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This paper considers online convex optimization (OCO) problems where decisions are constrained by available
energy resources. A key scenario is optimal power control for an energy harvesting device with a finite
capacity battery. The goal is to minimize a time-average loss function while keeping the used energy less than
what is available. In this setup, the distribution of the randomly arriving harvestable energy (which is assumed
to be i.i.d.) is unknown, the current loss function is unknown, and the controller is only informed by the history
of past observations. A prior algorithm is known to achieve O(VT) regret by using a battery with an O(VT)
capacity. This paper develops a new algorithm that maintains this asymptotic trade-off with the number of time
steps T while improving dependency on the dimension of the decision vector from O(+/n) to O(q/log(n)). The
proposed algorithm introduces a separation of the decision vector into amplitude and direction components.
It uses two distinct types of Bregman divergence, together with energy queue information, to make decisions
for each component.
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1 INTRODUCTION

Consider a system that draws energy from a battery and allocates it over time to n different
subsystems. The system operates in slotted time over a fixed time horizon ¢ € {1,2,..., T}, where
T is a given positive integer. Let X; = [X;(1),...,X;(n)] denote the decision vector on time slot ¢,
where X, (i) is the amount of energy allocated to subsystem i € {1,...,n}. The decision vector X;
incurs a loss L;(X;) for slot ¢, where L;(+) is a convex but unknown function that shall be called a
loss function. The loss function models the penalty and/or utility associated with the decision X;
(utility can be defined as —1 times the loss). There are three challenges in choosing the decision
vector X;:

e The convex loss function L;(-) is unknown at the start of slot t. The X; decision is made
without knowledge of this function. The corresponding loss L;(X;) is only revealed after the
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X; decision is made. Further, L;(-) can vary arbitrarily over the time horizon t € {1,...,T}
(with no associated probability model).
e The decision vector X; is constrained by

an X;(i) < B;_1 +E; (1)

where B;_; is the amount of energy currently available in the battery and E; is the random
energy arrival that can either be used or harvested on slot ¢.
o The battery energy evolves according to the following queue update equation:

n
B, = min {B,l - th(i) +Et,Bmax} Vte{1,2,...T} (2)

i=1
where B, 4y is the battery storage capacity and By is the initial battery energy.

The first bullet point aligns with a class of problems called Online Convex Optimization (OCO)
problems that have been well studied, see for example [5, 8, 15, 16, 30, 44]. The second two bullet
points introduce nontrivial constraints on resource allocation. These constraints are mathematically
challenging to combine with OCO because the energy queue maintains a memory of past decisions. If
energy is allocated too aggressively then the battery B; can fall to zero. If this happens, then energy
cannot be further allocated until new energy arrivals are harvested. These energy constraints
are crucial for the operation of practical energy-limited systems. It is important to develop a
mathematical technique to incorporate them into the OCO paradigm.

This problem of combining OCO with energy harvesting was first studied in [41], which is also
the motivation of the current paper. There, a drift-plus-penalty technique was combined with OCO
to ensure that, for any € > 0, the time-average loss is at most € and the battery size needs to be
at most O(1/€). When formulated over a fixed time horizon T, these results translate into O(VT)
regret with battery size O(VT). However, for the algorithm in [41], the coefficient that multiplies
the regret expression has a linear dependence on n.

This paper seeks to develop a tighter result that reduces the dependence on n from O(n) to
O(4/log(n)). Such reductions are known to be possible for the simpler class of OCO problems
without energy constraints, and in the special case when the decision vector is constrained to a
probability simplex, via the use of Bregman divergence [1, 17, 31] (see also related techniques for the
class of multi-armed bandit problems in [6]). The success of Bregman divergence in that context
offers some hope that such an improvement may be possible for the energy harvesting problem.
This question is important because a reduction to /log(n) is a significant improvement when n is
large. However, the application of Bregman divergence for the energy harvesting problem is not
trivial. First note that the structure of the constraint (1) is only consistent with a probability simplex
if the time-varying B;—; + E; on the right-hand-side is replaced by 1. Second, it is not obvious
how to incorporate Bregman divergence into the OCO analysis when there is an energy queue
that maintains a memory of past decisions. We are not aware of prior work that uses Bregman
divergence in this context.

This paper presents a new approach that separates the decision vector X; = [X,;(1),...,X;(n)]
into amplitude and direction components, and then makes decisions for each component that are
informed by the prior loss functions and by the currently available energy B;. Specifically, we write

Xy =Ar - [Pr(1), P(2),...,P(n)]
where A; is the nonnegative amplitude and [P;(1), ... P;(n)] is the direction vector. The direction

vector is constrained to the probability simplex and the proposed algorithm chooses this vector
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by minimizing an expression that involves a Kullback-Leibler (KL) divergence term. On the other
hand, the amplitude A; is chosen separately by minimizing an expression that involves the battery
B; and a quadratic divergence term. The KL divergence and the quadratic divergence terms are
two distinct forms of Bregman divergence. Both forms are needed for the algorithm. The algorithm
also incorporates a Lyapunov function that biases the battery state B, away from zero.

1.1  Wireless transmission example

Consider rateless coding over a multi-channel wireless transmitter. Each channel i € {1,...,n}
offers a bit rate on slot t according to a curve that is similar to the Shannon-Hartley capacity
formula:
¢, (i) = B(i) log, (1 + ’%f)“)

where C; (i) is the bit rate for channel i on slot ¢ (which is a concave function so we define the loss
function as the multiplication of this with —1); X; (i) is the power allocated to channel i on slot t;
S¢ (i) /N (i) is the attenuation-to-noise coefficient for channel i on slot ¢; B(i) is a positive constant
that depends on the available bandwidth and the efficiency of the rateless coding scheme. For
simplicity it shall be assumed that B(i) is the same for all i. The S; (i) /N; (i) values are time-varying,
are possibly different for each channel i, and can have arbitrary time and space dependencies. The
values S; (i) /N; (i) can (possibly) be chosen by an adversary. These values are unknown until after
the X;(t) decision is made.

The transmitter harvests energy from an inconsistent source such as a solar panel. The new
energy E; that arrives for each time slot ¢ is an i.i.d sample of a random and unknown distribution.
The transmitter’s goal is to manage the received energy, meaning that it decides how much to store
for the future in its finite capacity battery, and how much to allocate to each channel, in order to

maximize the time average of },I_; C;(i) over t € {1,...,T}. The convex loss function is thus
o X (1)S: (i) )
L;(X;) = — E B(i) lo 1+ ——
¢+ (Xr) L (1) log, ( N, (D)

To consider an adversarial situation, imagine an adversary as a second “virtual” transmitter
that makes decisions on a virtual system with the same S;(i)/N; (i) sample path. The adversary
has an unlimited battery capacity, knows the expectation E [E,], and can choose the S; (i) /N, (i)
values however it likes over time. However, it is constrained to choosing a fixed allocation vector
[X*(1),...,X*(n)] that is the same on each slot t € {1,...,T}, where [X*(1),...,X*(n)] is a
vector with nonnegative components that sum to E [E;]. The goal of the adversary is to choose
a constant vector [X*(1),...,X"(n)] and a sample path for S;(i)/N;(i) for i and ¢t so that the
difference between its average bit rate and the original transmitter’s average bit rate is maximized.

1.2 Why using Bregman divergence is important: An example

As another example, consider a situation where every slot ¢ the controller chooses a decision A;
from a finite set A = {a(0),a(1),...,a(n)}. A nonnegative reward of f;(A;) is incurred, where
f+ A — Ris an arbitrary (nonconvex and nonconcave) function that varies arbitrarily with time
and that is unknown at the start of each slot t when the decision A; € A is made. Assume that one
unit of energy is expended whenever A; € {a(1),...,a(n)}; zero units are used when A; = a(0); zero
reward is earned if A; = a(0). Thus, rewards can only be earned if there is enough energy to choose
A; € {a(1),...,a(n)}, else, the reward on slot ¢ is zero. This can be transformed to the online convex
framework of this paper by defining P, = {(x0, x1,...%n) : % 20 Vie{0,...,n}, X x; =1}
and defining the (linear) loss function L; : ,, — R by

Lt(x(o)’x(l)’ ] x(n)) == Z?:l x(l)ﬁ((l(l))
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Then X; = [X;(0), X;(1),...,X;(n)] is a decision vector that represents the probability of choos-
ing the particular elements {a(0), a(1),...,a(n)} onslot t and L; (X;) is the corresponding (expected)
loss. When n is large, say n = 10'°, algorithms with regret that depends linearly on n cannot perform
well. The reduction to O(+/log(n)) achieved in this paper enables reasonable regret bounds (and
battery capacities) even for very large values of n. For example, 4/log(101%) ~ 4.798. Of course,
even though the regret bound is small, the per-slot implementation can be high when n is very
large because our algorithm chooses X; according to a formula that is computed by summing over
n terms.

1.3 Related work

The OCO problem of minimizing L, (X;) for a sequence of convex loss functions L; (-) was introduced
in [44], where a subgradient-based algorithm was shown to achieve a regret of O(VT), where regret
is measured with respect to the best fixed allocation decision X* that could be chosen in hindsight.
Specifically,
Regret(T) = Spy Le(Xe) = infxex X1y Le(X)

where X C R” is the convex domain of the L;(-) functions. The asymptotic regret of O(VT) is
known to be optimal over the class of general problems, but can be improved to O(log(T)) regret
in the special case when the loss functions are strongly convex with a common strong convexity
parameter [16]. Bregman divergence has been used in [1, 17, 31] for online learning problems,
including bandit problems in [6].

It is impossible to achieve similar regret guarantees for OCO problems with general time-varying
constraints. This is shown in [23] for an example with just one constraint: Any algorithm that
makes efficient decisions that satisfy the constraints over time {1,...,T/2} necessarily makes
decisions that are either inefficient or violate the constraints when viewed over time {1,...,T}.
Therefore, constrained OCO problems require more structured assumptions for the constraints.
OCO problems with non-time-varying constraints are studied in [19, 22, 33, 42, 43], and OCO with
time-varying constraints that are i.i.d. over time are studied in [12, 20, 40]. A recent work in [36]
introduces Bregman divergence into the study of constrained OCO, although the formulation does
not have a memory-based energy queue and the context and algorithm developed there are different
from the current paper.

The prior work [41], described in the previous section, treats OCO with energy harvesting but
has O(+/n) dependence on the system dimension. Energy harvesting has also been studied without
the OCO structure, see, for example, [2, 4, 14, 18, 24, 32, 35, 37, 38].

Also, there have been papers focused on handling "inventory constraints" such as [10, 21, 26, 39]
where, for example, [39] provides an algorithm with a theoretical guarantee to solve a problem
where we have a limited capacity inventory. However, the objective function is linear and known
on each slot t whereas the objective function in this paper can be nonlinear and unknown at the
time of making each decision. In addition, there are related works focused on the one-way trading
problem and the online knapsack problem which uses techniques that can be applied generally to
OCO with constraints such as [7, 13].

1.4 Our contributions

This paper shows how to use Bregman divergence for OCO energy harvesting. We develop an
algorithm that achieves O(VT) regret while reducing the regret coefficient from O(n) to O(+/log(n)).
This is a significant improvement when n is large. It should be noted that the VT asymptotic is
optimal and cannot be improved even for simpler OCO problems without energy harvesting
constraints. To avoid the fundamental impossibility result of constrained OCO with arbitrary
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time-varying loss and constraint functions of [23], we assume the energy arrival process {E;}!_, is
independent and identically distributed (i.i.d.) over slots with an unknown distribution. The loss
functions {L,}’_, are arbitrary and are not required to be i.i.d. over slots. Our algorithm uses an
energy queue, a Lyapunov function that biases the battery B; away from zero, and a technique that
separates the decision vector into amplitude and direction components.

2 PROBLEM FORMULATION

The system operates over slotted time ¢ € {1,2,...,T}, where T is a positive integer. Fix n as a
positive integer and define
X={xeR": Apin < 31 X < Amax, x; 20, Vi€ {1,2,...,n}} (3)

where Ap,in and Ay,q are given real numbers that represent the minimum and maximum amount
of energy that can be allocated per slot, where 0 < Ap,in < Amax- (Typically A,in = 0.) For each
t € {1,...,T} define
e E; : The random amount of energy arrivals that can be harvested on slot t. Assume {Et}[T:1 is
ii.d. with an unknown distribution. However, it is assumed that the random variables E; are
bounded so that E,;;;, < E; < Ejqy for all t, where E,,;, and Epqx are constants that satisfy
0 < Emin < Emax- (Typically E,,;,, = 0.)
® B;_i: The available energy in the battery at the start of slot ¢.
e X; = [X;(1),...,X;(n)]: The energy decision vector on slot ¢.
e L; : X — R: A continuous and convex function that shall be called a loss function.

The sequence of functions {Lt}tT:1 arises according to an arbitrary probability law and is not
necessarily i.i.d. over slots. It is assumed that for each t € {1,...,T}, the random energy arrival
E, is independent of the realization of function L;. The function L; is unknown to the system
controller at the start of slot t and is only revealed at the end of slot ¢ (after the X; decision is
made). For example, {L;}_, might be a deterministic sequence of functions that is fixed on slot 0
but only revealed to the controller gradually over time. Alternatively, {L;}!_, can arise according
to some random process that depends on the (B, E;, X;, L;) history over all slots 7 < t (which
still maintains independence between L, (-) and E;). This includes the possibility that L; is chosen
adversarially by an enemy that chooses loss functions in an effort to disrupt the system.

Fix By = 0 as the initial battery energy. Every slot t € {1,...,T} the controller observes B;_; and
E; and chooses a decision vector X; that satisfies

Yit1 Xe(i) < By + E; (4)
X, e X 5)

where (4) implies the total energy used on slot ¢ does not exceed the available energy on that slot;
(5) ensures the allocated energy is nonnegative and does not violate the maximum or minimum
levels specified by constants A,i, and A,,4x. The entire loss function L, is revealed at the end of
slot ¢, the corresponding loss L;(X;) is incurred, and the battery energy is updated via (2).

2.1 Assumptions

Assume that each function L; : X — R is continuous, convex, and has subgradients at each point
x € X. Let VL;(x) denote a subgradient vector for L, at the point x € X (note that VL;(x) can be a
gradient if L, is differentiable). Let %(DL(x), Vi € {1,2,...,n} denote each component of vector
VL(x). Suppose there is a positive constant G such that for alli € {1,2,...,n},allt € {1,2,...,T},
and all x € X:

SasLx)| <G ©)
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This implies that ||VL;(x)||cc < G. Assume the Ap,in, Amaxs Emins Emax constants satisfy
0< Emin < Emax (7)
0< Amin < Emin < Amax (8)

This holds whenever A,,in = Emin = 0 and Apex > 0. The constraint A,,ip, < Enin ensures the
problem is feasible, so the amount of new energy that arrives every slot is at least the minimum
value needed for allocation. The constraint E,;;, < Apnqx makes the problem nontrivial: If this
inequality does not hold then there is no need for a battery because the new energy arrival on each

slot would be at least as large as the amount allowed for allocation.

3 ALGORITHM

3.1 Amplitude and direction components

It is convenient to decompose the decision vector X; = [X;(1),...,X;(n)] into amplitude and
direction components, so that
Xy = APy

where

Ar = XL X ()
and «

= ifA; >0
Ptz[Pt(l)’-“:Pt(”)]:{ LM 1:
[;’E""’H] else

3.2 Algorithm specification

The following algorithm chooses A; and P; every slot t. It uses nonnegative system constants
Amaxs Amins Emaxs Emin> Bmax defined above. It also uses positive parameters 7, A, 6 that shall be
carefully selected later. There is no information available on slot t+ = 1 and so the algorithm
chooses X; = [%, e, A”‘T""]. The final step in the algorithm chooses A;4; as a projection of a real
mintAmax BB} Note that

number z onto the interval [Apin, min{Amax, B; + E¢11}], denoted [z],

Amin < min{Aqx, B; + Ery1} because Eryy = Epmin = Amin.

Algorithm 1: General Amplitude-Direction algorithm

Fix constants Apax, Amins Emaxs Emin, and Bpax (0 < Apin < Emin);
Fix parameters n > 0, A > 0, and 6 > 0;
Fix By=0,P; = [,---, 1] and A; = Apins
fort — 1toT do
Define X; = A;P; ;
Get L;(X;) and Ey;
Put B; = min{B;_; — A; + E;, Bmax };

N . exp(=A[VL: (Xe)1(3)) : .
Put Py (i) = P (i) P P,(i)exp(f/tl[VtL,(X,)](i))’VI € {1; 2,---,nk

Put sy = [Ar + 0(By = Bax) — VL (Xp) TP, ] 0 Amax BrtBrenl,
end

3.3 Bregman divergence

This section describes key properties of Bregman divergence, a concept that is useful for development
and analysis of the algorithm. Fix d as a positive integer and let G C R? be a convex set with
nonempty interior. Let ® : G — R be a (possibly nonconvex) function that is continuously
differentiable in the interior of G. Let C C G be a convex subset that intersects interior(G) and
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define C° = C N interior(G). Note that C° = C in the special case when G is an open set, such as
when G = R¥. The Bregman divergence D : C x C° — R generated from ®(-) is

D(x,y) = @(x) - @(y) - VO(y) " - (x - y)

If ® is a convex function then the basic subgradient inequality for convex functions ensures that
D(x,y) > 0 for all x € C,y € C°. The following result can be found in various forms in [11, 27, 34],
the particular form stated below is proven in [36].}

LEMMA 3.1. (Pushback) Let f : G — R be a convex function. Fix a > 0,y € C°. Suppose

% € argmin {f(x) + aD(x.y)} ©)
and also suppose x € C°. Then
f(x)+aD(x,y) < f(z) +aD(z,y) —aD(z,x) VzeC (10)

For intuition about the above lemma, note that inequality (10) would follow immediately by
definition of x as a minimizer if the final term —D(z, X) on the right-hand-side were removed. The
structure of the minimization problem (9) ensures that the inequality can be strengthened to include
the “pushback” term —D(z, ). Two types of Bregman divergence functions shall be used:

e Euclidean distance: Let G = C = C° = R% Let ® : R? — R be ®(x) = %||x||§ Define
D:RYxR? — Rby
D(x,y) = 3llx - ylI3

With this divergence function, it can be shown that the minimization in (9) has a unique
minimizer X € R?. We use this type of divergence for the amplitude decisions A, and define
Dy :RXR — Rby

Da(x,y) = 3(x —y)? (11)

o Generalized Kullback-Leibler divergence: Fix n as a positive integer. Let C = G = [0, 00)" and
let C° = (0,00)". Let @ : [0, 00)" — Rbe ®(x) = Y7, x(i) log x(i), where x log(x) is defined
tobe 0if x = 0. Then D : [0, 00)" X (0, 00)" — R is defined

D(xy) = Xy x(i) log £ - Ny x(i) + X y (i)

With this divergence function, it can be shown that if f is a linear function then the minimiza-
tion in (9) has a unique minimizer %, and that x € (0, 00)". We use this type of divergence for
the direction decisions P; = [P;(1),...,P;(n)] and define Dp : [0, 00)™ X (0,00)" — R by

Dp(x,y) = T, x(i) log X8 — x() +y(i) (12)
The technique of optimizing a function using the sum of a sub-gradient term and a Bregman

divergence term is called mirror descent for offline problems [3, 28] and online mirror descent for
online problems [9, 17]. This paper shall use a hybrid version of online mirror descent.

1The statement in [36] adds an unnecessary condition that C is compact and contains the origin, although this condition is
not used in the proof given in [36].
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3.4 Algorithm intuition

Recall that the decision vector is X; = A,P;. Define H;(A;, P;) as the loss function L;(X;) written
explicitly in terms of the components A; € R and P, € R™:

H; (At,Pt) =L (AtPt)

For intuition, temporarily assume the function L;(X;) is defined for all X; € R", and the function
H, is defined over all (A, P;) € R X R" (this assumption is only used in this subsection to motivate
the algorithm, and is not used in the mathematical analysis of the algorithm). Under this temporary
assumption we formally have by the chain rule of differentiation:

ML) = VL, (AP) Py (13)
% = A VL (AP)Tu(i) Vie{l,...,n} (14)

where (13) takes a partial derivative with respect to the first component A;; (14) takes a partial
derivative with respect to the ith component of the P; vector; and u(i) denotes a unit vector in R”
with all zeros except for a 1 in entry i.

To maintain a battery B, far from 0, define

V(t) = %(Bt - Bmax)2

The function V() shall be called a Lyapunov function. Define A(t) = V(¢ + 1) — V (¢) as the change
in the Lyapunov function over one slot. Recall that the decision vector is X; = A;P;. The idea is to
make separate decisions for A;;; and Py on each slot ¢ + 1 that minimize a bound on:

OA(t) + VL (ArP) TP; - A1 + Da(Assr, Ar)
——
1 2

+ AL;(AtP;) T - Pyt + Dp(Pryy, Pr) (15)

3

where 0,7, A are positive parameters that shall be chosen later. Term 1 in expression (15) is the
change in the Lyapunov function, often called the drift term in queue optimization [25]. Minimizing
this alone would intuitively maintain a battery level close to By,4x. Term 2 in expression (15) relates
to the partial derivative of the loss function with respect to the amplitude component A; (compare
to (13)). Minimizing this alone could be viewed as a “partial” online mirror descent method that
uses a divergence D4 (-, -) and seeks to minimize the loss function by only using the amplitude
component A, (see [28] for use of Bregman divergence terms for subgradient-based optimization,
often called mirror descent).

Term 3 in expression (15) relates to the partial derivative of the loss function with respect to
the direction component P; (compare to (14)). Minimizing this alone could almost be viewed as a
partial online mirror descent that uses a divergence Dp(-, ) and seeks to minimize the loss function
by only using the direction component P;. However, a careful comparison of Term 3 with (14)
shows that the scalar value A; is missing! It is not obvious why this scalar value should be missing.
It means that the expression (15) is not treating the partial derivative terms with respect to the
components A; and P; equally. Rather, it separates out these components, removes a time-varying
A; term, and weights them by different (constant) parameters n and A. This was done to make the
regret analysis of the overall system possible. As shown in the analysis in the next two sections,
there is a careful selection of parameters A, 5, and 6 that align all pieces of the problem.
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At the start of slot ¢ + 1, the A(t) term in (15) is not a known function of the decisions A;y; and
Pyy1. It turns out that it suffices to use a bound on A(#):

(@1 1
A(t) g E(Bt+1 - Bmax)2 - E(Bt - Bmax)2

®» 1, . 1

= E(mln{Bt — A1 + B, Bmax} - Bmax)2 - E(Bt - Bmax)2
1 . 2 1 2

= 5 mln{Bt = Bmax — Apy1 + Epyq, O} - E(Bt - Bmax)

(c) 1
< (Bt = Brmax) (=Ape1 + Epyq) +E(—At+1 +E;)° (16)

include this part

where (a) holds by definition of A(t); (b) holds by the battery update equation (2); (c) holds by the
inequality min{x, 0}? < x%. Replacing A(¢) in (15) with the above upper bound (and including only
the term marked by an underbrace in (16)) means that our algorithm shall seek to minimize:?

0(B: — Bmax)(—Aps1 + Erp1) + UVLt(AtPt)TPt “Ap1 +Da(Ar, Ar)

v 2
+ AL; (AtPt)T “ Pry1+ Dp(Ppas, Pr) (17)

3

3.5 Algorithm development
On slot ¢t = 1 there is no information available and our algorithm chooses A; = Ay, and Py =
[%, e %] On each slot t + 1 we choose A;y1 and Pyy; to directly minimize their corresponding
terms in (17), which amounts to:

e Selecting Pyyq1: Choose Py € R" as the solution to:
Minimize: AVL,(A;P;)" - Pyy1 + Dp(Prs1, Pr)
Such that: 0 < Pyyq(i), Vie{1,---,n} (18)
Z?:l P (i) =1
e Selecting A;y1: Choose A;41 € R as the solution to:

Minimize: §VL;(A;P;) Py - Apy1 + Da(Ar1, Ay)
+ Q(Bmax - Bt)At+1 (19)
Such that:  Apin < Aprq < min{B; + Er1, Amax }

Then define X;,1 = A;41P;41 and update the battery to obtain B, via (2). Recall that Ay,ip < Epin <
E;.+1 and so the interval constraint on A;;; in (19) is feasible and ensures X;,; € X and the sum of
components is no more than the available energy B; + E;.1.

The two problems (18) and (19) have a structure similar to a simple online mirror descent update
(where (19) includes an additional term 0(B,;,4x — B;)Ay41 from the Lyapunov drift). By a standard
Lagrange multiplier argument, it is not difficult to show that the solution to (18) is

exp(—=A[VL,(A:P;)](i))

P () = P o G exp (AIV L, (AP (D)

Vie{l,...,n} (20)

2The final term % (=As41 + E£)? in (16) shall be bounded by a constant later and does not affect algorithm decisions.
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52:10 Kamiar Asgari and Michael J. Neely

Further, the solution to (19) is

min {Amax JBi+E¢+1 }

App1 = [At +0(B; — Bmax) — UVLt(AtPt)TPt]A (21)

The resulting algorithm is specified in Section 3.2. Observe from (20) that the P; vector has strictly
positive components for all t € {1,...,T}.

min

4 RELAXATION THEOREM

This section considers a sample path implementation of Algorithm 1 with parameters 5 > 0, 6 > 0,
A > 0, and constants Ep,in, Emax> Amins Amax> G that satisfy the assumptions (6)-(8). It is proven
that if the battery size B4« is is chosen wisely, then a special property holds: For each ¢t > 1 the
decision A;y; produced by the algorithm, which is the solution to (19), is also a solution to the
relaxed problem of choosing A;;; € R to solve

Minimize: 5§VL;(AtP;)"P; - Apyq + Da(Asi1, Ar)
+ H(Bmax - Bt)At+1 (22)
Such that:  Anin < Apr1 < Amax

The difference between (19) and (22) is that the constraint has been relaxed to Apin < Ar+1 < Amax
so that this constraint does not depend on the time-varying B; + E;;; value. This paves the way to
the regret analysis of the next section. The solution to (22) is (compare with (21)):

Amax
Aps1 = [Ar +0(B; = Bax) = nVLi(AP) TP, (23)

4.1 Relaxed version

Define the relaxed version of Algorithm 1 as the same algorithm but with the A;,; decision rule
(21) replaced by (23). Since this decision rule no longer explicitly guarantees A;11 < B + Epyq,
the relaxed version may not be implementable because it may cause the battery energy B; to go
negative. The decision rules (21) and (23) are one and the same, so that the relaxed algorithm is
exactly the same as the original, if and only if B; never goes negative.

Fix a € (0, Ajax — Emin] and define

a+nG

A — Eni
Bmax = 0 - Emin + Amin + M(A

a

max — Amin) (24)
It is not difficult to show that this choice of B,y is strictly positive (since Ayqx > Emin by (8)).

LEMMA 4.1. Fixa € (0, Amax — Emin] and assume By, qx satisfies (24). Fixt > 1. Under the decisions
of the relaxed algorithm, if (B — Bmax) < %l(a +1G) then A1 < max{A; — a, Apin}-

Proor. From (6) and the fact that components of P; are non-negative and sum to 1, we have:
IVL/(AP) TP <G
So
At + Q(Bt - Bmux) — UVLt(AtPt)TPt < At + G(Bt - Bmax) + T]G

(@)
< A;—(a+1nG)+1G
= At —a

where (a) holds by the assumption of the lemma. Then from the relaxed update rule (23):

Amﬂx
At+1 < [At - a]Amin < maX{At —a, Amin}
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For the next theorem, we recall that E,;;;;, < A;uax (assumption (8)).

THEOREM 4.2. Fixa € (0, Apax — Emin| and assume By, 4y satisfies (24). Under the decisions of the
relaxed algorithm we have B; > 0 forallt € {1,...,T} and so the relaxed algorithm and the original
algorithm are identical.

Proor. We shall use induction to show that for all slots ¢t > 2 we have:
-1 A —Ei
(Bt—l - Bmax) = 7(61 + ’7G) + Emin - At—l + M (At—l - Amux) (25)

To see that this inequality is sufficient to ensure B, > 0 for all t € {1,..., T}, we can substitute the
definition of B4, from (24) into (25) to find

A —E,;
Bio1 = Amin — Apor + M(AH — Amin)

(a)
2 Amin — A1 + (Atfl - Amin) =0

where (a) holds because Ayux — Emin > 0 and a € (0, Apax — Emin] and so
Amax - Emin

a
We first show (25) holds for the base case ¢t = 2. From the queue update equation (2) we have

B; = min {Bo — A +Ey, Bmax}

>1 (26)

(@ .
= min {_Amin + El, Bmax} (27)

® .
2 min {O»Bmax} =0

where (a) holds by our initializations By = 0, A; = Apin; (b) holds because Apip, < Epin < E;. Thus,
B; > 0. From (24) we have

a+nG Amax — Emi
Bl - Bmax = Bl - T + Emin _Amin - M(Amax - Amin)
(@ a+nG A —Epni
> - 9’7 +Emin - Amin - M(Amax _Amin)
b +1nG A —Emi
(=> _a 7 +Emin - A - M(Amax _Al)

where (a) holds because B; > 0; (b) holds because A; = Apin.
Now, we show the same inequality holds for slot t. There are three cases.
Case 1:If B;_; + E; — A; > Bpax then from B; update rule (2) we have B; = Bp,qx. Then

-1 A — Eni

7(“ + ’7G) + Emin — Ar + M(At — Amax)
(a) A — Eni
< Epin — A + M(At — Amax)

(b)
< Emin - Amax

(c)
<0

(d)
= Bt — Brax
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where (a) holds because %1 (a +1G) < 0; (b) holds because the assumption in the statement of the
theorem ensures A,,5x > Emin + a; () holds by assumption (8); (d) holds because B; = Bqx. So the
claim holds in Case 1.

In the remaining two cases we assume

Bi—1+E; — Ay < Bpax (28)
which by (2) implies
B, =B, +E — A, (29)
Case 2: Suppose (28) and (B;-1 — Brax) = %}(a + 1G) hold. By (29) we have

Bt — Biax = Bi—1 = Biax + Et — Ay
(@) —1
> 7(a+r7G)+Et—At

b -1 A —Ei
2 7(a+’7G)+Emin_At+M(At_Amax)

where (a) holds by the assumption of this Case 2; (b) holds because E; > E,,;,, and @(At -

Amax) < 0. So the claim holds for Case 2.
Case 3: Suppose (28) and (B;—1 — Biax) < %(a + 1G) hold. Then from Lemma 4.1 we have

Ay < max{A;-1 — a, Apmin} (30)

We separate Case 3 into two subcases.
Case 3a: Suppose A;_1 — a > Apin. Then (30) implies

At < At—l —da (31)
and from (29)

Bt — Biax = Bi—1 = Binax + Et — Ay

Amax

(@) —1 —E,.;
2 7(“ +1G) + Epin — Ap—1 + fmm(At—l —Apax) + Er — Ay

Amax - Emin

-1
= 7(“ +1G) + Epin — A + (Aisi—a+a—Apax) +Er — Ay

A —E,u;
== 2 (Ar+a—Amax) +Er — A4
a

b -1
> 7(a+;7G) + Epmin — A +

© -1 Amax - Emin

2 7(61 + UG) + Emin — Ar + (Ar — Amax)

a

where (a) holds by (25); (b) holds by (31) and the fact A;ax —Emin = 0; (c) holds because Aqx—A;—1 >
0 and E; — E,,;in = 0. So the claim holds for Case 3a.

Case 3b: Suppose A;_1 — a < Apin. By (30) we know A; < Ay, and so A; = Ay (since Ay
cannot be less than A,,;,). Thus

A1 —Ar 20 (32)
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By (29) we have
Bt — Biax = Bi—1 = Brax + Er — A;

(@ -1 A — Ei
2 7(“ + UG) + Emin - At—l + M(At—l - Amax) + Et - At

-1 Amax - Emin
= 7(51 + UG) +Emin - At + 7(At - Amax)

A —E,.;
+E —Ap1 + M(At—l - Ay)

() -1 A — Eni
2 7(“ + ’7G) + Emin - At + M(At - Amax)
Amax - Emin
+E —Ap i+ —mmm(A1 - A
t -1 A _Emin( -1 )

© -1 Amax - Emin

2 7(“ + UG) +Emin _At + —(At _Amax)
where (a) holds by (25); (b) holds because a € (0, Apax — Emin] and (Amax — Emin) (Aim1 — Ap) =0
from (32); (c) holds because E; — A; = E; — Ajmin = 0. And so the theorem is proved. ]

4.2 Optimizing B,y
As a € (0, Apax — Emin] was a parameter of choice in (24), we can choose a € (0, Ayax — Emin] to
minimize the required B4, value for our battery capacity.

max—Emin

i A
a = [‘/G(Amax - Emin)(Amax - Amin)]o

and so, assuming 6 is small enough to ensure a* is interior to the interval (0, Apqx — Emin], the
battery capacity for this specific choice is

n \/(Amax - Emin) (Amax - Amin)

Bpax = =G+

0 Vo

5 REGRET ANALYSIS OF THE RELAXED ALGORITHM

This section compares performance of the proposed algorithm to a virtual system that uses a fixed
decision X* = [X*(1),...,X"(n)]. The battery available for the virtual system has infinite capacity,
meaning that at each round it can use as much energy as it wants. However, the fixed vector
X* = [X*(1),...,X"(n)] is required to satisfy
A= 30, X() <E=E[E] (34)
X" eX (35)

- Emin + Amin (33)

where X is defined in (3), so A* < min{Apay, E}. This means that the fixed decision of the virtual
algorithm does not use more energy than the average available input energy of our algorithm. The
regret is defined:

Regret(T) = %,{_ E[L:(X;)] - E [infxcq X 1—; Le(X™)]

where A is the set of all X* that satisfy (34)-(35). Note that X* can be chosen in the set A based on
full knowledge of the L, functions.

It is assumed throughout this section that the B,,,, parameter given in (24) is used, so that
Algorithm 1 and its relaxed version that uses (23) are identical. Define

Ay = min{Amax, E} (36)
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5.1 Part1

Fix t > 1. Since Py, is the solution to (18), we have by the pushback lemma (Lemma 3.1) that for
any P* in the n-dimensional simplex:

AVL,(AtP;) " Pryy + Dp(Pyi1, Pr) < AVL,(AiP;) " P* + Dp(P", P;) = Dp(P", P141)
Adding AVL;(A;P;) T P; to both sides and rearranging the terms,
AVL:(AP)T(Pr = P7) <

AVL:(APr)" (P; = Pri1) = Dp(Pras, Pt)) + (DP(P*, P;) — Dp(P, Pm)) 7

The first part of the right-hand-side of (37) gives

AVLt(AtPt)T(PHl —P;) + Dp(P41, Py)

=

Pryq (i)
P (i)

(@)

= AVLt(AtPt)T(PHl - P+ Z P141(i) log
i=1

— Pryq (i) +Pt(i)]

O AVL, (AP)T (Pray — Py) + (Z Pyy1 (i) log P;H( f)l))
i=1 !

(c) 1
> AVL (APy) T (Pray — Pr) + §||Pt+1 - Pt”?

(d) 1
> — AV||L; (AtP)llool [Pre1 — Pell1 + §||Pt+1 _Pt”%

(e A2
2 - ?Hth(AtPt)“go

2
QO 2
2
where (a) uses the definition (12); (b) uses the fact that the P; and P;,; are in the n-dimensional
simplex; (c) uses the Pinsker inequality; (d) is achieved by the Cauchy-Schwarz inequality; (e) holds
by completing the square; (f) is from the finite gradient assumption (6). Replacing this result in (37)
gives

/12
AVL,(AP)T (P - P*) < 362 + | Dp(P*, P;) — Dp(P*, Pry1) (38)

5.2 Part2

Similar to Part 1, since Ay, is the solution to the optimization (22), we have by the pushback lemma
(Lemma 3.1) that for any A* that satisfies A, < A* < Apayx:

NVLi(AtPy) "PrAsi1 + 0(Bax — Be)Are1 + Da(Asi1, Ar)
< UVLt(AtPt)TPtA* +0(Bmax — Bi)A" + Ds(A", A;) = Da(A", Ary1)
Adding (nVL;(A:P;)" P;) A; to both sides and rearranging equations,

(UVLt(AtPt)TPt) (A" = Ay) + (Bt — Bpnax) (Aps1 — AY)

) ) (39)
= (UVLt(AtPt)TPt) (Aps1 —Ap) + Da(Api1, Ar) + Da(A™, Ary) — Da(A™ Ay)
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The first part of RHS gives
(UVLt (AtPt)TPt) (Ars1 = Ap) + Da(Apr1, Ar)

a 1
@ ( VLt(AtPt)TPt) (A1 —Ap) + E(At+1 _At)2

®  n?
> - LIVL (AP) TR

c 2
(Z) _n o2
2
where (a) uses the definition (11); (b) is just the simple inequality %aZ +ab > —%bz, (c) uses the
assumption (6). Substituting this result in (39) gives
(UVLt (AtPt)TPt) (A" = Ay) + 0(Bt = Bpax) (Ar1 — A”)
']2 2 * * (40)
2 —?G +Da(A%, Arv1) — Da(A7, Ay)
5.3 Summing Part1 & Part2

Multiply equation (38) by %* and equation (40) by _71 and sum these two resulting inequalities to
obtain

* >k 9 *
VL, (APy)T (AP — AP) + E(Bmax —Bi)(A1 — A7) <

GZ
(n+AA")—
2
1 N N
~ (Da(A*, Arp1) = Da(AY, Ar))

*

A
- 7 (DP(P*,PHl) - DP(P*,Pt))

The above inequality holds for all ¢ > 1. Choose P; = [%, s %],Al = Apin, and take summation
from time 1 to T
d 6
Z (VLt (AtPr)T (AP — A'PY) + E(Bmax = B)(Ar1 — AY)
=1

(@) G?
< (1+247) =T

1 N N
~ (Da(A*, Arq1) — Da(A™, Ay))

*

A
- (Dp(P*, Pr41) — Dp(P", Py))

(b) G?

1 A
+—Da(A" Ay) + TDP(P*,Pl)
n

(c) G?
< (neAA: )T

max

1 Af
+ E(A* — Amin)?/2 + % log(n)

max
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where (a) uses the telescopic sum technique ( .7_, (a;11 — a;) = ars1 — a1); (b) uses the fact that
Da(.,.) = 0and Dp(.,.) = 0; for (c) we used (36) along with these two upper bounds D4 (A* A;) <
(A% o — Amin)?/2 and Dp(P*, P;) < log(n). These upper bounds are proven as follows. For first

max
one notice that A; = A,,,;, and consider:

Maximize: Da (A%, Apmin)
Such that: Apin < A" < min{Amax, E}

where the answer is (min{A;,4x, E} — Apmin)?/2. For the second bound consider:
Maximize: Dp(P", P;)
Such that: 0 < Pi(i), Vie{l,---,n}
i Pa(i) =1
where the answer is log n.
Using the definitions X; = A;P; and X* = A*P* this can be written as

T
Z (VLt(Xt)T(Xt -X*)+ g(Bmax = By) (At —A*))

t=1

® Gz 1 * 2 A*max
< (?] + AAmax)7T + E(Amax - Amin) /2 + T lOg(fl)
Using the loss function convexity and taking expectation
q 0
Z E [Lt(Xt) = Ly(X") + = (Bmax = Bt) (As+1 — A*)]
=1 1 (41)
. G _.1 A’
<+ 2450 T+ ;(Amax — Amin)?/2+ % log(n)
which can be written as
T
DIEIL(X) = L(X")]
t=1
* Gz 1 * Ajnax
< (T] + A’Amax)7T + E(Amax - Amin)z/Z + T log(n) (42)
o I
+ 5 Z E [(Bt = Bmax) (Ats1 = Eps1 + By — A7)]
=1
Now consider the following two lemmas.
LEmMMA 5.1.
Si=1 E[(Bt = Brnax) (Ersy = A)] <0 (43)

Proor. Since E;,; is independent of B; we have

T T
D VB(Bt = Brax) (Evsr = A)] = 3 E[B; = Byax] E [Ers1 — A"]

INA

t=1
T
D E[B: = Bpax] (B[Epsi] —E [Ersr)]
t=1
0
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where the inequality uses A* = >, X* (i) < E = E [E,] (by (34)) and B; < By (as is clear by the
update equation (2)). O
For convenience, define a constant C by
C = max((Emax ~ Amin)*, (Amax = Emin)°) (44)
LEMMA 5.2. We have
121(Bt = Bnax) (Aes1 = Ern1) < TC+ Bpax” (45)
Proor. From equation (2) we have
Bi41 = Bmax = min {B; — Bpax + Ery1 — Ap41, 0}
Since min{x, 0}? < x? for all x € R we have

(Bt+1 = Bmax)? < (Bt = Bimax)? + (Ers1 — Ars1)* + 2(B; = Bax) (Ers1 — Ars1)
< (Bt - Bmax)2 +C+ Z(Bt - Bmax) (Et+1 - At+1)

By summing over t € {1,...,T} we obtain

T
(BT+1 - Bmax)z < (Bl - Bmax)2 +TC+2 Z(Bt - Bmax)(EHl - At+1)
t=1

T
0 < (Bi = Bpax)” + TC+2 ) (Bt = Bnax) (Ers1 = Ars)

t=1
L T
2Bt = Buax) (Avsa — Ecea) < 5C + B’
t=1

The two last inequalities use the fact that x? > 0 and B; = 0. O
Substituting inequalities (43) and (45) in the main equation (42) gives

Q G 1
DEIL(X) - L(X")] < (n+ A4 ST+ — Amin)?/2

max max

=1 (46)

A 0T
+ % log(n) + —(=C + Bpax?)
n 2

where Bpqx also depends on 6 and 5 and is given from (33):

\/(Amax_Emin) (Amax _Amin) _
Vo

)
Bimax = §G + Emin + Amin

So we have the main theorem:

THEOREM 5.3. If the Algorithm 1 run with parameters 0, n and A, and the battery capacity be the
optimal value given by Eq. 33, then the regret will be:

G* 1
Regret(T) < (’7 + AA:nax)7T + _(A:(nax - Amin)2/2
n

(47)

A* 0T
+ %log(n) + = (=C + Bpax?)
n 2
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5.4 Choosing the parameters

The regret bound in the right-hand-side of (47) can be minimized over all parameter choices n > 0,

0 > 0,and A > 0. The optimized A is
A= 20 (48)

However, optimizing 1 and 6 is not as clean and is most easily done by a numerical search to
minimize the right-hand-side of (47). To illustrate asymptotic tradeoffs of O(VT) and O(+/log(n))
we provide the following example sizings of n and 6 that arise from optimizing only the first two
terms in the right-hand-side of (47):

* — (A;(nax _Amin)
1 GNT

* * A»;nafomi"
where C is defined in (44). So the regret is O(+/T In(n)) and the required battery capacity Bpqy is
O(VT) (with no dependence on n).

and

5.5 Implementing with large batteries and beyond slot T

If the battery storage device has physical capacity larger than the B,,,, value specified in (33), we
can still set the algorithm parameter to this B4, value. Then, we partition the battery storage to a
unit of size By, 4y that is used only for this algorithm and a remaining unit that can store energy for
other purposes.

The algorithm in this paper was described over a finite time horizon ¢ € {1,...,T} to clearly
illustrate the regret properties and battery requirements. Of course, the algorithm can run forever
(beyond slot T). In that case we use T only to size the parameters of Algorithm 1, but we can run the
algorithm for a time arbitrarily larger than T. Using similar analysis, it can be shown that similar
O(VnT) regret properties hold over any consecutive T slots of the sample path. The analysis of this
fact is similar and is omitted for brevity (the only significant difference is that the initial condition
at the start of the T-slot path is no longer zero).

5.6 Discussion on change of variable

Our algorithm takes the convex objective L;(X) and turns it to a function g, (A, P) = L;(A.P) that
involves a non-convex multiplication of variables. However, our algorithm chooses each variable
separately by solving a separate optimization problem and the function g, (A, P) is convex with
respect to A or P (while it is not jointly convex). This approach still works because we exploit
convexity in each separate variable A, P, and also convexity of the original function L;. The
separation is needed to overcome key challenges.

6 SIMULATION

In this section we simulate the example explained in Section 1.1 for a case with n = 100 channels.
We generate the noise levels in this specific simulation from a Markovian random walk. Specifically,
define Z;(i) = S;(i)/N;(i). For each i € {1,...,100} we generate {Zt(i)}tT:1 as an independent
random walk inside the interval [0, 1/Np,in] where the borders are reflective and the steps are
ii.d samples of a mean zero Gaussian distribution with variance . The initial condition is
Zo(i) = ﬁ forallie {1,---,n}.

The following two simulations use the same objective function described above. To summarize
we have:

1
10000 N7
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e The steps of each random walk Z; (i) are i.i.d samples of a mean zero Gaussian distribution

with variance m. The constant 10000 is chosen in a way to make the random walk be
more “continuous” while it is still able to reflect off the boundary several times during the
simulation.

o Z,(i)=1(Zy(i) + Xt_, R, (i)) (forallt € {1,---, T} and i € {1,--- ,n} ) where function I(-)
is defined:

Nrmin 2 2
o Li(x)=-X", log(1+Z(i)x(i)) forall x € X.
e The gradient upper bound is

P _
mLt(x)’ =

® Anin =0, Amax = 2, Npin = 1, T = 10000, n = 100.
o The parameter A is chosen by (48). The parameters n > 0,0 > 0 are chosen by numerically
minimizing the regret bound (47).

I(x) — 2 XNmin _ \‘XNmin + %J

Z,(i) 1 _
1+2; (1) x (i) < NmintAmin — G

6.1 Algorithm with optimal battery vs. Algorithm with lowered battery

We compare two versions of Algorithm 1, one that uses the proposed By;4x given by (33) (for which
analytical guarantees are proven) and the other using a heuristically chosen value By, /2. This is
to test if the proposed sizing of Bj,4x, which was based on a worst-case analysis that ensured the
battery avoids the zero state, was overly conservative. Intuitively, if the lowered-battery heuristic
does not hit zero very often, then, since its decisions are similar to that of the proposed algorithm,
we expect it to have similar regret but with a reduced battery capacity requirement.

In this simulation the input energy (E;) are i.i.d samples of a uniform distribution over interval
[0,1] 50 Epyin = 0, Epygx = 1,and E = 1

There are four figures. Fig. 1 shows the sample path random walk of the "inverse noise" Z; (i)
for the first three channels i € {1, 2,3} from the 100 channels. Figs. 2, 3, and 4 plot results for
the two different algorithms.? Both algorithms show regrets that converge to values smaller than
zero, and so both are significantly better than the best fixed-decision policy (see Fig. 2). The vector
X* = [X*(1),...,X"(n)] for the best fixed-decision policy (used in Fig. 2) was computed offline
with full knowledge of the L, (-) functions by minimizing

1 Le(X7)
over all X* that satisfy (34)-(35). Thus, Fig. 2 plots the sample-path regret:
Regret(t) = 1 Y0y Lo(Xy) — Yoy Le(X¥)

Remarkably, from Fig. 2 it can be seen that the heuristic “lowered-battery” algorithm gets (slightly)
better regret. This is likely because the proposed algorithm is making more conservative decisions
in order to increase the battery level (which starts at By = 0) to values closer to B,y (rather than
Bmax/2). Of course, only the proposed algorithm comes with the analytical performance guarantees
established in previous sections. In Fig. 3 the B; is pictured over time for both algorithms. It can be
seen that the proposed algorithm never meets B; = 0 while the lowered-battery algorithm goes
to zero multiple times. The amplitude of output energy is shown in Fig. 4. It is clear from Fig. 4
that both algorithms have an average output power equal to the expected energy arrival per slot
(E = 1/2). The proposed algorithm is far more stable on the output level while the lowered battery
algorithm shows significantly larger time variation.

3Fig. 2 has been updated due to an error in this figure in the original published paper. The new figure is different but does
not qualitatively change the results.
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Fig. 2. Regret versus time for proposed algorithm and lowered battery algorithm

6.2 Real life non-i.i.d energy input

In this simulation, the proposed algorithm with a optimal battery receives the real life energy
output of a solar cell. We used the data provided by [29] * . The Fig. 5 shows the energy delivered
by the solar cell. The Figs. 6,7, 8 show the results of the simulation. As the input energy is pretty
much periodic, the battery level and the total output energy are also semi periodic. While the input
energy is completely non-i.i.d, still the algorithm managed to keep the battery non-zero all the
time and at the same time providing a satisfying regret.

4The first T = 10000 steps of the file "Actual_32.95_-115.15_2006_UPV_100MW_5_Min" has been used. We also normalised
the data by dividing it by two times its average so energy input has the same average as the first simulation.

Proc. ACM Meas. Anal. Comput. Syst., Vol. 4, No. 3, Article 52. Publication date: December 2020.



Bregman-style Online Convex Optimization with Energy Harvesting Constraints 52:21

Battery
T

120 T
100 | B

L | Proposed ]

i
[ ) At
| W

i

B A \ /W

el [l 1A W AA ANV
& | u,\ "f"w"” “\"’*-‘M " v \/
“\““w,\'””\w\a “I\ ” \'\ /\ M\“ \

1] v

!

||
o]

V
v [
\/ W 4

|
I

Lowered Batiery

Time slot t

Fig. 3. Battery level versus time for proposed algorithm and lowered battery algorithm

Output power
i T T

\ —
ey

10000

Fig. 4. The output power amplitude versus time for proposed algorithm and lowered battery algorithm

7 CONCLUSION

This paper develops an efficient method for online convex optimization (OCO) with energy harvest-
ing constraints. This is a generalization of OCO problems where resource allocations are restricted
by the amount of energy currently stored in a battery, which depends on the amount of energy
used in the past. Our paper focuses on applications to energy-constrained wireless transmission
problems. An algorithm was developed that achieves regret that grows like O(VT), which is known
to be optimal (the square root law cannot be improved even for simpler unconstrained OCO prob-
lems). Further, our algorithm improves state-of-the-art from O(n) dependence on the dimension
(number of wireless channels) to O(+/log(n)) dependence. This achievement is significant and
nontrivial. To accomplish this, we used a separation of decisions into an amplitude component and
a direction component, a Lyapunov drift term, and two distinct Bregman divergence functions.
These techniques can likely be used to design efficient scheduling policies in other OCO contexts.
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