of the parameters [9]. In this
case, Proposition 2 implies that the optimal controller should not change too
drastically for small changes in the parameters if the attractor does not change
to much. However, the Hénon map is not structurally stable. For example, if
a = 1.392 and b = 0.3, then the attractor S is non-trivial with aperiodic orbits
and the map appears to be chaotic. However, there are parameters a arbitrarily
close to 1.392 such that the attractor is simply an infinite set of periodic orbits
[10]. Thus, for arbitrarily small changes in the parameters, the dynamics of
the system drastically change. However, according the results presented here,
for small changes in the parameters, the closed loop system will remain stable
and the optimal controller should only slightly vary. Figure 1 confirms this fact
and shows log (dcl (f, f) + H (S, 5')) versus log (ds,S (X, X)) where X is
the solution to the functional algebraic Riccati equation (4) with ¢ = 1.4 and

b=10.3 and X is the solution for other values of a and b.



6 Conclusion

It has been shown that LDV systems are well behaved under small pertur-
bations of the nonlinear subsystem. In particular, for C' or Lipschitz pertur-
bations, a stabilized system remains stable. For continuous perturbations, the
system merely remains ultimately bounded. However, the size of the residual set
is continuous in the perturbation. Therefore, it is not required to have perfect
knowledge of the nonlinear system when designing the controller. Indeed, the
actual system may not even be differentiable and yet methods based on linear
approximation will be successful. An important result is that in the case of
C" perturbations the optimal LDV controller is continuous in the perturbation.
This feature of LDV controllers is utilized in efficient schemes to compute the

solution to the functional algebraic Riccati equation [2].
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