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Abstract

An updated version of these notes is at:
https://ee.usc.edu/stochastic-nets/docs/network-optimization-notes.pdf]

These notes provide a tutorial treatment of topics of Pareto optimality, Lagrange multipliers, and computational algorithms
for multiobjective optimization, with emphasis on applications to data networks. Problems with two objectives are considered
first, called bicriteria optimization problems (treated in Sections [ and [[I). The main concepts of bicriteria optimization naturally
extend to problems with more than two objectives, called multicriteria optimization problems. Multicriteria problems can be more
complex than bicriteria problems, and often cannot be solved without the aid of a computer. Efficient computational methods
exist for problems that have a convex structure. Convexity is formally defined in Section Section [V] describes a general class
of multicriteria problems with a convex structure, called convex programs. A drift-plus-penalty algorithm is developed in Section
as a computational procedure for solving convex programs. The drift-plus-penalty algorithm extends as an online control
technique for optimizing time averages of system objectives, even when the underlying system does not have a convex structure.
An enhanced algorithm with faster convergence time is also described. Section focuses on application of drift-plus-penalty
theory to multi-hop networks, including problems of network utility maximization and power-aware routing. Exercises are provided
to reinforce the theory and the applications.

HOW TO REFERENCE THESE NOTES

Sections [I[{V] present material on optimization and Lagrange multipliers that may be newly presented in this manner, but that
is well known and/or easily derived from basic definitions (see also [1][2]). Sections present more advanced material
on drift-plus-penalty theory for convex programs and data networks. Readers who want to cite this material should cite the
related published works [3[][4][5].

I. BICRITERIA OPTIMIZATION

Consider a system that has a collection M of different operating modes, where M is an abstract (possibly infinite) set that
contains at least one element. Each operating mode m € M determines a two-dimensional vector (z(m),y(m)), where x(m)
and y(m) represent distinct system objectives of interest. Suppose it is desirable to keep both objectives x(m) and y(m) as
small as possible. We want to find a mode m € M that “minimizes both” z(m) and y(m). Of course, it may not be possible
to simultaneously minimize both objectives. This tension motivates the study of bicriteria optimization.

Example 1.1. (Distance-aware and energy-aware routing) Consider the problem of finding the best route to use for sending
a single message over a network. The network has multiple nodes, multiple links that are represented by ordered pairs (3, j)
for nodes i and j, a single source node s, and a single destination (or “termination”) node t. Let M represent the set of
all available routes, where each route m € M is itself an ordered set of links (i,7) that specify a path from source s to
destination t over the network:

m = {(io(m),i1(m)), (ix(m), i2(m)), .-.; (in(m)—1(m), in(m) (m)) }

where h(m) is the number of hops for route m; ig(m) = s is the source node; ip(,,)(m) = t is the destination node. Suppose
each link (i,7) in the network has a link distance d;; and a link energy expenditure e;;. For each route m € M, let x(m) be
the total distance of the route, and let y(m) be the total energy used. Thus,

y(m) = Z Cij

(i,5)em
It is desirable to choose a route m € M that keeps both objectives x(m) and y(m) small.

Example 1.2. (Power allocation over one wireless link) Consider the problem of transmitting over a single wireless link. Let
p be a variable that represents the amount of power used, and suppose this variable must be chosen over an interval [0, Dz ]
Sfor some positive maximum power level pp,q... The power used determines the transmission rate p(p) = log(1l + p). The goal
is to operate the system while minimizing power and maximizing transmission rate. Define set M as the interval [0, pymaz)-
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For each p € M, define x(p) = p as the power used and y(p) = —u(p) as —1 times the transmission rate achieved (so that
minimizing y(p) is the same as maximizing p(p)). We want to choose p € M to keep both objectives x(p) and y(p) small.

Example 1.3. (Rate and power over a 3-user wireless system) Consider a wireless device that transmits to three different users
over orthogonal links. The device must choose a power vector (p1,p2,p3) € R® that satisfies the following constraints:

P1+P2+p3 é Pmax (l)
pi > 0Vie{1,2,3} )

where ppqa. is a positive real number that constrains the sum power usage. For each i € {1,2,3}, let u;(p;) = log(1+ v:pi)
be the transmission rate achieved over link i as a function of the power variable p;, where y; is some known attenuation
coefficient for link i. Define M as the set of all (p1,p2,p3) € R? that satisfy the constraints (I)-@). Define

x(p1,p2,p3) = p1+Dp2 +p3
y(p1,p2,p3) = —[p1(p1) + p2(p2) + ps(ps)]

Thus, x(p1, p2, ps3) represents the sum power used, while y(p1,p2,p3) is —1 times the sum rate over all three links. The goal
is to choose (p1,p2,p3) € M to keep both x(p1,ps2,p3) and y(p1,ps, ps) small.

Example L4. (Network utility maximization) Consider the same 3-link wireless system as Example [[.3] However, suppose we
do not care about power expenditure. Rather, we care about:
o Maximizing the sum rate pi(p1) + p2(p2) + ps(ps3).
o Maximizing the proportionally fair utility metric log(u1(p1)) +1log(ua(p2)) +log(us(ps)). This is a commonly used notion
of fairness for rate allocation over multiple users.
Again let M be the set of all vectors (p1,p2,p3) € R? that satisfy (1)-@). Define

x(p1,p2,p3) = —[u1(p1) + p2(p2) + p13(p3)]
y(p1,p2,p3) = —[log(u1(p1)) + log(p2(p2)) + log(ps(ps))]

so that x(p1,p2,ps3) is —1 times the sum rate, and y(p1, p2, p3) is —1 times the proportionally fair utility metric. The goal is
to choose (p1,p2,p3) € M to minimize both x(p1,p2,p3) and y(p1, p2, P3).

Example emphasizes that the set M can have any size and structure that we want, and its elements can be any type of
object that we want (in that example, M is a finite set of possible routes). Examples [[.2H[.4] show that the set M can be an
infinite set of vectors (p1, p2, p3). Examples also show how a bicriteria optimization problem that seeks to maximize one
objective while minimizing another, or that seeks to maximize both objectives, can be transformed into a bicriteria minimization
problem by multiplying the appropriate objectives by —1. Hence, without loss of generality, it suffices to assume the system
controller wants both components of the vector of objectives (x,y) to be small.

A. Pareto optimality

Define A as the set of all (z,y) vectors in R? that are achievable via system modes m € M:
A= {(z(m),y(m)) € R? : m € M}

Every (z,y) pair in A is a feasible operating point. Once the set A is known, system optimality can be understood in terms
of selecting a desirable 2-dimensional vector (z,y) in the set .A. With this approach, the study of optimality does not require
knowledge of the physical tasks the system must perform for each mode of operation in M. This is useful because it allows
many different types of problems to be treated with a common mathematical framework.

The set A can have an arbitrary structure. It can be finite, infinite, closed, open, neither closed nor open, and so on. Assume
the system controller wants to find an operating point (z,y) € A for which both x and y are small.

Definition I.1. A vector (z,y) € A is preferred over (or dominates) another vector (w, z) € A, written (z,y) < (w, z), if the
following two inequalities hold

e z < W

e y<z
and if at least one of the inequalities is strict (so that either x < w or y < z).

Definition L.2. A vector (z*,y*) € A is Pareto optimal if there is no vector (x,y) € A that satisfies (x,y) < (z*,y*).

ISee [6] for a development of proportionally fair utility and its relation to the log(p) function, see also Exercise The constraints () avoid the
singularity of the log(u) function at 0, so that log(u1(p1)) + log(p2(p2)) + log(us(p3)) is indeed a real number whenever (p1, p2, p3) satisfies (I)-(2).
An alternative is to use constraints p; > 0 (which allow zero power in some channels), but to modify the utility function from log(x) to (1/b)log(1 + bu)
for some constant b > 0.
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A set can have many Pareto optimal points. An example set A and its Pareto optimal points are shown in Fig. [T} For each
vector (a,b) € R?, define S(a, b) as the set of all points (x,y) that satisfy z < a and y < b:

S(a,b) = {(x,y) € R* : v < a,y < b}

Pictorially, the set S(a, b) is an infinite square in the 2-dimesional plane with upper-right vertex at (a,b) (see Fig.[I). If (a, b) is
a point in A, any other vector in A that is preferred over (a, b) must lie in the set S(a, b). If there are no points in AN S(a,b)
other than (a, b) itself, then (a,b) is Pareto optimal.

Set 4

Pareto optimal
points

Fig. 1. An example set A (in orange) that contains an irregular-shaped connected component and 7 additional isolated points. The Pareto optimal points on
the connected component are colored in green, and the two Pareto optimal isolated points are circled. The rectangle set S(a, b) is illustrated for a particular
Pareto optimal point (a, b). Note that (a, b) is Pareto optimal because S(a, b) intersects A only at the point (a, ).

B. Degenerate cases and the compact assumption

In some cases the set A will have no Pareto optimal points. For example, suppose A is the entire set R2. If we choose
any point (z,y) € R?, there is always another point (z — 1,3) € R? that is preferred. Further, it can be shown that if A is
an open subset of R2, then it has no Pareto optimal points (see Exercise . To avoid these degenerate situations, it is
often useful to impose the further condition that the set A is both closed and bounded. A closed and bounded subset of RY
is called a compact set. If A is a finite set then it is necessarily compact.

It can be shown that if A is a nonempty compact set, then:

1) It has Pareto optimal points.

2) For every point (a,b) € A that is not Pareto optimal, there is a Pareto optimal point that is preferred over (a,b).

See Exercise for a proof of the above two claims. Therefore, when A is compact, we can restrict attention to choosing
an operating point (xz,y) that is Pareto optimal.

II. OPTIMIZATION WITH ONE CONSTRAINT

Let A C R? be a set of all feasible (x,%) operating points. Assume the system controller wants to make both components
of the vector (z,y) small. One way to approach this problem is to minimize y subject to the constraint z < ¢, where c is a
given real number. To this end, fix a constant ¢ € R and consider the following constrained optimization problem:

Minimize: Y 3)
Subject to: r<c 4
(z,y) € A Q)

The variables x and y are the optimization variables in the above problem, while the constant c is assumed to be a given and
fixed parameter. The above problem is feasible if there exists an (x,y) € R? that satisfies both constraints (@)-(3). We identify
this problem as “Problem (3)-(3)”" which means it is the problem defined by (3), @), @) (that is, “(3) through (3)).

Definition IL.1. A point (x*,y*) is a solution fo the optimization problem (3)-@) if the following two conditions hold:

o (x*,y*) satisfies both constraints @)-().

o y* <y for all points (z,y) that satisfy @)-{).

It is possible for the problem (3)-(3) to have more than one optimal solution. It is also possible to have no optimal solution,
even if the problem is feasible. This happens when there is an infinite sequence of points {(Z,,y,)}52 that satisfy the
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constraints @)-() with strictly decreasing values of v, but for which the limiting value of y,, cannot be achieved (see
Exercise [[X-B.2). This can only happen if the set A is not compact. On the other hand, it can be shown that if 4 is a compact
set, then the problem (3)-(3) has an optimal solution whenever it is feasible.

A. The tradeoff function

The problem (B)-(3) uses a parameter ¢ in the inequality constraint @). If the problem (G)-() is feasible for some given
parameter c, then it is also feasible for every parameter ¢’ that satisfies ¢’ > c. Thus, the set of all values ¢ for which the
problem is feasible forms an interval of the real number line of the form either (cuin,00) O [Cpin,00). Call this set the
feasibility interval. The value c¢,,;, is the infimum of the set of all real numbers in the feasibility interval. For each c in the
feasibility interval, define () as the infimum value of the objective function in problem (G)-(5) with parameter c. In particular,
if (z*,y*) is an optimal solution to (3)-(5) with parameter ¢, then ¢)(c) = y*. If A is a compact set, it can be shown that the
feasibility interval has the form [¢;,,00) and that problem (B)-(3) has an optimal solution for all ¢ € [¢pn, 00).

The function v(c) is called the tradeoff function. The tradeoff function establishes the tradeoffs associated with choosing
larger or smaller values of the constraint c. Intuitively, it is clear that increasing the value of ¢ imposes less stringent constraints
on the problem, which allows for improved values of ¢(c). This is formalized in the next lemma.

A

b(c)

n—-—————_————_——————

1
1
1 ]
1 1
] 1
: :
o] C, C3 C

min
Fig. 2. The set A from Fig. with its (non-increasing) tradeoff function v(c) drawn in green. Note that (c) is discontinuous at points c1, c2, c3.

Lemma IL.1. The tradeoff function 1)(c) is non-increasing over the feasibility interval.

Proof. For simplicity assume A is compact. Consider two values ¢; and c¢g in the interval [¢;in,00), and assume ¢; < co.
We want to show that ¥(c1) > (c2). Let (zF,y}) and (x5, y3) be optimal solutions of (B)-(3) corresponding to parameters
¢ = c1 and ¢ = cy, respectively. Then:

yi = v¥(e1)

Yz = ¥(c2)

By definition of (3, y3) being optimal for the problem with parameter ¢ = co, we know that for any vector (x,y) € A that
satisfies x < ¢y, we have:

Y3 <y (©)
On the other hand, we know (x7,y7) is a point in A that satisfies 27 < ¢; < o, so (@) gives:

Y3 < i
Substituting y; = 1(c1) and y5 = 1(c2) gives the result. O

Note that the tradeoff function 1) (c) is not necessarily continuous (see Fig. . It can be shown that it is continuous when
the set A is compact and has a convexity property|| Convexity is defined in Section

%In particular, ¥(c) is both continuous and convex over ¢ € [¢min, 00) whenever A is compact and convex. Definitions of convex set and convex function
are provided in Section [[V]
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The tradeoff curve is defined as the set of all points (¢, (c)) for ¢ in the feasibility interval. Exercise [[X-A.9| shows that
every Pareto optimal point (z(P), (")) of A is a point on the tradeoff curve, so that ¢ (z()) = y(®),

B. Lagrange multipliers for optimization over (z,y) € A

The constrained optimization problem (3)-(3) may be difficult to solve because of the inequality constraint {@). Consider the
following related problem, defined in terms of a real number p > O:

Minimize:  y 4+ px @)
Subject to:  (x,y) € A (3)

The problem (7)-(8) is called the unconstrained optimization problem because it has no inequality constraint. Of course, it
still has the set constraint (8). The constant p is called a Lagrange multiplier. It acts as a weight that determines the relative
importance of making the = component small when minimizing the objective function (7). Note that if (z*,y*) is a solution
to the unconstrained optimization problem (7)-(8) for a particular value y, then:

v+ pxt <y+px forall (xz,y) € A )

In particular, all points of the set A are on or above the line consisting of points (z,y) that satisfy y + px = y* + pa*. This
line has slope —u and touches the set .4 at the point (z ) (see Fig. 3 '

4 slope =- t slope=-u
H
(a)

/

(%, v,*)
(b)

Fig. 3. (a) An example set /A and multiplier p. The pomt *, y*) is the single minimizer of y + px over (x,y) € A. (b) The same set A with a different
multiplier p. Points (x},y]) and (3, y3) both minimize y 4 px over (x,y) € A. The set  shown in the figure contains “hidden Pareto optimal points”
that cannot be found via global minimization of « + py over (z,y) € A, regardless of the value of .

The next theorem shows that if a point (z*, y*) solves the unconstrained problem (7)-(8) for a particular parameter p > 0,
then it must also solve the constrained problem (3)-(3) for a particular choice of the ¢ value, namely, ¢ = z*.

Theorem IL1. If (z*,y*) solves the unconstrained problem ([1)-(8), then:
a) If u > 0, then (z*,y*) also solves the following optimization problem (where (x,y) are the optimization variables and

* is treated as a given constant):

Minimize: y (10
Subject to: r<z* (11
(z,y) € A (12)

b) If u > 0, then (x*,y*) is Pareto optimal in A.

Proof. To prove part (a), suppose (x*, y*) solves the unconstrained problem (7)-(8). Then (z*,y*) also satisfies the constraints
of problem (10)-(12). Indeed, the constraint (TT)) is trivially satisfied by the vector (z*,y*) because the first variable of this
vector is less than or equal to z* (that is, 2* < x* is a trivially true inequality). Further, vector (z*,y*) also satisfies (12)
because this constraint is the same as (8). Next, we want to show that (z*,y*) is a solution to (T0)-(T2). Let (z,y) be any
other vector that satisfies (IT)-(T2). It suffices to show that y* < y. Since (z,y) € A we have from (©):

Yy tpxt < y+px
< y+pat
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where the final inequality follows from (TI)) together with the fact that 1 > 0. Simplifying the above inequality gives y* < y.
This proves part (a). The proof of part (b) is left as an exercise (see Exercises [[X-A.10] and [X-A.TI). O

In summary, the above theorem implies that solving the unconstrained problem (7)-(8) for various values of i > 0 generates
points (z*,y*) on the tradeoff curve, and generates Pareto optimal points whenever p > 0.

The theorem can be illuminated by the following intuitive example. Suppose we want to find a point (z,y) € A to minimize
y subject to z < 5.3. Imagine that we have a computer program that takes an input parameter x> 0 and outputs a particular
solution (x,,¥y,) to the unconstrained problem of minimizing y + px over (z,y) € A. Suppose we run the program with input
parameter y = 1, and the program outputs (zp,y,) = (7.3,19.4). The above theorem implies that the vector (7.3,19.4) is the
solution to the problem of finding (z,y) € A to minimize y subject to x < 7.3. Unfortunately, this is not the desired problem,
and the resulting vector (7.3,19.4) does not satisfy the desired constraint z < 5.3. We need to work harder to satisfy the
desired constraint. So we decide to increase the Lagrange multiplier from 1 to 5 and try again. Suppose that plugging u =5
into the program generates output (x,,y,) = (4.1, 28.3). Then, (4.1, 28.3) is the solution to the problem of finding (z,y) € A
to minimize y subject to x < 4.1. While the vector (4.1,28.3) satisfies our desired constraint x < 5.3, it might be overly
conservative. We can look for solutions that reduce the y value below 28.3 by decreasing the Lagrange multiplier p to some
value lower than 5 but higher than 1. It is reasonable to try again with p = 3. If we are very lucky, the resulting output will
have an z-value exactly equal to 5.3, in which case we are assured this is an exact solution to the desired problem. Otherwise,
we can increase or decrease the Lagrange multiplier ;o accordingly and keep going.

The above paragraph describes an intuitive procedure for changing the Lagrange multiplier x4 to push towards a desired
constraint. It was implicitly assumed that increasing p places more importance on constraint minimization and hence produces
solutions (x,y) with = values that are either the same or smaller. This turns out to be true, and a precise statement and proof
of this fact are worked out in Exercise There are some remaining ambiguities in the above discussion. Specifically,

o How should we choose the initial value of p?

o By how much should we increase or decrease p at each step?

o Does the above procedure always “converge” to an answer, in the sense that the z-value gets closer and closer to the
desired constraint? If so, how many steps do we need to get close to the desired answer?

Of course, the answer to the third question is “no”: The above procedure does not always converge to an answer (z,y) € A
that meets the desired constraint with equality. Indeed, there may not even exist a point in the set A with an z-value that
is close to the desired constraint. For example, suppose .A consists only of points (x,y) that take integer values, while the
desired constraint is « < 5.3. Furthermore, even if there is a point (z,y) € A that meets the desired constraint with equality,
it might be impossible to find this point via the above procedure. It is not always possible to find all points (¢, (c)) on
the tradeoff curve by solving the unconstrained optimization problem (7)-(8) for some value pu > 0. Specifically, there may
be some “hidden” points (¢, 1(c)) that are not solutions to (7)-(B) for any value of the Lagrange multiplier p > 0 (see Fig.
[Bb). If the set A is compact and has a convexity property (defined in Section [[V), it can be shown that for every c such that
¢ > Cmin, there exists a Lagrange multiplier ¢ > 0 under which (¢, (c)) is a solution to the unconstrained problem (7)-(8)
(see Appendix B). A Lagrange multiplier also often exists when ¢ = ¢;;,;,, but there are some counter-examples in this case
(see Appendix B).

On the positive side, there are many constrained optimization problems for which Theorem can be used to find either
exact analytical solutions or numerical approximations. Consider the following two special cases:

1) Analytical solutions: Suppose we can analytically compute a solution (z*(u), y* (1)) to the unconstrained problem (7)-(8)
for each p > 0. That is, we determine =* () and y* () as known functions of u. Then for each ¢ € [¢pin, 00), We obtain
¥(c) by finding a value p. > 0 that satisfies the equation z*(u.) = ¢ (assuming this equation can be satisfied). Such a
value p. yields ¥(c) = y*(u.). For example, suppose the desired constraint is < 5.3 (so ¢ = 5.3), and suppose we
analytically determine that z*(u) = 16 — 3u. Solving the equation 16 — 3y = 5.3 gives u. = 10.7/3. The optimum point
is then (2" (e), y* (pe)) = (5.3,y7(10.7/3)).

2) Bisection search: Suppose our computation of (7)-(8) generates points (z*(p),y* (1)) for which z*(u) is continuous in
the p parameter. If we can bracket the desired constraint ¢ by non-negative values i, and fmaz, SO that 2* (umin) <
¢ < *(tmaz), then a simple bisection procedure can be used to quickly find a value p that satisfies z*(u) =~ ¢, so
that y*(u) ~ v (c). Bisection reduces the size of the search interval [fmin, tmaz] Dy @ factor of two at each step, so
convergence is exponentially fastﬂ

3Strictly speaking, while the ft;in and fimaz values converge exponentially fast to a common value p*, one requires the functions z* (1) and y* (i)
to satisfy a stronger form of continuity, called Lipschitz continuity, in order to ensure that exponential convergence of p to p* translates to exponential
convergence of (z*(u),y*(u)) to the optimal solution (x* (u*), y*(u*)).
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C. Lagrange multipliers for optimization over (x1,...,xn) € X
Let N be a positive integer. Let z = (z1,...,2x) be a vector in RY. Consider the following constrained optimization
problem:
Minimize:  f(x) (13)
Subject to:  g(z) < ¢ (14)
reX (15)
where:

o X is a general subset of RY.

e f(x) and g(x) are real-valued functions defined over X'.

e cis a given real number.

The tradeoff function v(c) associated with problem (13)-(I3) is defined as the infimum objective function value over all z € X
that satisfy the constraint g(x) < c. In particular, if z* is a solution to problem (I3)-(13) with parameter c, then ¢ (c) = f(z*).
The problem (T3)-(13) is similar to the problem (B)-(3). In fact, it can be viewed as a special case of the problem (@)-(3) if
we define A as the set of all vectors (g, f) € R? such that (g, f) = (g(x), f(x)) for some z = (z1,...,zy) € X. Thus, a
Lagrange multiplier approach is also effective for the problem (I3)-(I3). Fix a Lagrange multiplier x > 0 and consider the
unconstrained problem:

Minimize: f(x) + pg(x) (16)
Subject to: reX 17)

As before, choosing a large value of yu for the problem (I6)-(I7) places more emphasis on keeping g(z) small. If z* =
(x3,...,2%) is an optimal solution to the unconstrained problem (16)-(I7), then

f@™) + pg(a™) < f(x) + pg(z) forall z e X (18)

Theorem IL.2. Suppose > 0. If x* = (z7,...,2%) is an optimal solution to the unconstrained problem (16)-(17), then it is
also an optimal solution to the following problem:

Minimize: f(x) (19)

Subject to:  g(z) < g(x*) (20)

reX (21)

Proof. Suppose z* = (z7,...,27%) solves (I6)-(T7). Then this vector also satisfies all constraints of problem (T9)-ZI). Now
suppose & = (21, ..., ) is another vector that satisfies the constraints (20)-(ZI). We want to show that f(z*) < f(x). Since
x € X, we have from (I8):

f@) +pg(™) < flo) + pg(e)
< flo) + pg(a”)

where the final inequality holds because 1 > 0 and because z satisfies (20). Canceling common terms in the above inequality
proves f(z*) < f(x). O

The above theorem extends easily to the case of multiple constraints (see Theorem [[ILT)).
Example IL.1. Minimize the function vazl a;x; subject to Zil biz? <4 and (v1,...,x5) € RN, where (a1, ...,an) and
(b1,...,bn) are given real numbers such that b; > 0 for all i.

Solution: Fix y > 0. We minimize Zi\; a;T; + MZZN:l bixf over (x1,...,TN) € RN. This is a separable minimization of

a;x; + ub;x? for each variable x; € R. When p > 0, the result is x; = —a;/(2ub;) for i € {1,..., N}. Choosing yu to satisfy

the constraint with equality gives 4 = Z;V=1 bjx? = Z;V=1 bj(—a;/(2ubj))?. Thus:

and xF = —a;/(2u*b;) for all i € {1,..., N}. This is optimal by Theorem
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D. Critical points for unconstrained optimization

If a real-valued function f(z) of a multi-dimensional vector = (z1,...,zy) is differentiable at a point z = (z1,...,2y) €
RY, its gradient is the vector of partial derivatives:

_[9f(z) 9f(=) 0f (x)

o 8931 ’ (91‘2 Y &zzN

The problem (T6)-(T7) seeks to find a global minimum of the function f(x) + pg(x) over all vectors = (z1,...,zN) in
the set X'. Recall from basic calculus that, if a global minimum exists, it must occur at a critical point. Specifically, a point

*

x* = (z7,...,x) is a critical point for this problem if z* € X and if z* satisfies at least one of the following three criteriaﬂ

Vi(z)

e z* is on the boundary of X.

o Vf(z*)+ uVg(z*) does not exist as a finite vector in RY.

o Vf(x*)4+ uVg(z*) =0 (where the “0” on the right-hand-side represents the all-zero vector).
The condition Vf(z*) + uVg(x*) = 0 is called the stationary equation. While this condition arises in the search for a
global minimum of f(x) 4+ pg(z), it can also find local minima or local maxima. It turns out that such critical points are
often important. In particular, for some non-convex problems, a search for solutions that solve the stationary equation can
reveal points (g(z), f(z)) that lie on the tradeoff curve (c,1(c)), even when it is impossible to find such points via a global
minimization (see Appendix A for a development of this idea).

Example IL2. Define X as the set of real numbers in the interval [0, 1]. Define f(x) = 2% and g(x) = —x. Given u > 0, we
want to minimize f(x) + pg(x) over x € [0, 1]. Find the critical points. Then find the optimal x*.

Solution: The boundary points of [0,1] are © = 0 and x = 1. The function f(x) + ug(x) is differentiable for all x. The
stationary equation is f'(x) 4+ pg'(x) = 2x — p = 0. This produces a critical point © = /2. However, this point is only valid
if 0 < pu <2 (since if u > 2 then x = pu/2 > 1, which is out of the desired interval [0, 1]).

Thus, for 1 € [0,2] we test the critical points x € {0, 1, u/2}:

[ @ [a®—pa for pe0,2] |

0 0

1 1—pn
2

12 -

It can be shown that —u?/4 < 1 — p for all j € R. Thus, * = /2 whenever p € [0,2]. If 1 > 2 then the critical points
occur at v = 0 and x = 1 (with x> — px values of 0 and 1 — p, respectively). Since 1 — i < 0 whenever p > 2, it follows
that x* = 1 whenever p > 2. In summary:

1 if p>2

A simpler method for obtaining (22)) uses convexity theory together with Lemma (given in a later section). See also Exercise
X-E

x*:{/MQ if pel0,2] (22)

Example IL3. Define X as the set of real numbers in the interval [0,1]. Define f(x) = |x — 1/2| and g(x) = 2. Given
=2, we want to minimize f(x)+ 2g(x) over x € [0,1]. Find the critical points. Then find the optimal z*.

Solution: The boundary points of [0,1] are © = 0 and x = 1. The point where f(x)+ 2g(z) is not differentiable is x = 1/2.
If x € (1/2,1] then f(x)+2g(x) = 2 —1/2+ 222 and f'(x) +2¢'(z) = 0 only when x = —1/4, which is not in the interval
[0,1). If x € [0,1/2) then f(z)+2g(z) = 1/2 — z + 222 and f'(x) + 2¢'(x) = 0 when x = 1/4. Thus, the critical points to
test are x € {0,1,1/2,1/4}.

[ 2 ||z —1/2]+ 227 |

0 1/2
1 5/2
1/2 1/2
1/4 3/8

Thus, the optimal point is x* = 1/4, which achieves the minimum of f(x*) + 2g(x*) = 3/8.

4A boundary point of a set X C RY is a point z € R that is arbitrarily close to points in X and also arbitrarily close to points not in X. The set RY
has no boundary points. A set is closed if and only if it contains all of its boundary points. A set is open if and only if it contains none of its boundary
points. A point in X' is an interior point if and only if it is not a boundary point.
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E. Rate allocation example
Consider three devices that send data over a common link of capacity C' bits/second. Let (r1,72,73) be the vector of data
rates selected for the three devices. Define X' as the set of all non-negative rate vectors in R?:
X ={(r1,ro,m3) €R®: 1y > 0,79 > 0,73 > 0}
Consider the following weighted proportionally fair rate allocation problem:

Maximize: log(ry) + 2log(rs) + 3log(rs)
Subject to: ri+re+r3<C
(Tl,TQ, T3) S X
The weights imply that higher indexed devices have higher priority in the rate maximization. To solve, turn this into a
minimization problem as follows:
Minimize: (—1)[log(r1) + 2log(rz) + 3log(rs)]
Subject to: ri+re+r3<C
(7‘1,7“2, T‘3) eX

The corresponding unconstrained problem (which uses a Lagrange multiplier > 0) is:

Minimize: —[log(ry) + 2log(ra) + 3log(rs)] + p[r1 + r2 + 72]
Subject to: (ri,ro,73) € X
Since X is the set of all (ry,79,r3) that satisfy 7 > 0, ro > 0, r3 > 0, the above problem is separable and can be solved by
separately minimizing over each r;:
e Choose r; > 0 to minimize — log(ry) + pr1. Thus, r1 = 1/p (assuming g > 0).
e Choose 72 > 0 to minimize —2log(ra) + ura. Thus, 7o = 2/pu (assuming p > 0).
e Choose r3 > 0 to minimize —3log(rs) + urs. Thus, rs = 3/u (assuming p > 0).
Since we have a solution parameterized by 1, we can choose p > 0 to meet the desired constraint with equality:

C=ri4+ro+ro=6/u

Thus p = 6/C, which is indeed non-negative. Thus, Theorem ensures that this rate allocation is optimal for the original

constrained optimization problem:
(r1,r3,73) = (C/6,C/3,C/2)

F. Routing example

1

Fig. 4. A 3-queue network routing example for Subsection [[I-F

Consider sending data of rate r over a choice of three parallel queues, each with a processing rate of C. The data is split
into separate streams of rates x1, ro, 3, where data of rate x; is sent into queue ¢ (see Fig. . The first two queues have no
additional traffic, while the third queue serves an additional traffic stream of rate 1. Suppose the average number of packets
in queue i is equal to f;/(C — f;), where f; is the total arrival rate to the queueE] We want to choose x1, 2, x3 to minimize
total average number of packets in the system. That is, we want to solve:

SThis is an M/M/1 approximation for the average number of packets in each queue.
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Minimize: C:ill‘l =+ szxz + C:c(grtil) (23)
Subject to: r<x+x9+ I3 24)
T € [O,C),.TQ S [O,C),Qfg € [0,0 — 1) 25)

Assume that C' > 1 and r 4+ 1 < 3C, so that the above problem is feasible. Since the objective function (23) is increasing
in the x; values, it is clear that an optimal solution should satisfy constraint (24) with equality (otherwise, the solution could
be improved by reducing one or more values of ;). Thus, the solution to (23)-(23) is the same as the solution to a modified
problem that replaces constraint with the equality constraint » = z1 + x5 + 3. This equality constraint is more natural for
the problem. However, we have used the inequality constraint because it conforms to the inequality structure of Theorem
(a related theorem that specifically deals with equality constraints is given in Theorem of Section [[I-H.

To solve the problem @3)-(23), define X" as the set of all (x1,z9,z3) that satisfy (23). Next, note that the constraint (24)
has an inverted inequality. This can be put in the standard form:

—(r1 + 22+ 23) < -7

Now fix a Lagrange multiplier 1 > 0 and consider the unconstrained problem:

Minimize: %- + 2~ + cffaﬁil) — p(xy + 22 + 23) (26)

x —

Subject to: xz1 €[0,C), 22 €10,0),23 € [0,C —1) 27

The approach is to obtain a solution (z7,z5,x%) as a function of p, and then to choose 1 to meet the inequality constraint
(24) with equality: = + x5 + a5 = r. If this can be done, then Theorem ensures the result is optimal for the original

constrained problem 23)-23).
The variables x1, z2, T3 can be optimized separately in the unconstrained problem (26)-(27):

e Choose z; € [0,C) to minimize z1/(C — 1) — pay.

o Choose z2 € [0,C) to minimize z5/(C' — z3) — pxa.

e Choose z3 € [0,C — 1) to minimize (z3+ 1)/(C — (23 + 1)) — pxs.
First look for critical points that correspond to derivatives of zero:

d X1 i C

dx|:c_x1—,uxl-—0 — m—M:>$1—C—\/C/M

d X9 i C

dx|:c_x2—/.lzl‘2-—0 — m—ﬂzﬂfg—c—\/C/ﬂ
d x3+1 i C
B L =0 S S— —0-1-,/C
dz [C(x3+1) s = C—(@m+np T /h

The intuition behind the above solution is that the derivatives of the individual link cost functions should be equalized to a
common value of 1. However, one must also ensure that the x1, x2, z3 values are non-negative. It can be shown that the true
solution to the individual minimization problems is found by simply projecting the above values onto the non-negative real
numbers:

x] = {Cf\/C’/,ur_ (z7 > 0 whenever u > 1/C)
x5 = {C—\/C/,ur_ (z3 > 0 whenever > 1/C)

+
zh = {C—l—\/C u} (z% > 0 whenever u > C/(C —1)?)

Thus, there are two different regimes: The first regime is when 1/C < u < C/(C —1)? and has z} = x5 > 0 and z = 0.

The second regime is when > C/(C — 1)? and has z} = 2} > 0, 25 > 0. The transition between these two regimes occurs
when = C/(C —1)2.

In the first regime, choosing g to satisfy the desired constraint with equality ensures that x7 + =5 + 0 = 7, and so
x} = a3 = r/2. This implies that 7/2 = C' — \/C/p. The transition point ;4 = C/(C — 1)? gives rise to the transition rate
r that satisfies /2 = C — /(C — 1)2 = 1 (so that the transition rate is = 2). This transition rate is intuitive: It is exactly
when the derivative of the cost function of paths 1 and 2 (evaluated when x; = x5 = 1) is equal to the derivative of the cost
function of path 3 (when z3 = 0):

d{ 7 ] d{ 22 } d[ v+ 1 }
dry |C —x1 lelidl‘g C —x9 wzzlidﬂﬁg C—($3+1> 25=0

Thus, when 0 < r < 2, the optimal solution is ] = z5 =r/2,2% = 0.
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On the other hand, when 2 < r < 3C — 1, the optimal solution has r = z} + 25 + 25 = 2(C — \/C/u) +(C—1—/C/p).

This means that:
2
Y
K (3C —1- T)

v = a3=C - VOlr = (r+1)/3
x5 = C—1—+/C/u*=(r—2)/3

This solution is intuitive because it equalizes the total input rate on each path, and hence also equalizes the individual path
derivatives:

and the optimal solution is:

d X1 . d T2 . d r3+1
dl’l C - Ty T1=a7 o d$2 C - ) Ta=x o dIg C - (%3 + 1) za=a7
In summary, the solution to 23)-(23) is:

@i@w@{

?) ifo<r<2
(= =2y if2<r<3C-1

G. Power allocation example

Consider a collection of N orthogonal channels. A wireless transmitter can send simultaneously over all channels using

a power vector p = (p1,...,pn). For each channel i, let f;(p;) be the transmission rate over the channel. The goal is to
maximize the sum transmission rate subject to a sum power constraint of p,,,, (for some given value p,,q, > 0):
. N
Maximize: > oicq filps) (28)
. N
Subject to: Y i1 Pi < Pmaz (29)
p; >0 Vie{l,...,N} (30)

For this example, assume that each function f;(p) is increasing over the interval p € [0, pynqz ). Further assume the function is
differentiable and has a decreasing derivative, so that if p;, po are in the interval [0, pyq.] and if p1 < po, then f'(p1) > f/(p2).
Such a function f;(p) has a diminishing returns property with each incremental increase in p, and can be shown to be a strictly
concave function (a formal definition of strictly concave is given in Section [V). An example is:

Ji(p) = log(1 + vip)

where ; is a positive attenuation parameter for each channel ¢ € {1,..., N}.
Converting to a minimization problem gives:
Minimize: — SN L) (31)
Subject to: Zf\il Di < Dmaa (32)
pi >0 Vie{l,...,N} (33)

The set X' is considered to be the set of all (p1,...,py) that satisfy (33). The corresponding unconstrained problem, with
Lagrange multiplier p > 0, is:
L N N
Minimize: — YN, fipi) + XN, pi
Subject to:  p; >0 Vie{l,...,N}

This problem separates into N different minimization problems: For each ¢ € {1,..., N}, solve the following:
Maximize:  f;i(p;) — ppi (34)
Subject to: pi >0 (35)

where the minimization has been changed to a maximization for simplicity. Each separate problem is a simple maximization
of a function of one variable over the interval p; € [0, 00). The optimal p; is either a critical point (being either the endpoint
p; = 0 or a point with zero derivative), or is achieved at p; = co. Because the functions f;(p) are assumed to have decreasing
derivatives, it can be shown that a solution to (34)-(33) is as follows:

o If f/(0) < p then p; = 0.

o Else, if f/(z) = p for some z > 0 then p; = z.

e Else, if f/(c0) > p then p; = occ.
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Assume the channels are rank ordered so that:

1(0) 2 f5(0) = f3(0) = -+ = f(0) (36)
Assume that y is large enough so that f/(co) < p for all ¢, and small enough so that f](0) > . Define K as the largest
integer such that f/(0) > u for all ¢ € {1,..., K'}. Then an optimal solution to (34)-(33) has:

. fl/(pz) =l for ¢ € {1,,K}

° pZZOfOI'ZG{K+1,,N}
The value of u is shifted appropriately until the above solution satisfies the power constraint Zfil Pi = Pmaz With equality.
By Theorem that value p yields a power vector (pj,...,p} ) that is an optimal solution to the original constrained
optimization problem. An illustration of the solution is given in Fig. [5 The arrows in the figure show how the (p7,...,pY)
values move to the right as y is pushed down.

f,'(0)

f,'(0) -

L
f;’(0)

by L :

P1 P2 Power p

Fig. 5. An illustration of the derivative requirement for optimality in the problem (28)-(30). As the value p is pushed down, the p1 and py values increase
along their respective curves. Currently p3 = 0. Pushing p below the f5(0) threshold activates the third curve with p3 > 0.

For a specific example, when the f;(p) = log(1 + v;p) for all i, and when p > 0, the problem (34)-(33)) becomes:

Maximize: log(1 + v;p;) — pups
Subject to: pi >0

1 17"
m=[—} (37)
1% Vi

where [z]* = max[z,0]. That is, p; > 0 if and only if 1/x > 1/~;. In this case, the parameter 1/u should be increased,

starting from 0, until:

N +

1 1

Z l: - ] = Pmazx (38)
=1 LK

The solution is:

When such a value p is found, it follows from Theorem that the resulting powers p; given by are optimal. The rank
ordering (36) implies:
M=V 2N
Intuitively, this means that better channels come first in the rank ordering. For some integer K € {1,..., N} the optimal
solution has p; > 0 for i € {1,..., K} and p; = 0 for ¢ > K. One way to solve this is to consider all potential values of K,
starting with K = N:
o Assume K = N. Then p; > 0 for all ¢, and so 1/p > 1/~; for all < € {1,..., N}. The equation (38) becomes:

(1)

o1 \H
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and so:
l _ Pmax + sz\;l 1/77,
wo N
If this 1/p value indeed satisfies 1/p > 1/+; for all ¢ € {1,..., N}, we are done. Else go to the next step.
e Assume K = N — 1, so that p; > 0 for i € {1,...,N — 1} and py = 0. Then 1/u > 1/~; for all i € {1,...,N — 1}
and 1/p < 1/vn. The equation (38)) becomes:

N-1 1 1
Z P B Pmax
i=1 Vi

I

and so:

W N-—-1

If this 1/p value indeed satisfies 1/p > 1/+; for all ¢ € {1,..., N — 1}, we are done. Else go to the next step.
« and so on.

N—-1
1 _ Pmax + 27;:1 ]-/’Yz

The above procedure involves at most NV steps. One can speed up the procedure by performing a bisection like search, rather
than a sequential search, which is helpful when N is large.

H. Equality constraints

Consider a problem where the inequality constraint is replaced with an equality constraint:

Minimize:  f(x) (39)

Subject to:  g(x) =c¢ (40)

reX (41)

where z = (21,...,25), X C RY, and f(x) and g(z) are real-valued functions over X'. The Lagrange multiplier approach
considers the unconstrained problem defined by a parameter A € R:

Minimize: f(z) + Ag(x) 42)

Subject to: re X 43)

The only difference is that for equality constraints, the Lagrange multiplier A can possibly be a negative value.
Theorem IL3. If z* is a solution to {@2)-(@3), then x* is also a solution to:
Minimize: flx)
Subject to:  g(x) = g(a*)
reX
Proof. The proof is almost identical to that of Theorem and is left as an exercise (see Exercise [IX-B.4). O

As before, in the special case when f(z) and g(x) are differentiable over the interior of X, solutions to the stationary
equation V f(z) + AVg(z) = 0 are often useful even if they do not correspond to a global minimum of f(x) + Ag(x) over
x € X (see Appendix A).

III. LAGRANGE MULTIPLIERS FOR MULTIPLE CONSTRAINTS

Lagrange multiplier theory extends naturally to the case of multiple constraints. Fix N and K as positive integers. Let X
be a subset of RY. Let f, g1,...,gx be real-valued functions over x € X. Let ¢ = (c1,...,ck) be a given vector in RY. The
constrained problem is:

Minimize: f(x) (44)
Subject to:  gi(z) < ¢, Vke{l,...,K} (45)
reX (46)
The unconstrained problem uses Lagrange multipliers 1, ..., pux, where u > 0 for all k € {1,..., K}:
Minimize:  f(z) + Y0, g () 47)
Subject to: reX 48)

As in the one-constraint case, there is a connection between the constrained and unconstrained problems.
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Theorem IIL1. (Lagrange multipliers for multiple constraints) If x* is a solution to the unconstrained problem (&T)-{@3)
corresponding to a nonnegative Lagrange multiplier vector pu = (u1, ..., ix), then it also solves the constrained problem
(44)-[@6) whenever (ci,...,ck) is such that gi(z*) < ¢ for all k € {1,..., K} and gi(z*) = ¢, whenever uy > 0.

Proof. Suppose x* solves the unconstrained problem and (c1,...,ck) is such that gi(z*) < ¢ for all k, and gx(z*) = ¢
whenever p, > 0. Then z* clearly satisfies all constraints of the constrained problem, and:
prgr(z™) = prex, Vke{l,...,K} (49)

Indeed, the equality can be verified by considering cases p; = 0 and u; > 0. Suppose z is another vector that satisfies
all constraints of the constrained problem (so z € X and gy (z) < ¢ for all k). We want to show that f(z*) < f(x). Since
x* solves the unconstrained problem and x € X', we have:

K @ K
Fa)+> k) < fla)+ Y pwgr(@)
k=1 k=1

() K
< flz)+ Zukck
k=1

K
D p@) + Y ()
k=1

where (a) holds by definition of 2* being optimal for the the unconstrained problem, (b) holds because p; > 0 and gi(x) < ¢
for all k, and (c) holds by @9). Canceling the common term on both sides proves that f(z*) < f(z). O

Unfortunately, the above theorem for multiple constraints is more difficult to apply than the corresponding theorem for one
constraint. Why? Let us suppose there is indeed a nonnegative vector p* = (uf,...,u5 ) such that the optimal solution to
the unconstrained problem for this vector u* is a point z* such that gi(2*) = ¢; for all k € {1,... | K }E] In that case, the
above theorem ensures this point x* also solves the desired constrained optimization problem. However, how can we find this
Lagrange multiplier vector (1, .., 1} )? Even if we knew a bound ft,,4, 0on the maximum component, so that 0 < p1} < e
for all k € {1,..., K}, we would still need to search over the entire K -dimensional hypercube [0, ftq.]%. Suppose we try a
particular vector (p1,..., k) in this hypercube, and the resulting solution to the unconstrained problem is a vector *. How
do we change our Lagrange multiplier vector to improve on this solution in the next try?

For example, suppose K = 2 and we want to solve:

Minimize: f(zx)
Subject to:  g1(x

)
g2(7)

~—

x
Let’s start with a guess Lagrange multiplier vector (u1,pu2) = (1,1). Suppose the resulting solution to the unconstrained
problem of minimizing f(x) + p191(x) + p12g2(z) over x € X' is a vector z;, that satisfies g1(},) = 6 and g2(x},) = 9. How
should we change 11? We need to bring both constraints down. So, should we increase both 11 and pe? Will such an increase
surely reduce both constraints? Not necessarily (see Exercise [[X-B.8). In contrast, problems with only one constraint have only
one Lagrange multiplier x, and it is easy to determine whether we should increase or decrease p to improve a solution (recall
the discussion after Theorem in Section [[I-B). A simple bisection search can be done in the one-constraint case, whereas
that does not seem possible with multiple constraints.

Fortunately, there are systematic ways of adaptively changing the Lagrange multiplier vector (u1,...,ux) to converge
to a desired vector. However, those methods require further structure on the problem and further analytical development. A
drift-plus-penalty method is developed in Section [VI| for this purpose. For intuition, it is useful to understand more deeply how
changes in the Lagrange multipliers impact multi-dimensional constraints. Such intuition is given in the following theorem.

Theorem II1.2. (Changing Lagrange multipliers) Fix N and K as positive integers. Let X be a subset of RN. Let f, g1, ..., 9K
be real-valued functions over x € X. Define g : RV — RX as the vector-valued function g(x) = (g1(%),...,gx(x)). Let
w=(p1,...,K) be a given vector of real numbers, and let x,, be a solution to the following problem:

Minimize: f(x) + pu’g(x)

Subject to: x € X

6In fact, problems with many constraints often do not have solutions that meet all constraints with equality. Typically, an optimal solution z* satisfies some
constraints with equality (such as g1 (z*) = c1) and satisfies others with strict inequality (such as g2 (z*) = c2 — 1/2).
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where uTg(x) = Zﬁil prgr (). Let A= (A1, ..., Ak) be another given vector, and let x be a solution fto the following:

Minimize: f(x) + AT g(z)
Subject to: x € X

Then the vectors (X — ) and (g(xx) — g(x,)) have a nonpositive inner product:

A=) (g(zx) — g(z,)) <0

Proof. The proof uses only the definition of x,, and x being optimal for their corresponding problems (for example, you can
start with the inequality f(z,) + T g(z,) < f(zx) + uTg(z))). Details are worked out as Exercise [[X-B.8 O

Start with a nonnegative vector u. The above theorem shows that we can control the direction of change in the constraint
vector (g1(xp), ..., 9k (2,)) by choosing a new Lagrange multiplier vector A such that the difference vector A — p is opposite
to the direction of desired change. Thus, to push a vector g(z,) = (g1(zu),...,9x(x4)) closer to the constant vector
¢ = (c1,...,cK), it makes sense to choose A = p + 6(g(z,) — c), where § > 0 is some step size. Of course, A must be
nonnegative to be a valid Lagrange multiplier vector. Hence, one can consider the heuristic that takes a max with O:

Ak = max|ug + 0(gr(zy) —cx),0], Vke{l,..., K} (50)

This heuristic for changing the Lagrange multipliers can in fact be analyzed in certain cases [1][2], and is called the dual
subgradient algorithm (with fixed step-size J > 0). It is similar to the drift-plus-penalty algorithm described in Section

IV. CONVEXITY
A. Convex sets
Let X be a subset of RY.

Definition IV.1. A ser X C RY is convex if for any two points x and y in X, the line segment between those points is also
in X. That is, for any 0 € [0,1], we have 0z + (1 — )y € X.

By convention, the empty set is considered to be convex. Likewise, a set with only one element is convex. It can be shown
that the intersection of two convex sets is still convex. Indeed, let A and B be convex sets in R™V. Let x and y be two points in
AN B. Since both points = and y are in A4, the line segment between them must also be in A (since A is convex). Similarly,
the line segment must be in 3. So the line segment is in A N B. By the same argument, it follows that the intersection of an
arbitrary (possibly uncountably infinite) number of convex sets is convex.

For a vector = (z1,...,x5) € RN, define the norm ||z|| = (/S 2. The set {z € RN such that [[z]| = 1}
is not convex because it contains the point (1,0,0,...,0) and (—1,0,0,...,0), but does not contain %(1,0,0,...,0) +
1(~1,0,0,...,0) = (0,0,0,...,0).

Example IV.1. Let a € RY. Define A= {x € RY such that ||z — a|| < 1}. The set A is convex.
Proof. Let x and y be points in A and let § € [0, 1]. We want to show that fz + (1 — 0)y € A. We have:

0z + (1 =0)y —all = [|6(x—a)+(1-0)(y—all
< 0@z = a)l[ +I(1 = 6)(y — a)] (51
= Oz —al[+ (1= 0)lly - al
< 6+(1-9) (52)
=1
where (51) is the triangle inequality, and (52)) holds because x and y are both in A. O

B. Convex sets contain their convex combinations

Let X be a subset of RV. A convex combination of points in X is a vector = of the form:

k
i=1

where k is a positive integer, {x1,...,x;} are vectors in X, and 64, ..., 0 are non-negative numbers that sum to 1. If X is
a convex set, then it contains all convex combinations of two of its points (by definition of convex). That is, if X is convex
and z1,x9 are in X then (by definition of convex):

0121 + Oz € X
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whenever 61, 6> are non-negative and satisfy 67 + 65 = 1. By induction, it can be shown that if X is a convex set, then it

contains all convex combinations of its points (for any positive integer k). That is, if X’ is convex, if x1, ...,z are points in
X, and if 64,. .., 0 are non-negative numbers that sum to 1, then:
k
> bwie X (53)
i=1

The value Zle 0;x; can be viewed as an expectation E [X] of a random vector X that takes values in the k-element set
{x1,...,z} with probabilities 61, ..., 0. Thus, if X' is a convex set and X is a random vector that takes one of a finite
number of values in &, the expression means that E [X] € X. This holds true more generally for random vectors X that
can take a possibly infinite number of outcomes, where the expectation E [X] is defined either in terms of a summation over
a probability mass function or an integral over a distribution function. This is formalized in the following lemma.

Lemma IV.1. Let X be a random vector that takes values in a set X C RN. If X is convex and if E[X] is finite, then
E[X] e X.

In the special case when the set X is closed and the expectation E [X] can be approached arbitrarily closely by a convex
combination of a finite number of points in X, then Lemma holds by (53) together with the fact that closed sets contain
their boundary points. The proof for general convex sets X is nontrivial and is omitted for brevityﬂ Lemma is used to
prove an inequality called Jensen’s inequality in Exercise [IX-E.17]

C. Convex functions

Let X C RY be a convex set. Let f: X = R be a real-valued function defined over z € X.

Definition IV.2. A real-valued function f(x) defined over the set X is a convex function if the set X is convex and if for all
x and y in X and all 0 € [0,1] we have:

[0z + (1= 0)y) <O0f(x)+(1—-06)f(y)

The function is said to be strictly convex if it is convex and if the above inequality holds with strict inequality whenever
0 €(0,1) and x # y.

Definition IV.3. A real-valued function f(x) defined over the set X is a concave function if the set X is convex and if for all
x and y in X and all 0 € [0,1] we have:

[0z + (1= 0)y) > 0f(x) + (1 —06)f(y)

The function is said to be strictly concave if it is concave and if the above inequality holds with strict inequality whenever
0 €(0,1) and x # y.

It follows that a function f(x) defined over a convex set X is a concave function if and only if — f(z) is a convex function.
Likewise, f(x) is strictly concave if and only if —f(z) is strictly convex. The set X must be convex for the definitions of a
convex function and concave function to make sense. Otherwise, the expression f(fx + (1 — 0)y) may not be defined. The
following facts can be proven directly from the definition of convex:

o Let ¢ be a non-negative real number. If f(z) is a convex function, then cf(z) is also a convex function. Likewise, if g(x)
is a concave function, then cg(z) is concave.

¢ The sum of two convex functions is convex, and the sum of two concave functions is concave.

o The sum of a convex function and a strictly convex function is strictly convex.

Suppose f(z) is a convex function over € R, and define f(x1,...,zn) = f(x1). It can be shown that f(z1,...,zy) is
a convex function over (z1,...,zy) € RY. However, f(z1,...,zy) is not strictly convex over RY, regardless of whether
or not f(xy) is strictly convex over R (see Exercise . A function of the type f(x) = b+ ciz1 + oo + -+ + cNTN,
where b, c1,...,cy are given real numbers, is called an affine function. It can be shown that an affine function defined over
a convex set X C RY is both a convex function and a concave function (but neither strictly convex nor strictly concave, see
Exercise [X-E.7). In particular, a constant function is both convex and concave.

7Lemma holds for any convex set X', regardless of whether or not it is closed and/or bounded. The proof of this fact uses the hyperplane separation
theorem for RY together with induction on the dimensionality of the problem. In particular, if E[X] is finite but is not in X, then there is a (N — 1)-
dimensional hyperplane that passes through E [X] and contains X in its upper half. In particular, there is a nonzero vector ~ such that vz > yTE [X] for
all z € X, and hence v X > yTE[X] for all realizations of the random variable X. It follows that, with probability 1, the random vector X lies on the
(smaller dimensional) hyperplane for which it is known (by the induction hypothesis) that the expectation cannot leave the convex set. The assumption that
E [X] is finite is important. For example, one can define X = R (note that the set R is convex) and choose any random variable X with an infinite mean.
Then X € R always, but E [X] = oo ¢ R.
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Lemma IV.2. Suppose fi(x1),...,fn(xn) are convex functions from R to R. Let x = (x1,...,xn) and define f(x) =
N
>iz Ji(@i).
a) The function f(z) is convex over RY.
b) The function f(x) is strictly convex if and only if all functions f;(x;) are strictly convex over R.
Proof. To prove part (a), let 2 = (x1,...,2y) and ¥y = (y1,...,yn) be vectors in RY and let 6 € [0, 1]. We have:
N

Zfi(exi +(1-60)y)

f(0x+(1-0)y)

N

< D 0filx) + (1= 0) filys)]

= 0f() + (1— 0)f(w)

where the inequality holds because each function f;(z;) is convex. This proves part (a). The proof of part (b) is an exercise

(see Exercise [IX-E.8)). L]
Lemma IV.3. (Convex inequality constraints) Let x = (x1,...,xn) and let gi1(x),..., gk (x) be convex functions over a
convex set X C RN, Let cy,...,cx be a collection of real numbers. Define A as the set of all x € X that satisfy all of the

following constraints:
ge(z) <c¢p forallke{l,...,K}
Then the set A is convex.
Proof. Exercise (see Exercise [X-E.9). O

Lemma IV.4. (Differentiable functions of one variable) Suppose f(x) is a differentiable function over x € R.
a) If f'(x) is nondecreasing, then f(x) is convex.
b) If f(x) is twice differentiable and satisfies f"(x) > 0 for all x € R, then f(x) is convex.
c) If f(z) is twice differentiable and satisfies " (x) > 0 for all x € R, then f(x) is strictly convex.

Proof. To prove part (a), suppose f’(z) is nondecreasing. Let « and y be real numbers such that < y. Let § € (0,1) and
define m = 6 + (1 — 0)y. Suppose that f(m) > 6f(x) + (1 — 0) f(y) (we reach a contradiction, see Fig. [6). By the mean
value theorem, there is a point 21 € (x,m) such that f'(z;) = S5—L 2) | Likewise, there is a point 5 € (m,y) such that
f(z2) = %fn(m) Notice that z; < z2. By geometry, it can be seen that the first slope is strictly greater than the second
(see Fig. [6), and so f’(x1) > f’(z2), contradicting the fact that f’(x) is nondecreasing. This proves part (a). Part (b) follows

from (a) by noting that f”(x) > 0 implies that f’(z) is nondecreasing. Part (¢) is similar and is omitted for brevity. O

Slope 2
f f
(m (m)z' . (v,f(y))

Slope 1 i
| i

(x,f(x) : .
| I 1

1 I | | !

| | | 4 |

X X1 m X2 y

Fig. 6. An illustration of the two slopes f’(z1) and f’(x2) associated with the proof of Lemmam

It follows from Lemmas and that the following functions are convex over R3:

flxy,m0,23) = €' + 25— a3
g(x1,20,23) = 174 2% + (4.2)e™ — 62 + T3
Suppose = = (x1,...,xy) and f(z) is a twice differentiable function over € RY. It can be shown that if V2 f(z) is

a positive semidefinite matrix for all z € RY, then f(z) is convex over RV (see Exercise [IX-E.23). If V2f(z) is positive
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definite for all z € RY, then f(z) is strictly convex. The following lemma is useful for minimizing convex and differentiable
functions of one variable over an interval.

Lemma IV.5. (Minimizing single-variable convex functions over an interval) Let f : R — R be convex. Suppose y* € R
minimizes f(x) over x € R. Let a and b be real numbers such that a < b and consider the problem:

Minimize: f(x) (54)
Subject to: x € [a,b) (55)

The solution to this problem is x* = [y*]%, where [y*]% denotes the projection of y* onto the interval |a,b):

@
a ify* <a
ylo=9 v fa<y <b
b ifb<y”
More generally, suppose I C R is an interval, f : I — R is a convex function, and y* € I minimizes f(zx) over x € I. If
[a,b] C I then [y*]% minimizes f(x) over x € [a,b).

a

Proof. See Exercise [[X-E.21 O

A similar result holds when minimizing a convex single-variable function over an interval of the form [a, c0) or (—o0, b,
provided the interval is in the domain of the function. For example, the minimum of the convex function f(x) = (z — 5)2
over x € R is equal to y* = 5. Thus:

o The minimum of f(z) over the interval [0,1] is z* =[5

o The minimum of f(z) over the interval [3,8] is z* =[5

o The minimum of f(z)

Caveat 1: The result of Lemma does not hold for multi-dimensional problems. For example, if (z*,y*) minimizes
the convex function f(z,y) over (x,y) € R?, then the projection of (z*,y*) onto the hypercube [0,1]? does not necessarily
minimize f(x,y) over the hypercube.

Caveat 2: Be careful to use Lemma only for the domain over which f(z) is defined. For example, consider minimizing
the convex function f : (0,00) — R defined by f(xz) = —log(z) — 5z subject to = € [1/2,1]. Differentiating gives f'(z) =
—1/x — 5. Setting the expression —1/x — 5 to zero gives x = —1/5. So, is the minimizer z* = [—1/5]}/2 = 1/2? No. Clearly
the minimum of a decreasing function over the interval [1/2, 1] occurs at z* = 1. The reason the projection operation failed
is that f’(x) is only defined for = > 0; it does not make sense to use derivative information for x < 0. In particular, —1/5 is
not the minimizer of f(z) over the interval = € (0, 00) because —1/5 ¢ (0,00). See also Exercise

D. Jensen’s inequality
Let X be a convex subset of RY and let f(z) be a convex function defined over 2 € X. By the definition of convexity, we
know that for any two vectors 1 and x5 in X and any probabilities §; and 65 that are non-negative and sum to 1, we have:
(0121 + O222) < 01 f(x1) + O2f(22)

Now consider three vectors z1, 22,23 in X, and three probabilities 01, 02, 03 that are non-negative and sum to 1. At least one
of these probabilities must be positive. Without loss of generality assume €3 > 0. Now define § = (02 + 63) and note that
6 > 0. Define:

) b3

= —=x2 + ?CC3

0

f <91x1 +§ |:%2£E2 + 95:173])
f(91$1 + éi’)

Orf(z1) +0£ ()

005 1)+ | %2 f(aa) + 2 )
O1f(z1) + 02 f(22) + O3 f(x3)

where the first two inequalities hold because f(x) is convex.
Similarly (by induction), it can be shown that if x1,..., 2 is any finite sequence of points in X and if 61, ...,60; are any
non-negative values that sum to 1, we have:

Since X is convex, we know T € X. Then:

f(b1z1 + 0220 + O323)

IANIA

k k
f (Z ex) < 6:if (i) (56)
i=1

i=1



UPDATED SPRING 2023 19

The above inequality is called Jensen’s inequality. A special case of Jensen’s inequality holds for time averages: Let {z(t)}$2,
be an infinite sequence of vectors in X'. For slots t € {1,2,3,...}, define the time average:

B 1 t—1
z(t) = 7 Tzom(T)
Then: 1
FE) < 7 3 f) 57
7=0

The inequality is used in the development of the drift-plus-penalty algorithm for convex programs.

A more general form of Jensen’s inequality is as follows: Let X be a convex set and let f(x) be a convex function over X. Let
X be a random vector that takes values in the set X’ and that has finite mean E [X]. Then E [X] € X and f(E [X]) < E[f(X)].
In the special case when the random vector takes a finite number of possibilities 1, ...,z with probabilities 61, ..., 0, then
the equation f(E[X]) < E[f(X)] reduces to (56). However, the equation f(E [X]) < E[f(X)] holds more generally in cases
when X can take a countably or uncountably infinite number of values (see Exercise [X-E.T7).

E. Convex hulls

Let X be a subset of RY. The convex hull of X, written Conv(X), is the set of all convex combinations of points in
X (including all points in X themselves). Thus, if € Conv(X), then z = Zle 0;x; for some positive integer k, some
non-negative values 01, ..., 0 that sum to 1, and for some vectors x1, ...,z that satisfy z; € X forall i € {1,...,k}.

It can be shown that Conv(X) is always a convex set In general, it holds that X C Conv(X). If the set X itself is convex,
then X = Conv(X). If two sets X and Y satisfy X C ), then Conv(X) C Conv()). It can be shown that if X' is a compact
set, then Conv(X) is also a compact set.

F. Hyperplane separation

A theory of hyperplane separation for convex sets, which shows when solutions of constrained optimization problems are
also solutions of unconstrained problems with Lagrange multiplier weights, is given in Appendix B.

V. CONVEX PROGRAMS

Let N be a positive integer. A convex program is an optimization problem that seeks to find a vector x = (z1,...,2zx) € RV
that minimizes a convex function f(z) subject to a collection of convex constraints. Specifically, it is a problem of the form:

Minimize: flx) (58)

Subject to:  gr(z) < ¢ Yk e {1,...,K} (59)

reEX (60)

where ¢y, ..., ck are given real numbers, X is a convex subset of RY, and f(z), g1(z), ..., gk () are continuous and convex
functions from X to R. It can be shown that a convex function defined over a convex set X’ is continuous at every interior point
of X. Thus, the assumption that the functions f(z), g1(x),...,gx(x) are both convex and continuous ensures that continuity

holds at all points of X, including points on the boundaryﬂ The convexity assumptions allow convex programs to be solved
more easily than general constrained optimization problems. The convex program is called a linear program in the special
case when X = R and the functions f(x), g1(z),...,gx(x) are affine.

The problem is feasible if there exists an z € RY that satisfies all of the constraints (59)-(60). Lemma ensures that the
set of all vectors € R that satisfy the constraints (59)-(60) is a convex set. Specifically, a constraint of the form g(z) < ¢
is called a convex constraint whenever ¢ € R and g(x) is a convex function over the set X" of interest. That is because the set
of all x € X that satisfy this constraint forms a convex set. Since the intersection of convex sets is convex, imposing more and
more convex constraints can shrink the feasible set but maintains its convexity. It can be shown that if the problem is feasible
and if X' is a compact set, then there always exists an optimal solution z*.

Without loss of generality, one can assume all constants ¢y, in the above convex program are zero. This is because a constraint
of the form gj,(z) < ¢, is equivalent to gi(x) < 0, where gi(x) is defined by §i(z) = gr(x) — ci. Note that g (x) is convex
if and only if g (x) is convex.

81t can be shown that Conv(X) is the “smallest” convex set that contains X, in the sense that if A is a convex set that contains X, then Conv(X) C A.
This property is sometimes used as an equivalent definition of Conv(X). Since the intersection of an arbitrary number of convex sets is convex, the intersection
of all convex sets that contain X’ must be the “smallest” convex set that contains X, and so this intersection is Conv(X).

9 All convex functions f(z) defined over R¥ are continuous because the set RY has no boundary points. An example function f(z) defined over [0, 1]
that is convex but not continuous is f(z) = 0 for € [0,1) and f(1) = 1. Of course, the point of discontinuity occurs on the boundary of [0, 1].
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A. Equivalent forms and a network flow example

The structure (38)-(60) is the standard form for a convex program. Standard form is useful for proving results about general
convex programs, and for developing and implementing algorithms that produce exact or approximate solutions. However,
standard form is not always the most natural way of writing a convex program.

For example, consider a network that supports communication of a collection of N different traffic streams. Each traffic
stream flows over its own path of links. The paths can overlap, so that some links support multiple traffic streams. Let L be
the number of links, and let C; be the capacity of each link [ € {1,...,L}. Let 2 = (21,...,zx) be a vector of flow rates for
each stream. Given the link capacities, the problem is to find a vector of flow rates the network can support that maximizes
a concave utility function ¢(z) = Zf\il log(1 4 x;), which represents a measure of network fairness. This network utility
maximization problem is easily described as follows:

Maximize: Z7N:1 log(1 + ;) (61)
Subject to: >,y < Cr VIELL ... L} (62)
2; >0Vie{l,...,N} (63)

where A/(1) is the set of streams in the set {1,..., N} that use link [ (defined for each link [ € £).

While the above optimization problem is not in standard form, it is correct to call it a convex optimization problem. This
is because the problem can easily be put in standard form by changing the maximization to a minimization, bringing all
non-constant terms of the inequality constraints to the left-hand-side, and/or by defining a convex set X consisting of the
intersection of one or more of the constraints:

Minimize: — Zf\il log(1 + z;)
Subject to: 3, ey xi <G VIEALL, ..., L}
re X
where X is defined as the set of all vectors © = (x1,...,zy) that satisfy the constraints (63). To formally see that the above

is now in standard form, note that X is a convex set. Further, we can define functions f(z) and g;(x) by:
N
flz) = - Zlog(l + x;)
i=1
glx) = Y wVie{l,... L}

1eN (1)
and note that these are convex and continuous functions over x € X.

The following structures are not in standard form, but are accepted ways of writing convex programs. That is because they
are often more natural to write than the corresponding standard form, and they can easily be put into standard form by trivial
rearrangements.

o Maximizing a concave function ¢(x). This is equivalent to minimizing the convex function —¢(x).

« Enforcing a constraint g(x) < r(x) (where g(z) is convex and r(z) is concave). This is equivalent to the convex constraint

g(x) —r(z) <0.
« Enforcing a constraint g(x) > r(x) (where g(x) is concave and r(x) is convex). This is equivalent to the convex constraint
r(a) — g(x) < 0.

o Enforcing a linear equality constraint Zi\il a;z; = c. This is equivalent to the following two linear (and hence convex)

inequality constraints:

N
Zaixi —c < 0
i=1

N
c— Zaixi < 0
i=1

« Enforcing an interval constraint z; € [a, b]. This clearly imposes a convex constraint, and is equivalent to the following
two linear inequality constraints:

—x+a

IAIA

z—0b

Example V.1. Consider the network shown in Fig. [/} There are three traffic flows. Let 11,712,173 be the rate of each flow
(in units of bits/second). Each link can support a maximum flow rate (in units of bits/second), called the link capacity. The
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Fig. 7. A network with three flows, for Example

capacities of each link are shown in the figure. The traffic flows use paths shown in the figure. Note that the second flow is split
into two subflows with rates x and y. The goal is to find a vector of flow rates (r1,72,73), together with rates x and vy, that
can be supported over the network and that maximize the utility function ¢(r1,ra,73) = log(1+71)+log(1+7r2)+log(l+7;3).
Define X as the set of all (r1,72,73,7,y) € RN such that r; > 0 for all i € {1,2,3} and x > 0 and y > 0. The resulting
convex program is:
Maximize: Zle log(1 + ;)
Subject to: rt <3
rn+x<4
1 § 4
r <2
r <4
y<4
y+zt+ry<4
rT+y=n"r2
(rla r2,T3,%, y) eXx
The above problem includes some redundant constraints. For example, the constraint r1 < 4 is implied by the constraint r1 < 3.
Similarly, the constraint r1 < 4 is implied by the constraints r1 + x < 4 and x > 0. Removing this redundancy gives:

Maximize: 30, log(1 4 ;) (64)
Subject to: r <3 (65)
rt+x<4 (66)

x <2 67)

y+a+rs <4 (68)

rT+y=rs (69)

(r1,ro,r3,2,y) € X (70)

There are other ways of representing this same problem. For example, one can define a set X as the union of X with the set
of all (ri,7a,73,2,y) such that x +y = ro. Then the last two constraints above can be replaced by (ri,72,73,2,y) € X.

Example V.2. (Unhelpful representations) Some ways of representing a problem are correct but unhelpful. For example, the
problem (64)-(70) can be equivalently written by introducing utility variables u; = log(1 + r;):
Maximize: w1 + ug + us
Subject to: rt <3
rm+x<4
<2
y+x+r3 <4
rT+y=ry
(r1i,re,73,2,y) € X
u; = log(14r;) Vi€ {1,2,3} (71)
u; >0 Vie{l,23}
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However, the above representation is not a convex program because the constraints are not convex (recall that equality
constraints are convex only when both sides are affine functions of the optimization variables). One can fix the problem, while
still keeping the w; variables, by changing the non-convex constraints to the convex constraints u; < log(1 + r;) for
all i € {1,2,3}. This does not change the set of solutions because an optimal solution must meet the inequality constraints
u; < log(l+ r;) with equality. Indeed, any candidate solution that satisfies all constraints but has u; < log(1 + r;) for some
i € {1,2,3} can be strictly improved, without violating the constraints, by increasing u; to log(1 + ;).

B. Linear programs
When X = RY and the functions f(x), g1(z),..., gk (x) are affine, the convex program (58)-(60) has the form:

Minimize: co + Zivzl Ty
Subject to: SN agw; < by Vke{1,...,K}
(r1,...,2n) €RN

for some given real numbers cg,cy,...,cn, aix fori € {1,...,N} and k € {1,...,K}, and b; for k € {1,...,K}. Of
course, ¢y does nothing but shift up the value of the objective function by a constant, and so the solution to the above problem
is the same as the solution to a modified problem where ¢ is removed:

Minimize: sz\; Cix;
Subject to: Zf\;l apx; <b, Vke{l,...,K}
(21,...,2n) €RN
It is often easier to represent the above problem in matrix form: Let ¢ = (c1, ..., ¢y ) be a column vector, let b = (by, ..., bk ) be
a column vector, and let A = (a;) be a K x N matrix. Let the variables be represented by a column vector = (1, ...,ZN).
The problem is then:
Minimize: ¢’z
Subject to: Ax <b
r RN
where ¢’z is the inner product of ¢ and x, and the inequality Az < b is taken row-by-row.

VI. THE DRIFT-PLUS-PENALTY ALGORITHM FOR CONVEX PROGRAMS

A. Convex programs over compact sets

Let x = (z1,...,7x) represent a vector in R, Consider the following convex program:
Minimize: flx) (72)
Subject to:  gr(x) <cp Vk e {1,...,K} (73)
reX (74)
where{']
e X is a convex and compact subset of R¥. Recall that a subset of RY is said to be compact if it is closed and bounded.
« Functions f(z),g1(x),..., gk (x) are continuous and convex functions over z € X.

e cj values are given real numbers (possibly 0).

The only significant difference between the above problem and a general convex program is that the set X" here is assumed
to be both convex and compact, rather than just convex. The compactness assumption ensures that an optimal solution exists
whenever the problem is feasible (that is, whenever it is possible to satisfy all constraints (73)-(74))). Compactness is also
useful because it restricts the search for an optimal solution to a bounded region of R¥.

Assume the constraints are feasible. Define 2* as an optimal solution to the above problem. Define f* = f(z*) as the
optimal objective function value. A vector z € X is called an e-approximation of the solution if:

f@) < fr+te

9(Z) < ep+eVke{l,...,K}
We say that & is an O(e)-approximation if the “€” values in the above inequalities are replaced by a constant multiple of e.
The following subsections develop an algorithm that produces an O(¢)-approximation to the convex program, for any desired

10There is no loss of generality in assuming that the c;, values are all zero, since the gy (z) functions can simply be modified to g (z) = gx(x) — cg.



UPDATED SPRING 2023 23

value € > 0. The convergence time of the algorithm is O(1/€3) in general cases, and is O(1/€?) under the mild assumption
that a Lagrange multiplier vector exists (see Section [VI-G). A modified algorithm with a delayed start mechanism has O(1/¢)
convergence time under additional assumptions [7].

Exercises require only the definition of e-approximation above, together with Jensen’s inequality, to examine
convergence time issues related to a drift-plus-penalty algorithm developed in this section and an enhanced algorithm developed
in the next section.

B. Virtual queues

The drift-plus-penalty algorithm is a method for choosing values z(t) = (z1(t),...,xn(t)) € X over a sequence of time
slots t € {0,1,2,...} so that the time average T(t) = (T1(t),...,Tn(t)) converges to a close approximation of the solution
to a particular optimization problem. The algorithm is developed in [3|] for more general stochastic problems, and has close
connections to optimization for queueing networks. These notes consider the drift-plus-penalty algorithm in the special case
of the (non-stochastic) convex program (72)-(74).

Recall that the time average () is defined for all ¢t € {1,2,3,...} by:

=
a(t) =5 > a(r)
7=0
For each constraint k& € {1,..., K}, define a virtual queue Qy(t) with update equation:
Qr(t + 1) = max[Qk(t) + gr(x(t)) — cx, 0] (75)
with initial condition Qx(0) = 0 for all k € {1,..., K}. The value g (z(¢)) acts as a virtual arrival to the queue, and the value

¢y, acts as a virtual service rate (per slot). In a physical queueing system the arrivals and service rate are always non-negative.
However, in this virtual queue, these values g (z(t)) and ¢ might be negative. If the queue Q(t) is “stable,” so that the long
term departure rate is equal to the long term arrival rate, then the time average of the arrival process g (x(t)) must be less
than or equal to the service rate c;. By Jensen’s inequality, this implies that the limiting value of gy (T (¢)) is also less than
or equal to ci. Thus, stabilizing the virtual queue ensures that the desired inequality constraint is satisfied. This observation is
formalized in the following lemma.

Lemma VIL.1. (Virtual queues) Under the queue update we have for every slot t > 0 and for all k € {1,...,K}:

(1) < o + 20

Proof. Fix k € {1,...,K}. The equation for a given slot 7 imphes.
Qr(T+1) 2 Qu(T) + gi(z(1)) — cx

Rearranging terms gives:
Qr(T +1) = Qk(1) > gr(z(7)) — ck

Summing the above inequality over 7 € {0,1,...,t — 1} (for some slot ¢ > 0) gives:

Qult) — Qu(0) > 3 gu () — et
7=0

Dividing by ¢ and using the fact that Q,(0) = 0 gives:

1
Qk %Z ) — e

Using Jensen’s inequality gives:

O

The value Q(t)/t can be viewed as a bound on the constraint violation of constraint k up to slot ¢. The above lemma
implies that if we control the system to ensure that lim; o, Q(¢)/t = 0 for all k € {1,..., K}, then all desired constraints
are asymptotically satisﬁedﬂ]

' () <
Jim gi (Z(1)) < e

A queue that satisfies Q. (t)/t — 0 is called rate stable. Thus, the goal is to make all queues rate stable. More importantly, if
we can control the system to maintain a finite worst-case queue size (y,qq, then the constraint violations decay like @40/t
as time progresses.

"'More formally, the result is that lim sup,_, . g% (Z(t)) < cg-
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C. Lyapunov optimization

Define L(t) = %Ele Qk(t)? as the sum of squares of all virtual queues (divided by 2 for convenience). This is called a
Lyapunov function. The value L(t) is a scalar measure of the current queue backlogs. To ensure rate stability of all queues, it is
desirable to make decisions that push L(t) down as much as possible from one slot to the next. Define A(t) = L(t+1) — L(t)
as the Lyapunov drift, being the difference in L(t) over one slot. The drift-plus-penalty algorithm chooses z(t) € X every slot
t to minimize a bound on the following drift-plus-penalty expression [3]:

A(t) + Vf(x(t)

where V' is a non-negative parameter that affects the amount to which we consider minimization of the penalty term f(xz(t)).
Intuitively, we want to make A(t) small to ensure low queue backlogs. On the other hand, we also want to make f(z(¢)) small to
ensure a small value of the objective function. These two goals are managed by minimizing the weighted sum A(¢)+V f(z(t)).
It will be shown that the parameter V' affects a performance tradeoff between distance to the optimal objective function value
and the convergence time required to satisfy the desired constraints.

The first step is to compute a bound on A(¢). We have for each queue k € {1,...,K}:

Qr(t+1)? = max[Qx(t) + gr(z(t)) — cx, 0]
< (Qr(t) + grl(a(t) — cx)?
= Qr(t)” + (gr(x(t) — cr)® + 2Qu (1) (gr(2(t)) — cx)

Therefore: 1 1
[Qk(+1)? = Qu(t)] < S (gk((1) = x)” + Qi) (gx((1)) — k)
Summing the above over k € {1,..., K} gives:
K K
At) < % D (gr(@(t) — ) + Y Qu(®)(gr(x(1) — cx)
k=1 k=1

Define B as an upper bound on the worst-case value of 3 Zszl(gk (x(t)) — cx)?. This value B is finite because the set X is
assumed to be compact and the functions g () are continuous. Then:

K
A(t) < B+ Q) (gr(=(t) — cx)

k=1

Adding V f(z(t)) to both sides gives the following important drift-plus-penalty inequality:

K
A() +Vf(@(t) < B+ V(@) + Y Qu(t)gr(x(t) — c] (76)
k=1

The drift-plus-penalty algorithm is designed to operate as follows: Every slot ¢, all queues Qi (t) are observed. Then, the
controller makes a greedy decision by selecting z(t) € X’ to minimize the right-hand-side of (76).

Drift-plus-penalty algorithm (DPP): Every slot t € {0,1,2,...}, observe Q1(t),...,Qxk(t) and perform the following:
o Choose z(t) € X to minimize:

VF((t) + i Qu(t)gn(x(t) (77)
o Update the virtual queues Qg (¢) via (73), that is, for all k € {1,...,K}:
Qr(t +1) = max[Q(t) + gr(x(t)) — cx, 0] (78)

o Update the time average vector T(t) = %Z:_:lo x(7) by:

T+ = Ttoxm =710 (1) ++0 (757)

It is important to emphasize that, on slot ¢, the values Q1(t), ..., Qx(t) are treated as known constants that act as weights in
the expression (77). Given these weights for slot ¢, the expression is minimized by searching over all z(¢) € X'. The minimizer
z(t) is used in the queue update equation to compute the new weights Q1(¢ + 1),...,Qx (¢t + 1) for the next slot.

The relationship between the above algorithm and the dual subgradient algorithm (50) is as follows. Assume V' > 0 and
define scaled virtual queues Qy(t) = Q(t)/V. The DPP algorithm can be written in terms of Qy(t) by dividing ([77)-(78) by
V:
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o Choose z(t) € X' to minimize:

K
Fa®) + 3 Qultgn(w(t)
k=1

o Update Qy(t) for each k € {1,..., K} by:
Qr(t +1) = max[Qr(t) + (1/V)(gk(2(t)) — ex), 0] (79)

With the above notation, the variables (Q1(t),...,Qx(t)) can be viewed as Lagrange multiplier estimates (1, ..., ux) at
each step t, and the update equation (79) is the same as the dual subgradient update (50) with a step size 6 = 1/V. The
main difference is that the dual subgradient algorithm does not traditionally take a time average and requires certain strict
convexity properties to converge. The time averaging operation in the DPP algorithm allows optimization of time averages for
more general problems, including general convex programs as well as nonconvex and stochastic problems [3]]. In fact, a more
general version of the DPP algorithm was first developed for nonconvex and stochastic problems and was later shown to have
the form given above in the special case of deterministic convex programs. Since the main steps (77)-(78) of the above (convex
and deterministic) version of the DPP algorithm are the same as the dual subgradient algorithm, it is also correct to simply
call this the dual subgradient algorithm (augmented by the final step that takes a time average of the “primal” variables x(t)).

D. Example convex program

Consider the following example convex program, stated in terms of optimization variables x and y:

Minimize: er 4 12 (80)
Subject to: r+y>4 81)
z+3y>6 (82)

x € 0,5],y € [0, 5] (83)

While this problem can easily be solved by hand, it is instructive to show the steps of the drift-plus-penalty algorithm. The
problem is equivalent to the following problem that inverts the inequality constraints (§T)-(8T):

Minimize: e +y? (84)
Subject to: —r—y<—4 (85)
—x—3y < —6 (86)

x €]0,5],y € [0,5] 87

Let X be the set of all (x,y) that satisfy constraints (this set is a square and is indeed a convex and compact set).
There are two additional constraints (85)-(86), each will receive its own virtual queue. Notice that all non-constant terms of
the constraints (83)-(86) have been shifted to the left-hand-side, as required. The drift-plus-penalty algorithm reduces to the
following:

Virtual queues: Define Q1(0) = Q2(0) = 0. Variables x(t), y(¢) are used in the following queue update equations every slot
te{0,1,2,...}:

Qit+1) = max[Qi(t) —x(t) —y(t) +4,0] (88)
Q20t+1) = max[Q2(t) — z(t) — 3y(t) + 6,0] (89)
Variable selection: Every slot t € {0,1,2,...}, observe Q1(t), @2(t) and choose (z(t),y(t)) € X to minimize:

V(e +y(0)°) + Qu (1) (~a(t) — y(1)) + Qa(t)(—(t) — 3y(1))

This is a correct answer, but not complete. That is because a complete answer should exploit separable optimization in the
variable selection whenever possible. By rearranging terms, the variable selection decision corresponds to the following:

Minimize: (Ve ™ — (Q1(t) + Q2(8))z(t)) + (Vy(t)? — (Q1(t) + 3Q2(t))y(1))
Subject to: x(t) € [0,5],y(¢) € [0, 5]

It is apparent that «(¢) and y(¢) can be optimized separately:
o z(t) selection: Choose z(t) € [0,5] to minimize Ve*® — (Q1(t) + Q2(t))z(t). Thus:

x(t):[1 <Q1 )+ Qu(t) )L (90)

where [a]] represents a projection of the real number a onto the interval [0, 5].
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o y(t) selection: Choose y(t) € [0,5] to minimize Vy(t)? — (Q1(t) + 3Q2(t))y(t). Thus:

5
y(t) = |:Q1(t) ;“/3@2@)]

Deterministic queue bounds: Exercise [[X-G.7| shows that, in this example, there are constants i, 32, C7,Cs such that
Q1(t) < 51V 4+ Cy and Q4(t) < B2V + Cs for all ¢. Substituting this deterministic queue bound into Lemma implies
that for all ¢t € {1,2,3,...}:

oD
0

—T(t) —gt) < —4+(BV+C)/t
—z(t) = 3y(t) < —6+(BV+Co)/t
Thus, the vector (Z(t),7(t)) is very close to satisfying the desired constraints when ¢ is large relative to V.
Discussion: Choosing the set X" as the square corresponding to constraints was convenient as it led to a simple separable
optimization for x(t) and y(¢). To produce the simplest algorithm for multi-dimensional problems, a rule of thumb is to set X’

as a multi-dimensional hyper-rectangle so that each variable is restricted to a particular interval. However, this is not necessary
for the algorithm, as shown in the next subsection.

E. Choosing a different set X

Consider the same problem (84)-(87). However, now define X' as the set of all (z,y) that satisfy the constraints (86)-(87).
This is the intersection of the compact square [0, 5] x [0,5] with the convex set defined by constraint —z — 3y < —6. The
resulting set is still convex and compact, but is no longer a square. The only remaining constraint in the problem is (83) (being
the constraint —x — y < —4). Thus, the drift-plus-penalty algorithm uses only one virtual queue:

Virtual queue: Define the virtual queue Q(¢) with update equation:

Q(t+1) = max[Q(t) — z(t) — y(t) + 4,0]
Variable selection: Every slot ¢ € {0,1,2,...}, observe Q(¢) and choose (x
V(e ® +y(t)%) + Q1) (—a(t) —
This reduces to the following problem every slot ¢:

Minimize: (Ve ™ — Q(t)z(t)) + (Vy(t)? — Q(t)y(t))
Subject to:  x(t) € [0,5],y(¢t) € [0,5], z(t) + 3y(t) > 6

(t),y(t)) € X to minimize:
®))

t

While the objective function in the above minimization is still a separable sum of terms involving x(¢) and y(¢), the constraint
z(t) + 3y(t) > 6 couples the (z(t),y(t)) selection, so that these variables cannot be chosen separately. One can obtain a
(non-separable) solution to the above problem by using a Lagrange multiplier on the constraint x(t) + 3y(t) > 6.

The performance theorem of the next subsection ensures that time averages (Z(t),7(t)) from both the algorithm in this
subsection and the algorithm in the previous subsection approach the same optimal solution to problem (80)-(83) as V' — oo.

F. Performance theorem

Define Q(t) = (Q1(t),...,Qx(t)), and define ||Q(t)

for more general stochastic problems in [3]].

| = \/Zf; Q;(t)2. The following theorem is a special case of results

Theorem VL1. If the convex program (T2)-(74) is feasible, then the drift-plus-penalty algorithm ensures:
(a) f(x(t)) < f*+ B/V forall slots t € {1,2,3,...}.

(b) limy o0 20 =0 for all k € {1,..., K}.

(c) limsup,_, . gx(T(t)) < cx for all k € {1,.. .,K}PZ]

@ IR/t < O(VVF).

2The “lim sup” can be replaced by “lim” whenever the regular limit exists. The value limsup,_, . h(t) exists (possibly being oo or —oo) for any
real-valued function h(t), and is the largest limiting value over any subsequence of times tj, that increase to infinity and for which the regular limit of h(tx)
exists. For example, lim;_, o cos(t) does not exist, but lim sup,_, ., cos(t) = 1. Indeed, note that no subsequence of times ¢;, can have a limiting value of
cos(ty) that is larger than 1, but one can define the particular subsequence t;, = 27k (for positive integers k) that satisfies limy_, oo cos(tx) = 1. If h(¢) is
a real valued function and if c is a real number, the statement “lim sup,_, h(t) < ¢” is equivalent to the statement that “for all € > 0, there is a time 7T
such that h(t) < ¢+ € whenever ¢t > T It is also equivalent to the statement that “lim;_, o max[h(t), c] = ¢.” If two functions hy(¢) and ho(t) satisfy
h1(t) < ha(t) for all £ > 0, it can be shown that limsup;_, .o h1(¢) < limsup,_, o ha(t).
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Proof. (Theorem part (a)) Since the drift-plus-penalty algorithm chooses z(7) € X’ to minimize the right-hand-side of
(76) on each slot 7, and the optimal solution x* is also a point in X, we have:

K
AT+ Vi) < B+VFHE)+ > Qur)ga") - i) ©2)
k=1

< B4+Vf* 93)

where the final inequality holds because f(z*) = f* and gx(2*) < ¢ for all k. Summing the above over 7 € {0,...,t — 1}
gives:

t—1
L(t) = L(0) + VY _ fla(r)) < Bt+ V[t
7=0

Dividing by V't and using the fact that L(0) = 0 gives:

% + 12 far) < o+ f° (94)

Using L(t) > 0 and Jensen’s inequality gives:

Proof. (Theorem parts (b)-(d)) From (94) we have for all ¢ € {1,2,3,...}:
L(t B ..
VLt)‘Ffmin S V"’f
where [y, = infycx f(x). The value f,;, is finite because X' is compact and f(x) is continuous. Rearranging terms gives:
L(t) S Bt + (.f* - fmin)Vt
Substituting the definition L(t) = 1||Q(t)||? gives;

2
HQ(t)HQ < 2[B + (.f* - fmin)v]t

Thus:
lRMIl _ \/2[3 + (f* = fmin)V]
t - t
This proves part (d). Part (d) immediately proves part (b). Part (b) with Lemma proves part (c). O]

The theorem shows that V' can be chosen as large as desired to ensure f(Z(t)) is arbitrarily close to the optimal value f*,
with a corresponding tradeoff in the time required for the constraints to be close to being satisfied. Choosing V' = 1/¢ yields an
O(e)-approximation. The time required for the constraints to be satisfied within O(e) is the time ¢ such that ||Q(¢)||/t < O(e).
From part (d) of the above theorem, this is ensured if /V/t < e. If V = 1/¢, it follows that we need time ¢ > 1/ €3. However,
the bound in part (d) is overly conservative. An improved convergence time bound of O(1/€?) is given in the next subsection
under an assumption that a Lagrange multiplier vector exists.

The above drift-plus-penalty theorem is developed in a more general stochastic context in [3]] (see also [8]). Applications to
distributed convex programming are in [9], where an improved O(1/¢?) convergence time is shown under a Slater condition.
A similar O(1/€?) convergence time is shown in [10]. In the (deterministic) convex program context, the drift-plus-penalty
algorithm is similar to the dual subgradient algorithm [1]][2]. However, the dual subgradient algorithm traditionally does not
take time averages and requires more stringent strict convexity assumptions for its mathematical analysis.

G. Improved convergence time analysis

Theorem only requires the convex program (72)-(74) to be feasible. The following theorem provides a tighter O(1/€?)
convergence time analysis under the additional assumption that a Lagrange multiplier vector exists. Specifically, assume there
exists a vector = (1, ..., k) such that uy >0 for all k € {1,..., K}, and:

K

K
F@)+Y mgr() = f(2*) + Y ey Vo € X 95)
k=1

k=1
This Lagrange multiplier assumption is equivalent to the existence of a non-vertical hyperplane that is tangent to a certain
convex set, as discussed in detail in Appendix B. The following theorem is from [4].
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Theorem VL.2. (Improved convergence time [4|]]) Suppose the convex program (I2)-(74) is feasible and that a Lagrange
multiplier vector p = (p1, ..., k) exists (so that (93) holds). Then the drift-plus-penalty algorithm with V' > 0 and initial
conditions Qr(0) =0 for all k € {1,..., K} ensures:
(a) f(z(t)) < f*+ & for all slots t € {1,2,3,...}, where B is the constant used in (T6).
i
(b) LRI < VI VEIPR2BE g gy € {1,2,3,...),

(c) Define V.= 1/e. Then for any integer t > 1/ we have:

f@(t) < f*+0()
(@) < c+0() Vhke{l,... K}
Z(t) € X

Hence, the drift-plus-penalty algorithm produces an O(€) approximation to the solution with a convergence time of O(1/€?).

Proof. Part (a) is already known from Theorem Part (c) follows immediately from parts (a) and (b) together with Lemma
Part (b) is proven in Appendix C. O

Additional convergence time improvements, faster than O(1/¢2), are shown in the following references:

o Work in [7] shows that under certain linear-type assumptions, the convergence time of DPP can be further pushed to
O(1/e) by using delayed time averages that start the averaging after some later time 7" > 0.

o Work in [11]] shows that an algorithm equivalent to DPP has O(1/¢e) convergence time under certain strong convexity

assumptions

o Work in [[12] shows the DPP algorithm has O(1/¢) convergence time under strong convexity assumptions that are slightly

less stringent than [[11]. Work [[12] also considers DPP with delayed time averages: Under strong convexity assumptions
that are more stringent than [L1], the algorithm is shown to have an improved convergence time of O(1/€2/3). Further
improvements to O(log(1/¢)) are shown in [12] under even more stringent assumptions.

o Work in [5] develops a modification of DPP that achieves O(1/¢) convergence time for general convex programs (without

requiring linearity or strong convexity).

o Alternative algorithms for O(1/¢) convergence time under various assumptions are considered in [L3]|[14][13].

The algorithms in the above bulleted list are related to the basic dual subgradient algorithm. Such algorithms typically
require a large number of iterations, but make simple decisions at each iteration. There are other classes of algorithms (such
as interior point and Newton-based algorithms) that use a small number of iterations, but make more complex decisions at
each iteration. The reader is referred to [2]][1]] and related literature for more details on these.

H. Choosing the set X for general problems
Consider the convex program (72)-(74), which seeks to minimize f(x) subject to gi(z) < ¢ for all k € {1,..., K} and

x € X (where X is a convex set and f(x), gi(z) are convex functions). Now define X as the intersection of X" and the set
of all x € RY that satisfy g (x) < ck. Since the intersection of convex sets is convex, the set X is convex. The original

problem (72)-(74) is equivalent to the following:

Minimize: flx)
Subject to:  gr(z) <c¢p Vke{l,..., K —1}
rEX

The only difference is that the above convex program is written by shifting the last constraint g k (x) < ¢k into the set constraint
x € X. While this does not change the underlying problem, it gives rise to a different implementation of the drift-plus-penalty
algorithm that uses one fewer virtual queue and that seeks to find z(¢) € X to minimize:

K-1
V@) + Y Qu(t)gr(x(t))
k=1

The advantage of using one less virtual queue is that the constant B in Theorem is now smaller. Intuitively, the algorithm
provides tighter performance at the cost of doing a search for x(¢) over the more complex set X, rather than the larger (but
typically simpler) set X. Indeed, in the extreme case, one can place all constraints gi(x) < ¢ into an abstract set X’. That
is, we can define X’ as the intersection:

X =xn{nl {z eRY : gi(z) < e }}

3A function f(x) is strongly convex if f(z) — a|z||? is convex in 2 for some constant & > 0. A strongly convex program has a strongly convex objective
function. This structure is restrictive because it requires all variables that appear in the constraints to also appear in the objective function. For example, this
holds in network utility maximization problems with fixed path routing, but not with multi-path routing.



UPDATED SPRING 2023 29

The resulting drift-plus-penalty algorithm then uses no virtual queues, and converges to the correct answer immediately on
slot 0. Of course, this is because it is forced to choose x(0) € X’ as the minimizer of f(z), which is identical to choosing
2(0) as the optimal solution to the original convex program!

One can write a single convex program in multiple ways. In practice, one should choose the abstract set X', and the
corresponding constraints gx(x) < ¢ that are not incorporated into X, in such a way that searching over € X' to minimize
Vi(z)+ ZkK=1 Qr(t)gr(z) is easy. A rule of thumb is to choose X" as a hyper-rectangle whenever possible, so that it has the
form:

X = {l‘ € RN P Timin <z; < xi,machi S {1,,N}}

for some real numbers Z; ;i and ; mqq. This is especially useful when the functions f(x) and gx(z) are separable sums of
the individual z; variables. For example, suppose that:

N
flz) = Z fi(z:)

N
gk(l‘) = ngi(:vi) Vk € {1, ceey K}
i=1
for some convex functions f;(z;) and gg;(z;). In this case, the drift-plus-penalty algorithm of choosing x(¢) € X’ to minimize
Vi(z(t) + Zszl Qr(t)gr(z(t)) is reduced to separately choosing each variable x;(t), for each i € {1,..., N}, to solve:

Minimize: V f;(x;(t)) + Zszl Qr(t)gri(xi(t))
Subject to: zi(t) € [Timin, Timaz]

This is a minimization of a convex function of one variable over an interval. The minimum occurs at a critical point: either a
boundary point Z; yn, OF Z; mas, @ point where the derivative does not exist, or a point of zero derivative. Often, the optimal
choice of x;(t) can be solved in closed form. This is the case for linear programs, where the functions f(z) and gy (z) are
affine (see Exercise [X-G.I)). This separable property is particularly useful for distributed implementation in systems where
different devices choose different x;(¢) values. Separability can often be designed by creating local estimation variables to
facilitate distributed implementation (see [9] and Exercises [X-G.17JIX-G.19).

1. A small network example

Fig. 8. A small network example for Subsection

Consider the following example exercise: A network with two flows must be optimized for maximum utility subject to
power constraints (see Fig. . The flow rates are x1,x2 and are chosen over intervals x1 € [0, Zyq4.) and x2 € [0, Zpaz)
where x,,,, 1S some given positive number that bounds the maximum flow rate. The total power (summed over all links) is
eft fefepefs fefifefs —5 where f1 is the total flow rate over link [, defined for each [ € {1,...,5}. We want to maximize
the utility function log(1+21)+log(1+2) subject to a total power constraint of p;,; (Where py,: is a given positive constant):

el +€f2 _|_ef3+€f4 +ef5_5§ptot

The convex optimization problem is to choose input rates z1, x2 and flow rates a, b, ¢ to solve:

Maximize: log(l + x1) + log(1 + z2) (96)
Subject to: a+b+c>a 97)
h(l‘l, Z2,a, b> C) S DPtot (98)

a,b,Ql’l,[IJg S [Oaxmar] (99)
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a) Define the convex function h(z1, 22, a,b, c) that defines total power used in the network.

b) Let X' be the set described by constraint (99). State all virtual queues for this problem.

c¢) Using answers from parts (a)-(b), state the drift-plus-penalty algorithm for this problem. Make sure to exactly specify all
choices of the decision variables, and to exploit separable structure whenever possible. Explicitly solve in closed form for any
variables that are completely separable.

Solution:

a) We have h(zy,x2,a,b,c) = 2e® + e’ 4 e + e“t¥2 — 5. This is indeed a convex function of (x1,z2,a,b,c).

b) Since X is the set of all (x1,x2,a,b,c) that satisfy (@9), there are only two remaining constraints, namely, constraints
(©7)-(©8). We could label their virtual queues as Q1 (t) and Q2(t). Alternatively, we could simply label the virtual queues as
Q(t) and Z(t). Using the latter notation gives:

QUt+1) = max[Q(t) + z1(t) — a(t) — b(t) — c(t),0]
Z(t+1) = max[Z(t) +2e*D 4 PO ) 4 eeOF22(t) _5_y), 0]
Notice that for virtual queue Q(t), we remembered to modify the constraint to a less-than-or-equal-to constraint, and to
shift all non-constant terms to the left-hand-side (so the constraint is equivalent to z1 — (a + b+ ¢) < 0).
c) Every slot ¢, observe the virtual queues and choose (z1(t), z2(t), a(t), b(t), c(t)) € X to minimize:
—Vilog(1+ z1(t)) — Vieg(1 + z2(t)) + Q(t) (z1(t) — a(t) — b(t) — c(t))
+Z(1) (27D 4 )y ec® etz 5 p,
This reduces to choosing:
o 21(t) € [0, Zmaz] to maximize Vlog(l + x1(t)) — Q(¢)x1(¢). Thus, xz1(t) = [V/Q(t) — 1]g™me=.
o (22(t),c(t)) € [0, Tmaz] X [0, Zmae] to minimize —V log(1 + xo(t)) + Z(t)ec®+22(1) 1 Z(+)e™® — Q(t)c(t). Thus, 2o(t)
and c(t) must be chosen together. .
e Choose a(t) € [0, yaz] to minimize —a(t)Q(t) + 2Z(t)e®). Thus, choose a(t) = [log (%)}Omw.
Tmax
e Choose b(t) € [0, Tpaz] to minimize —b(t)Q(t) + Z(t)e?®). Thus, b(t) = [log (%)} :
0
J. General time averages (without convexity)

Theorem and Lemma only use convexity of f(x) and gx(x) when applying Jensen’s inequality at the every end to
push a time average inside a convex function while preserving a desired inequality. No convexity assumptions are needed if one
wants to optimize the time average of a function, rather than a function of a time average. Indeed, suppose ) is a closed and
bounded (possibly non-convex) subset of R¥*! (possibly non-convex). Consider the following time average problem: Every
time slot t € {0,1,2,...}, choose a vector y(t) = (yo(t),y1(t),...,yx(t)) € Y so that the resulting time averages solve:

Minimize: limy s o0 Gy (%)
Subject to:  limy oo () < ¢ Vk €{1,..., K}
x(t) e X Vt € {0,1,2,...}

The general algorithm for this is as follows [3]]: For each k € {1,..., K}, define virtual queues Q(t) by:
Qr(t+1) = max[Qx(t) + yx(t) — cx, 0] (100)
Every slot ¢, observe Q1(t),...,Qk(t) and choose y(¢) € Y to minimize:

K
Vyo(t) + Y Qu(t)yr(t)
k=1
Then update the queues via (T00). See Exercise [X-G.14] for a simple example.

K. Equality constraints
Again let X’ be a general (possibly non-convex) set and suppose z(t) € X for all ¢ € {0,1,2,...}. Define yo(t) = f(z(t)),

Y (t) = g (x(t)), and w,, (t) = hy,(x(t)) for some bounded functions f(x), gi(x), hy,(x) over x € X forall k € {1,..., K}
and m € {1,..., M} (where K and M are some non-negative integers. Consider the problem:

Minimize: limy s o0 Ty (t)

Subject to:  lim; 00 U (¢t) <0 VEk € {1,...,K}

limy oo Wi (£) =0 Ym € {1,..., M}
z(t) e X vt €{0,1,2,...}
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The drift-plus-penalty algorithm in this context uses queues Q(¢) and Z,,(t) with updates [3]:
Qr(t+1) = max[Qk(t) + yr(t),0]
Zm(t+1) = Zp(t) +wn(t)
Every slott € {0,1,2,...}, the algorithm observes Q1 (¢), ..., Qk (t) and Z; (¢), ..., Zp () and chooses z(t) € X to minimize:

K M
Viyo(t) + Z Qr(t)yx(t) + Z Zm(t)w
k=1 m=1

That is, choose z(t) € X' to minimize the following:

M
+ZQ1€ gk +ZZm ))

=1

If the f(x) and gx(z) functions are continuous and convex, the h,,(z) functions are affine, and the set X’ is convex, then
Jensen’s inequality ensures this procedure provides an O(e)-approximation to the convex program of minimizing f(z) subject
to gr(z) <0 forall k€ {1,...,K} and h,,(x) =0 for all m € {1,..., M} (where e = 1/V).

L. Stochastic problems

See [3]] for a development of the drift-plus-penalty algorithm in more general scenarios, including stochastic scenarios.

VII. AN ENHANCED ALGORITHM WITH O(1/t) CONVERGENCE

The following recent numerical algorithm from [5] uses drift-plus-penalty concepts with three modified steps to speed up
the convergence time of the original DPP algorithm. Again fix positive integers NV, K and consider the convex program

Minimize: f(x) (101)
Subject to:  g;(z) <0 Vie{l,...,K} (102)
re X (103)

where X C RY is a convex set and f : ¥ — R, g; : X — R are convex functions. The enhanced algorithm requires the set
X to be closed but no longer requires it to be bounded (however, it will require the g; functions to be Lipschitz continuous,
defined later).

Enhanced algorithm of [5]: Fix o > 0 as an algorithm parameter. Initialize an arbitrary 2(—1) € X. Initialize virtual
queues Q;(0) = max{0, —g;(z(—1))} for all s € {1,...,K}. For all t € {0,1,2,...} do

o Observe Q;(t),z(t — 1), g;(z(t — 1)) for all : € {1,..., K}. Choose z(t) € X’ to minimize the expression:

+ZQ1 )+ gi(w(t = D)lgi(x(t) + allz(t) — a(t - D] (104)

where ||z|| denotes the standard Euclidean norm of a vector z, so ||z||? = Zf\;l 22.
o Update virtual queues for each i € {1,..., K} by

Qi(t+1) = max{Qi(t) + gi(x(t)), —gi(x(t))} (105)
« Update the time average Z(t) € RY by

T(t+1) = (tL) Z(t) + (t+11> (1)

There are three main differences between the above algorithm and the DPP algorithm of the previous section: (i) The virtual
queue update replaces the usual max{-,0} with max{-, —g(z(t))}{¥] (i) The expression (T04) includes a new term
allx(t) — z(t — 1)||2 that is called a prox function because it encourages x(t) to be chosen in close proximity to z(t — 1);
(iii) The weight @;(t) that multiplies the constraint functions g;(x(¢)) in the DPP algorithm is augmented to a new weight
Qi(t) + gi(x(t — 1)). A fourth difference is that the f(x(t)) term in (T04) no longer is multiplied by V, equivalently, we use
V=1

141t can be shown that a modified version of this enhanced algorithm can be implemented with the usual max{-, 0} virtual queue update, while maintaining
the fast convergence times of the enhanced algorithm, in the special case when all constraint functions g; are affine (see also [16]). The max{-, —g;(z(t))}
update is used to ensure that the weight Q;(¢) + g;(z(t — 1)) in (T04) is nonnegative so that (T04) remains a convex optimization over x(t) € X. This
weight can be negative, without affecting convexity, in the special case when g;(z) is affine in x.
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A. Performance of enhanced algorithm

Define g : X — R¥ by g(z) = (g1(2),...,9x (). Assume that g is B-Lipschitz continuous so that

lg(z) — gl < Bllz —yl| Va,ye X (106)
Suppose z* is an optimal solution to problem (TOI)-(T03). The Lagrange multiplier assumption (93) in this context is equivalent
to existence of a nonnegative vector p = (u1,. .., tx) that satisfies
K
F@)+> mge(@) > fa*) VzeX (107)
k=1

Theorem VIL.1. Suppose problem (101)-(103) has at least one optimal solution x*; the constraint functions g; satisfy the
Lipschitz property (106); and the Lagrange multiplier assumption (107) holds for some (nonnegative) Lagrange multiplier

vector ju = (p1, ..., uK). If the enhanced algorithm uses parameter o > %32 then for all T > 0 we have T(T) € X and
— * « *
FED) < F) + 2t —a(-D)?
2 1 2
i) < Wl L foaller o 01R + 32w vie e K
Proof. See [5]]. O

Theorem shows that Z(T") has a constraint violation gap and utility optimality gap that decays like O(1/T). This means
we can keep running the algorithm and the resulting time averages converge to optimality as 7' — oco. A backpressure-based
algorithm is developed in [L6] using this enhanced drift-plus-penalty framework that ensures O(1) queue size with utility that
deviates from optimality by O(1/T'), where T is the number of slots the algorithm is in operation.

VIII. NETWORK OPTIMIZATION VIA DRIFT-PLUS-PENALTY

This section applies the drift-plus-penalty (DPP) algorithm to general network optimization problems. It emphasizes DPP
only for simplicity: Similar techniques can be used for application of the (typically faster) enhanced algorithm of Section
Recall that the drift-plus-penalty algorithm is as follows: To solve the convex program of finding z € X' to minimize f(x)
subject to gr(z) < ¢ forall k € {1,..., K}, first define virtual queues:

Qr(t+ 1) = max[Qr(t) + gr(z(t)) — cx,0] Yk € {1,..., K} (108)

Assume that Q;(0) = 0 for all k£ € {1,...,K}. Every slot ¢t € {0,1,2,...}, observe the virtual queues Q(t) and choose
z(t) € X to minimize the expression:

K
V@) + ) Qut)gr(x(t))
k=1
Then update the virtual queues for slot ¢ + 1 via (108) using the vector z(t) that was chosen on slot ¢.

A. Flow-based optimization

Consider a network with L links and N traffic flows. Let C; be the capacity of link I € {1,..., L}, taking units of bits/slot
(where a time slot is selected as a convenient unit of time). Assume each flow uses a pre-determined path that consists of a
subset of links. Define P(i) as the subset of links used by flow 4, defined for each ¢ € {1,..., N}. Let N'(I) denote the set

of flows in {1,..., N} that use link [. Let z = (x1,...,2 ) be the vector of flow rates, so that z; is the traffic rate of flow i
(in bits/slot). We want to choose zz € RY to solve the following network utility maximization problem:

Maximize: vazl bi(x;) (109)

Subject to: Zie/\/(l) x <Cvie{l,...,L} (110)

2; € 0, Zmas] Vi € {1,...,N} (111)

where T4, i some maximum flow rate, and ¢;(z) are concave functions over x € [0, Z,q4] for each ¢ € {1,..., N'}. This

problem is similar to (61)-(63) with the exception that a general concave utility function is used (not necessarily ¢;(z) =
log(1 4+ z)) and the constraint z; > 0 is changed to x; € [0, 4. This change is important to ensure the optimization
variables z are chosen in a compact set X. In this case, the set X is the set of all z € RY that satisfy (TTI).

Virtual queues: For each constraint [ € {1,..., L}, define a virtual queue @Q;(¢) with dynamics:

Qu(t+1) =max [Q(t)+ Y xi(t) = C1,0 (112)
1€EN (L)
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Drift-plus-penalty algorithm: Every slot t, the network controller observes Q1(t),...,Qr(t) and chooses z(t) € X to

minimize:
N L
VY s+ | Y aw
i=1 =1 1€EN(1)
Separable implementation: The algorithm reduces to the following: Each node i € {1,..., N} chooses x;(t) € [0, Zmaz] to
maximize:
Vei(zi(t) — | > Qu(t)| zi(t)
1EP(4)
Define:
= > Qi (113)
leP(i)
Then «;(t) is chosen in [0, Zpqz] to maximize Ve, (x;(t)) — x;(t).
Special case: In the special case when ¢;(x) = (6;/b) log(l + bx) for all 4, the decision at flow 4 is:
|:V9 /W :|Ima,.—p
0
Under this algorithm, it is not difficult to show that:
Qi) < VOmaz/b+ Tmax Yt € {0,1,2,..} (114)

where 0,0, = max;cqr,.. Ny 0i, provided that Q;(0) satisfies this inequalityE] Since deviation from optimal utility is like
O(1/V), the deviation from optimality can be pushed arbitrarily small by increasing the V' parameter, with a corresponding
O(V) tradeoff in queue size.

Interpretation: The virtual queueing equation (T12) looks like an actual queue for link [ that receives arrivals D i N xi(t)
on slot ¢, and that has a service rate . This is an approximation to the actual network queueing dynamics because it assumes
all new arrivals are placed immediately and simultaneously on all links of the path. Of course, the actual arrivals would
traverse the path one link at a time. Nevertheless, the approximation is useful and is typically a good approximation of network
performance.

The weight W;(t) is the sum of the current queue values along the path P(¢). It is difficult to obtain the exact value of
Wi (t). The value W;(t) can be approximated by having each packet observe the queue contents in each queue of its path, and
store the accumulating sum in a header field. The resulting sum is passed as a delayed feedback message to the source of each
flow 4. This provides an approximation of W;(t) that is typically within an additive constant C' from the true value, called a
C-additive approximation. It can be shown that the drift-plus-penalty algorithm still works optimally with such approximations
(see Exercise [X-G.13). However, the queue bounds increase with C, and the resulting value of V' typically needs to increase
to achieve the same performance as the case C' = 0.

The above algorithm is similar to the algorithms of [17][18], which use an alternative dual subgradient method for its
derivation, and to the “Fast-TCP” implementation in [19] that bases decisions on a path price. The dual subgradient algorithm
in that context uses a “step size” parameter J, and requires updates to be performed every J units of time (optimality is
approached only when § — 0). In contrast, the drift-plus-penalty algorithm is implemented over fixed size slots that do not
need to shrink down to zero. This allows a fixed amount of time for network decisions to be made and implemented, which
is important in practical situations when decisions cannot be made arbitrarily rapidly. However, the resulting decisions are
identical to those of the dual subgradient algorithm under the change of variables V' = 1/§ (so V' can be viewed abstractly as
an inverse step size parameter). There is another advantage of using a small slot size, even with the drift-plus-penalty algorithm.
Indeed, if one assumes that the maximum per-slot arrivals and service are proportional to the slot size, it is not difficult to
show that shrinking the slot size can maintain the same network utility with proportionally smaller queue sizes (see Exercise
[X-G.16). In practice, one should use a slot size that is as small as possible, but no smaller than that which is physically
practical.

The traditional dual subgradient algorithm analysis does not involve a time average, and hence requires more stringent strict
convexity assumptions on the objective function. In particular, it does not support additional routing variables for extended
problems of multi-path routing, since those variables appear in the constraints but not in the objective function. The time
averaging analysis in the drift-plus-penalty algorithm does not require strict convexity, and hence it can handle any convex
programs, including those with multi-path routing (see Exercise [X-G.8). Further, the time averages often have a direct physical
meaning, such as average throughput or power.

SMore generally, it can be shown that Q;(t) < O(V') for all ¢t whenever the utility functions have a bounded maximum right-derivative [3]. Defining
€ = 1/V and noting that Q;(t)/t is a bound on the constraint [ violation implies that Q;(t)/t < O(e) for all t > Q(1/€2).
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It can be shown that using link weights that are a constant multiple of @Q;(¢) will still give a correct operation. That is,
instead of using W;(t), one can use Wi(t) => eP(i) ~Q(t) for some arbitrary (but fixed) values ; > 0. This is because each
constraint [ in is equivalent to the corresponding constraint when both sides are multiplied by 7; (see Exercise [X-G.12).
This observation is of practical importance because it implies that any weight that is proportional to @;(¢) (such as the observed
average delay on link /) will work as a useful proxy for @;(t). Implementations such as TCP-Vegas and TCP-Reno can use
weights of this form [18[][19]]. Indeed, packets can be marked in proportion to the queue size and/or delay experienced over
each link, or a “round trip time” can be used to estimate the sum of delays. Such values can be used as proxies for VNVl(t)
A more accurate proxy is the sum weight over a “half-trip-time” (using only links from source to destination) rather than a
round trip time. Nevertheless, variations of TCP that control flow rates as a function of such weights can often be understood
as approximate implementations of the (optimal) drift-plus-penalty algorithm (and hence, also the optimal dual subgradient
algorithm in the special case when strict convexity holds). Another practical consideration is that transport layers often use a
window-based admission structure, so that admission of a precise amount of data z;(¢) can only be approximatedE]

B. Power constraints

Consider the same network scenario as the previous section. Thus, there are N traffic flows, each using a fixed path through
the network. However, for each [ € {1, ..., L}, assume the link transmission rate is a function of a power allocation variable:
Cy = w(pi), where py is a concave increasing function over p; > 0. Suppose the network has K nodes, and let Out(k) be
the set of links that transmit out of node k. The goal is to maximize utility subject to the additional constraints that each node

k € {1,..., K} must maintain an average power constraint. That is, we choose flow rates x1,...,zy and powers p1,...,pr,
to solve:

Maximize: SN i) (115)

Subject to: ZieN(l) x; < w(p) Yie{l,...,L} (116)

Yicoumy Pt <pi Ve {l,... K} (117)

x; € [0, Tpmaz] Vi €{1,...,N} (118)

JURS [prmaw] vl e {17 s 7L} (119)

for some given values Ty,qz, Pmas, and some desired average power constraints pi".
Solution: To solve this, define X" as the set of all (z1,...,2ZN,p1,...,pr) vectors that satisfy (TI8)-(T19).
Virtual queues: For each constraint [ € {1,..., L} in (TI6), define a virtual queue Q;(¢) with update:

Qut+1) =max Q) + > xi(t) — u(pi(t)),0 (120)

1EN(1)
For each constraint k € {1,..., K} in (II7), define a virtual queue Z(¢) with update:

Zp(t+1) =max | Zp(t) + Y pi(t) —pi,0 (121)
leOut(k)

Drift-plus-penalty algorithm: Every slot ¢, observe the queues Q1 (t),...,QL(t) and Z1(t), ..., Zk(t) and choose x;(t) and
pi(t) variables to minimize:

K

N L
VY bl + Q) | Y w) - )| + 3z | Y mlo)
1=1 =1

€N (L) k=1 leOut(k)
This reduces to the following separable algorithm:
o (Flow control) Each flow ¢ chooses z;(t) € [0, ;4. to maximize:

Vii(xi(t)) — Wi(t)zi(t)
where W;(t) is defined in (113).
« (Power allocation) Each node & chooses powers p;(t) € [0, ppmaz] for all I € Out(k) to minimize:
—Qut) i (pi(t)) + Ze () (t)
o (Queue updates) Each link [ updates @Q;(t) via (I20). Each node k updates Z(¢) via (IZ1).

1For example, the drift-plus-penalty analysis assumes arrivals x;(t) are chosen as any real number in the interval [0, Zmqz], Whereas a practical system
often must admit data in packetized units. One way to address this is to use auxiliary variables [3]], which maintain packetized admissions without loss of
optimality. Another way is to maintain virtual queues with virtual admissions equal to the real numbers x;(t), but admit actual data as packets Z;(t) so that
Zi:o zi(t) < Zi:o Zi(t) < 23:0 i (t) + Tmaz for all ¢, where Tyqy is the bit size of the largest packet. This idea can also be useful for matching
idealized admission rates to actual transport layer admissions in a system that uses a window-based packet admission structure.
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C. Backpressure routing

The previous examples of flow allocation assume flows take fixed paths. The resulting convex programs were written to
optimize flow rates subject to link capacity constraints. This does not include an optimization over all possible network routes.
In general, a network might send data from the same traffic session over multiple paths. Since the number of paths between two
nodes in a network is typically exponential in the size of the network, it is not obvious how to optimize over all possibilities.
Nevertheless, this can be done according to a simple convex program that involves a number of variables and constraints that is
polynomial in the network size. The key is to write flow conservation equations at each node. This is a node based approach,
rather than a link based approach.

Consider a network with N nodes. The nodes are connected by directional links with capacities C,p, where (a, b) denotes
a link from node a to node b. Define C,p, = 0 if there is no link. Let £ be the set of all links (a,b). Suppose there are M
different traffic flows, with flow rates x1, ..., 2. For each m € {1,..., M}, define source(m) and dest(m) as the source and
destination of flow m. Different flows are said to have the same commodity if they have the same destination. That is, for each
node ¢ € {1,..., N}, we say that commodity c data is data that is destined for node c. Let fi(jc) be a variable that represents

the amount of commodity ¢ data that is sent over link (7,7). The goal is to choose routing variables fi(]‘-:) that represent a

feasible way of delivering commodity c data. This holds when the fi(;) variables satisfy the following flow conservation, link
capacity, nonnegativity, and flow efficiency constraints:

N N
S an > fO=3"fY Vne{l,... N}Ve#£n (122)
meA(n,c) a=1 b=1
N
ST < Cw V(a,b) € £ (123)
c=1
flo—o, =0 Va,ce{1,...,N} (124)
Ff9>0  Vabece{l,...,N} (125)
where A(n, c) is defined as the set of all flows m € {1,..., M} such that source(m) = n and dest(m) = c. Constraints

(122) are the flow conservation constraints and ensure that the total commodity ¢ flow into a node that is not the destination
is equal to the total commodity ¢ flow out. Constraints are the link capacity constraints and ensure that the sum flow
rate over a given link (a,b) does not exceed the link capacity C,;,. Constraints are the flow efficiency constraints and
ensure that the network does not use a link (a,a), and does not reinject data that has already arrived to its destination back
into the network.

For each flow m € {1,..., M} define 27" as a positive value that bounds the maximum flow rate, so that z,,, € [0, 27**].
Let ¢.,,(x) be a concave and increasing function over x € [0, z**]. The resulting convex program is:

Maximize: ZM L G () (126)
Subject to: 3>, A(n,e) Tm T Za 1 ) Zb f (p) VYne{l,...,N},Ve#n (127)
T € [0, 2707 Vm € {1,...,M} (128)

Constraints (123])-(125)) (129)

It can be shown that the above convex program is unchanged if the equality constraint is replaced by an inequality
<, meaning that the flow rate in is less than or equal to the flow rate out. This is because node n can generate fake bits that
transmit out more than what comes in.

Queues: Define X as the set of all (z,,) and (f,; (c) ) variables that satisfy (I27)-(I29). To treat the constraints , for each

pair (n,¢) such that n # ¢ define virtual queue Q%)( t) with update equation:

N N
QU(t+1) =max QO+ Y wn®)+ > £ - r.0

meA(n,c) a=1 b=1

It can be shown that the algorithm works just as well with the following modified queueing equation, which is more physically
practical for multihop networks

N
QL (t+1) = max lQ“) =10
b=1

N
Yoz + Y ) (130)
a=1

mGA(n,c)

7The work in [20] starts with (T30), defines a Lyapunov function, and shows that the resulting drift-plus-penalty expression still satisfies an inequality of

the form (76).
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This equation ensures that the exogenous arrivals on slot £, and the endogenous arrivals from other nodes, cannot be transmitted
out on the same slot in which they arrive.

Drift-plus-penalty decisions: Every slot ¢, the network controller observes the queues and chooses variables x,,(t) and
fég) (t) in the set X' to minimize:

N
—VZ¢m (@m)+ Y. QYW | Y 2 +Zfan AU
b=1

(n,c) méeA(n,c)
By simple rearrangements and switching the sums, the above expression becomes:
M

[V bum(@n) + Qim0 + S5 ) [e¥0 - Qo)

m=1 (a,b)eL c=1

The value Q,(f) (t) — Ql(f)(t) is called the differential backlog of commodity ¢ between nodes a and b. If this value is large,
there is a pressure gradient associated with commodity ¢ data on the (a, b) link. Define:

W (1) = QY (1) — @7 (1)
The above expression is minimized by the following separable decisions:
o (Flow control) Each flow m € {1,..., M} chooses z,,(t) € [0, z[2°"] to maximize:

V(@) — 2 QU (1)

This is a simple decision about flow allocation at the source that only requires knowledge of the queue backlog in the
source queue. Unlike the link-based algorithm, summing weights along a Fath is not required.
o (Commodity selection) Each link (a, b) observes the differential backlog W, (t) for all of its commodities ¢ € {1,..., N}.
It then chooses the single commodity ¢, (¢) that maximizes Wéb)( t) (breakmg ties arbitrarily). This is a simple decmlon
that is made in a distributed way at each node. i
o (Transmission) Each link (a,b) does the following: If max.c(y,... N} Wég) (t) > 0, then choose fii“b(t))(t) = Cy and
f éi) (t) = 0 for all ¢ # ¢, (t). That is, the link sends the single commodity ¢}, (¢) with the largest differential backlog
over the link, using the full link capacity C,;. If there is not enough data of commodity c*, (¢) to fill up the link capacity,
then fake bits are transmitted
The first backpressure algorithm was developed in [21]] in the special case V' = 0, so there was no utility optimization, no
flow control, and the flow rates x,,, were given constants that were assumed to be supportable over the network. This was
done using a “pure drift” approach of minimizing the Lyapunov drift A(¢). Treatment of joint flow control and backpressure
was done in [20] [22] using a V' parameter to minimize the drift-plus-penalty expresswn Aty -V Zﬂm/lzl Om(Tm(t)).
A simple single-commodity backpressure example is given in Exercise
Experimental improvements: Note that the above algorithm achieves optimal network utility (over all possible routing
algorithms) in a distributed way and without knowing a routing table. The reason is that the backlog gradients build up,
much like pressure gradients when water flows through a system of pipes, and these gradients eventually push the data in
optimal directions. However, this basic algorithm can introduce large network delay, particularly when data wanders around
circuitous paths before gradients build up. Two standard improvements have been observed to experimentally reduce delay
dramatically:

« Using augmented weights W(C)( 1) =Q%¥ 1) —ch) ) +0(G —G,(f)), where G is an estimate of the distance between
nodes a and ¢, and 6 is some non-negative constant. It can be shown mathematically that any non-negative values 6 and
G((f) can be used without affecting throughput utility of the algorithm (provided that V is sufficiently large). However,
it is observed experimentally that choosing G,(f) according to distance estimates provides a significant delay reduction
(310811231124].

¢ Using Last-in-First-Out (LIFO) implementation instead of First-in-First-Out (FIFO) implementation [25[][26]. This can
dramatically reduce delay of 98% of the data, at the cost of incurring a large (possibly infinite) delay of the remaining 2%
of the data Intuitively, the reason is that the network has a transient phase where backpressure gradients are built out
of data itself. Under LIFO, the early data that create these gradients tend to stay in the same nodes for a long (possibly
infinite) time, while the majority of the data that arrives after this transient phase speedily traverses the network using the
backpressure gradients as a form of routing table.

$1ntuitively, this does not limit optimality because such a situation occurs only when a queue is not in danger of instability.
9There is nothing fundamental about the number 0.98 in this context. For any § > 0, the V' parameter can be chosen sufficiently large to ensure the rate
of packets with large delay is at most J.
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D. Flow-based multi-path routing

As an alternative to backpressure routing, one can use the flow-based approach of Section without considering
variables for all of the exponentially many paths, by taking advantage of the fact that finding a shortest path in a directed
graph can be done in polynomial time (using, for example, a Dijkstra or Bellman-Ford algorithm). This section develops such
an approach. The analysis of this section uses the time-average optimization framework of Section and was originally
developed in a more general stochastic context in Chapter 4.1 of [3].

As in Section consider a network with L links (with link capacities C1,...,Cp) and N traffic flows. Every slot
t € {0,1,2,...}, each traffic flow i € {1,..., N} chooses an amount of data x;(t) € [0, Zmaz] and a route matrix (1;(t)).
The value z;(t) represents the amount of data (in units such as bits or packets) injected into the network layer from flow i on
slot ¢. The route matrix (1;(¢)) is a matrix that specifies the particular path used for this newly injected data, so that 1;(¢) is
an indicator function that is 1 if the path uses link /, and is O else. Thus, every slot, each session can choose a new path for its
data. Let P; be the set of valid paths through the network from the source of flow i to its destination. The set P; might contain
only one or two path options, or might contain all possible paths from source to destination. For each link [ € {1,...,L},
define y;(¢) as the amount of data injected into the network layer on slot ¢ that will eventually use link I:

N
y(t) = Z La(t)zq(t)

Define time averages for all slots ¢ > 0:

Ti(t) = %ixm) Vie{l,...,N}
7=0

w() = %iyl(ﬂ wiel{l,..., L}
7=0

Each link capacity constraint can be specified in a time average sense:

For each i € {1,..., N}, let ¢;(x;) be a concave and non-decreasing utility function defined over [0, Z,q,]. The time-average
optimization problem is:

Maximize: limy o SO, ¢ (Ti(t)) (131)

Subject to: im0 7,(t) < Cy VI € {1,...,L} (132)

2;(t) € [0, Zimaz] Vi€ {l,...,N} (133)

(14(t)) € P; Vi€ {1,...N} (134)

The above problem is almost in the form of the general time average optimization problem of Section However, the
objective (I31) seeks to maximize a concave function of a vector of time averages (Z1(t),...,ZTn(t)), rather than maximize
the time average of a function yo(¢). Fortunately, a redundant constraint can be added to the problem to make it exactly fit
the framework of Section without changing the underlying optimal solution. This is done using the auxiliary variable

method of [3]]. For each ¢ € {1,..., N}, let v;(¢) be an auxiliary variable chosen in the set [0, Z;nq.] for each slot ¢. Define:
N
yolt) = di(i(t) (135)
i=1
Consider the modified problem:
Maximize: limy s o0 G (%) (136)
Subject to:  limy_,00 7, () < C; VI € {1,...,L} (137)
3;(t) <z(t) Vie{l,...,N} (138)
i(t) € [0, 2pmas] Vi € {1,...,N} (139)
(14(t) € P; Vie {1,...N} (140)
Yi(t) € [0, Zmaz] Vi € {1,...,N} (141)

It can be shown that the optimal solution to this modified problem uses decisions x;(¢) and (1;(t)) that are also op-
timal for the original problem l)li Moreover, this new problem (136)-(T41) is in the exact form required for

20The key step in the proof uses Jensen’s inequality to conclude T (t) < Zf\;l @i (7,;(¢)) for all slots ¢ > 0. This, together with (I38) and the non-decreasing
assumption on ¢;(-), implies lim infy s o0 Y (t) < liminfy oo vazl i (T4 (t)).
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the time average optimization procedure of Section Indeed, one can define w(t) as a concatenated vector w(t) =
(Yo @), y1(t), ..., yr(t),y1(t) — 21(t),...,yn(t) — xn(t)), and define W as the set of all w(¢) vectors possible under the
constraints (T39)-(T41). The resulting set WV is non-convex, but this does not matter in the time averaging framework of Section
Intuitively, this is because the time averaging operation produces a mixture of points in W that enables optimization over
the convex hull of W.

Applying the drift-plus-penalty procedure of Section to the problem (136)-(141) gives the following algorithm: For
each constraint in define a virtual queue Q;(t):

Qut+1) = max[Qut) +u(t) — C, 0]
N
= max [Q(t) + > Lu(t)ai(t) — C1,0| VIe{l,...,L} (142)
1=1

For each constraint in (I38) define a virtual queue Z;(t):
Z;i(t + 1) = max[Z;(t) + vi(t) — x4(t),0] Vi € {1,...,N} (143)

The virtual queues Q;(t) can be interpreted the same way as in Section [VIII-A] They represent an approximate network layer
queue for link [, where arrivals are the newly admitted data on slot ¢ (that eventually passes through link /) and service is the
value Cj. The virtual queues Z;(t) also have a physical interpretation: They can be viewed as transport layer queues, where
~i(t) is the amount of of data added to the transport layer queue on slot ¢, and x;(t) is the amount shifted from this queue to
the network layer.

Every slot ¢t € {0,1,2,...}, observe the virtual queues (Q1(t),...,Qr(t)) and (Z1(t),...,Zn(t)) and choose decision
variables x;(t), v;(t), and (1;(t)) subject to (139)-(141) to minimize:

N
+3° i) (u(t) - 2i(1)

i=1

L N
~Vyo(t) + Y Qu(t) [Z L (t)ai(t)
=1 i=1

Substituting the definition of yo(t) in (I33) into the above expression and rearranging terms gives the following expression to

be minimized: .

N L
S-Viu(®) + Ziouo] + 3 i) [Z La(O)Qu(t) — Zi(1)
i=1 =1

=1

Notice that the expression Zle 1 (#)Q;(t) is the sum of link weights @, (t) over all links on the path chosen by flow i for
its data injected into the network layer at time slot . Minimization of the above expression results in the following separable
algorithm that is implemented every slot ¢ € {0,1,2,...}:
o Choose auxiliary variables -y;(¢) (transport layer decisions): Each flow 4 observes Z;(t) and separately chooses v;(t) €
[0, Zmaz] to minimize:
= Voi(vi(t)) + Zi(t)vi(t) (144)

o Choose routing variables (1;(t)) (network layer decisions): Each flow ¢ observes the queues );(¢) in the network, and
chooses a path from source to destination in P; that minimizes ZlL:l 1;1(t)Qi(t). This is equivalent to finding a shortest
path using link weights equal to the virtual queue values Q;(¢). If the set of paths P; for flow i contains all paths from
the flow ¢ source to the flow ¢ destination, the shortest path can found via Bellman-Ford, Dijkstra, or any other shortest
path finder. Let W;(¢) represent the resulting sum weight along the shortest path for flow i.

» Choose flow control variables x;(t) (transport layer decisions): Each flow i observes Z;(t) and also observes the weight
W;(t) computed from the slot ¢ routing decision specified above. Then:

) o Tmazx if Wl(t) S Zi(t)
zi(t) = { 0 otherwise

o Queue updates: Update Q,;(¢) and Z;(¢) for l € {1,...,L}, i € {1,..., N} via (142)-(143).

Overall, the above algorithm uses shortest-path routing with link weights equal to virtual queue values @;(t). Each flow ¢
admits z;(t) = T,,q. units of data into the network layer whenever the sum link weight along the shortest path is sufficiently
small. However, if the sum link weight is too large (due to congestion in the links), the algorithm switches the transport layer
variables z;(t) to 0. This restricts new arrivals from flow ¢ until some of the queue backlog is reduced. The resulting algorithm
produces flow rates that have total network utility within O(1/V) of optimality. If the utility functions ¢;(z) have bounded
right-derivatives over the interval [0, Zy,qz], then it can be shown that the Q;(¢) and Z;(t) queues are deterministically bounded
with worst case queue size that is proportional to V' (see [3]] and Exercise . Thus, the algorithm exhibits an O(1/V')
approximation to optimal utility with a corresponding O(V') tradeoff in queue size.

The most difficult parts of the above algorithm are the determination of link weights @Q;(¢) across the network, and the
implementation of the shortest-path solver with respect to these weights. As before, any link weights within an additive constant

(145)
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of the true weights Q;(¢) can be used, since this results in a C-additive approximation. Furthermore, as V' gets large, it can
be shown that the weights Q;(¢) stay relatively close to a Lagrange multiplier vector associated with the problem [27][28]], so
that past estimates of these weights are accurate approximations to the current weights.

The above algorithm approximates the network layer queue via (I42)), whereas the backpressure approach of the previous
subsection uses an actual queueing equation. Backpressure is also easier to implement in a distributed fashion, since its routing
decisions are based on weights of neighborin% nodes (with no need for a shortest-path computation). However, backpressure
requires maintaining network layer queues ng (t) for each node n and each traffic flow ¢, whereas the above algorithm requires
only one network layer queue @Q;(t) for each link [ € {1,...,L}. An early version of this shortest-path based algorithm was
developed in [29] for the special case with no utility maximization. Specifically, [29] assumes data arrives to the network
according to a fixed rate vector that is in the “network capacity region” (so that the network can support all arrival rates),
and used a Lyapunov-based min-drift policy to achieve network stability. The above algorithm for joint stability and utility
maximization was developed [3] using Lyapunov optimization and the drift-plus-penalty technique.

IX. EXERCISES
A. Pareto optimality exercises

Exercise IX-A.1. (Pareto optimality over 5 points) Define A = {(1,4),(2.8,4.1),(2.5,2.9), (3.5,1.5), (3,1)}.
a) Plot these points, and find all the ones that are Pareto optimal.
b) Find cpn and plot the tradeoff function 1(c) for all ¢ € [cmin, ).

Exercise IX-A.2. (Pareto optimal over noncompact sets)

We know that all nonempty compact sets have Pareto optimal points. This a sufficient condition but not necessary, as this
exercise shows.

a) Give an example of a closed but unbounded set A C R? that has a Pareto optimal point.

b) Give an example of a bounded set A C R? that is not closed but has at least one Pareto optimal point.

Exercise IX-A.3. (Lagrange multipliers for a finite set) Define A = {(1,4),(2.8,4.1),(2.5,2.9),(3.5,1.5),(3,1)}, as in
Exercise

a) Plot the points in A together with the line y + 2x = b for b =1,b = 3,b = 5. What is the largest value of b for which
all points of A are on or above the line?

b) Find an optimal solution of {)-@®) for u = 2. Repeat for u = 3.

¢) Find an optimal solution of [I)-@) for p = 0. Call your answer (z*,y*). For what range of p values is (z*,y*) a
solution to ({1)-@)?

d) Are there any Pareto optimal points in A that do not have Lagrange multipliers? That is, are there any Pareto optimal
points (x,y) that are not solutions to ({1)-(8) for any p > 0?

y
(4, 5.9)
[ J
.(2, 5) o!5:1,5:1)
o!5:5,3.9)
(2.5, 3)
[ )
(z:.s, 27) (6,2.6)
[ )
o!5-1,0.9)
>X

Fig. 9. A set A of 8 different operating points (x,y) for Exercise [[X-A.4]

Exercise IX-A.4. Consider the set A of 8 different operating points (x,y) in Fig. @] We want to make both x and y small.
a) Specify all Pareto optimal points.
b) Suppose we run an algorithm to find a point (x*,y*) € A that minimizes y + px. If there are ties, the algorithm breaks
the ties arbitrarily in a way that is beyond our control. State a value of p > 0 that will surely find the point (2.5, 3).
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Exercise IX-A.5. Consider a triangular region with vertices at (x,y) = (1,1), (z,,y) = (1,2), and (z,y) = (4,1). Let A be
the set of all points inside and on this triangle.

a) Suppose we want to make the x coordinate small, and also the y coordinate small. List all Pareto optimal points.

b) Suppose we want to make the x coordinate big and the y coordinate big. Define a new set A that turns this into a
bicriteria minimization problem. Draw the set A and the set A. Give all Pareto optimal points for A.

¢) Suppose we want to make the x coordinate big and the y coordinate small. What are the Pareto optimal points?

Exercise IX-A.6. (Open sets have no Pareto optimal points) Define A as the open ball of radius 1 about the point (5,3):
A={(z,y) eR*: /(x =52+ (y —3) < 1}

a) Let (a,b) be a point in A. Find a point (p,q) € A that satisfies (p,q) < (a,b). Your values of p and q should be functions
of a and b.

b) Explain why this means that A has no Pareto optimal points (the proof for general open sets is similar).

Exercise IX-A.7. (No entry of a Pareto optimal point can be improved without making the other entry worse) Prove that a
point (z*,y*) € A is Pareto optimal if and only if every other distinct point (z,y) € A satisfies the following two conditions:
o If x < a* then y > y*.
o If y<y® then x> x*

Exercise IX-A.8. (Pareto optimality in more than 2 dimensions) Generalize the definition of x < y to N-dimensional vectors
r=(x1,...,2N), ¥ = (Y1,...,yn). Give a definition of Pareto optimality for sets A C RV,

Exercise IX-A.9. (Pareto optimal points are on the tradeoff curve) Suppose that (x*,y*) is Pareto optimal in A. This problem
shows that (x*,y*) must solve the following optimization problem (defined in terms of optimization variables x and y):

Minimize: y (146)
Subject to: < x* (147)
(z,y) € A (148)

where x* is treated as a fixed parameter in the above optimization problem.

a) Show that (x*,y*) satisfies the constraints (1&7)-(T43).
b) Show that y* < y whenever (x,y) is a vector that satisfies (147)-(148). This proves (x*,y*) is a solution to (146)-(148).
c¢) Argue that (x*) = y*, so that (x*,y*) is a point on the tradeoff curve (c,1(c)).

Exercise IX-A.10. (Why p > 0 is needed for Pareto optimality) Give a counterexample that shows the result of part (b) of
Theorem does not necessarily hold when 1 = 0.

Exercise IX-A.11. (Proof of part (b) of Theorem Prove part (b) of Theorem

Exercise IX-A.12. (Existence of Pareto optimal points) Let A be a nonempty compact subset of R2. We want to show that
A has a Pareto optimal point. A theorem of real analysis states that a continuous function defined over a compact set must
have a (possibly non-unique) minimizer. In particular, if f(x,y) is a continuous function defined over the compact set A, then
there is a point (z*,y*) € A such that f(z*,y*) < f(z,y) for all (x,y) € A

a) Define f(x,y) = x + y. Prove that its minimizer (z*,y*) € A is Pareto optimal in A.

b) Consider any point (a,b) € A. Show there exists a point (xz*,y*) that is Pareto optimal in A and that satisfies ©* <
a,y* < b. Hint: The set S(a,b) is closed, and the intersection of a compact set and a closed set is compact.

Exercise IX-A.13. (Randomizing between the two best Pareto optimal points) Fix A C R2. We solve the unconstrained
minimization of y + px over (x,y) € A for different > 0 to find: For u; = 1 we have solution (x7,y7) = (100, 82); for
wa = 0.1 we have solution (x5, y3) = (200,40). We then try pusz = 0.42 and find (x5, y5) = (100, 82).

a) What constrained optimization problems do the Pareto optimal points (x73,y5) and (z3,y3) solve?

b) Draw a picture. Why did we try us = 0.42, and what can we conclude from this information? Specifically, draw the line
of slope —0.42 that passes through (x7,yT). Argue that there can be no point in A that lies below this line.

¢) Suppose we want to minimize y over all (z,y) € A that satisfy x < 150. Consider a randomized solution that chooses
between the two options (x3,y5) and (x3,y3) equally likely, so we get the random vector

(x5,y%)  with prob 1/2

Argue that (i) (X,Y) € A surely; (ii) E[X]| = 150; (iii) E[Y] <y for every (z,y) € A such that = < 150. In particular, the
randomized solution meets the desired constraint in an expected sense, and has an expected cost that is at least as good or
better than the cost of any deterministic point (x,y) € A that satisfies the desired constraint.

d) Are we guaranteed to have (E[X]|,E[Y]) € A? Hint: Consider a simple example where A is a finite set.

(X,Y) = { (z1,y7) with prob 1/2
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B. Optimization and Lagrange multiplier theory exercises

(1,5)

(1.5,4) A

Fig. 10. A set A C R? with a piecewise linear lower boundary.

Exercise IX-B.1. (Solutions to the unconstrained optimization) Let A C R? be the set shown in Fig. For each p > 0 let
Sy, denote the set of all solutions to the unconstrained problem of minimizing y + px over all (x,y) € A. For example, when
p = 8.3 there is a single solution and so S,, = {(1,5)}.

a) Find the sets S, for all ;v > 0. Hint: You will need to seperate this into several cases. Some cases will have only one
solution while other cases will have more than one solution.

b) Find the set of all hidden Pareto optimal points in A (being Pareto optimal points in A that will never be found as the
solution to an unconstrained minimization of y + px over (x,y) € A, regardless of the value of u > 0).

Exercise IX-B.2. (Problems with no optimal solution) Consider the problem of minimizing y subject to the constraints x < 1
and (x,y) € A.

a) Suppose A = R2. Show that there is no optimal solution. Is the set A compact?

b) Suppose A= {(x,y) € R?:0 <2 <2,0 <y <2}. Show that there is no optimal solution. Is the set A compact?

Exercise IX-B.3. (Pareto optimal points are on the boundary) Fix A C R? and let (x*,y*) be Pareto optimal in A. Show that
(z*,y™) is on the boundary of A. Hint: Recall that a point is on the boundary of A if either it is in A but arbitrarily close to
points in A°, or is in A but arbitrarily close to points in A. For this problem you need to show the first condition holds by
constructing an infinite sequence of points in A° that converge to (x*,y*).

Exercise IX-B.4. (Lagrange multiplier for equality constraint) Prove Theorem

Exercise IX-B.5. (If g(z*) < ¢ then V f(z*) = 0) Suppose x* is an interior point of X that is also a solution to (13)-(T3).
Suppose g(xz*) < c. Assume that g(x) is continuous and f(x) is differentiable at the point x*.

a) Show that if V f(x*) # 0, then defining v = —V f(x*) ensures that there is a dpar > 0 such that x* + dv € X and
fz* 4 0v) < f(x*) for all 6 € (0,0maz)- Hint: Use Lemma in Appendix A.

b) Use continuity of g(x) to show that if 0 is chosen sufficiently small in the interval (0, ,,42), then g(x* +vd) < c.

¢) Conclude from parts (a) and (b) that V f(z*) = 0.

Exercise IX-B.6. (Separable minimization) Fix N as a positive integer, and fix positive constants ay,...,ay and by, ..., by.

Find z € RY to minimize:
N N
i=1 i=1

Exercise IX-B.7. (Increasing the Lagrange multiplier 1) Let A be a nonempty subset of R?. Consider the unconstrained
problem:

Minimize: Y+ px
Subject to:  (z,y) € A

where | is a given nonnegative real number. Intuitively, we understand that increasing the value of 1 places more emphasis
on keeping the x-value small. This problem is designed to make that intuition precise. Fix real numbers py1 and po such that
0 < p1 < po. Let (xF,yy) be an optimal solution to the unconstrained problem for the case p = py. Let (x3,y3) be an
optimal solution to the unconstrained problem for the case p = ps.

a) Prove that x5 < 7.

b) Give an example where x5 = x7.
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Exercise IX-B.8. (Changing multiple Lagrange multipliers) Fix N and K as positive integers. Let X be a subset of RY.
Let f(z),91(x),...,g9x(x) be real-valued functions over x € X. Define g : RN — RE as the vector-valued function
g(x) = (g1(x),...,9x(x)). Let = (p1,. .., 1K) be a given vector of real numbers. Consider the problem:

Minimize: f(x) + pn’g(x)
Subject to: x € X

where ¥'g(x) = Zszl trgr(x). Let x, be a solution to the above minimization problem. Let A = (A1, ..., k) be another
vector. Let x) be a solution to the modified minimization problem that arises by replacing the vector p with the vector \.

a) Show that (X — p)T (g(x) — g(z,,)) < 0 (see hint in proof of Theorem .

b) Use (a) to show that if Ay > p1 but X\, = py, for k > 2, then gi(xx) < g1(z,).

¢) Give an example problem with N = 1, K = 2, and vectors pn = (1,0), A = (2,1) such that gi(xx) > g1(z,). In this
example, both Lagrange multipliers are increased, but the value of gy increases. Do the same for = (1,1), A = (2,2).

Exercise IX-B.9. (Weak duality) Fix N and K as positive integers. Let X C RN. Let f,g1,...,gx be real-valued functions
over x € X. Consider the problem:

Minimize: f(x) (149)
Subject to: gi(x) <0, Vke{l,...,K} (150)
reX (151)

a) Argue that this problem structure can be used to model all problems of the form {@4)-{@6).
b) Define Rf ={(z1,...,2n5) €RY 12y, > 0 for all k}. For nonnegative vectors ji € R, the dual function for the above
problem is defined:

() = infacx [ F@) + S/ gl

where d(u) is allowed to take the value —oo. Show that if x* is an optimal solution to (149)-(131)), then d(p) < f(x*) for all
nonnegative vectors pu = ({1, . .., piic ). This is called weak duality: The dual function of a constrained optimization problem is
less than or equal to its optimal objective value. Hint: The infimum of a function is less than or equal to the function evaluated
at any particular point.

¢) Define d* = SUP,,crN d(p). Show that d* < f(x*). The difference f(x*) — d* is called the duality gap. We say that

strong duality holds if the duality gap is zero. Show that strong duality holds if there is a pu* € Rf such that d(p*) = f(x*).

Exercise IX-B.10. (Strong duality and Lagrange multipliers) Consider the constrained optimization problem (149)-(131) of
the Exercise (with optimal solution x*) and define the dual function d(u) in the same way. Further suppose the set X
is convex and the functions f,g1,...,gK are convex.

a) Define A = {(yo,y1,---,yx) € RE*L: (yo,y1, ... yx) > (f(2),01(%), ..., g9k (x)) for some x € X}, where the vector
inequality is taken entrywise. Show that A is a convex set.

b) Show that (f(x*),0,0,...,0) € A but (f(z*) —,0,0,...,0) ¢ A for any 6 > 0. Hence, (f(x*),0,0,...,0) is a
boundary point of A.

c) The hyperplane separation theorem ensures there is a hyperplane that passes through the boundary point (f(z*),0,0,...,0)
and contains the convex set A on one side. Thus, there is a nonzero vector (ag, . ..,ax) such that:

aoyo + a1y +...axyr > aof(z*) + 0+ 0+ ... +0, Y(yo,y1,---,yx) € A

Prove that all ay, values are nonnegative, and apgy(z*) = 0 for all k € {1,..., K}. Hint: Increasing any component of a
vector in A produces another vector in A.

d) If ag # 0, the hyperplane is said to be nonvertical. Assume the hyperplane is nonvertical and define p* = (u3, ..., uh)
by i = ar/ao forall k € {1,...,K}. Then p* € RY. Use part (c) to argue that 11 gi(z*) =0 for all k € {1,...,K}, and

F@)+ XK wrgr(z) > f(a*), VeeX

Conclude that d(u*) = f(x*). Thus, if the hyperplane is nonvertical, then strong duality holds and there exists a Lagrange
multiplier vector (i3, ..., 15 ) for which x* is a solution to the unconstrained problem of finding an x € X to minimize
flx)+ Zszl gk (x). (See Fig. in Appendix B for an example with one constraint where strong duality holds but where
there is no nonvertical hyperplane and hence no Lagrange multiplier p*. In that example, maximizing d(u) requires p — oc.)

e) (Slater condition) Suppose there is a value € > 0 and a Slater vector s € X such that gi(s) < —e forall k € {1,...,K}.
Using the properties of the (ao,...,ax) vector in part (c), show that ag # 0. (Hint: Assume ag = 0 and use the fact that
not all of the a; values are 0). Hence, there are (nonnegative) Lagrange multipliers (13, ..., u} ) that satisfy the properties

of part (d). Conclude that Zszl wr < o=t

€
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C. Optimizing over an interval and over a simplex

The following problems can be solved from basic principles such as critical points (without convexity theory or Lagrange
multipliers). However, they are related to results for convex and concave functions in Lemma [[V.5| and Exercise

Exercise IX-C.1. Define f : R — R by f(x) = 2¢®. Solve each problem, or explain why no solution exists.
a) Minimize f(x) subject to x > 0.
b) Minimize f(x) subject to x € [—2,—1].
¢) Minimize f(x) subject to x € [—1,1].
d) Minimize f(x) subject to x € R.
e) Minimize f(x) subject to x € (0,1).

Exercise IX-C.2. Define f : R — R by f(x) = 2e* — x. Solve each problem, or explain why no solution exists.
a) Minimize f(x) subject to x > 0.
b) Minimize f(x) subject to x € [-2,—1].
¢) Minimize f(x) subject to x € [—1,1].
d) Minimize f(x) subject to x € R.
e) Minimize f(x) subject to x € (0,1).

Exercise IX-C.3. Define f: R — R by f(x) =z — 2e®. Solve each problem, or explain why no solution exists.
a) Minimize f(x) subject to x > 0.
b) Minimize f(x) subject to x € [-2,—1].
¢) Minimize f(x) subject to x € [—1,1].
d) Minimize f(x) subject to x € R.
e) Minimize f(x) subject to x € (0,1).

Exercise IX-C.4. Define f : R — R by f(x) = ax for some given a € R. Solve each problem, or explain why no solution
exists. Your answers should consider the three cases a < 0,a =0,a > 0.

a) Minimize f(x) subject to x > 0.

b) Minimize f(x) subject to x € [—2,1].
¢) Minimize f(x) subject to x € [—1,1].
d) Minimize f(x) subject to x € R.
e) Minimize f(x) subject to x € (0,1).

Exercise IX-C.5. (Optimizing over a simplex) The following problem arises in many areas and has a simple solution that
should be recognized.@ Fix n as a positive integer. Fix ¢ > 0. Fix real numbers a; for i € {1,...,n}. Consider the problem:

Minimize: Y., a;x; (152)
Subject to: Y i x; =c (153)
2 >0 Vie{l,..,n} (154)

The set of all x € R™ that satisfy constraints (153)-(134) is called a simplex. In the special case ¢ = 1, this is called
the n-dimensional probability simplex because it is a set that describes all probability mass functions (PMFs) associated
with randomly choosing one of n possibilities. Let b = min;cqq, . ny1{a;} and let m € argmin;eqq, ny{a;} (breaking ties

arbitrarily) so that b = a,. Define x* = (0,0,...,0,¢,0,...,0) where the nonzero entry is in dimension m. That is,
«_J oc ifi=m .
xf = { 0 else Vie{l,..,n}

We want to show x* is one particular solution to the problem (152)-(134). To do this, define f(x) = > ., a;,x;. We want to
show x* is in the simplex, and f(x*) < f(x) for all x in the simplex.

a) Show that x* satisfies (153)-(154). Evaluate f(x*).

b) Fix © € R as a vector that satisfies the constraints (153)-(154). Show that a;x; > bx; for all i. Show that f(x) > cb.
Conclude that =* is an optimal solution to problem (152)-(154).

c¢) Is the solution x* unique? Explain.

21 A Lagrange multiplier approach to the simplex problem (132)-(154) can fail because the unconstrained problem of minimizing > laizs 4+ Ax;] subject
to x; > 0 for all ¢ reduces to separately minimizing x;(a; + A) over x; > 0, which has no solution if a; + A < 0. One can modify the constraints z; > 0
to ; € [0, ¢] without changing the problem: Then an unconstrained solution is «} = 0 if a; + A > 0, z} = cif a; + X < 0, and =} is any value in [0, c]
if a; + A = 0. This can be made to work by choosing A = —b, but is awkward in comparison to the elegant method described in Exercise W
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Exercise IX-C.6. (A mwo dimensional problem made one dimensional) Let g : [0,2] — R be a continuous function. Fix real
numbers a,b such that a < b. Consider the problem

Maximize: g(z+vy) —ax — by
Subject to: 0<zx<1,0<y<1

Define h : [0,1]> — R by h(z,y) = g(x +y) — ax — by. This problem seeks to maximize the continuous function h over
all vectors (xz,y) in the compact set [0,1]2, so there is at least one optimal solution (z*,y*) (recall Exercise . This
exercise shows we can restrict our search for (x*,y*) to vectors of the form (t,0) or (1,t) for 0 <t < 1.

a) Show that if (z,y) € [0,1]? and = +y < 1 then h(z,y) < h(z + y,0).

b) Show that if (z,y) € [0,1]? and = +y > 1 then h(z,y) < h(1,z +y — 1).

¢) Suppose 0 < a < b and g(t) =log(1 +t) for all t € [0,2]. Find (x*,y*) in terms of a,b. You should consider the three
casesa=b=0,a=0<b and 0 <a <b.

Exercise IX-C.7. (Mutidimensional problem made one dimensional) Fix n as a positive integer. Let g : [0,00) — R be a
function. Fix real numbers a; for i € {1,...,n}. Assume a; < a;41 for i € {1,...,n — 1}. Consider the problem

Maximize: g (> @) — > g @i
Subject to: Y1 x; <1l,x; >0 Vie{l,..,n}

a) Show we can restrict the search for an optimal solution x* € R™ to vectors of the form (t,0,0,...,0) for 0 <t < 1.
Hint: You can use the method of Exercise
b) Fix B > 0. Solve for the case g(t) = log(1 + St). You may need to consider different cases depending on the a; values.

D. Lagrange multiplier application exercises

Remember to convert maximization problems into minimization problems, and constraints “>"" into constraints “<.”
Exercise IX-D.1. Consider the constrained problem
Minimize: €* + y* + 22
Subject to: —x—y—2z<c
xz€[0,1],y €[0,1],z € [0,1]

Fix ;1 > 0 and note that the unconstrained problem seeks to minimize €® + y? + 22 — u(z + y + 22) subject to x,y, z € [0, 1].

a) Solve the unconstrained problem for . = 0. The resulting solution is also a solution to the constrained problem for which
value of c?

b) Solve the unconstrained problem for |1 = 1/2. Remember to verify that the solution (x*,y*, z*) satisfies the constraints
of the unconstrained problem. Vector (x*,y*, z*) is also a solution to the constrained problem for which value of c?

c) Solve the unconstrained problem for the case p = 2. The resulting solution is also a solution to the constrained problem
for which value of c?

d) Solve the constrained problem for the case ¢ = —3/10.

Exercise IX-D.2. Consider the power-allocation problem:
Maximize: Z?:l log(1 + &)
Subject to: 25’:1 pi <¢
p; €10,1] Vie{1,2,3}

where ¢ > 0 is a given constant. Fix p > 0. The unconstrained problem seeks to minimize E?Zl [—log(1 + pi /) + up;]
subject to p; € [0,1] for all i € {1,2,3}.

a) Solve the unconstrained problem for i = 0. What constrained problem (value of c) does this solve?

b) Show that if ;1 > O then the solution to the unconstrained problem is x} = [% — 4]} for all i € {1,2,3}, where
[2]§ = max{0, min{1, z}} is the projection of the real number z onto the unit interval [0, 1].

c) Define h(p) = Zle [% —i]y. Our Lagrange multiplier theorem ensures that a solution to the unconstrained problem for
a given p > 0 is also a solution to the constrained problem for ¢ = h(u). Plot the function h(p) for u € (0,2]. Is this function
continuous? For any c € [0, 3], can we find a j1 > 0 such that h(u) = ¢?

d) Find p > 0 such that h(u) = 1.2. What is the solution to the constrained problem for ¢ = 1.2?

e) Find p > 0 such that h(u) = 2. What is the solution to the constrained problem for ¢ = 2?
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Exercise IX-D.3. (Power allocation over 100 channels) Consider the problem:
Maximize: 211201 log (1 + &%)
Subject to: 211201 p; < 28.3
p; €0,1] Vie{l,...,100}

a) Find p; for all i € {1,...,100}. What is 312} log (1 + %) ?
b) Repeat part (a) when the constraint p; € [0,1] for all i € {1, ...,100} is changed to p; > 0 for all i € {1, ...,100}.

Fig. 11. Three links for power-aware flow allocation. The power used on link k € {1,2,3} is e**t%k — 1.

Exercise IX-D.4. (Power-aware routing) We have a network with three links (see Fig.[IT). All links have the same rate-power
properties. Specifically, if a single link supports a total flow rate of r > 0 then it uses power e” — 1. Each link k € {1,2,3}
supports external traffic at rate k Mbits/sec (1 Mbit/sec for link 1, 2 Mbits/sec for link 2, 3 Mbits/sec for link 3). A new user
enters the network and wants to stream video at a fixed flow rate of ¢ Mbits/sec (where 0 < ¢ < 00). This new user can split
its traffic over the three links. Let xy, be the amount of new flow we place on link k € {1,2,3} (so the total flow rate is k+ xy,
on link k € {1,2,3}). The problem of choosing (x1,x2,x3) to minimize total power is:

3
Minimize: Z (ekﬂ“”“ - 1)
k=1
Subject to: 11+ x2+x3 > ¢C
x>0 Vke{1,2,3}

Let (x3,x3%,x%) denote an optimal solution.

a) Find the largest value of c that yields x5 = x5 = 0 (so all flow of the new user is put on link I).

b) Suppose ¢ = 2. Solve the problem to find (x7, x5, x%). Repeat for the case ¢ = 3.5.

c) Do the answers in (a) and (b) make physical sense for this problem?

d) Argue that for any ¢ > 0, the problem has the same optimal solution if the inequality constraint is replaced by the
equality constraint x1 + xo + x3 = c. [We use the inequality constraint only because that is the form used in the basic
Lagrange multiplier theorem (Theorem [[1.2). Alternatively, we could pose the problem with an equality constraint and use

Theorem Ji
Exercise IX-D.5. Use a Lagrange multiplier i > 0 to solve:
Minimize: x>+ y* + 2% + w?
Subject to: dr+y+3z—w > 38
x>0,y>0,2>0,w>0
Exercise IX-D.6. Consider the constrained optimization problem:
Minimize: (x —3)? +y* + 22
Subject to: x — 5y — 2z < 2
rz>0,y>0,2>0
a) Fix p > 0 and solve the corresponding unconstrained problem in terms of L.
b) Solve the constrained problem.

c) If the first constraint were changed to x — 5y — z < ¢, what values of ¢ mark important thresholds? (Note that important
thresholds can occur when . = 0 and/or when i is a value that marks a structural change in the unconstrained solution.)
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Exercise IX-D.7. Fix ¢ > 0 and consider the problem:
Minimize: (x —1)*+ (y — 2)? + (z = 3)* + (w + 2)?
Subject to: r+y+z+w<c
z>0,y>0,2>0,w=>0

It can be shown that if ¢ > O then the problem is feasible and has a unique optimal solution (x*,y*, z*, w*).

a) What threshold value ¢y yields y* =0 if c < cy and y* > 0ifc > c1?

b) What threshold value cy yields x* =0 if c < cg and x* > 0if ¢ > c?

¢) Solve the problem when ¢ = 1/2 to find (x*,y*, 2*, w*).

d) Solve the problem when ¢ = 2 to find (z*,y*, z*, w*).

e) Solve the problem when ¢ =5 to find (z*,y*, z*, w*).

f) Solve the problem when ¢ =7 to find (z*,y*, z*, w*).

Exercise IX-D.8. Fix N as a positive integer and fix positive constants a1, ...,an.
a) Find an optimal solution x* to the following problem:

Minimize: Zf\; e%i%i
Subject to: Zi\; T; > —8
(r1,...,o5) € RN

You should be able to get a closed form solution as a function of a1, ...,an.
b) State (x5, x5, x5, x}) for the special case N =4 and a; =i for i € {1,2,3,4}.

Exercise IX-D.9. Maximize the function log(z1) + log(ze) + log(x3) subject to the constraints x1 + 2x2 + 8x3 < 1 and
x1 >0, 29 >0, x3 > 0. Hint: It makes sense to define X = {(x1,72,23) € R3 :2; >0 Vie {1,2,3}}.

Exercise IX-D.10. Minimize x3 + x3 + x3 subject to x1 + 2x9 — 3x3 > 8 and (w1, 2,73) € R3.
Exercise IX-D.11. Maximize x1 + 2x9 — 33 subject to 23 + 23 + 23 < 1.

Exercise IX-D.12. Minimize x% + 51‘% — x3 subject to x1 + x2 — x% >4 and (v1,22,23) € R3. Hint: You should get a cubic
equation for p that has a positive real solution in the interval p € [6,7), and which can be solved numerically.

Exercise IX-D.13. (Problem with an equality constraint) Let a = (a1,...,an) and b = (b1,...,by) be nonzero vectors in
RN . Consider the problem of choosing x = (x1,...,zy5) € RN to minimize Zf\; a?x? subject to ZZI\; bjx; = 1. Use a
Lagrange multiplier approach to compute the optimal x* = (z7,...,x%) in terms of entries of the a and b vectors.

Exercise IX-D.14. (Bicriteria shortest paths)

, 4 _ —~ 09
3 ‘2‘—-\4V 1_1‘24——\4V4
] ; - 11\ Te
1 1) G 0.8 6
@ 2 Y 3 o8 i/T\Y)
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Link distances (d;) Link energy costs (c;)

Fig. 12. The link weights d;; and c;; for Exercise [[X-D.14]

Consider the 6 node network of Fig. Each link (i, j) has a distance d;; and an energy cost c;; (given in Fig. |I2). We
want to find paths to the destination 1 that have low total distance and low total cost. If we focus on a particular start node
1 # 1, this is a bicriteria minimization problem with feasible set A consisting of all possible cost-distance pairs (Ciot, diot)
achievable over paths from node 1 to node 1. Let p > 0 be a real number (the value p will act as a Lagrange multiplier). We
want to minimize dyo. + pcior over all paths P to the destination. That is, we want to find a path P that minimizes:

> iy + peyg]

(1,7)€P

This is solved by a shortest path algorithm with weights Jij = d;; + puciz. In this problem, you can use either the Bellman-Ford
or Dijkstra algorithms for finding shortest paths (either by hand or by computer).

a) Solve and draw the shortest path tree (using the weights d;;) for the case |1 = 0. Considering the path from 6 to 1, what
point (Cior, diot) on the tradeoff curve does this produce? What about the path from 4 to 1?

b) Fix p = 1. Using the a?/ij weights, solve and draw the shortest path tree. Is the tree different from the previous problem?
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c) State the Pareto optimal point (Cior, dior) achieved for your path in part (b) for:
o The path from 6 to 1.
o The path from 4 to 1.

d) Your answer in part (c) finds a path ‘P that solves an optimization problem of the form:
Minimize: Z(i’j)e'p di;
Subject to: Z(ij)ep cij <0
P is a path from 6 to 1

What is the value of 0? What optimization problem does your answer in part (c) solve, considering paths from 4 to 1?

Exercise IX-D.15. (Continuing the previous problem) For the same system from Exercise [IX-D.14} Solve again (either by
hand, or by computer) the cases =2, p =5 and p = 10:

a) For the path from 6 to 1 with u = 5: What Pareto optimal point (cior, diot) do you get?

b) For the path from 6 to 1 with u = 10: What Pareto optimal point (¢iot, diot) do you get? (Note: In this case there are two
distinct trees that are valid solutions. These lead to two distinct Pareto optimal points that have the same value of diot + [1Ctot-
You just need to find one of them).

c) For the path from 6 to 1 with u = 11: What Pareto optimal point (ciot, dtot) do you get?

d) For the path from 6 to 1: Including the cases u = 0 and p = 1 from Exercise you tested five different  values.
This should give you 3 different points on the tradeoff curve (you will find that some of the p values lead to the same point).
Plot the three points on a graph with x-axis cost cyo; and y-axis distance dyqy.

Exercise IX-D.16. (Another constrained shortest path problem)

8 dest

Distance Energy cost

Fig. 13. The 5-node graph for Exercise with link distances and energy costs labeled.

We want to find routes from all nodes to node e for the graph in Fig. [I3] All links can go in either direction. Each link
has a distance and an energy cost, as shown in the figure (the distances and costs are the same for either direction on the
link). For i € {a,b,c,d}, let D;(p) and C;(p) be the distance and energy cost, respectively, associated with a particular path
p from node 1 to destination e. For a given node i, we want to solve:

Minimize: D;(p)
Subject to: Ci(p) < 6;

p is a path from i to e

where 0; is a given bound on the energy cost.

a) Use a Lagrange multiplier . = 2 to solve the unconstrained minimization of D;(p) + uC;(p) for each i € {a,b,c,d,e}.
Use either the Bellman-Ford or Dijkstra algorithms for computing a shortest path.

b) Draw the shortest path tree corresponding to your work in part (a) for the p = 2 case.

¢) Consider the source node a. What constrained optimization problem does your answer to part (a) help you solve for this
source node?

Exercise IX-D.17. (Energy-aware shortest paths) We have a network with n nodes and a set of links L that consists of ordered
pairs (i,7). We want to transmit a single packet from a given source node s € {2,...,n} to the destination node 1. For this
we must select a path P that specifies the links to use, and a collection of energy levels 0;; for all (i,j) € P, where 0;; is
the energy spent on transmitting the packet over link (i, 7). Specifically, for each link (i,j) € L there is a distance function
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Tij 1 [0,00) = [0,00) such that 7;;(0;;) is the time to transmit the packet over link (i,j) using energy 0;;. For this problem
assume that 7;;(0;;) = oo for all 0;; > 0 if (i,7) ¢ L, while if (i,7) € L then
Sij lf@z >0
- (0;:) = 0ij J
TJ( .7) { 00 lf‘ew =0
where a;; is a given positive real number for each (i,j) € L. The total time T and energy 8 associated with choosing path P
and energies (0)(; jyep is

(P, (0:) = Y 7ij(0i5)

(i,5)eP
0(P,(0:5) = D 0y
(i,5)€P
Fix ¢ > 0. We want to solve the constrained problem:
Minimize: > 7i;(0i;) (155)
(i,J)EP
Subject to: Z 0;; <c (156)
(i,§)EP
P is a path from s to 1 (157)
0;; € [0,00) V(i,j) € P (158)

Given a Lagrange multiplier . > 0, the corresponding unconstrained problem is

Minimize: Z (13 (0i5) + 10:5)
(i,5)€P

Subject to: P is a path from s to 1
Gij S [0,00) V(L]) epP

a) Explain how the problem (155)-(158) can be formulated as a constrained optimization over a set A C R? defined by
certain modes of operation in the system.

b) If the value (1 > 0 and the 0;; values were known for each potential link choice (i,j) € L then the unconstrained
optimization could be solved by any shortest-path solver (such as Bellman-Ford or Dijkstra). Fix p > 0 and show that, without
loss of generality, we can choose 0;; as certain values that depend only on a;; and p.

c¢) Suppose we fix ;1 = 10 and use the specific 0;; values of part (b). Suppose we obtain a path P* and energies (9;}) with
time and energy parameters T* = 18.6 and 0* = 21.3. What constrained optimization problem does this solve? In other words,
this is the solution to the corresponding constrained optimization for which value of c?

d) Suppose we want to solve the constrained optimization for ¢ = 12.0. Using this unconstrained optimization approach,
should we try p < 10 or p > 102 Should we expect the corresponding time to be less than or equal to 18.6 or greater than
or equal to 18.6?

Fig. 14. Routing over three parallel links for Exercises [[X-D.18] and [[X-D.19]

Exercise IX-D.18. Traffic of rate r bits/second must be split and routed over three links with rates x1,x2,xs, respectively
(see Fig. . The power used on each link k depends on the rate x it supports according to the function py,(z) = e** —1 for
k€ {1,2,3}. That is, p1(x1) = €™ — 1, pa(w2) = €2*2 — 1, and p3(x3) = €3%3 — 1. We want to choose x1, 2,23 to solve:
Minimize: p1(x1) + p2(x2) + ps(x3)
Subject to: T+ Tot+xT3>T
T1 Z 0,1'2 Z 0,$3 2 0
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a) Fix a Lagrange multiplier (1 > 0 and solve the problem of minimizing

p1(x1) + p2(22) + pa(r3) — p(r1 + x2 + 3)

subject to x1 > 0,29,> 0,23 > 0. Let x1(p), x2(), z3(1t) be the result as a function of p.

b) Find a u value that gives x1(p) + xo(p) + x3(p) = 0.5, and hence solves the original constrained optimization for the
case v = 0.5.

c¢) Solve the original constrained optimization for the case r = 0.9.

d) Find the smallest value r* such that the optimal solution to the constrained optimization problem uses all three links
whenever r > r*. Solve for the case r = r* + 4.

Exercise IX-D.19. Consider the problem of optimally splitting traffic of rate r over three parallel links. Let x1,x2,x3 be the
flow rates over the links (see Fig.[I4). Link costs for x; > 0 are given by the following convex functions:

Cl(itl) = (£C1+1)3—].
CQ(’I’Q) = 2(1‘2 + 1)3 -2
63(333) = 3(])3 + 1)3 -3

Given rate v, we want to find x1,xs,x3 to solve:

Minimize: c1(x1) + ca(x2) + c3(xs3)
Subject to: Ty +x9+232>T"T
120,22 20,23 20

Equivalently, you can replace the constraint x1 + xo + 3 > r with 1 + o + T3 = 1.

a) Let (z3,x%,x%) be the optimal solution. Find the threshold rate ripyesn for which x5 =0 if r < ripresy, and x5 > 0 if

T > Tthresh-
b) Find the optimal solution (x3,x%, %) for r = ripresh + 7.

Exercise IX-D.20. (Lagrange multipliers for one link) Consider the problem of N users that send over one link of fixed
capacity C. Consider the utility function:
N

d(x1,...,xN) = Zeilog(l + bx;)

i=1

where 0; are given positive priority weights for users i € {1,... N}, and b is a given positive constant.lﬂ We want to solve:

Maximize: ¢(w1,...,7N)
Subject to: Zfil z; <C

;>0 Vie{l,...,N}

a) Fix 1 > 0. Maximize ¢(x1,...,2N) — ,quvzl x; over x; > 0. Provide a general formula for each x; in terms of .
b) Find (z3, x5, x%) and util* = ¢(x3, x5, x%) for the case N =3, b=5,0, =1 0, =03=2 C =1
¢) Find (x3, %, x%) and util* = ¢(x7, x5, x%) for the case N =3, b=5, 0, =1, 0, =05=5 C=1.

Flow 1

Fig. 15. A network with one destination and two traffic flows for Exercise [[X-D.21]

22Using a large value of b allows approximation of the (weighted) proportional fairness utility Zf\le 0;log(x;). Indeed, Zf\;l 0;log(1 + bx;) =
Zf\;l 0;log(b) + Zf\]:1 0; 1og(% + ), and adding the constant Zf\;l 0; log(b) to the objective function does not change the solutions.
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Exercise IX-D.21. Consider the network with two traffic flows and one destination shown in Fig. Flow 1 has rate \ and
has a choice of 3 paths. Flow 2 has rate 5 and has only one path that uses just one link. There are 5 identical links. There
are no link capacity constraints. However, the energy used over each link | is a function of the total flow f; over that link. The
total energy used is eft + ef2 4 efs 4 efs 4 efs — 5. We want to find a,b, ¢ to minimize total energy 2e® + e? + e+ et — 5
subject to the following constraints:

a+b+e> A
a>0,b>0,c>0

a) Let a*,b*, c* be an optimal solution. Using basic intuition about each of the three paths, order the values a*,b*, c* from
highest rate to lowest rate. Write one or two sentences to explain your intuition.

b) Use a Lagrange multiplier 1 to set up and solve the unconstrained optimization problem. As a function of u, state which
paths in the unconstrained problem are allocated nonzero rate.

¢) Give an exact solution for the optimal flow rates a*,b*,c* as a function of \, considering all cases and all possible
(non-negative) values of .

Exercise IX-D.22. (Lagrange multipliers for two constraints) Consider the problem
Minimize: Y (x; — b;)?
Subject to: Y i x; <
Doy ity < Co
x; €[0,7.2] Vie{l,..,n}

where n is a given positive integer and c1,ca,a;,b; for i € {1,...,n} are given real numbers.

a) Fix py > 0 and po > 0. State the corresponding unconstrained problem using these Lagrange multipliers for the first
two inequality constraints (recall Theorem [[TI]).

b) Solve the unconstrained problem of part (a) in terms of 1 and po.

c) What constrained problem does your solution in part (b) solve? (That is, give the appropriate values of ¢1 and c2).

Exercise IX-D.23. (Lagrange multipliers can solve nonconvex problems) Consider the (nonconvex) optimization problem:
Minimize: (x —3)* +y? — 222
Subject to: x—y+z<c
x,Y,z € [07 1}

a) Show the problem is feasible if and only if ¢ > —1.
b) Fix p > 0. Show that the solution to the unconstrained problem is
. Bt Ak . 1 ifp<?2
v _[3 2}0’ Y _Mo’ z _{ 0 ifp>2
and z* can be either 0 or 1 if p = 2. Note that the separable and unconstrained optimization for z seeks to minimize a
concave function over the interval z € [0,1] and so optimal points will be at the endpoints.
¢) Important thresholds for ¢ occur when p € {0,2,4,6}. Simplify the corresponding unconstrained solutions (z*,y*, z*)
when 1 € [0,2), p =2, u € (2,4), u € [4,6), u € [6,00). Verify that x* — y* + z* is nondecreasing in p. Find the interval
of cost values c associated with each regime.
d) Find solutions for the constrained optimization problem when ¢ = 1.5, when ¢ = 0, when ¢ = —0.5, when ¢ = —1.
e) Show the constrained problem can be solved by this Lagrange multiplier method when ¢ € [—1,0] U [1,00). (Due to
hidden Pareto optimal points (g(x,vy,2), f(x,y,2)) for (z,y,2) € [0,1]3, there is no p > 0 that yields an unconstrained
solution that meets the constraint when ¢ € (0,1).)

E. Convexity theory exercises

Exercise IX-E.1. (Maximizing a convex function over an interval) Let f : R — R be a convex function. Fix real numbers
a,b such that a < b. Consider the problem of maximizing f(x) subject to x € [a,b]. Prove the following claim: There is an
optimal solution x* € [a, ] that satisfies either x* = a or x* = b. Hint: If x € [a, b] then x = pa+ (1 —p)b for some p € [0, 1].

Exercise IX-E.2. Let A be a finite subset of RY that consists of K points, where K > 2. Is A a convex set?

Exercise IX-E.3. (Proportional fairness guarantees) Fix n as a positive integer and let A C (0,00)™ be a convex subset of
R™ that contains only vectors with positive components. Consider the problem of choosing v = (x1,...,x,) € A to maximize
a concave, differentiable, and entrywise nondecreasing utility function ¢(x). The components x; are often associated with
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resources allocated to a specific user i of a system (so each user i wants its x; value to be as large as possible). Let x* € A
be an optimal solution.

a) Fix © € A such that x # x*. Argue that pr + (1 — p)x* € A for all p € [0,1] and that ¢(px + (1 — p)z*) < ¢p(x*) for
all p € [0,1].

b) It can be shown that

L6 ple =) — o)
p—0+ p
where NV ¢(z) = [0¢(x)/021, ..., 0p(x)/Oxy). Use this to prove that Vé(z*)T - (xz — x*) < 0.
¢) The specific function ¢(x) = Y . log(x;) is called the proportionally fair utility function [6]/[30]. With this function,
use part (b) to prove the following proportionally fair property:

=Vo(z")" (v —a7)

n *
szxifigo Vo e A (159)
i=1 @

This is a weighted sum of the improvement x; — x of each user i when changing the vector x* € A to some other vector
x € A. The weights are 1/x} (meaning larger weights are associated with components with smaller x} values, which places
more emphasis on improving these components). Since the weighted sum is less than or equal to zero, the overall change from
x* to x can be viewed as undesirable or “proportionally unfair” So x* is called the “proportionally fair” point.

d) The function log(z) has a pesky singularity at z = 0. Consider a modified utility function ¢(x) = >, log(1+ Bx;) for
some given [3 > 0. Write a corresponding inequality of the type (139) for this modified utility function. Argue that the result is
similar to (139) when j3 is large. [This function has no singularities at 0 so we can allow A to be a convex subset of vectors

with nonnegative entries, rather than a convex subset of vectors with positive entries.]

Exercise IX-E4. Let X be a convex subset of RN. Let fi(z),..., fx(x) be a collection of convex functions from X to R.
Let ci,...,cx be non-negative numbers. Prove that g(x) =Y _;_ ¢; fi(x) is a convex function from X to R.

Exercise IX-E.5. (Importance of < versus >) Define convex functions f :R - R, g:R? = R, h: R? - R by

fla) =a?
gla,y) =2 +y
h(xvy) =z’ -y

Plot the following sets and determine if they are convex or nonconvex:
a) A={zeR: f(z) <3}
b) B={zeR: f(z) >1}.
c) C={(z,y) € R?: g(x,y) < 4}.
d) D ={(x,y) € R?: h(z,y) < 4}.
e) E={(z,y) € R?: h(z,y) > 1}.

Exercise IX-E.6. Define a function from R? to R by f(xy, w2, 23) = x2. Show that f(xy, w2, 13) is convex but not strictly
convex.

Exercise IX-E.7. (Affine functions are both convex and concave) Define a function from RN to R by f(x) = ag + a1y +
...+anxy, where a; € R for all i € {0,1,..., N}. Prove that f(x) is both convex and concave, but neither strictly convex
nor strictly concave.

Exercise IX-E.8. Suppose fi(x1),...,fn(zn) are functions from R to R. Let © = (x1,...,zn) and define f(x) =
N
Diz fil@i).
a) Show that if f(z) is strictly convex over RY, then each f;(x;) function is strictly convex over R.
b) Suppose each f;(x;) function is strictly convex over R. Let x = (x1,...,xx) and y = (y1,...,yn) be points in RN
such that x # y. Fix 6 € (0,1). Prove that f(0x+ (1 —0)y) < 0f(z)+ (1 —0)f(y). Hint: Find an entry j such that x; # y;.

Exercise IX-E.9. (Convex inequality constraints) Prove Lemma

Exercise IX-E.10. (Convexity of norms) Let a = (ay,...,ayn) € RN and let f(z) = ||z — a].
a) Prove that f(z) is convex over v € RY.
b) Let by, ... ,bx be points in RN and define g(x) = Zfil ||z — b;||. Prove that g(x) is convex over v € RY.

Exercise IX-E.11. Consider the function f(z) = x°.
a) Is this function convex over x € R?
b) Is this function convex over the interval x € [0,00)?
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Exercise IX-E.12. Let X C RY be a convex set and let f(z),g(x) be convex functions over x € X. Define A = {(u,v) €
R?: (u,v) > (g(x), f(z)) for some v € X} (where inequality is taken entrywise). Prove that A is a convex set.

Exercise IX-E.13. (Concave functions are minimized at extreme points) Let X be a (possibly non-convex) subset of RN, and
let f(x) be a concave function defined over x € Conv(X). Suppose x* minimizes f(x) over all x € Conv(X).

a) Use the definition of Conv(X) to verify that x* = Zle 0;x; for some positive integer k, some positive values 01, . .., 0y
that sum to 1, and for some vectors x1, ...,z that satisfy ©; € X for all i € {1,... k}.
b) Use the fact that ©* solves the minimization problem to conclude that f(x*) < f(x;) for all i € {1,... k}.

c¢) Show that f(x;) = f(z*) for all i € {1,...,k}. Thus, the minimum of the concave function f(x) over x € Conv(X)
can be achieved by a point in the set X itself.

d) Show that if f(x) is strictly concave over x € Conv(X), then x* € X. Thus, all solutions that minimize the strictly
concave function f(x) over x € Conv(X) must be in the set X itself.

Exercise IX-E.14. Let X be a finite set of 2-dimensional points: X = {(0,0), (1,2),(2,1.5), (-1, 3), (.5,.5)}.
a) Plot Conv(X).
b) Find the minimum of f(x,y) = 3z + 2y over (z,y) € Conv(X) (you can use the result of Exercise [IX-E.13).
¢) Repeat for minimizing f(x,y) = —x + y over (x,y) € Conv(X).

Exercise IX-E.15. Let f(y) be a convex function from R to R. Let ag,aq,...,an be a collection of N + 1 real numbers. Let
x = (x1,...,2N). Prove that g(x) = f (ag + vazl aia:i) is a convex function from RN to R.

Exercise IX-E.16. Let f(y) be a convex and nondecreasing function from R to R, so that f(y1) < f(y2) whenever y; < yo.
Let X be a convex subset of R and let g(z) be a convex function from X to R. Define h(x) = f(g(x)). Show that h(x) is
a convex function from X to R.

Exercise IX-E.17. (Proof of Jensen’s inequality) Let Z be a convex subset of RM, where M is a positive integer. Let Z be
a random vector that takes values in Z and that has finite expectation E[Z]. Lemma ensures that E [Z] € Z. This fact
is used to prove Jensen’s inequality. Let X be a convex subset of RN (where N is a positive integer). Let f(x) be a convex
Sfunction from X to R. Let X be a random vector that takes values in X. We want to show f(E[X]) <E[f(X)].

a) Define Z = {(z,y) e RN*': 2 € X and y > f(x)}. The set Z is called the epigraph of the function f(x) over x € X.
Show that Z is a convex subset of RNTL,

b) Argue that (X, f(X)) € Z for all realizations of the random vector X. Conclude that f(E[X]) <E[f(X)].

Exercise IX-E.18. (The difference between a convex set and a convex function) Define f(x) = x2 for all x € R.
a) Define A = {(z, f(z)) € R? : z € R}. Is A a convex set?
b) Is f(x) a convex function over x € R?
c) Define B = {(z,y) € R? : y > f(x)}. Is B a convex set?

Exercise IX-E.19. (Convexity of the tradeoff function for a convex program) Let X be a convex and compact subset of RN and
let f(z),g91(x),...,gx(x) be convex functions over x € X. Define C as the subset of all vectors ¢ = (c1,...,cx) € RE such
that the problem of finding © € X to minimize f(x) subject to gi(x) < ¢y for all k € {1,..., K} is feasible. For all ¢ € C,
define 1(c) as the optimal value of the objective function f(x) in this convex program (with constraint constants ci, . ..,Ck).
a) Show that C is a convex set.
b) Show that 1(c) is a convex function over c € C.

Exercise IX-E.20. (Comparisons via Jensen’s inequality) Let X be a convex subset of RN and let X be a random vector that
takes values in X. Use Jensen’s inequality to compare E[|| X[, E [1|X||?], and ||E [X]||* using a chain of inequalities of
the form a < b < c. Explicitly state which convex functions are used to establish each inequality.

Exercise IX-E.21. (Minimizing convex functions of one variable) This problem proves Lemma Suppose f :R =R isa
convex function and y* is a minimizer of f over x € R. Consider any interval [a,b]. We want to show the projection [y*]"
minimizes [ over x € [a,b].

a) Suppose y* € [a,b]. Prove the result in this case.

b) Suppose y* > b. Prove the result in this case. Hint: Suppose a minimum of f over [a,b] occurs at a point x* such that
x* < b. Draw a picture to get intuition.

c) State the remaining case. Which of the previous two cases is this remaining case similar to?

Exercise IX-E.22. (Using the above result) Fix p > 0. Use Lemma (also stated in the above problem) to minimize
f(z) = 22 — px over x € [0,1]. Show the result is the same as given in (22).

Exercise IX-E.23. (Positive semidefinite condition for convexity) Let f : RN — R be a twice differentiable function such that

V2 f(x) is positive semidefinite for all x € X. We want to show f is convex.
a) Fix v,y € RN and define h : [0,1] — R by h(0) = f(0z+(1—0)y). Show that b (0) = (z—y)T V2 f(0x+(1—0)y)(x—y).
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b) Conclude that h is convex and h(8) < 0h(1) + (1 — 0)h(0) for all 6 € [0, 1]. Conclude that f is convex.

Exercise IX-E.24. (Convexity of x?/y) Show that the function f : R x (0,00) — R given by f(x,y) = x?/y is a convex
function. Hint: Show the second derivative matrix V2 f is positive semidefinite for all x € R,y > 0.

Exercise IX-E.25. (Convexity of linear combinations of convex sets) Let X and ) be convex subsets of RN . Let a,b be given
real numbers. Define C = {w € RN : w = ax + by for some x € X,y € Y}. Show that C is a convex set.

Exercise IX-E.26. (Hyperplane separation of disjoint convex sets) The hyperplane separation theorem implies that if X is a
convex set and x* is a point not in X, then there is a hyperplane that passes through x* that contains X on one side. That
is, there is a nonzero vector a such that a’x > aTx* for all x € X. We want to use this to show there is also a hyperplane
that separates any two disjoint convex sets X and ).

a) Suppose X and ) are nonempty disjoint convex subsets of RN. Show there is a nonzero vector a € RN such that
aTz > avy for all v € X,y € Y. Hint: Show {x —y € RN : 2 € X,y € YV} is convex and does not contain the zero vector.

b) Define b = inf,cx a’x. Show that b is finite and a¥x > b, aTy < b for all x € X,y € ). Hence, the hyperplane
{z € RN : aTx = b} separates X and Y so that all points of X are on or above, and all points of ) are on or below.

F. Convex programs

Remember: If f is a concave function then —f is a convex function; Maximization of f is the same as minimization of
—f; The constraint f(z) > 7.2 is equivalent to —f(z) < —7.2; The constraint g(x) < f(z) is equivalent to g(x) — f(x) < 0;
Humans generally agree that an optimization problem is a convex program if it can trivially be put into standard convex
form by bringing all expressions in a constraint to the left-hand-side and/or by multiplying by —1. Humans usually find the
expression x > 0 to be more readily understandable than the equivalent expression —x < 0. (In contrast, computers often need
convex programs and linear programs to be in standard form).

X, X

L AN J
[ 1 | [ c1 |
e O\

Fig. 16. A network with two links and three users.

Exercise IX-F.1. (NUM fairness comparison) This problem treats a simple convex program with the purpose of comparing
different fairness functions used for network utility maximization (NUM). Three different users want to communicate over the
2-link network of Fig. |7_3| User 1 wants to use link 1, user 2 wants to use link 3, and user 3 wants to use both links I and 2.
We want to allocate a rate vector (x1, 22, x3) to solve

Maximize: ¢(x1,z2,T3)
Subject to: x1 +x3 <1
T9 +x3 <1

212> 0,22 20,23 >0

where ¢(x1,22,x3) is a concave and entrywise nondecreasing utility function. Clearly, if we choose a particular x3 € [0, 1]
then we should choose x1 =1 — x3 and xo = 1 — x3. Thus, the problem is equivalent to the following 1-variable problem:

Maximize: ¢(1 — 23,1 — x3,23)
Subject to: 0 < xz3<1

a) Find (z3, 25, x%) when ¢(x1, 22, x3) = 21 + 2 + 3. This linear utility function seeks to maximize sum throughput.

b) Find (x7, x5, x%) when ¢(x1,x2, x3) = log(z1) + log(x2) + log(zs). This sum of logarithms is called the proportionally
fair utility function (see also Exercise . [Strictly speaking, due to the singularity of log(x) at x = 0, the domain of ¢
should be restricted to the (convex but non-closed) set of all (x1,22,73) € R? such that x; > 0 for i € {1,2,3}.]

c) Find (x3, %, 2%) when ¢(x1,x2,x3) = min{xy, x,x3}. This concave utility function seeks to maximize the minimum
allocation.

d) Give an argument about why the answer in (c) can be viewed as the most fair. Now, give an argument about why the
answer in (b) can be viewed as the most fair. Which of the three allocations (a), (b), or (c) do you think is the most fair?

Exercise IX-F.2. (Cost-aware multihop routing)
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Fig. 17. The 7 node network for Exercise [[X-F.

Consider the network of Fig. with the capacities written on the links. There are two input streams with given rates \y
and \y. The rate A1 must be split over the top and bottom paths. Let x and y be the amount used for the top and bottom paths,
respectively, so that x and y are non-negative and satisfy x +y = \1. The problem is to route the data over the network so
that the link capacities are not exceeded and total sum cost is minimized. Assume that the cost function for the link (i,j) with
total flow rate ri; is equal to ®;;(r;;) = €™ — 1. Assume that A1, Ay are non-negative and satisfy A\ + Ao < 6 and Ag < 3.

a) Write down a convex program, with the corresponding constraints, to minimize the sum of costs. The decision variables
are x and y.

b) In the 2-d plane, plot the region of all non-negative (A1, \2) vectors that satisfy A1 + Ao < 6 and Ay < 3. Argue that
this region is exactly the set of all rate vectors (A1, ) that the network can support, called the network capacity region.
Hint: First prove that if one of the constraints is violated, then it is impossible to support the traffic over the network. Next,
prove that if both constraints are satisfied, then there is a way to split \1 into components x and y such that the total flow is
supportable over the network.

c) Suppose we want both A1 and )y to be large. However, we require (A1, \2) to be in the network capacity region
specified by part (b). State the set of all Pareto optimal vectors (A1, Aa) (where Pareto optimality here is in terms of desiring
both coordinates to be large, rather than small). Over all Pareto optimal vectors (A1, \2), which vector (A}, A}) maximizes
2log(A1) + log(Aa)? Which maximizes log(A1) + log(A2)?

Exercise IX-F.3. (Network fairness with three links) Consider three flows:

e Flow I uses links 1 and 2.
e Flow 2 uses links 2 and 3.
o Flow 3 uses link 3.

Links 1 and 3 have capacity 1, and link 2 has capacity 0.8. Let x; be the rate of flow i. The optimization problem is:

Maximize:  ¢1(21) + d2(22) + P3(x3) (160)
Subject to: r1 <1 (161)
21+ 22 <08 (162)

2o+ a3 < 1 (163)

2 >0 Vie{1,2,3) (164)

where ¢;(x;) is a concave and non-decreasing utility function for flow i.

a) Argue that, for optimality, we can assume that x1 = 0.8 — 9, 3 = 1 — xo, and x5 € [0,0.8]. This reduces the problem
to a calculus problem of optimizing a function of a single variable x5 over an interval.

b) Solve for the case ¢;(x) = log(x) for all i € {1,2,3}. This is proportional fairness. [Strictly speaking, to avoid the
singularity at x = 0, we should add constraints x; > 0 for all i € {1,2,3}.]

c) Solve for the case ¢;(x) = x for i € {1,2,3}. This seeks to maximize the sum rate.

d) Compare and discuss the fairness for the utility functions in parts (b) and (c).

Exercise IX-F.4. (Importance of nonnegativity constraints) Consider the same system as Exercise However, suppose
that:

o We use ¢;(x) = x for all i € {1,3} and ¢2(x) = 5x. (so we seek to maximize x1 + 5xa + 3).

o We neglect the constraints (164).

Show that the maximum value of the objective function is infinity. That is, for any arbitrarily large number M, there are
vectors (11, 22,23) € R3 that satisfy (I61)-(163) and yield x1 + 5xo + x3 > M.

Exercise IX-F.5. (Linear program for server scheduling) Consider a network with three links that operate in discrete time
t € {0,1,2,...}. Only two links can be activated per slot. Every slot t, the network controller must choose which two links
to activate. An active link transmits one packet per slot. An idle link transmits no packets. Thus, the decision can be viewed
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as a selection of a transmission vector b(t) = (b1(t),b2(t),b3(t)) in the set B = {(1,1,0),(1,0,1),(0,1,1)}. Let py be the
fraction of time that b(t) = (1,1,0), let py be the fraction of time that b(t) = (1,0, 1), and let ps be the fraction of time that
b(t) = (0,1,1). Let b; be the time average transmission rate on link i.

a) Write a linear program (with no optimization objective, that is, with the objective of minimizing the function 0) to find
variables py,pa,ps to ensure b; > \;, where \i,\a, \3 are a given set of non-negative numbers. Be sure to include the
constraints p; > 0 for all 1, and p1 + p2 + p3 = 1.

b) Solve the problem by hand (by intuition and/or by trial-and-error) for the case (A1, A2, A3) = (2/3,2/3,2/3). Then solve
Sor the case (A1,2,23) = (1,1/2,1/2).

c) Solve the problem by hand (by intuition and/or by trial-and-error) for the case (A1, A2, A3) = (3/8,7/8,6/8).

d) Solve the problem by hand (by intuition and/or by trial-and-error) for the case (A1, A2, A3) = (0.5,0.6,0.7).

e) Prove that it is impossible to solve the problem if A1 + Ay + A3 > 2.

Exercise IX-F.6. (Feasibility of server scheduling) For the same system as Exercise [[X-F.5|
a) Prove that it is impossible to solve the linear program if there is an i € {1,2,3} such that \; > 1.
b) Prove that it is impossible to solve the linear program if A1 + Ay + A3 > 2.

Exercise IX-F.7. (Linear programs for generalized scheduling) Consider a generalized scheduling system with N links. Every

timeslot t € {0,1,2,...} the system controller chooses a transmission rate vector b(t) = (b1(t),...,bn(t)) subject to the con-
straint b(t) € B, where B is a finite set of transmission rate vector options. Specifically, assume that B = {r(l), r® . ,T(K)},
where %) is the kth vector in the set B and has components r*) = (rik), ce rg\’;)), fork € {1,... K}. Let py, be the fraction

of time that %) is used.

a) Write a linear program with no optimization objective (that is, with the objective of minimizing the function 0) to find
values p1,...,px that ensure the time average transmission rates satisfy b; > X\; for i € {1,..., N}, where \1,...,\n are
a given set of non-negative numbers.

b) Assume option k € {1, ..., K} incurs energy ey. Write a linear program to minimize the time average energy expenditure
subject to the same constraints b; > \; for all i € {1,...,N}.

Exercise IX-F.8. (Energy aware scheduling) For the same system of Exercise [IX-F.7} Assume \; values are not given, but we
can choose them as any nonnegative value. Fix (3 > 0. Write a convex program to maximize Zfil log(1 4+ BA;) subject to the
constraints that time average energy expenditure is more than a given value ¢ and b; > X; for all i € {1,...,N}.

Exercise IX-F.9. (Cloud computing with three cloud devices) We process an infinite sequence of computational tasks one at
a time. When each task is done we immediately perform a new task. Each task is processed by delivering it to one of three
different cloud computers. The choice of which cloud computer to use affects task duration, task quality, and energy expenditure.
The random duration, quality, and energy for each task is conditionally independent of the past given the computer i € {1,2,3}
that is chosen. Using computer i € {1,2,3} yields an average of t; time, q; quality, and e; energy. Assume we randomly and
independently choose from the three computers with probabilities p1, ps, ps. The average time, quality, and energy for each task
is E[Q] = Zle pigi, E[T] = Z?:I piti;, E[E] = Zg’zl pi€;. By renewal theory, the time average energy per unit time is the
ratio of expectations E [E] /E [T] (not the expectation of the ratio E [E/T]). Write a linear program that chooses (p1,pz2,D3)
to minimize the expected time required to process a task subject to the requirements that expected task quality is at least 9.3
and time average energy per unit time is no more than 8.2.

Exercise IX-F.10. (Proportionally fair routing to servers) We have N users that want to send data using a choice of K servers.
Let Cj be the fixed capacity of server j € {1,...K}. Let ; be the total flow rate chosen for user i € {1, ..., K'}. Assume each
user i € {1,..., N} can use only the servers in a given subset A; C {1, ..., K'}. Specifically, each user i € {1, ..., N} can split
its flow x; over those servers j € A; via subflow rates x;;. Write a convex program to maximize proportional fairness subject
to the server capacity constraints. [If you prefer you can use a utility function that sums terms of the type log(1 + 8z) (for
some given (3 > 0) to avoid the singularity of log(z) at z = 0. That is, you can use, for example, vazl log(1 + Bx;).]

Exercise IX-F.11. (Delay-aware routing) As in the previous problem, we have N users that want to send data using a choice
of K servers. Let C; be the fixed capacity of server j € {1,...K}. In this problem, the flow rate of each user i is a fixed value
A; > 0 that cannot be changed. Assume each user i € {1,..., N} can use only the servers in a given subset A; C {1,...,K}.
Specifically, each user i € {1, ..., N} can split its flow \; over those servers j € A; via subflow rates x;;. Let f; be the total
Sflow rate into server j € {1,.., K} (summed over all users that allocate a portion of their flow to that server). Suppose the
average queue size for server j is given by the M /M /1 formula 1 f ]fC ?JC] By Little’s theorem of queueing theory, the average
delay in the system is proportional to the total average queue size.

a) (Feasibility) Ignoring average delay, write a linear program for determining if it is feasible to support a given vector of
user rates (\1,...,\n) by allocating x;; variables to ensure the total flow over each link j is no more than C;. The linear
program should seek to minimize the function 0, that is, it should be a pure feasibility problem that only seeks to satisfy a
collection of linear constraints.

b) Show that h(fi,..., fx) = Z]K:1 1?/?8 is a convex function over the domain (f1, ..., fK) € ><jK:1[O,C’j).
J J
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¢) Fix (A1, ..., A\n) and assume there is some € > 0 such that (A +€,..., Ay + €) is feasible. Write a convex program to
L S K fi/Cy
choose x;; to minimize average delay by minimizing Zj:l -f,/C;" [Your convex program does not need to use the parameter
J J
€ > 0. The requirement that there is such an € > 0 ensures it is possible to make the denominator nonzero for each term of
the sum. You are free to add the constraints 0 < f; < C; for all j € {1,..., K}, or if you prefer you can use 0 < f; < C; —6
forall j € {1,...,K} for some given small value 6 > 0, since many convex program solvers prefer constraints of the type <

rather than <.]

Exercise IX-F.12. (Feasibility by maximizing a scale parameter) For the system of Exercise to determine if a vector

(M, ..., AN) Is feasible, write a linear program to maximize a parameter 0 > 0 subject to supporting (61, ...,0AN). The
advantage of this approach is that we know the constraints can be satisfied. Explain how the resulting optimal solution can
be used to determine whether or not the original vector (A1,...,An) can be supported by the network.

Exercise IX-F.13. (Quality-aware video over a network) Suppose a network must support N video streams. Let x; be the rate
of video stream i € {1,...,N}. Suppose the rates can be chosen in an interval x; € [0, Zpqz], Which affects the distortion
of the video through a non-negative, non-increasing, and convex rate-distortion function d;(x;) for each i € {1,... ,N}. The
goal is to minimize Zfil(dz(%))2 subject to the rates (x1,...,xN) being supportable on the network (it can be shown that
di(x)? is a convex function of x > 0). Let L be the set of network links. Assume each video i € {1,..., N} takes a path P;
that involves a collection of links, and the capacity available for serving video streams on a given link | is equal to C;.

a) Write the resulting convex program that seeks to find the optimal (x3,...,z%).

b) Now suppose the first two links | = 1 and | = 2 have capacities that depend on the power allocated to them. Let C1(p1)
and Cs(p2) be the capacities, assumed to be concave functions of the non-negative power variables p1, pa. Write a new convex

program that incorporates the constraint py + p2 < 1, to find optimal values (27, ..., T%, P}, p3).
Exercise IX-F.14. (NUM with two path options for each user) Consider a network with L links with link capacities C1, . .., Cy.
There are N users with flow rates x1,...,xN that are to be chosen wisely. Each user has a specific source and a specific

destination (the source-destination pair can be different for each user). Each user has a choice of two paths (the two paths
have the same source and the same destination, as appropriate for that user). Each user can split its traffic over the two paths
(so the sum flow rate of each user i € {1,..., N} over both of its paths is x;). Let (a;;) and (b;;) be binary path matrices
for path 1 and 2 of each user i, so that a;; = 1 if and only if path 1 for user i contains link j; b;; = 1 if and only if
path 2 for user i contains link j. Write a convex program for maximizing the proportionally fair utility function subject to
the constraint that the total flow on each link is no more than the capacity of that link. You may need to introduce additional
decision variables and constraints. Remember to include nonnegativity constraints when appropriate. Remember to express
constraints using appropriate index descriptions such as “Vi € {1,...,N}” and/or “Vj € {1,...,L}.” The convex program
should be similar to the NUM problem (109)-(IT1)) with the exception that there are two paths for each user (rather than one
path for each user). [If you prefer, you can use a utility function that sums the functions ¢;(x;) = log(1 + Bx;) (for some
given parameter 3 > 0). This avoids the singularity of the function ¢;(x;) at x; = 0.]

Exercise IX-F.15. (Convergence time for DPP) Consider the convex program of minimizing f(x) subject to g;(x) < 0 for

i €{l,...,k} and x € X. Let x* € X be an optimal solution. Fix € > 0. Suppose we have an algorithm that chooses
x(t) € X for all t € {0,1,2,...} that ensures for all T > 0:

T—1

> fla() S Tf@") +eT

t=0

T—1 1

gi((t) < +VT Vie{l,...,k}
t=0

Show that Z(T) = + ZtT:_Ol x(t) is an e-approximation (defined in Section whenever T > a/€? for some real number a

that you should compute. Theorem shows the DPP algorithm yields inequalities that are structurally similar to these.
Exercise IX-F.16. (Convergence time for enhanced algorithm) As in Exercise IX-F.15| consider minimizing f(x) subject to

gi(x) <0 forie{l,...,k} and x € X. Let x* € X be an optimal solution. Fix € > 0. Suppose we have an algorithm that
chooses x(t) € X for all t € {0,1,2,...} that ensures for all T > 0:
T—1

f(x(t) <Tf(z%) +b

“ﬂﬁ
Dy

gi(z(t) <b Vie{l,...,k}

~
Il
=
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for some constant b > 0. Compute a threshold Tipyesn such that T(T) = % ZtT;OI x(t) is an e-approximation (defined in

Section whenever T > Tipresh, Wwhere Tinresn 1S the convergence time. Show this convergence time is asymptotically
better than that of Exercise Section [VII| presents an enhanced algorithm that yields inequalities similar to these.

Exercise IX-F.17. (An approximate solution that satisfies all constraints) Suppose y is an e-approximation to (T2)-(73) (defined
in Section . Fix § > 0 and suppose there is a vector z € X that satisfies the Slater condition g;(z) < ¢; — § for all
i€{1,...,k}. Find a value « € |0, 1] such that the vector § = az+(1—a)y satisfies § € X, ¢;(§) < ¢; foralli € {1,...,k},
and f(g) < f(a*)+de, where d is a constant that possibly depends on ¢ and f(z)— f(x*). Hence, §j is an O(e) approximation
that satisfies all constraints.

Exercise IX-F.18. (Caveat on careless projections to an interval for Lemma[IV.3)) Fix a € R and (3 > 0. Consider the problem
of maximizing log(1 + Bx) — ax subject to x € [0, 1].
a) Show that if a < 0 then z* = 1.

b) Suppose a > 0. Use a variation on Lemma for functions with domain (0,00) to show x* = [+ — %](1)
c) Suppose a = —1 and = 1. Part (a) implies x* = 1. However, using the formula of part (b) in this scenario gives
[L- %](1) = [-2]§ = 0 # z*. What is going wrong? Hint: See Caveat 2 after Lemma

G. Drift-plus-penalty applications
Recall basic optimizations over an interval (Exercises (IX-C.I)-(IX-C.4)) and over a simplex (Exercise [X-C.3).
Exercise IX-G.1. (Drift-plus-penalty for linear programs) Consider the linear program:
Minimize: Zi\; CiT;
SN agiws < by Vke{1,..., K}

Zi € [xi,min7xi,maw] Vi € {1, .. ,N}

where ¢;, ki, bk, Ti min, Timaz are given constants. Define X = {x € RN . Timin < T < Timaz Vi € {1,...,N}}

a) Specify the virtual queues Qy(t) for k € {1,..., K} used by the drift-plus-penalty algorithm.

b) Specify the decisions x;(t) made by the drift-plus-penalty algorithm (with V' > 0). You should find that x;(t) is either
ZTimin OF Timaqa fOr all t, depending on a simple threshold comparison. Theorem ensures the time averages converge to
an O(e)-approximation, where € = 1/V. [The enhanced algorithm in Section is just as simple but has faster convergence. ]|

Exercise IX-G.2. (Drift-plus-penalty for server scheduling) Consider the system of 3 links and 2 servers in part (a) of
Exercise There are given values \; > 0 for i € {1,2,3}. The linear program chooses a probability mass function
(PMF) (p1,p2,p3) to minimize the function 0 (so there is no objective function to minimize) subject to a collection of 3 linear
inequality constraints. Let X be the compact set all (p1,p2,ps3) that satisfy the PMF constraints Zle pi=1and p; >0
for i € {1,2,3}. Consider the drift-plus-penalty algorithm with V > 0 to solve the linear program (the V parameter will not
make a difference here since the objective function is 0). Define the 3 virtual queue updates for the DPP algorithm, then state
the decisions (p1(t), p2(t), ps(t)) every slot t. This is called the max-weight algorithm [21]][3]]].

Exercise IX-G.3. (Drift-plus-penalty for generalized server scheduling) Consider the scheduling problem of Exercise [[X-F./(b)
with N links and K scheduling modes, where each mode k € {1,..., K} corresponds to using a transmission rate vector
rk) = (rgk), e TEVK)) Sfor one slot. We want to find optimal fractions of time (p1,...,px) for using each mode to minimize
average energy Zle prex subject to each link i € {1,...,N} supporting rate \;. Define X as the compact set of all
(p1,.-.,pK) such that p, > 0 for all k € {1,..., K}, Zszl pr = 1.

a) State the drift-plus-penalty algorithm with parameter V' > 0 for this problem.

b) Part (a) requires us to choose a mode k € {1,..., K} every slot. Suppose we want to allow the option of being idle to
save power. Introduce a new mode K + 1 with r(K+1) = 0 and ex+1 = 0. How does the algorithm change?

Exercise IX-G.4. (Drift-plus-penalty for quality-aware video) Consider the same network of Exercise [X-F.13p, where there
are N video streams with rates (x1,...,zN) for 0 < z; < Tyaq, NON-negative, non-increasing, and convex distortion functions
d;(x;), paths P; for each video i € {1,..., N}, link capacities C; for each link | € L, and two special links 1 and 2 with
concave capacity functions Cy(p1), Cao(p2) with power subject to py + ps < 1 and p1 > 0,ps > 0.

a) Write the virtual queues.

b) For V > 0, state the drift-plus-penalty algorithm for the x;(t) and p1(t), p2(t) variables. Is it separable?
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Fig. 18. A network with three flows x,y, z and a power constraint p1 + p2 < 3, for Exercise [X-G.3]

Exercise IX-G.5. (Optimizing network flows) Consider the network with three flows with flow rates x,vy, z, as shown in Fig.
[I8 Flow x uses link 1. Flows y and z use link 2. The transmission rates of links 1 and 2 depend on power variables py and
po. There is a power constraint py + ps < 3, for some constant 3. We want to use the drift-plus-penalty algorithm to solve:

Maximize: log(z) + log(y) + log(z) (165)
Subject to:  x <log(1+p1) , y+ 2z <log(l+ p2) (166)
p1+p2<f (167)
0<z<1,0<y<1,0<z<1 (168)

0<p <pBVie{l2} (169)

Assume X is the set of all (z,y,z,p1,p2) that satisfy (168)-(T69).
a) Write the virtual queues.

b) State the drift-plus-penalty algorithm. Be sure to take advantage of any separable structure. Specify the exact choices for
your variables x(t),y(t), z(t), p1(t), p2(t) for each slot t € {0,1,2,...}.

Exercise IX-G.6. (Choosing a different X set) Again solve Exercise but use X as the set of all (z,y,z,p1,p2) that
satisfy (167)-(169). What are the advantages and disadvantages of this approach?

Exercise IX-G.7. (Deterministically bounded queues for a convex program) Consider the problem (84)-(87) and the corre-
sponding drift-plus-penalty algorithm of Section [VI-D}

a) Use the y(t) selection rule in Q1)) to show that x(t) + y(t) > 4 whenever Q1(t)/(2V) > 4. Find a threshold 3,V (for
some constant 31 > 0) such that Q1(t) in (88) cannot further increase once it exceeds 1V. Conclude that Q1(t) < 1V + 4
for all t.

b) Use the y(t) selection rule in (1)) to show that x(t) + 3y(t) > 6 whenever 9Q2(t)/(2V') > 6. Find a threshold B2V (for
some constant 35 > 0) such that Qs (t) in (89) cannot further increase once it exceeds B2V. Conclude that Q2(t) < B2V +6
for all t.

c) Substitute these deterministic queue bounds into Lemma to show that for all t € {1,2,3,...} we have:

—Z(t) —F(t) < 4+ (BV +4)/t
—Z(t) = 3y(t) < —6+(BV +6)/t
and hence the constraints are arbitrarily close to being satisfied when t is sufficiently large relative to V.

Exercise IX-G.8. (Flow control with path options) Modify the flow control algorithm of Section to allow each flow i to
have a choice of two paths P and ’Pf’. Assume the objective function is Zfil log(1+ x;), where x; is the total rate achieved
by flow i. You can assume that a; and b; are the rates over path a and path b, respectively, for each flow i € {1,...,N}.

Specifically:

a) Write the corresponding convex program.

b) State the virtual queues.

c) State the drift-plus-penalty algorithm (with parameter V. > 0), emphasizing distributed and separable implementation
wherever possible.

There are two approaches to this problem that will give slightly different algorithms (you can use either one you want):

o Approach 1: Seek to maximize sz\i1 log(1 + x;) subject to constraints x; < a; + b; for all i, and subject to additional

network constraints on a; and b;.
o Approach 2: Seek to maximize Zf\;l log(1 + a; + b;) subject to network constraints on a; and b;.

Exercise IX-G.9. (Drift-plus-penalty for one link) Derive the drift-plus-penalty algorithm to solve the problem of Exercise
Specifically, we want to solve:

Maximize: d(x1,...,xN)
Subject to: Zfil z, < C

0<z;<CVie{l,...,N}
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where the last constraint has been modified (without affecting the solution) to ensure optimization is over the compact set
Q={(ry,...,on) ERYN : 0 < 2; <C Vi€ {l,...,N}}. Recall that:
N

d(x1,...,xN) = Z@i log(1 + bx;)
i=1
where 0; are given positive priority weights for users i € {1,... N}, and b is a given positive constant.

a) Write the virtual queue equation. Argue that since x;(t) < C for all t, the queue can increase by at most (N — 1)C on
any slot.

b) Give an exact formula for x;(t) for each i € {1,..., N} in terms of V,Q(t),0;,0,C.

c) Assume Q(0) = 0. Define 0,4, = max;eqy,... Ny 0i. Prove that Q(t) < Vb0rae + (N —1)C for all t € {0,1,2,...}.

d) Define =;(T) = % Z:ol x;(T) as the resulting time average admission rate of user i over the first T slots, where
T is a positive integer. We want to show the link capacity constraint holds asymptotically. Prove that va:l T;(T) < C+
Vbbmex ENZVC for all T € {1,2,3,...}.

e) Define util(T) = ¢(z1(T),...,ZNn(T)). It can be shown that util(T) > util°P* — O(1/V). Discuss the tradeoff with V
in relation to the results of parts (c)-(d).

Exercise IX-G.10. (Simulation of drift-plus-penalty) Write a computer program to simulate the above algorithm (from Exercise
for N =3,C=1,b=>5overT = [(V+1)10°] time slots. Define Qmaz(T) = max.¢cqo,.. r—13 Q() as the maximum
observed queue size over the first T slots. In this simulation, all numbers should be written with at least 4 or 5 significant
digits.

a) Compute (T1(T),T2(T),73(T)) and util(T) for the case V =10, 01 = 1,02 = 03 = 5. Compare to the exact answer

from Exercise
b) Compute (T1(T),Z2(T), T3(T)) and util(T) for the case V =10, ; = 1,05 = 03 = 2. Compare to the exact answer

from Exercise
¢) Fix 01 = 1,05 = 03 = 2. Make two plots: One for Quma.(T) versus V, another for util(T) versus V, for data points

taken with V € {0,0.5,0.6,0.7,0.8,0.9, 1, 1.5,2, 5,10, 201

Exercise IX-G.11. (Drift-plus-penalty for joint routing and power allocation)

P

Nl Ly
—o—@

3

I

Fig. 19. The 3 link network for Exercise [[IX-G.11| The transmission rate on each link ¢ € {1, 2, 3} is log(1 + p;), where p; is the power used on link <.

Consider the problem of joint routing and power allocation in the network of Fig.[I9) Given constants Pyqy, 71,72,73, We
want to solve find routing variables x,y and power variables p; for i € {1,2,3} to solve:

Minimize: p1+p2+p3
Subject to: x+r; <log(l+p1)
x + 1y <log(l + p2)
y+ 73 <log(l+ps3)
r+y>8.7
0<2<10, 0<y <10, 0<p; < Prag Vi € {1,2,3}

a) Give the virtual queues.
b) Give the drift-plus-penalty algorithm. You must specify values chosen for each variable on each slot t.
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Exercise IX-G.12. (Link weight scaling) Consider the flow optimization problem of Section |VIII-A| Let 1, ..., be positive
numbers, and consider the problem:

Maximize: Zil ¢i(z4)
Subject to: ZiGN(l) yx; <yC vlie{l,...,L}
x; € [0, Tmaz] Vi€ {1,...,N}

a) Argue that the above problem is equivalent to the problem (T09)-(TTI).
b) State the drift-plus-penalty algorithm for this problem. This shows that any positive multiple of Q;(t) can be used (as
long as it is consistently used for all time).

Exercise IX-G.13. (C-additive approximation of drift-plus-penalty) Suppose that it is difficult to choose x(t) € X to minimize
the right-hand-side of (T6). Instead, let C' be a non-negative constant, and assume that every slot t the decision z(t) € X is
made to ensure:

K K
V@) + Y Qu(ge(x(t) <C+V )+ > Qu(t)gr(z) VzeX
k=1 k=1

If C =0, then the x(t) decision is exactly as specified by the drift-plus-penalty algorithm. If C > 0, the decision is called a
C-additive approximation.

a) Modify equations (92)-(93) in the proof of Theorem using this new assumption. Carry out the rest of the proof (with
these modifications) to conclude that f(z(t)) < f*+ (B+C)/V.

b) Fix ¢ > 0. What value of V is needed to ensure that f(T(t)) < f* +€?

Fig. 20. The 4 node network for Exercises [[X-G.14] and [TX-G.15}

Exercise IX-G.14. (Time average optimization) Consider the 4 node network of Fig. Traffic of rate A1 and )y enters
nodes 1 and 2, respectively, and must be routed to node 4. There are three links {a,b, c}. Every timeslot t € {0,1,2,...} a
transmission rate vector (t) = (pa(t), po(t), ue(t)) is allocated within a finite set T' of possible transmission rate vectors, so
that 11,(t) is the service rate available on slot t over link a, uy(t) is the available service rate at link b, and so on. We want
to choose u(t) over slots to satisfy the following time average inequality constraints:

A< lim 7 (8)
Ao < lim 7y (¢)

t—o0
D
AM+A < tli)f{.loﬂc(t)
ut)er , vte{o,1,2,..}

Assume A1 and \o are known constants. Use the drift-plus-penalty algorithm with 3 virtual queues and V = 0 to solve the
problem.

Exercise IX-G.15. (Single commodity backpressure) Consider the 4 node network of Fig. [20|with two flows that want to reach
the destination node 4. Suppose the links a,b, c have fixed capacities Cy,Cy,C.. Let [, fv, fc be flow variables associated
with links a,b, c. We want to allocate transport layer admission rates (A1, A2) and flow variables fq, fy, fe to solve:

Maximize: 61 log(1 + A1) + 02 1log(1 + A2) (170)
Subject to: A< fa (171)
A2 < fp (172)

Ja+ fo < fe (173)

fa €10,C4], fo € [0,Cy], fe € [0,C¢] (174)

A € [O,C'a}7 Ao € [O,Cb] (175)
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where 01 and 0 are given positive weights. Define X as the set of all (A1, \a, fa, fv, fc) that satisfy (T74)-(I73). Use the
drift-plus-penalty algorithm with V' > 0 and three virtual queues Q1(t), Q2(t), Q3(t) to solve the problem. Is your resulting
answer for f.(t) surprising? Discuss what happens with the fo(t), fo(t), f.(t) decisions in terms of the backpressure concept.

Exercise IX-G.16. (Shrinking the time slot) Consider the flow optimization example of Section However, suppose
timeslots are are shrunk by a factor of 8, where 0 < § < 1, so that the per-slot capacity of each link becomes C;6 and
the admitted data is x;(t)5. Let Q(t) be the new queue values for this system. Still assume that t € {0,1,2,...}, with the
understanding that the modified slot is now shorter than before. The underlying convex program is:

Maximize: Zfil Gi(x;)
Subject to: Zie./\f(l) 20 <Ciovied{l,...,L}
i € [0, Zmaz] Vi € {1,...,N}

With this modification, the equation (I12)) is changed to the following:

Qi(t+1) = max | Q;(t) + Z x;(t)6 — C16,0
1EN (L)

Let V be the parameter of the drift-plus-penalty algorithm under this modification, so that x(t) is chosen in [0, Zmqaz] to
maximize ¢;(x;(t)) —xi() | X iep s Ql(t)J Suppose Q;(t) are the queue values under the original algorithm (without timeslot
scaling) with parameter V. Assume that V = 6*V, and Q:(0) = 6Q;(0).

a) Show that Q;(t) = 6Q(t) for all t € {0,1,2,...}, and that both algorithms make exactly the same decisions for x;(t).
Thus, the same data rates are achieved with queue values that are shrunk by a factor of 4.

b) In the special case ¢;(x) = (0;/b) log(1+bx), use (I14) to prove that Q;(t) < §[VOmaz/b+Tmaz| forall t € {0,1,2,...},
so that queues are arbitrarily small as 6 — 0.

Exercise IX-G.17. (Distributed optimization of a non-separable problem [9|]) Consider a system with N devices. Each device
must choose its own variable x; € [0, 1] to solve:

Minimize: Sy filwi,0)

Subject to:  g;(x;,0) <¢; Vie{l,...,N}

z; €10,1] Vie {1,...,N}
6 €[0,1]

where 0 is a variable that must be collectively chosen in the interval [0,1], and f;(x;,0) and g;(x;,0) are convex functions
Sfrom [0,1] x [0, 1] to R. Suppose the devices are nodes of a directed graph, and two distinct devices i and j can communicate

if and only if (i,7) is a directed link in the graph. Let L be the set of all directed links. Consider the modified problem that
introduces estimation variables 0; for each i € {1,...,N}:

Minimize: SN fila, 0:) (176)
Subject to: 0, =0; V(i,j) e L (177)
gi(xi,0;) <c¢; Vie{l,...,N} (178)

2, €10,1),0; € [0,1] Vi € {1,...,N} (179)

a) Argue that the new problem is equivalent to the old whenever the directed graph can be changed into a connected
undirected graph by removing the directionality on all links. Hint: Show that 0; = 0; whenever nodes i and j can be
connected via a path in the undirected graph, regardless of the directionality of the links in the underlying directed graph.

b) Let X be the set of all (x1,6n,...,zN,0N) that satisfy (I78)-(I79). Define virtual queues H,;;(t) for each (i, j) € L, and
show that the algorithm can be implemented in a distributed manner where each device i € {1,..., N} chooses (x;(t),0;(t))

over the set @-@ to solve:
Minimize: V fiwi(8), 0:(8)) + 03(8) | entncor HisD) = ey Hri(®)]
Subject to: x;(t) € 10,1], 0;(t) € [0,1], gi(z:(2),0:(1)) < ¢

where Npy(i) = {j € {1,....,N} : (i,j) € L} is the set of all nodes j for which node i has an outgoing link, and
Nin(i) ={k € {1,...,N} : (k,i) € L} is the set of nodes k from which node i has an incoming link. Observe that each
node i does not require knowledge of the f;(x,0) and g;(z,8) functions for j # i.
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Exercise IX-G.18. (Another distributed optimization [9]) Suppose N devices each have their own variables x;, for i €

{1,..., N}, and must choose these variables and collectively choose another variable 0 to solve:
Minimize: PORIN ACIN) (180)
Subject to: Zivzl gi(x;,0) < C (181)
e0,1]vie{l,...,N},0 €]0,1] (182)

for some constant C and some convex functions f;(x,0), g;(x,0). As in Exercise assume the devices are nodes in a
directed graph with a link set L, and suppose that the directed graph is connected when all directional links are changed to
undirected links. Consider the modified problem:
Minimize: Y fz( .0,
Subject to: Zl 1 gz( 91) <C
0; = Hj V(Z,]) el
xgm) = xl(n) Vie{l,...,N},V(m,n) € L
29 €0,1], 6; €[0,1] Vi, j € {1,...,N}
Argue that the modified problem is equivalent to the original. Design a distributed drift-plus-penalty algorithm for this problem,
with virtual queues Q;;(t) for all (i,j) € L and Hi(m’n)(t) foralli € {1,...,N} and all (m,n) € L. Note that node 1
will have a different decision structure than all other nodes. Argue that the problem can also be solved by (i) changing the

objective function to El 1 fl( 0;) and/or (ii) removing the constraint ZZ 1 gl( 91) < C from the set X and enforcing
it via a virtual queue Z(t) ( these approaches would result in a different instantiation of the drift-plus-penalty algorithm).

Exercise IX-G.19. (Summing over a tree) Consider the problem (180)-(182). Assume that the functions f;(-) and g;(-) take
values in the interval [0, 1]. Suppose the set of links L form a directed tree with root node 1, so that: (i) node 1 has no outgoing

links, (ii) nodes {2,..., N} have exactly one outgoing link, (iii) there are no cycles. Such a graph has a single path to node
1 from all other nodes. Show that this problem is equivalent to the following modified problem:

Minimize: ZZ]\LI fi(xs,0;)

Subject to: S <C

0, = 0; V(i,j) € L
€ [0,1],0,’ € [0,1],% € [O,H,S, S [O,N] Vi € {1,...,N}

State the drift-plus-penalty algorithm for this problem and show that each node i does not require knowledge of the functions
fi(z,0) and g;(x,0) for j #i.

Exercise IX-G.20. (Bounded queues for flow-based routing [3|]) Consider the flow-based multi-path routing and flow control
algorithm of Section Suppose all utility functions ¢;(x) are differentiable over x € [0, mqs|, and note that ¢(0) >
oL (x) > P @maz) for all € [0, Tpmaz).

a) Show from (144) that ~;(t) = 0 whenever Z;(t) > V¢.(0), and v;(t) = Tyax whenever Z;(t) < V¢ (zmax)-

b) Conclude from (143) that max[V ¢}(Tmaz) — Tmaz, 0] < Zi(t) < V@L(0) + Tpmax for all t € {0,1,2, ...}, provided that
Z;(0) is in this interval.

c) Use the result of part (b) to conclude from (183) and (142) that for each link | € {1,...,L} we have Q,(t) <
NZmae + maxieqr,.. Ny [VO;(0) + Tag) for all t € {0,1,2,...}, provided that this holds for slot 0.

Exercise IX-G.21. (DPP with separable optimization) Fix n,k as positive integers. Consider the problem of choosing r =
(z1,...,2,) € [0,1]" to minimize Y-, f;(x;) subject to Y ;| gij(x;) <0 for all j € {1,...,k}, where fi(z;) and g;j(x;)
are convex functions of one variable x;.

a) Give the virtual queues for the DPP algorithm.

b) Show the DPP algorithm with parameter V > 0 reduces to a separable optimization that chooses each variable x;(t) €
[0, 1] on each slot t.

Exercise IX-G.22. (Enhanced algorithm separable optimization) Redo Exercise with the enhanced algorithm with
parameter o > 0 of Section The result should still reduce to separately choosing x;(t) € [0,1] on each slot t.

Exercise IX-G.23. (Network flows with the enhanced algorithm) Redo Exercise using the enhanced algorithm with
parameter o > 0 of Section

Exercise IX-G.24. (Backpressure with enhanced algorithm) Redo Exercise using the enhanced algorithm with pa-
rameter o > 0 of Section
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APPENDIX A—DIFFERENTIABLE FUNCTIONS AND THE EQUATION V f(z) + uVg(z) = 0

Again consider the problem of choosing = (x1,...,zy) in a set X C RY to minimize a real valued function subject to
one constraint. That is, we have the problem:

Minimize:  f(x) (183)
Subject to:  g(x) < ¢ (184)
redk (185)

Assume f(z) and g(x) are real-valued functions that are continuous over z € X" and differentiable at all interior points of X.
That is, V f(z) and Vg(x) exist whenever z is an interior point. The Lagrange multiplier approach of Theorem defines a
value p > 0 and then searches for a global minimum of f(x)+ pg(x) over x € X. However, this method does not necessarily
find all points (¢, 1(c)) on the tradeoff curve. A search for critical points of f(x)+ ug(x) often reveals points on the tradeoff
curve that cannot be found by a global minimization. This is particularly useful when the functions f(z) and/or g(z) are
non-convex.

H. The Karush-Kuhn-Tucker necessary conditions for problems with one constraint

Suppose V f(z) and Vg(x) exist for points x in the interior of X. Let z* = (x},...,z%) be an optimal solution of
(I83)-(I83). Then at least one of the following three necessary conditions must hold:

e " is a boundary point of X.

e Else, Vg(z*) = 0.

o Else, Vf(2*) + pVg(z*) = 0 for some constant p > 0 that satisfies (g(z*) — ¢)p = 0.
If X = RY then there are no boundary points. The equation V f(x*) + uVg(x*) = 0 is called the stationary equation. This
equation must hold if z* is an interior point that is a global or local minimum of f(x)+ ug(z). The equation (g(z*) —c)u =0
is called the complementary slackness equation and means that either g(z*) = ¢ or u = 0. A proof of these conditions is
developed in the following subsections.

1. Preliminary facts

The following facts are useful for our purposes.

o Fact 1: Let 2* be an interior point of X" and let h(z) be a real-valued function defined over x € X. If h(z) is differentiable
at z*, then for any nonzero vector v = (v1,...,vN) € R, there exists a value d,,q; > 0 such that z* + dv € X for all
0 € [0, dmaz), and:

o 1@ 00) = F @)

lim 3 = Vh(z") v

where V f(2*) - v is the dor product of the gradient vector Vh(x*) with the vector v:

Vh(z*) v = Z ah@*)vi

Note that the gradient Vh(z*) is treated as a row vector so that the transpose operation is not needed in the dot product.
o Fact 2: Suppose a and b are nonzero vectors in RY such that a is not a multiple of b. Then there is a vector v € RY

such that a” - v < 0 and b7 - v < 0. Specifically, this holds for v = —% (ﬁ + Hfg”> Note that the vectors a and b are

treated as column vectors, so that the transpose a’ is a row vector and the dot product is a” - v = Ef\;l a;v;.

The following lemma is an immediate consequence of Fact 1. It shows that if z* is an interior point and v is a vector such
that Vh(z*) - v < 0, then taking a small step in the direction of v can reduce the value of h(-).

Lemma IX.1. Let z* be an interior point of X and suppose h(x) is differentiable at x*. Let v be a vector in R that satisfies
Vh(z*) v < 0. Then there is a real number 0.,q, > 0 such that ©* + dv € X for all 6 € (0, Omay], and:

h(z® + dv) < h(z™) for all § € (0,0maz)
Proof. Define § = —Vh(z*) -v. Then 6 > 0 and Vh(z*) - v = —6. By Fact 2:

lim h(z* + dv) — h(z*)

5N\0 0
It follows that there is a 4, > 0 such that for all 6 € (0, 64.] We have z* + v € X’ and
h(z* + dv) — h(x*)

1
Multiplying the above inequality by § proves the result. O

=0

<-0/2<0
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J. Proof of the necessary conditions

The next lemma shows that if z* is an interior point and v is a vector such that V f(2*) - v < 0 and Vg(z*) - v < 0, then
taking a small step in the direction of v reduces the value of both f(-) and g(-), which is impossible if 2* is optimal.

Lemma IX.2. Suppose x* is an optimal solution to (I83)-(I83). If x* is an interior point of X, then there is no vector v € RY
that satisfies Vg(x*)-v < 0 and V f(z*) - v < 0.

Proof. Since z* is an optimal solution to (T83)-(T83), it satisfies g(z*) < c. Suppose there is a vector v € R™ that satisfies
Vg(x*)-v < 0and Vf(z*)- v <0 (we will reach a contradiction). By Lemma [[X.1} it follows that there is a &4, > 0 such
that z* + dv € X and:

f@™+ov) < f(z")
gla® +ov) < g(a¥) <c

Thus, the point z* + dv satisfies the constraints of the problem (183)-(185) and gives a strictly better value of the objective
function than f(z*). This contradicts the fact that «* is optimal for the problem (I83)-(I83). O

Lemma IX.3. Suppose ©* is an optimal solution to (I83)-(I83). If «* is an interior point of X and Vg(x*) # 0, then there
is a p > 0 such that (g(z*) —c)p =0 and V f(z*) + pVg(z*) = 0.

Proof. e If Vf(z*) =0, we let 4 = 0. Then the equation (g(z*) — ¢)u = 0 holds, and so does Vf(z*) + uVg(z*) = 0.

o Else, if g(z*) < c it can be shown that V f(z*) = 0 (see Exercise [X-B.5), which reduces to the previous case.

o Else, if g(2*) = ¢ and V f(2*) # 0, then the condition (g(z*) — ¢)u = 0 is satisfied for all real numbers p. It suffices
to show there is a p > 0 such that V f(z*) + uVg(z*) = 0. To this end, note that since both V f(x*) and Vg(z*) are
nonzero vectors, if one is not a multiple of the other then there is a v € RY such that V f(z*)-v < 0 and Vg(z*)-v < 0
(from Fact 2), contradicting Lemma [[X.2] Thus, V f(z*) is a multiple of Vg(z*). That is, V f(z*) = aVg(z*) for some
a € R.If o > 0 then we can define v = —Vg(z*) to get both Vf(z*)-v < 0 and Vg(z*) - v < 0, again contradicting
Lemma [IX.2} Hence, a < 0. Define ;t = —a. Then g > 0 and V f(z*) + uVg(z*) = 0.

O

K. Equality constraints
Similar Karush-Kuhn-Tucker conditions hold for equality constraints. Here we state the result without proof (see, for example,
[32] for a proof). Suppose X C R¥, and that f(x) and g(z) are real-valued functions that are differentiable on the interior of
X. Consider the problem:
Minimize:  f(x)
Subject to:  g(z) =¢
reX

If ©* = (2%, ...,2%) is an optimal solution to this problem, then one of the following three conditions must hold:

e ¥ is a boundary point of X.
 Else, Vg(z*) = 0.
o Else, Vf(2*) + AVg(z*) = 0 for some X € R.

APPENDIX B—HYPERPLANE SEPARATION AND LAGRANGE MULTIPLIERS

This section shows that under certain convexity assumptions, all points on the tradeoff curve are also solutions to an
unconstrained problem for a particular Lagrange multiplier ;4 > 0. In such cases, there are no “hidden” Pareto optimal points
that are not solutions to an unconstrained optimization.

L. Separation of convex sets in the 2-d plane

Consider again the problem:

Minimize: y (186)
Subject to: r<c (187)
(x,y) € A (188)

where A is a given nonempty subset of RY and c is a real number. Define z,,;, as the infimum value of ~x over all points
(w,y) € A. Let (z*,y*) be an optimal solution to the above problem and assume that x.,;, < z*. Define A as the set of all
points that are entrywise greater than or equal to some point in .A. Assume the set A is convex (it can be shown to be convex
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slope = -u

\ X

Fig. 21. An example of the hyperplane separation theorem. The set A is the orange shaded region. The set A includes A and also includes the extended
blue region. The boundary point is (z*, y*).

whenever A itself is convex). It is clear that (z*,*) is a boundary point of the set A, since (z*,y* —€) ¢ A for all € > 0.
The convex set separation theorem in the 2-d plane says that if A is a convex subset of R? and if (z*,y*) is a point on the
boundary of A, then there exists a line that passes through (z*,y*) that contains A on one side (see Fig. . This is a special
case of the hyperplane separation theorem [1]]. This line cannot be vertical since then there would be points strictly on the left
with x coordinates close to ,,;n, and strictly on the right with = coordinates arbitrarily large. Thus, the line can be described
by the set of all (z,y) € R? that satisfy:

(y—y") = —plz—a7)

for some value i € R. The value —p is the slope of the line (see Fig. . Since the line contains the set .4 on one side, we
either have: R

(y—y") = —plz —2") V(z,y) € A (189)
or 3

(—v") < —plz —a") V(z,y) € A (190)

To show that is impossible, let (a,b) € A. Then (a,b+ h) € A for all h > 0, which makes (T90) fail for sufficiently
large values of h. Thus, (I89) holds. Similarly, it follows that u > 0 (else, if u < 0 we could choose x arbitrarily large and
the inequality (I89) would be violated). Thus, > 0 and:

Y+ pr > y* + pz”

for all (z,y) € A. In particular, the above holds for all (z,7) € A. It follows that the optimal solution (z*,y*) to problem
(T86)-(188) is also a global minimum of y + ux over the set (z,y) € A.

M. A counter-example when ©* = Tppin

Consider the same problem (T86)-(188). For simplicity, assume A is a convex and compact set. Again suppose (z*,y*) is
an optimal solution to (T86)-(T88), but that z* = X, (Where X, is the minimum value of x over all points (z,y) € A).
In this case, there may or may not be a (finite) Lagrange multiplier © > 0 such that (z*,y*) minimizes y 4+ ux over all
(z,y) € A. Such non-existence happens when the only tangent line to set A that passes through the point (2*,y*) has infinite
slope. A simple example is:

A={(z,y):0<z < Lyl < Va}
The set A is shown in Fig. Clearly @, = 0. The point (z*,y*) = (0,0) solves the problem:

Minimize: y
Subject to: <0
(z,y) €A

However, * = ,,;, = 0, and the only tangent line to set A that passes through (0, 0) is the y-axis itself, which has infinite
slope (see Fig. 22). The previous section shows that such an example can only arise if £* = @,;,. Further, it can be shown
that such an example can only arise if the set A is not the convex hull of a finite set of points (else, the set A has a finite
number of linear edges, and one can intuitively see that a tangent line of finite slope exists).
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A

Fig. 22. An example convex set A for which (z*,y*) = (0, 0) is a solution to a constrained optimization problem, but there is no corresponding Lagrange
multiplier ;& > 0. Such an example can only arise if £* = Typin.-

N. Hyperplanes

A hyperplane in RY is defined by a nonzero vector v = (71,...,vy) and a scalar b. The hyperplane consists of all points

(x1,...,2n) € RN that satisfy:
’}/T‘(ﬂfl,...,,ﬂ?]\[) =b

That is:
N
> yiwi=b
i=1

A hyperplane slices RY into two halves. The upper half is the set of all points = € RN that satisfy:

N
Z vizi > b
i=1

The lower half is the set of all points = € RY that satisfy:

N
Z vizi < b
i=1

The hyperplane separation theorem says that if A is a convex subset of RY and z* is a point on the boundary of A, then
there exists a hyperplane that passes through x* and that contains the set .A on one side [1]]. A hyperplane that passes through
the point z* = (x7,..., 2% ) must have the form:

N N

*
E Yili = E YiZ;
i=1 i=1

Indeed, note that this hyperplane certainly passes through the point x*. Since there exists such a hyperplane that contains the
convex set .4 on one side, we have one of the two possibilities. Either it contains A in its upper half:

N N
Z%—ai > Z%x’; Y(a,...,an) € A (191)
i=1 i=1

or it contains A in its lower half: N N
Z%’ai < Z%xf V(ai,...,any) € A
i=1 i=1

Multiplying the previous equation by —1 gives an equation of the form (T91). Hence, it suffices to assume that the hyperplane
contains the set .4 on its upper half.
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O. Hyperplane separation for problems with multiple constraints

Let N and K be positive integers. Let X’ be a subset of RY and let f(z),g1(z),...,gx(x) be real-valued functions over
z € X. Consider the following problem:

Minimize: f(z) (192)

Subject to:  gr(x) < ¢ Yk e {1,...,K} (193)

reX (194)

where c1,...,cx are a given set of real numbers. Theorem [III. I| motivates a Lagrange multiplier approach to this problem by

solving the unconstrained problem f(x)+ Zszl urgr(x) over z € X for a given collection of real numbers g1 > 0,..., ux >
0.

Now consider the special case when the set X is convex, and the functions f(x), g1(z), ..., gk (z) are convex over z € X.

Let A be the set of all points (g1,-..,9x, f) € RE*! such that (g1,...,9x,f) > (g1(),...,9x(x), f(z)) for some z € X.
Similar to Exercise [[X-E.12] it can be shown that this set A is convex. If 2* is a solution to the above constrained optimization

problem (192)-(194), then the point (¢, ca, ..., ¢k, f(z*)) is in A, since:
(617627 < CK, f(l'*)) Z (gl(:r*)agQ(x*)a s agK(x*)) f(ll?*))

Furthermore, this point (c1,ca,...,ck, f(z*)) must be on the boundary of A, since it is in .4, but for any ¢ > 0 we have
(c1,¢2,..., ¢k, f(z*) —€) ¢ A (else, f(z*) would not be the optimal objective function value). The hyperplane separation
theorem in RY implies that there exists a hyperplane in R+ that passes through the point (f(z*),c1,...,cx) and that
contains A on one side. That is, there is a nonzero (K + 1)-dimensional vector v = (v1,...,7k,Vx+1) that defines the
hyperplane of all (g1,...,9x, f) € REF! that satisfy:

’YT’(glvu'agva):PYT'<017"'7CKaf(x*>)

That is:
Yr+1f + Z%gk =yx+1f(2") + Z'chk
k=1

Since this hyperplane contains the set A in its upper half, we have for all (a1, ...,ax,aK+1) € A:

K

ViK1 + Y wak > Y1 f (@) + Z%Ck (195)

k=1

If a point (ai,...,ax+1) is in A, then all points that are entrywise greater than or equal to (ai,...,ax 1) are also in A.

It follows that the values +; must be non-negative for all ¢ € {1,..., K + 1} (else, if there is an index j € {1,...,K + 1}
such that v; < 0, we could let a; — oo, which would make the left-hand-side of (I93) arbitrarily small (negative), which
would violate that inequality). We have yx 11 # 0 if a non-vertical hyperplane exists. If a non-vertical hyperplane exists, then
~Yi+1 > 0 and we can divide by vk +1 and define puy = v /vi41 for all k € {1,..., K} to obtain the following for all
(a1y...,aK,ax+1) € A:

ag+1 + Z,Ukak > f(x*) + Zukck

k=1

Since (g1(z),...,9x(x), f(x)) € A whenever € X, this implies:

K
2)+ Y pegr(z) > f@*) + ) prer Yo € X (196)
k=1
Since pxcr > prgr(a*) for all k € {1,..., K}, the above implies:
©)+ Y urgr(e) > f(z*) + Z prgr () Yo € X

Thus, =* solves the global minimization of f(z) + Zszl prgr(z) over x € X.

The non-vertical assumption is justified under certain regularity conditions. The simplest is the Slater condition, which says
that there exists an & € X such that gp(Z) < ¢ for all k € {1,...,K}. Indeed, suppose this condition is satisfied, but
~vr+1 = 0. It is easy to obtain a contradiction to equation (I93)) (just consider (ay,...,ax+1) = (91(Z),...,9x (%), f(Z)) and
recall that the v, values are non-negative and not all zero). Additional regularity conditions (which do not require the Slater
assumption) are given in [1].
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APPENDIX C—IMPROVED CONVERGENCE TIME ANALYSIS OF DRIFT-PLUS-PENALTY

This appendix proves part (b) of Theorem This result was developed in [4]. Recall that the convex program seeks to
find a vector = (z1,...,zyN) to solve:

Minimize: f(z) (197)

Subject to:  gi(x) < ¢ Yk € {l,...,K} (198)

re X (199)

where X is a compact and convex subset of RY, the functions f(z), g1 (%), ... 7gK( ) are continuous and convex over x € X,

and cj are given real numbers for all k € {1,..., K}. Suppose the problem (197)-(199) is feasible. Let z* be an optimal
solution, with optimal objective function value f * = f(z*). Suppose the drift-plus- penalty algorithm is implemented using a
particular value of V' > 0, and with initial conditions Q(0) =0 for all k € {1,..., K}.

A restatement of Theorem is given below: Suppose the problem (I97)-(I99) is feasible, and that a Lagrange multiplier
vector p = (1, ..., k) exists (so that (T96) holds). Then the drift-plus-penalty algorithm with V' > 0 and initial conditions
Qr(0) =0 for all k € {1,..., K} ensures:

(@ f(T@) < f*+ g for all slots t € {1,2,3,...}, where B is the constant used in (76).

(by UQWIl < VIV VEIIEE2BE o apy ¢ e {1,2,3,...).

(c) Define V' = 1/e. Then for any integer ¢t > 1/ we have:

@) < f7+0(e)

G(@(0) < e+ 0l Vhell,... K}
T(t) € X

Hence, the drift-plus-penalty algorithm produces an O(¢) approximation to the solution with a convergence time of O(1/¢€2).

Proof. Part (a) is already known from Theorem and part (c) follows immediately from (a) and (b) together with the virtual
queue lemma (Lemma [VLI). It remains to prove part (b). The proof of Theorem establishes the following inequality for
all slots 7 € {0,1,2,...} (see (O3)):

A(r) +Vf(z(r)) < B+ V f(z)

where A(7) = ||Q(7 + 1)||?/2 — ||Q(7)]|?/2. Let t be a positive integer. Summing the above over 7 € {0,1,...,t—1} gives:

HQ(;)H2 1Q(0 ||2+sz )) < Bt + 1V f(z*) (200)

However, ||Q(0)|| = 0 since queues are initially empty. Further, applying Jensen’s inequality to the convex function f(z) gives:

t—1
_ 1
fE0) < B fat)
7=0
Substituting the above into (200) gives:

IIQ( I Vtf(T(t)) < Bt +tV f(z*)

Rearranging terms gives:

QI < 2Bt +2Vi[f(z") — f(T(t))] (201)
Since z(7) € X for all 7 and X is a convex set, it follows that T(¢) € X. Thus, from (196) we have:

K K
)+ > mkge(®(E) = f(@) + D e
k=1 k=1

Substituting the above inequality into (201)) yields:

K
1QW)I[* < 2Bt +2Vt Y ulgn(@(t)) — i)
k=1
However, Lemma [VL1] implies that g (Z(t)) < ¢ + Q(t)/t for all k € {1,..., K}, and so:
K
IQW)II> < 2Bt+2VtY  mQi(t)/t
k=1

IN

2Bt +2V|Q)I] - |||
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where the final inequality uses the fact that the dot product of two vectors is less than or equal to the product of their norms.
Define b = —2V||u|| and ¢ = —2Bt. Then:

1QWII* + IR +c <0

The largest possible value of ||Q(t)|| that satisfies the above inequality is found from taking the largest solution to the quadratic
equation 22 + bx + ¢ = 0. Thus:

—b+ Vb2 — dc

A

le®ll <
2VI[pll + /4V2[[ul|* + 8Bt

= Vlull+ vV V2[lul|? + 2Bt

This completes the proof of part (b). O
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